-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Explore Bristol Research

E% University of
OPEN ACCESS |4 BRISTOL

Burness, T., Liebeck, M., & Shalev, A. (2018). The depth of afinite ssimple
group. Proceedings of the American Mathematical Society, 146(6), 2343-
2358. https://doi.org/10.1090/proc/13937

Peer reviewed version

Link to published version (if available):
10.1090/proc/13937

Link to publication record in Explore Bristol Research
PDF-document

This is the author accepted manuscript (AAM). The final published version (version of record) is available online
via AMS at http://www.ams.org/journals/proc/0000-000-00/S0002-9939-2018-13937-4/home.html . Please refer
to any applicable terms of use of the publisher.

University of Bristol - Explore Bristol Research
General rights
This document is made available in accordance with publisher policies. Please cite only the published

version using the reference above. Full terms of use are available:
http://www.bristol.ac.uk/pure/about/ebr-terms


https://core.ac.uk/display/96782168?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1090/proc/13937
https://doi.org/10.1090/proc/13937
https://research-information.bris.ac.uk/en/publications/the-depth-of-a-finite-simple-group(949b19cc-c6f2-4713-8e59-6739f1b90a71).html
https://research-information.bris.ac.uk/en/publications/the-depth-of-a-finite-simple-group(949b19cc-c6f2-4713-8e59-6739f1b90a71).html

THE DEPTH OF A FINITE SIMPLE GROUP
TIMOTHY C. BURNESS, MARTIN W. LIEBECK, AND ANER SHALEV

ABSTRACT. We introduce the notion of the depth of a finite group G, defined as the
minimal length of an unrefinable chain of subgroups from G to the trivial subgroup. In
this paper we investigate the depth of (non-abelian) finite simple groups. We determine
the simple groups of minimal depth, and show, somewhat surprisingly, that alternating
groups have bounded depth. We also establish general upper bounds on the depth of
simple groups of Lie type, and study the relation between the depth and the much studied
notion of the length of simple groups. The proofs of our main theorems depend (among
other tools) on a deep number-theoretic result, namely, Helfgott’s recent solution of the
ternary Goldbach conjecture.

1. INTRODUCTION

An unrefinable chain of length ¢ of a finite group G is a chain of subgroups
G=Gy>G1>-->G1>G =1, (1)

where each (G; is a maximal subgroup of G;_1. We define the depth of G, denoted by
A(G), to be the minimal length of an unrefinable chain. For example, if G is a cyclic
group of order n > 2, then A\(G) = Q(n), the number of prime divisors of n (counting
multiplicities). In particular, A(G) = 1 if and only if G has prime order.

In this paper we are interested in the depth of finite simple groups (by which we mean
non-abelian finite simple groups). For such a group G, it is easy to show that A\(G) > 3 (see

Corollary [2.3). In fact, this lower bound is best possible, and our first theorem determines
the simple groups of minimal depth.

Theorem 1. Let G be a finite simple group. Then MN(G) = 3 if and only if G is one of
the groups recorded in Table[1]

G Conditions

Ap pand (p—1)/2 prime, p ¢ {7,11,23}

La(q) { q+ 1 or ¢ — 1 has at most two prime divisors, ¢ # 9; or
q prime and ¢ = 43, £13 (mod 40)

LZ(Q) n and % both prime, n > 3 and
(n,q,€) # (3,4,+),(3,3,-),(3,5,—), (5,2, —)

QBQ(Q) q — 1 prime

Mos, B

TABLE 1. The simple groups G with A\(G) = 3
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By Dirichlet’s theorem, there are infinitely many primes p with p = +3, £13 (mod 40),
so Theorem [I| shows that there are infinitely many simple groups with depth 3.

Next we turn our attention to upper bounds. Firstly, using Helfgott’s solution of the
ternary Goldbach conjecture (see [17], as well as Vinogradov’s classical result [30] for
sufficiently large numbers), we show that alternating groups have bounded depth.

Theorem 2. We have \(A,) < 23 for all n.

This is in stark contrast to the situation for groups of Lie type (see Proposition for
the exact depth of Ly(p¥) for a prime p and odd integer k).

Theorem 3. For any n € N, there exists a prime power q such that A\(La(q)) > n.

Next, applying Theorem [2| above and other tools, we establish a general upper bound
on the depth of finite simple groups of Lie type.
Theorem 4. Let G = G(q) be a simple group of Lie type, where ¢ = p* for a prime p.
Then either
AMG) < 39Q(k) + 36,
or one of the following holds:
(i) G = La(2%) or 2By(2%) and
MG) < QK) +1+min{Q2" —1):r e n(k)},
where (k) is the set of prime divisors of k.
(ii) G =Unh(2¥), n is odd, k is even and
MG) < 3Q(k) 4+ 29(2%" + 1) + 35,
where k = 2% with b odd.

