
 

Abstract— Non-model-based control of a wheeled vehicle 

pulling two trailers is presented.  It is a fun train for disabled 

children consisting of a locomotive and two carriages.  The fun 

train has afforded opportunities for both disabled and able bodied 

young people to share an activity and has provided early driving 

experiences for disabled children; it has introduced them to 

assistive and powered mobility.  The train is a nonlinear system 

and subject to nonholonomic kinematic constraints so that 

position and state depend on the path taken to get there.   The train 

is described and then a robust control algorithm using 

Proportional-Derivative filtered errors is presented to control the 

locomotive.  The controller was not dependent on an accurate 

model of the train because the mass of the vehicle and two 

carriages changed depending on the number, size and shape of 

children and wheelchair seats on the train.  The controller was 

robust and stable in uncertainty.  Results are presented to show 

the effectiveness of the approach, and the suggested control 

algorithm is shown to be acceptable without knowing the plant 

dynamics.   

 
Index Terms—Powered mobility, Nonholonomic constraint, 

Wheelchair, Control, Driving, Train. 

I. INTRODUCTION 

HIS paper describes the design and control of a wheeled 

vehicle pulling two trailers.  It is a fun train for disabled 

children consisting of a locomotive and two carriages that is 

providing early driving experiences for children with 

disabilities (Fig. 1.) and introducing powered mobility as an 

enjoyable and exciting experience [1]. 

 
 

Fig. 1. Train locomotive towing two carriages. 

 

Disabled people are keen to incorporate assistive 

technologies as they endeavor to improve their quality of life 

[1-2], including using powered-mobility and wheelchairs [3-4].  

About 5,500,000 people in the USA have some form of 

paralysis [5] and some have tried to drive with the assistance of 

technology, but abandonment rates have been 35%–75% [6-7]. 

The fun train has provided opportunities for able bodied and 

disabled children to participate and cooperate in something that 

involves sharing and taking turns.  The control system 

described here means that new technology and mobility can be 

introduced with plenty of fun.  Many disabled people cannot 

handle a powered-wheelchair safely [1] but they can take part 

in activity on the locomotive and carriages. 

An analysis of kinematic and dynamic models is in [8].  

Wheeled vehicles are nonholonomic systems [9, 10] with 

kinematic constraints that cannot be integrated and therefore 

cannot be removed from equations.  Tools for exploring and 

controlling nonholonomic systems are presented in [11].  Using 

Lagrange and differential geometry, a general dynamical model 

can be derived for vehicles with nonholonomic constraints [11–

13].  Many controllers and models have been described but they 

have usually integrated kinematic and dynamic controllers or 

used kinematic trajectory tracking to follow desired trajectories. 

Work in [14] and [15] discussed controlling nonholonomic 

mobile robots using path tracking methods and models of their 

kinematics in 2-D polar coordinates.  A predictive control 

algorithm that used a model of the target system is described in 

[16], and [17, 18] describe analysis of a mobile robot towing 

two carriages (including nonholonomic constraints-based 

feedback). 

Control of wheeled robots and wheelchairs [8-10,13-14,16-

19] have been widely investigated, but little research has 

considered dynamic control.  Torque control has often been 

considered and research about model-based control has been 

described, such as adaptive dynamic control of nonholonomic 

mobile robots [20].  Martins [21] describes an adaptive 

controller for a unicycle robot.  Adaptive neural sliding mode 

control for trajectory tracking of wheeled vehicles is presented 

in [22] and tracking control for a vehicle is described in [23].  

Robust adaptive feedback linearizing dynamic controller is 

proposed in [24]. 

Model-based control needs an accurate model of the target 

system and that can be difficult to obtain.  Algorithms that do 

not use an arithmetic model need fewer computer operations.  
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Because it may be difficult to obtain an accurate mathematical 

model, it is often better to design controllers that do not depend 

on the target system dynamics [25].  There has been research 

about non-model based control of wheeled vehicles.  In [26] an 

algorithm for a fuzzy controller was used to control vehicles 

with two independent wheels.  ANN control is described in [27] 

for a mobile robot and [28] describes a controller based on a 

modified transpose Jacobian method for tracking a locomotive-

carriage type vehicle (without having a model of the target 

system). 