Note that Proposition determines the precise depth of the groups in case (i) in The-
orem (4 Also Proposition gives the depth of Ly (p¥) for k odd. A detailed investigation
of the depth of simple groups of Lie type will be presented in a forthcoming paper.

Define a function f; : N — R by
f1(k) = 3logy k + 2k /log,(2k) + 35.
Applying Theorem 4 with some elementary number theory we obtain the following.

Corollary 5. With the above notation we have
ANG@) < fi(k).

The depths of the sporadic simple groups are routine to compute, and are given in
Lemma 3.3

The length I(G) of a finite group G is defined to be the maximal length of a strictly
descending chain of subgroups from G to 1. The length of simple groups has been the
subject of numerous papers since the 1960s (see [Il, 2] 8, [14] [19] 26] 27, 28], for example).

What are the relations between the depth A(G) and the length [(G) of a finite (or a
finite simple) group G? Clearly, A(G) < [(G). By a well known theorem of Iwasawa [18],
AMG) = l[(G) (namely, all unrefinable chains in G have the same length) if and only if G
is supersolvable. In particular, A\(G) < I(G) if G is simple. Note that there are families of
finite simple groups G for which A(G) is bounded while [(G) is unbounded. For example,
I(A;,) is of the order of 3n by [§], whereas A(4,) < 23 by Theorem [2l We show below that
a similar phenomenon occurs even for simple groups of minimal depth.

Theorem 6. For any n € N, there exists a finite simple group G of minimal depth
AG) = 3 such that I(G) > n. In fact, we may take G = La(p) for a suitable prime p.
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Next, we show that A(G) is always asymptotically much smaller than {(G). We need
some notation. For integers [ > 36 define

0 = max flogy1 - 2) 4 o1 Blomy((0 - 3) + g 20T s

Define a function fa : N — R by fa(l) =1 for I < 36 and

f2(1) = min{l, h(1)},
for I > 36.

Theorem 7. Let G be a finite simple group. Then
AMG) < f2(UG)).

Q)

In particular, A(G) < (1 + O(D)W'

We also obtain better upper bounds on A(G) — see Theorem
As for lower bounds, we show the following.

Proposition 8. There exist infinitely many finite simple groups G; (j > 1) satisfying
I(G}) = 0o and AN(G;) > logs I(G;) + 1.

It would be nice to close the gap between the upper bound in Theorem [7] and the lower
bound in Proposition [§] However, this depends on formidable open problems in Number
Theory. See the discussion at the end of Section [3]

In [4], the expression I(G) — A(G) is called the chain difference of G, denoted by cd(G).
It follows from Iwasawa’s theorem mentioned above that ¢cd(G) > 1 for all finite simple
groups G. Using the classification theorem, the simple groups G with c¢d(G) = 1 were
determined by Brewster et al. [4] — the only examples are Ag and Lo (p) for certain primes
p (it is not known whether there are infinitely many examples). In [16], Hartenstein and
Solomon present a more elementary proof of the same result, by means of a reduction to
groups with dihedral or semi-dihedral Sylow 2-subgroups. In particular, the proof in [16]
does not require the classification of finite simple groups.

The finite simple groups of minimal length 4 have depth 3 and chain difference 1, and
so can be read off from Theorem (1| above, together with [4]. The precise list is given in
[25, Theorem 3.2]. On the other hand, our results imply that the chain difference of a
finite simple group is usually large.

In fact, using Theorem [7| it follows immediately that the length I(G) of a finite simple
group G is bounded above in terms of its chain difference cd(G) = I(G) — A(G), and even
in terms of its chain ratio, defined by cr(G) = I(G)/A(G).

Corollary 9. We have
I(G) < (1+0(1))cd(G)
and
Z(G) < 2(1+o(1))cr(G)’
for all finite simple groups G, where o(1) is 0cq(c)(1) and o) (1) respectively.

In particular, the following statements are equivalent for any collection S of finite simple
groups:

(i) The set {cr(G) : G € 8} is bounded.
(ii) The set {cd(G) : G € S} is bounded.
(iii) The set {I(G) : G € S} is bounded.
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Indeed, the first two assertions of Corollary |§| (which imply the third one) follow from
the last statement of Theorem [} We note that condition (iii) above is equivalent (for
any collection § of finite groups G) to a purely number theoretic condition. Indeed,
it is trivial that I[(G) < Q(|G|), and by [I, Proposition 2.2] we have Q(|G|) < I(G)2.
Thus the set {{(G) : G € S} is bounded if and only if the set {Q(|G]) : G € S} is
bounded. Furthermore, it is known that there are infinitely many finite simple groups of
bounded length; indeed [I, Corollary D] implies that there are infinitely many primes p
with (La(p)) < 20.

Our study of the depth of finite simple groups is partly motivated by our recent work
on the minimal and random generation of so-called t-mazimal subgroups of finite simple
groups, where t = 1,2, 3 (see [6, [7]).

The proofs of results are given in Section [3|and we record some relevant preliminary
results in Section In this paper we adopt the notation from [20] for simple groups of Lie
type. In particular we write PSL,(¢) = L,(q) = L/ (q¢) and PSU,(q) = U,(q) = L,, (¢),
etc. We are grateful to Roger Heath-Brown for helpful correspondence.

2. PRELIMINARIES
We begin with elementary observations.

Lemma 2.1. Let G be a finite group and let M be the set of mazximal subgroups of G.

(i) MG) =14+ min{A\(M) : M € M}.
(ii) If N is a normal subgroup of G, then

AG/N) < AG) < AG/N) + MN).

Lemma 2.2. Suppose \(G) = 2 and let M be a mazimal subgroup of G of prime order.
Then either M <G, or G is a Frobenius group of the form NM , where N <G and M acts
fixed point freely on N.

Proof. If M is not normal in G, then the action of G on the cosets of M is Frobenius. [
Corollary 2.3. If G is a finite simple group, then \(G) > 3.

Lemma 2.4. Suppose G is a finite simple group, and M is a nilpotent maximal subgroup
of G. Then M is a non-abelian Sylow 2-subgroup of G.

Proof. Suppose first that M has a nontrivial Sylow p-subgroup P for some odd prime
p. Then M = Ng(P) since M is maximal, and hence also M = Ng(Z(J(P))), where
J(P) is the Thompson subgroup of P. Therefore G has a normal p-complement by the
Glauberman-Thompson normal p-complement theorem (see [12], Section 8.3], for example).
This is a contradiction.

Hence M is a 2-group. Also M € Syl,(G) since M = Ng(M). Finally, if M is abelian
then M = Z(M) = Z(Ng(M)), and so G has a normal 2-complement by Burnside’s
normal p-complement theorem. Hence M is non-abelian. O

Remark 2.5. There are genuine examples in Lemma For instance, D¢ is a maximal
subgroup of Lo (17).

Our final result in this section concerns the existence of alternating (or symmetric)
maximal subgroups of certain simple classical groups. For the proof, we need to recall a
standard construction.
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Let p be a prime, let d > 5 be an integer and consider the permutation module Fg for
the symmetric group Sy. Define subspaces

U={(a1,...,aq) : Zai:()}, W ={(a,...,a) : a €F,} (2)

of ]Fg, and observe that U and W are the only nonzero proper Ag-invariant submodules
of IFZ. Then V = U/(UNW) is the fully deleted permutation module for Ay, which is an
absolutely irreducible Az-module over F),. Set n = dim V" and note that n = d — 2 if p
divides d, otherwise n = d — 1.

If p is odd, then the corresponding representation embeds A, into an orthogonal group
Q¢ (p). If p = 2 then n is even and either d = 2 (mod 4) and A; embeds in Sp,,(2), or d # 2
(mod 4) and we obtain an embedding Ay < €25,(2) (see [20, p.187] for further details).

Lemma 2.6. Let G = Q,(p), where n > 5, p is a prime and one of the following holds:
(i) np is odd, n #7 and (n+1,p) = 1;
(ii) (p,e) = (2,4) and n =0,6 (mod 8);
(iii) (p,€) =(2,—) and n = 2,4 (mod 8).

Then G has a mazximal alternating or symmetric subgroup. The same conclusion holds if
G =Sp,(2), n>8 and n =0 (mod 4).

Proof. For n < 12, we refer the reader to the relevant tables in [3]. Now assume n > 12.
Let V be the natural module for G.

Suppose (i) holds and define § € {1,2} to be 2 if p divides n + 2, and 1 otherwise.
Consider the embedding of A, .5 in G = Q,(p) = Q(V) afforded by the fully deleted
permutation module for A, 15 over F),. Set H = Ng(Ap45) = Apts or Spais.

We claim that H is a maximal subgroup of G. To see this, suppose there is a subgroup
K of G such that H < K < G. Since K is irreducible and the (—1)-eigenspace of
(1,2)(3,4) € H on V is 2-dimensional, the possibilities for K are given in [I3, Theorem
7.1]. However, by inspection we see that no examples arise with n > 12, whence H
is maximal. (Note that H is clearly primitive and tensor-indecomposable on V, so [13]
applies.)