A controller that is not based on having an accurate model of 

the train is described here as the train characteristics change as 

different people and numbers of people ride in it.  The controller 

compares well with model-based algorithms but that is 

independent of the dynamic models of the locomotive towing 

two carriages - Fig. 1.  The controller needs less computer 

power and is robust to uncertainty. 

This paper introduces control for a nonholonomic wheeled 

locomotive and two carriages.  Barbalat’s lemma has been used 

with Lyapunov to confirm the stability of the closed-loop 

controller and system.  That analysis is available from the 

author on request.  Finally, results from some simulated and real 

time experiments are presented.  Results show that the proposed 

method is adequate and suitable for the vehicle and two 

carriages. 

Important achievements are: 

 Design of the fun train (locomotive and two carriages). 

 Dynamics model of the train. 

 Non-model-based dynamic controller. 

 Testing the controller to check reduction in tracking error. 

II. THE VEHICLE AND TWO CARRIAGES 

A train is an icon of freedom of movement and is loved by 

children.  A driver conventionally has responsibility for 

transporting passengers and therefore has a sense of obligation 

and authority.  Children could feel that they were a ‘train driver’ 

in the locomotive and safely drive other kids around as 

passengers. 

The fun train was designed to be used by as many children 

with special needs as possible.  It needed to accommodate most 

wheelchair seating systems.  Three seat adaptors were needed 

to house all the various seating arrangements.  Figure 2 shows 

a carriage with the adjustable seat shell and without the cover 

for the front. 

A standard child CAPPs seat is mounted on the seat shell.  

The CAPPS fitted within the seat shells in the locomotive and 

carriages as well as an in house adaptable cushioned seat for 

nursery school kids. 

If the locomotive structure had been removable then it might 

have been heavy or could have been lost, so the locomotive 

was made of wood and connected by a hinge at the front.  The 

hinge provided access to the seating area.  The main body was 

fixed and could not be removed as the bodywork was lighter 

and the locomotive could have tipped without it as weight was 

centered above the rear driving wheels for traction and grip. 

A purpose made sub frame and chassis was designed and built 

to create a locomotive.  A standard controller, batteries and 

wheelchair motors were used (supplied directly from a 

wheelchair manufacture). 

 
 Fig. 2. Open access to the carriages. 

 

The locomotive is shown open in Fig. 3. 

 

Fig. 3.  Locomotive in open access 

 

A ‘Newton Badger Vixen’ wheelchair chassis was used as a 

framework for the imitation steam engine.  The wheelbase 

dimensions were changed to consider: 

• Effects due to changing multiple loads with various 

numbers and sizes of passengers in the carriages. 

• Rolling on steeper slopes. 

• Drive tracking. 

• Distribution of weight. 

• Proportions of width to length to produce lifelike and 

convincing locomotive looks. 

Tests were conducted to check clearances, especially in a 

new adventure tunnel that had some smaller gaps and restricted 

spaces.  The locomotive needed to look reasonably realistic and 

that defined shape and then size (keeping the length to width 

ratio) while allowing children to safely ride along corridors.  

Figure 4 shows an illustration of the locomotive.  The thick 

down arrow at the top shows the focus of the weight above and 



down on to the driving wheels to give purchase, especially if 

pulling children in the carriages. 

A box was placed under the PLIB to hold the batteries.  The 

outer covering isn’t shown in Fig. 4.  However the smaller down 

arrow at the front points to the positions of the hinges. Hinging 

the bodywork provided a counter weight for the front casters.  

If the bodywork had been completely removable, the lack of 

any weight above the casters at the front could have caused 

some instability. 

Fig. 4.  Locomotive sub-assembly 

 

When the bodywork was down and locked in the working 

position, space was still available for any trays that might be 

required.  Two choices were provided for the trays: a molded 

tray for a CAPPS seat with tray fixing points within the seating 

system and tray mounting supports for integrated switch trays.   

The train is to be equipped with a Langner Scanning Collision 

Avoidance Device (langner-SCAD)[1] at the front of the train 

locomotive to detect local obstacles and stop the train.  For 

further reading, obstacle avoidance for powered wheelchairs is 

described in [29-32]. 