A very similar argument applies in cases (ii) and (iii). For example, consider (iii). Here
G =Q,(2) and n = 2,4 (mod 8). Set H = A,,;5, where § =2 if n =2 (mod 8) and § =1
if n = 4 (mod 8). As before, the fully deleted permutation module V' = V,,(2) embeds
H in G (note that transpositions in S, 5 act as transvections on V', so S,1s € G). As
before, we can establish the maximality of H by applying [13, Theorem 7.1], noting that
(1,2)(3,4) € H has Jordan form [JZ, J*] on V. An entirely similar argument shows that
G = Sp,,(2) (with n > 8 and n = 0 (mod 4)) has a maximal subgroup S, . O

3. PROOFS

Let G be a finite group. Define a t-chain of G to be an unrefinable chain of subgroups
of length ¢ as in .

Lemma 3.1. If p is prime, then \(La(p)) < 4.

Proof. The result is clear for p < 3. And for p > 5, Ly(p) has a maximal subgroup
isomorphic to A4, S4 or As (see [11]), and it is easy to check that all of these groups have
depth at most 3. ]

Corollary 3.2. If p is prime, then A\(Ap+1) < 5.
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Proof. Again, the claim is clear if p < 3, so assume p > 5. If p € {7,11,23} then La(p)
is a maximal subgroup of A, (see [21]), so in these cases the result follows immediately
from Lemma [3.1] For p € {7,11,23} it is easy to check that A(Aps1) = 5. For example,

A24 > M24 > M23 >23:11>11>1
is a 5-chain. ]
Lemma 3.3. The depth of each sporadic simple group G is given in Table[d. In particular,
MG) < 6, with equality if and only if G = He.

Proof. This is easily checked by inspecting the list of maximal subgroups in [10]. O

G M11 M12 MQQ M23 M24 Jl J2 J3 J4 HS Suz MCL Ru
MG) 4 4 4 3 4 4 4 5 4 5 4 5 5

He Ly O/N COl COQ 003 FiQQ F123 Fil24 HN Th B M
6 4 5 5 4 4 5 4 4 5 4 3 4

TABLE 2. The depth of sporadic simple groups

We are now in a position to prove our main theorems.

3.1. Proof of Theorem Let G = Gy > G1 > G2 > G = 1 be a 3-chain, so each
G; is maximal in G;_1. Then G5 has prime order r, say, and by Lemma either G is
Frobenius or Gy <1 G.

If G; has odd order, then it is given by [22, Theorem 1] and the relevant cases are
recorded in Table (1l Now assume |G| is even.

Suppose G; = NG9 = N.r is Frobenius. As G5 is maximal in G1, N is elementary
abelian and thus one of the following holds:

(a) N = 2% and G5 = r acts fixed point freely on N;

(b) |N| = s is prime, r = 2 and G is dihedral.
The finite simple groups G' with a maximal subgroup G; of the form 2*.r or Dy can be
determined by inspection of [20] (for classical groups), [9] (for exceptional groups of Lie

type), [10] (for sporadic groups), and is elementary for alternating groups. The examples
are listed in Table [3] and they also appear in Table [I}

G Gq Conditions
Lo(2F) 2F.(28 —1) 2% —1 prime
Dygr41) 2k 4+ 1 prime
La(g)  Dgar (¢ +1)/2 prime, g # 9
Ay ¢ prime and either ¢ = 5 or ¢ = +3, +13 (mod 40)
°Ba(q) Dag—1y q — 1 prime

TABLE 3. The simple groups G with a maximal subgroup G; of the form
2k 1 or Ds,, with 7 prime

Finally, let us assume G <1G1, so G1/G3 has prime order ¢, say. Then (1 is non-abelian
by Lemma Since |G1] is even, it follows that ¢ = 2 and G; = Do, is dihedral. This
case was dealt with in (b) above. O
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By combining Theorem [I] and Lemma [3.1 we obtain the following corollary.

Corollary 3.4. If p is an odd prime, then

A(La(p)) = 3 (p—1)/2 prime, or (p+1)/2 prime, or p = +3,£13 (mod 40)
2P = 4 otherwise.

This can be extended as follows.

Proposition 3.5. Let p be a prime and let k > 1 be an odd integer. Suppose (p, k) # (2,1)
and let w(k) be the set of prime divisors of k. Then

] Qk)+1+min{Q2"+1) : ren(k)} ifp=2
A@ﬂﬁ”‘{sum+xmxm> ip>3

Proof. First assume that p is odd. The proof goes by induction on k, the case k = 1 being
trivial. Now suppose k£ > 1 and let G = Lo (pk) By [11], the maximal subgroups of G are
as follows:

P (0" = 1)/2), Dyesy, La(p™*), (3)
where s is a prime divisor of k, and it is easy to see that

A@E((P" =1)/2)) = MDpr_y) = Q" = 1), MDypryy) = Q0" +1).

By induction, A\(La(p*/%)) = Q(k) — 1 4+ A(La(p)). Since Q(pF +1) > Q(p £ 1) + Q(k), it
follows from Corollary [3.4that among the maximal subgroups in (3)), Lo (p"/*) has minimal
depth. Hence

MLa(p")) = 14 AL (")) = Q(k) + MLa(p)),
and the proof is complete.

Now assume p = 2. This time we induct on (k). For the base case Q(k) = 1, k is
prime and the maximal subgroups of Ly (2¥) are

2%.(2% — 1), Dygarsy)- (4)

We have A(2%.(2F — 1)) = A(Dgae_1)) = Q(2F — 1) +1 and A(Dygrqy)) = Q2" +1) + 1,
and the conclusion follows for k£ prime. For k non-prime (i.e. (k) > 1), the maximal
subgroups of Ly(pF) are as in (), together with Lo(2¥/%) for s € n(k), and an induction
argument very similar to the one for p odd gives the conclusion. O

Remark 3.6. A similar result can be established for A(Lz(p*)) when k is even, but the
details are more complicated (see Proposition for the case p = 2).

3.2. Proof of Proposition [8. The proof combines Proposition above with [26, The-
orem A]. The latter result shows that, for a finite simple Lie type group G..(p¥) of rank r
with a Borel subgroup B we have [(G,(p¥)) = r + I(B) provided k > F(p,r).

For i > 1let H; = L2(33i) and let B; < H; be a Borel subgroup. It follows from the
above mentioned result that, for some constant ¢ > 0 we have

I(H;) =1+ 1(B))
for all ¢ > ¢. Now, let P; < B; be a Sylow 3-subgroup of H;. Since B; is solvable we have
U(B;) = Q(|Bil) = (3 ~ 1)/2) + QB = (3 ~1)/2) + 3"
Note that (33 —1)/2 = H;-;ll(32j + 37 4 1) which is not divisible by primes less than 7.
Hence Q((3% —1)/2) < log;((3% —1)/2) < 3'log, 3. This yields
1I(G;) < 1+ 31 +1og;3) = 3"log; 21,
for all ¢ > c.



8 TIMOTHY C. BURNESS, MARTIN W. LIEBECK, AND ANER SHALEV

Next, Proposition [3.5 shows that
MH;) =Q(3)+3=i+3.
Hence, for 7 > ¢, we have
AH;) =i+ 3> loggl(G;) + 1.
Setting G; = Hj,. for j > 1, we complete the proof. O

3.3. Proof of Theorem [2| Let G = A,. If n < 10 then it is easy to check that A\(G) < 5,
so let us assume n > 11. By Vinogradov’s Theorem [30], every sufficiently large odd integer
n is the sum of three primes, and this has recently been extended to all odd n > 7 by
Helfgott [I7]. Set 6 = 1 or 0 according as n is odd or even, and choose primes p1, p2, p3
such that
n—3—0=p1+p2+Dps3,
SO
A= AP1+1 X Ap2+1 X Ap3+1 < AP1+P2+p3+3 =A, 5 <G.

We claim that there is an unrefinable chain of length at most 8 from G to A. To see this,
first observe that the stabilizer in A4 of a k-element subset of {1,...,d} (with2 < k < d/2)
is a subgroup of the form (Ay X Ag—k).2. Moreover, if k # d/2 then this is a maximal
subgroup by [2I], so there is an unrefinable chain of length 2 from A; to Ax x Ag_p. If
k = d/2, then there is one of length 3, namely

Ag > (Ad/Q X Ad/2).22 > (Ad/2 X Ad/2).2 > Ad/Q X Ad/Q.
Now, if n — § # 2(p1 + 1) and py # ps, then
Ap—s > (Apip1 X Apsp—1)-2 > Api 1 X Apspr—1 > Api11 X (Appy1 X Apg1) 2> A

is an unrefinable chain of length 4. Since A, > S,_1 > A,_1 is unrefinable, it follows
that there is an unrefinable chain of length at most 6 from G to A. Similarly, if either
n—9 =2(p; + 1) or po = p3, then we can find a chain of length at most 8. This justifies
the claim.