From the outset, the train has offered new opportunities for 

children with complex needs:  The locomotive can be driven by 

a child driver with only a single switch to start and stop the train.  

Velcro allows switch positions to be quickly and easily adjusted 

to suit different children and it was a safe and soft fixative.  A 

platform is also used to more permanently mount the switches.  

It incorporated adjustable clamps and bolts within slots to 

secure the input devices so that bespoke arrangements could be 

created for specific users. 

When testing began with the prototypes of the train, all of the 

children who saw or heard it were interested.  Because both 

disabled and non-disabled kids were interested, the ability to 

accommodate all sorts of different seating arrangements was 

included in a redesign and children from both groups could 

operate or ride in the train.  Almost all the children at Chailey 

Heritage School had a Chailey Adjustable Postural Support 

Seating System (CAPSS) to provide the specific postural 

support required by each child. 

The carriages and the locomotive had mounting assemblies 

built in for general and specialist seating and chairs. 

The adaptability of the train seating allowed kids with 

varying ability to be a passenger.  Some children wanted to 

drive the train and others wanted to be a passenger.  A few 

children just wanted to watch, although that was often because 

all the carriages were full.  Only three children could ride in the 

train at any one time but some children would follow the train 

in their powered wheelchairs and staff pushed children behind 

the train while they were sitting in their wheelchairs or buggies.   

The use of the train was an extended group activity.  The 

movement and overall control of the whole train affected all the 

passengers and the children following the train.  Some children 

obviously grasped what was going on, especially the children 

who could already drive a powered wheelchair.  Children who 

were not disabled could also ride in the train with young 

disabled or non-disabled passengers. 

Features were separated and each kiddy riding on the vehicle 

and two carriages could perform a range of tasks.  Driving using 

a go / stop switch was the main control function but children on 

the train could control devices around the vehicle and two 

carriages.  Carriages had infra-red transmitters that could 

interact with toys and responsive systems in play areas and 

adventurous tunnels.  An infrared beam would be perceived and 

identified by a receiver within a steel conduit mounted close to 

the floor.  

III. CONTROL STRATEGY 

Controls could be divided up and that provided children with 

the option of controlling different things on and from the toad 

train.  The train driver was responsible for starting and stopping.  

Other passengers could be given control of environmental 

gadgets and contraptions that the train might encounter (bubble 

blowers, merry go rounds, waterjets etc).  The train also had a 

whistle and one of the passengers could control that.  The 

locomotive also had a noise maker that provided the simulated 

sound of a steam locomotive.  

Switches were connected directly to make things 

straightforward and to make the electrical connections simpler.  

Loading and unloading children could be time consuming so 

the switches needed to be “plug-and-play” to reduce waiting 

time as the children were usually excited and could be 

impatient. 

Control could be reduced if necessary and for example, the 

infra-red switch could be overridden so that it was always 

switched on and activated any infra-red devices the train went 

past, or the train could be restricted to following a wire in the 

floor.  In those cases, children would not have to worry about 

operating manual switches and that could stimulate children 

who were unaware or did not understand switches. 

A difficulty with offering numerous control options was the 

need for clinical assistants and helpers to connect up and 

disconnect switches and so the arrangement had to be 

intuitively obvious and easy to do.  Figure 5 shows the system 

and how the auxiliary functions could be shared between the 

driver and the passengers (between the locomotive and the 

carriages).  Each carriage had an in-line to provide a coupling 

point.  The infrared communications delivered more autonomy 

and expanded choices and the number of devices that could be 

operated. 

In Fig. 5, the outlined area on the right shows how switch 

control was distributed via an inter-connection interface so that 

each child on the train could control something. 

A sound effect generator was also included.  It was connected 



to the drive so that the locomotive mad esteem engine noises.  

Single jack sockets provided control options and switches could 

be plugged in and directly connected.   The locomotive had all 

the possible connection options as the locomotive could be used 

as a standalone device, as well as with one or two carriages 

attached. 

The outlined area on the bottom left in Fig. 5 encloses the power 

amplifiers for the motors that converted the torque demand 

from the controller to current into the two drive motors.  The 

outlined area at the top left in Fig. 5 encloses the controller 

proposed in this paper and the Langner-SCAD. 

Fig. 5. Control distribution between the passengers for off track movement. 