Finally, since A(Ay,+1) < 5 by Corollary we conclude that
AMG)<8+43-5=23
and the proof of Theorem [2]is complete. O

3.4. Proof of Theorem |3l Let n be a positive integer and let p1,...,p, be distinct odd
primes. Set k = p;---pyp. Then Proposition gives A\(L2(2%)) > Q(k) +2 = n + 2 and
the result follows. O

3.5. Proof of Theorem |4. Let G = G(q) be a finite simple group of Lie type over Fy,
where ¢ = p* for a prime p. To begin with, let us assume that G is not one of the following:
(a) Lo(2F) with &k > 2;
(b) 2By(2%) with k > 3 odd;
(c) Un(2¥) with n odd and k even.
We will handle these special cases at the end of the proof.

In the following, unless stated otherwise, the assertions concerning the unrefinability
of chains follow from the maximality results in [3, 20] for classical groups and [23] for
exceptional groups. Our goal is to verify the bound

AG) < 30(k) + 36. (5)

Case 1. Untwisted groups.
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First assume G = G(q) is of untwisted type (excluding (a) above). For any prime divisor
r of k, G(g) has a maximal subfield subgroup of the form G(¢*/").[6], where § € {1,7,2r}
(see [5, Theorem 1]). We deduce that there is an unrefinable chain of length at most 3Q2(k)
from G to G(p), and hence

AG) < 3Q(k) + AMG(p))- (6)

We now consider the possibilities for G(p). First assume G(p) = Q,(p), with np odd
andn>7. If n#7and (n+1,p) = 1 then Lemma implies that G(p) has a maximal
alternating or symmetric subgroup, in which case A(G) < 3Q(k) + 25 by Theorem [2| Now
assume p divides n + 1. Then

Qu(p) > Q1 (p)2> QF1(p) > Qa(p)-2 > Qua(p)

is an unrefinable chain of length 4. Moreover, (n — 1,p) = 1 so Q,_2(p) has a maximal
alternating or symmetric subgroup. This gives A(G) < 3Q(k)+4+ 25 as required. Finally,
for n = 7 there is an unrefinable chain Q7(p) > Spg(2) > Sg, and the conclusion follows
easily.

Next assume G(p) = PQ3 (p), where n > 4 and p is odd. Then G(p) has a maximal
subgroup of the form €,,_1(p).r with r € {1,2}, so by applying the bound in the previous
paragraph we get A(G) < 3Q(k) +29 + 2.

Now suppose G(p) = Sps,(2)’. It is easy to check that the groups Sp,(2) = Ag and
Spe(2) have depth 4 and 5, respectively, so we may assume n > 4. If n is even then Lemma
implies that G(p) has a maximal symmetric subgroup. On the other hand, if n is odd
then

Sp2n(2> > Sp2n—2<2) X Sp2(2) > Sp2n—2(2) X 3> Sp2n—2(2)
is an unrefinable chain and Sp,,_5(2) has a maximal symmetric subgroup (again, by
Lemma [2.6). In both cases, we conclude that A(G) < 3Q(k) + 3 + 25, so holds.
Moreover, for G(p) = Q3 (2) we get A(G) < 3Q(k) + 29 because Sp,,,_»(2) is a maximal
subgroup of G(p).

Next consider G(p) = PSpy, (p) with p odd and n > 2. Here G(p) has a maximal
imprimitive subgroup M = (Spy(p)1S,)/Z, where Z = Z(Sp,,,(p)) = {12, }.

First we claim that there is an unrefinable chain

Spa(p) 1S =My > My > -+ > M, =Cs1 5, (7)

of length s < 3. If p = £1 (mod 10), then 2.45 is a maximal subgroup of Spy(p) and we
can take

Spa(p) 1Sy > (2.45) 1S, > (2.44) 1Sy, > Cs 1S (8)
To see that this is unrefinable, consider a subgroup K such that
H:C6ZSn<K<L:(2.A4)2Sn.

Then K N(2.44)" < (2.A4)" is a subdirect product containing (Cg)™, so Cg < KN L; < L;,
where L; is the i-th copy of 2.4, in the direct product (2.A44)". Therefore K N L; = L;, so
K contains (2.A44)" and thus K = L. A similar argument establishes the maximality of
the other inclusions in and we omit the details. If p # £1 (mod 10) then either 2.5y
or 2.A4 is maximal in Spy(p) and the details are very similar. This establishes the claim

(-

Finally, we claim that there is an unrefinable chain
Ce!S,=Hy>Hy>--->H =2.5,=2.5,
of length ¢ < 5. For example, if n = 0 (mod 6) then
Ce 1Sy, > 3" 1.2".8, > 3.2".5, > Cs1 8, > 2" 1.5, > 2.5,
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is an unrefinable chain of length 5. Here we are using the fact that the only proper
nontrivial Sy,-invariant subgroups of r™ (r prime) are U = r"~! and W 22 C,. (note that
U and W are the subspaces in ([2)), setting p = r). Similarly, there is a chain of length 5
if n = £2,3 (mod 6), and one of length 4 if n = £1 (mod 6). We deduce that there is an
unrefinable chain of length at most 8 from G(p) to Sy, whence A\(G) < 3Q(k) + 8 + 24 by
Theorem [2

To complete the proof for untwisted classical groups, suppose G(p) = Ly (p). The case
n = 2 follows from Lemma so assume n > 3. If n is even then G(p) has a maximal
subgroup M = PSp,,(p).r with r € {1, 2} and our earlier work shows that A(M) < 33. Now
assume n is odd. If p is odd then G(p) has a maximal subgroup M = PSO,,(p) = Q,(p).2
and the result follows since A\(M) < 30 as above. Finally, suppose n is odd and p = 2. In
this case, there is an unrefinable chain

G(2) = SL,(2) > 2" 1.SL,,_1(2) > SL,_1(2)
and so the previous argument gives A\(G) < 3Q(k) + 36.
Now suppose G(p) is of exceptional Lie type. In each case, we can choose a maximal

subgroup M as follows (see [23]):

G(p) Es(p) Eq(p) Eg(p) Fi(p)  Ga(p)
M dPQjs(p).d Lo(p").[7d] Fi(p) d.Qo(p) SLs(p).2

where d = (2,p — 1). In each case, the desired bound quickly follows from our above
analysis of untwisted classical groups. For example, if G(p) = Es(p) then

MG(p) < 3+ A(PQ;(p)) < 3 +31.
Similarly, suppose G(p) = E7(p) and M = La(p”).[7d]. If p = 2 then
E7(2) > La(27).7 > La(27) > Dypyr_1) > Cyr_y > 1

is an unrefinable chain. For odd p, there is an unrefinable chain from E7(p) to La(p) of
length 4, and Lemma implies that A(La(p)) < 4. The other cases are similar and we
omit the details.

Case 2. Twisted groups.

Now let us consider the twisted groups of Lie type, excluding the cases labelled (b) and
(c) above. First assume G = 2G9(3%) with k odd. Taking a chain of subfield subgroups
of length Q(k), we can get down to 2G2(3) =2 Ly(8).3. The latter has depth 4, so A\(G) <
Q(k) + 4. Similarly, A(2F4(2%)") < Q(k) + 5.

In each of the remaining cases, the goal is to find a short unrefinable chain from G to
a simple untwisted group of Lie type H, and then apply the bounds in Case 1.

Suppose G = Uy, (q) is a unitary group. If n > 4 is even then there is an unrefinable
chain of length at most 2 from G to H = PSp,,(q), so A(G) < 2+ 3Q(k) + 32. Similarly,
if ng is odd then H = Q,(q) and the same bound holds. If n is odd and ¢ = 2¥ with k
odd then we can use maximal subfield subgroups to find an unrefinable chain of length
at most 3Q(k) from G to H = U,(2). If n = 3 then A\(H) = 4, so we can assume n > 5.
Now H has a maximal subgroup a.U,_;(2).b, where a = 3/(3,n) and b = (3,n — 1), so
AMH) < A(Up—1(2)) + 2 < 36 as above and thus A(G) < 3Q(k) + 36.

For G = PQ;, (¢) with ¢ odd, there is an unrefinable chain of length at most 2 from G
to Qp—1(g) and the result quickly follows. The case G = €, (¢) with ¢ even is also easy
since Spy,,_»(q) is a maximal subgroup.

Finally, if G = 2FEg(q) or 3D4(q), then G has a maximal subgroup Fy(q) or Ga(q),
respectively, and the result follows from the bounds on A\(Fy(q)) and A(G2(g)) in Case 1.
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Case 3. The remaining cases.

To complete the proof, we may assume that one of the following holds:
(a) G = Lo(2%) with k > 2;
(b) G =2B5(2%) with k > 3 odd;
(c) G = U,(2F) with n odd and k even.

First suppose G = G(2F) is of type La(2¥) or 2B5(2F). Let w(k) be the set of prime
divisors of k. For any r € m(k), there is an unrefinable chain of subfield subgroups of
length (k) — 1 from G to G(2"). Now G(2") has a maximal subgroup H = Dypr_1) and
AMH)<1+9Q(2"—1),s0

AMG) < Qk)+ 1+ min{Q(2" —1):ren(k)}
as required (see Proposition below for the exact depth of G in these two cases).