 

The train has been restricted to a track route originally 

designed for wheelchairs.  Further developments have allowed 

some wheelchair users to safely move away from the track.  A 

controller is described in the next Section that will allow the 

train to safely move away from the track. 

IV. CONTROLLER 

The wheeled locomotive and the two carriages consist of a 

module at the front with differential drive for the driving wheels 

pulling two simple carriages.  The locomotive has two 

separately actuated driving wheels at the rear and two extra 

small wheels at the front to support the weight of the 

locomotive. 

Using nomenclature based on [22], the locomotive and the 

middle carriage are connected at point P, a central point 

between the driving wheels of the locomotive.  The middle 

carriage and the rear carriage are connected at point Q.  Angular 

displacement of the locomotive driving wheels is denoted by 

right and left.  The radius of the locomotive wheels is rloco.  If 

point P is the center of the locomotive then coordinates of point 

P can be represented by (xloc, yloc).  The orientation of the 

locomotive is , the orientation of the middle carriage is and 

the orientation of the rear carriage is.  Lloco is the length from 

point P to the locomotive center of gravity and Lmiddle is the 

length from point Q to the center of gravity of the centre 

carriage.  Lrear is the length from point G to the center of gravity 

of the rear carriage. 

The gap between the locomotive driving wheels is 2h, the 

distance between the middle carriage wheels is 2h1 and the 

distance between the middle carriage wheels is 2h2.  d is the 

length from the middle carriage wheels to point P and b is the 

length from the middle carriage wheels to the point Q. The 

masses of the locomotive, middle carriage and rear carriage 

were m1, m2, and m3.  J1, J2, and J3 are the moments of inertia 

of the locomotive, middle carriage and rearmost carriage.  So, 

the position and pose of the vehicle and two carriages can be 

expressed as: 

q = [xloc, yloc,.]. 

 

The dynamic modelling of the vehicle and two carriages is 

portrayed in Appendix A.  The control algorithm uses PD-

action filtered errors for the vehicle and two carriages with a 

locomotive and two carriages.  A representation of the 

locomotive and carriages is shown in in Fig. 17 in Appendix A.  

Figure 6 shows the position error (ep) and orientation error of 

the locomotive (e). 

 
Figure 6. Simulated vehicle and two carriages and simulated trajectory for 

the vehicle and two carriages. 

 

The position error (ep) and orientation error of the locomotive 

(e) are defined as: 
 

ep = √(ex
2 + ey

2)                    (1) 

 

etan-1 (ey/ex) -                   (2) 



Where 
 

ex =  xd - x = ep cos(+ e              (3)
 

ey= yd - y = ep sin(+ e               (4) 

 

Locomotive position error (ep) and locomotive orientation 

error (e) should tend to zero and then remain there. 

The locomotive and carriages were tested with simulated 

trajectories and by driving with joysticks and switches.  The 

closed-loop controller configuration used is shown in Fig. 7. 
 



 
Fig. 7. The closed-loop controller for testing. 

 

The right and left actuator torques for the motors were: 
 

If |e then: 

 

right= K1posepos + K1sp(depos/dt) + K2pose + K2sp(de/dt)  (5) 

 

 left= K1posepos + K1sp(depos/dt) - K2pose - K2sp(de/dt)    (6) 

 

If |e then: 
 

right= K2pose + K2sp(de/dt)             (7) 

 

 left= -K2pose - K2sp(de/dt)               (8) 

 

Where, Knpos and Knsp are proportional and speed gains for 

the controller and  is a small preset value. 

IF direction error, |eis above a preset value, then 

following equations (7) and (8), only direction error will be 

considered and the controller will turn the locomotive to reduce 

|e. 

ELSE IF orientation error, |eis below the present value, 

then following equations (5) and (6), position and direction will 

both be controlled. 

V. TESTING AND RESULTS 

The configuration of the vehicle and two carriages was 

expressed as a generalized coordinate vector 

 

q = [x, y,.]. 

 

The initial conditions were  
 

q0 = [ 0   0   3/2   0    0]T                  (9) 

 

A circular reference path for the second carriage was used as an 

input to a simulation in Matlab / Simulink. 
 

xd(t) = 0.8 cos t, yd(t) = 0.8 sin (t)                  (10) 

 

Controller gains for the proposed controller were set as 

 

K1pos = 1, K1sp = 1, K2pos =  0:5, K2sp = 0.5           (11) 

 

The circular reference path is shown in Fig. 8. 

 
Fig. 8. The circular reference path. 

 

The tracking was simulated and the resultant tracking errors are 

shown in Fig. 9. 

 
Fig. 9.  Errors in tracking: Graph above is position error (epos (m)); Graph below 

is orientation error (e (rad)). 

 

Kinematic control inputs are shown in Figure 10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 10.  Kinematic control inputs: (a) v1 (m/s); (b) v2 (rad/s).  

 

A fixed camera with a processing rate of 30 frames per 



second and resolution of 480 x 640 pixels was mounted near the 

ceiling and connected to a computer.  DC servo motors were the 

actuators and they were connected directly to the wheels of the 

locomotive. 

The train was made to follow reference trajectories in order 

to validate the proposed controller. The trajectories were 

generated in Cartesian coordinates by a planner.  The train 

started from q0 and followed circular reference trajectories.  

A vision system estimated posture and transmitted that to the 

computer.  Sampling time was limited by the vision system 

processing speed.  Sampling time (and processing speed) was 

33ms. Control commands were generated by the computer and 

sent to the locomotive through a USB cable.  Control software 

was developed in MATLAB \ Simulink. 

The locomotive and two carriages started from q0 (9) and 

followed a circular reference trajectory (10).  Paths for the 

locomotive, middle carriage and second carriage, are shown in 

Figs 11 to 13. 

Figure 14 shows the right and left actuator torques and Fig 

15 shows the kinematic control inputs. 

Tracking errors for the second carriage are shown in Fig 16.   

 

 
Fig 11. Tractor reference point path. 

 

Fig 12. Middle carriage reference point path. 

Fig 13. Second carriage reference point path. 
 

 
Fig 14. Actuator torques: (top) right wheel (N/m); (bottom) left wheel (N/m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 15. Tracking errors for second carriage: At the top is ex (m), and at the 

bottom is ey (m). 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig 16. Kinematic control inputs: At the top in red is v1 (m/s) and below in blue 

is v2 (rad/s). 
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VI. DISCUSSION AND CONCLUSIONS 

The design, construction and control of a fun train consisting 

of a locomotive and two carriages has been described.  Three 

nonholonomic constraints were assumed. Kinematic and 

dynamic equations were calculated and a controller proposed to 

use PD-action filtered errors to track control inputs.  The control 

algorithm performs satisfactorily 

The train drivers could take preset responsibility for 

transporting their child passengers and that provided them with 

a sense of obligation and authority.  Children could feel as if 

they were a ‘train driver’ in the locomotive and could safely 

drive other children around as passengers.   The fun train has 

been used by many children with different special needs.  It can 

accommodate most wheelchair seating systems using three seat 

adaptors.  The wheelbase dimensions have handled multiple 

loads with various numbers and sizes of passengers in the 

carriages on slopes and in narrow corridors. 

The locomotive look realistic enough for the children and 

testing with the Langner Scanning Collision Avoidance Device 

at the front of the locomotive has shown that local obstacles can 

be detected and can provide a dead-man switch to stop the train.  

The train has offered new opportunities for children with 

complex needs and the locomotive has been successfully driven 

by a child driver with only a single switch to start and stop the 

train.  All the children who have seen or heard the train have 

been interested.  The ability to accommodate different seating 

arrangements has allowed friends and children from families to 

operate and ride in the train.  The adaptability of the train 

seating has allowed children with varying abilities to be 

passengers.  Some children have wanted to drive the train and 

others have just wanted to be a passenger.  When the train was 

full then other children would follow the train in their powered 

wheelchairs and staff would push other children behind the train 

while they were sitting in their wheelchairs or buggies.  The 

train has proved to be an extended group activity.  Some 

children grasped what was going on, especially the children 

who could already drive a powered wheelchair.  Children who 

were not disabled could still ride in the train with young 

disabled or non-disabled passengers. 

Children on the train have successfully used control devices 

and infra-red transmitters to interact with toys and responsive 

systems in play areas and adventurous tunnels. 

The fun train is already providing early mobility experiences 

for children and introducing powered mobility as a fun activity.  

It is providing opportunities for able bodied and disabled young 

people to participate in a joint activity together that involves 

taking turns and sharing. 

Simulation and experimental results are presented to show 

the eff ectiveness of the controller for the train.  Results show 

that tracking performance is satisfactory despite no a priori 

knowledge of plant dynamics. 

Lyapunov method and Barbalat lemma were used to 

investigate closed-loop asymptotic stability and that analysis 

can be obtained from the author on request. 

APPENDIX - DYNAMIC MODELLING 

If the wheels are assumed to roll without slipping on the 

ground, then there are nonholonomic constraints in the 

kinematic model of the vehicle and two carriages.  The train is 

shown in Fig. 1, the kinematic model of the train is shown in 

Fig. 17 and Fig. 6 considered planar motion for the model. 

 
Fig. 17. The vehicle and two carriages consisting of the locomotive and two 

carriages. 

 

There are 3 x nonholonomic constraints because of the 

nonslip conditions of the wheels on the locomotive, the middle 

carriage and the rear carriage. 

That ideal constraint is never completely satisfied, but it is 

assumed here.  The equations in (12) represent constraints 

between generalized coordinates and velocities: 

 

- (dx/dt) sin(dy/dt) cos

- (dx/dt) sin(dy/dt) cos- d(d/dt) = 0         (12)

- (dx/dt) sin(dy/dt) cos - d(d/dt) cos(b (d/dt) = 0



So that the system constraints in Pfaffian form [50] are: 

  

A(q) dq/dt  =  0                   (13) 

 

 

A(q)=   (14) 

 

 

 

Let S(q) be a matrix such that A(q) S(q) = 0, where S(q) is 

the Jacobian matrix. 

A velocity vector v can then be found so that the kinematic 

model of the vehicle and two carriages (locomotive with two 

wheeled carriages) is 

 

dq/dt = S(q)v                   (15) 

 

where v = [vlin vrot]T and vlin is the linear velocity at the center 

of the back wheels of the locomotive, P, and vrot is the rotational 

velocity of the locomotive as: 

 

vlin = VP = +/-√{(dx)/dt)2 + (dy/dt) 2}         (16)


vrot =                      (17)

   

 - sincos

- sincos-d              0

-sincosb   -dcos(   0

 

   



The system Jacobian matrix is 

S(q). 

 

 

 

S(q)=     (18) 

 

 

 

Considering Fig. 7., with q, a generalized coordinates vector, 

then the kinetic system model can be written as: 
 

M’(q)d2q/dt2 + C(q, dq/dt) dq/dt = B(q) + AT(q)   
 

Where: 

 

M’(q) is a symmetric, positive definite matrix [5 by 5], 

C(q, dq/dt) is a centripetal Coriolis matrix [5 by 5], 

B(q) is an input transformation matrix [5 by 2],

 is a vector of torques applied to left and right locomotive 

driving wheels [2 by 1], 

AT(q) is a system constraint matrix [3 by 5] and 

 is a vector of Lagrange multipliers [3 by 1]. 

 

Considering these matrices: 

 

M(q) 

is: 

 

 

 

 

 (20) 

 

 

 

 

 

where 

 m = m1 + m2 + m3.    J3 + m3l2. 

H = m1d + m2(d-a).    J2 + m1d2 + m2(d-a)2 . 

H2 = m1(b-n).        = J1 + m1(b-n)2. 

 

C(q, dq/dt) is: 

              (21) 

 

 

 

 
 

 

 

B(q) =   1                       (22) 

    rloco 

 

  

 

 

                 (23)

 

Substituting into equation (8) from equation (4) removes 

Lagrange multipliers, and then using A(q) S(q) = 0, then: 
 

M’(q) d2v/dt2 + C(q, v) v = B(q)         (24) 
 

Where 
 

M’(q) = ST(q) M(q) S(q) R2 x 2         (25) 
 

C’(q, v) v = ST(q) B(q)  R2 x 2         (26) 
 

B’(q) = ST(q) M(q) dS/dt(q) C’(q, v)  R2 x 2    (27) 
 

The system kinematic and kinetic models are separated so 

that the kinetic equations have the Lagrange multipliers 

removed. 
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