Finally, let us turn to case (c), so G = G(2¥) = U,(2¥) with n odd and k even. Write
k = 2%, where a > 1 and b is odd, so (k) = a+Q(b). By considering subfield subgroups,
there is an unrefinable chain of length at most 3Q(b) from G to G(2%*). Now G(22") has
a maximal reducible subgroup H = c¢.PGU,,_1(2%") where ¢ divides 22 + 1, so

AH) <29(2%" +1) + AMU,-1(22)) <2022 +1) + 34 + 30(29)
and thus
MG) < 39(b) 4+ 29(2% +1) + 35 4 3a < 3Q(k) + 2Q(2% +1) + 35.

This completes the proof of Theorem O
In fact, we can determine the exact depth of G in cases (a) and (b) above.

Proposition 3.7. We have

ALa(24)) = Qk)+ 14+ min{Q(2"£1) : ren(k)} k>3 odd
2 T k) +24+min{Q(22 £1) —c: 1<c<a} k=2 even, b odd

and
ACBa(2%) = Q(k) + 1+ min{Q(2" — 1), Q2" £ V2r+l + 1) + 1 : r € n(k)},
where (k) is the set of prime divisors of k.
Proof. First assume G = Ly(2%). In view of Proposition we may assume k = 2%b is

even and b > 1 is odd. By arguing as in the proof of Proposition [3.5, we deduce that
AMG) = Q(b) + A(H), where H = L(22"). Consider a t-chain

H=Hy>H{>Hy,>--->H;, =1

and let s > 0 be maximal so that Hy = L5(22") is a subfield subgroup of H. Then ¢ > 1
and A(H) = s+ A(Hs). Moreover, s = Q(2°7¢) = a — ¢ and the maximality of s implies
that A(Hs) = 2 + min{Q(22° £ 1)}, so

MH) =a—c+ 2+ min{Q(2* +£1)}.
The result now follows since Q(k) = a + Q(b).

Now assume G = 2B(2F), where k > 3 is odd. Set ¢ = 2* and let H be a maximal
subgroup of G. By [29], H is one of

¢ = 1), Do), (0% v/2q+1)4, *Ba(qo),
where gy = 2¥/5 for a proper prime divisor s of k. We have
Mg ™™g —=1)) = Qg — 1) +2, A(Dy(g-1)) = g — 1) +1
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and
Mg £ +/2¢+1)4) = )\(Dg(qimﬂ)) +1=Q(¢gt/2¢+1)+2.
Similarly,
A(B2(90)) < M(Dy(ge-1)) +1 =00 = 1) +2< Qg — 1) +1
and

ACBa(q0)) < Qao £ v/2q0 +1) +3 < Qg F V20 + 1) +2
(note that go +v/2qo + 1 divides ¢ F /2¢ + 1). Therefore, we can construct an unrefinable
chain for G of minimal length by descending via a sequence of (k) — 1 subfield subgroups
to 2By (2") for some prime divisor r of k. It follows that
AMG)=Q(k) =1+ min{Q(2" —1)+2,\2"£Vv2+tl+ 1)+ 3 : remn(k)}

as required. I

3.6. Proof of Corollary We apply Theorem {4} Trivially, we have Q(k) < log, k. So
AMG) < 39Q(k) + 36 implies A(G) < 3logy k + 36 < f1(k), as required.

Next, suppose conclusion (i) of Theorem [4] holds, namely
AMG) < Qk)+14+min{Q2" —1) :r € n(k)}.

For each prime divisor r of k, each prime s dividing 2" — 1 satisfies s = 1 (mod r), so
s >r—+ 1. Hence

Q2" —1) <logy(2" —1)/logy(r+1) < r/logyr < k/logy k.
This yields
AMG) <logyk+k/logy k + 1

and the result follows.

Finally, suppose conclusion (ii) of Theorem {4 holds, namely

MG) < 3Q(k) 4+ 2Q(2% +1) + 35,

where k = 2% with ¢ > 1 and b odd.

Let s be a prime divisor of 22° + 1. We claim that s = 1 (mod 29*!). Indeed, let m

be the multiplicative order of 2 modulo s. Since 22° = —1 (mod s) we have 22" =

(mod s), so m divides 227!, But m does not divide 2%, hence m = 2%*1 so 29! divides
s — 1, as claimed. Therefore, s > 20+l 4 1 and thus

Q2% +1) <logy (22" 4 1)/logy (29T + 1) < 2¢/(a +1).
This implies that

MG) < 3Q(Kk) + 27T /(a + 1) + 35 < 3logy k + (2k/b) /(logy (2K /b)) + 35

<
< 3logy k + 2K/ logy (2k) + 35,
completing the proof. O

3.7. Proof of Theorem [6} Fix n > 2 and let p, ..., p,—1 be the first n—1 primes which
are greater than 5. Let S be the set of primes p satisfying p = +3,£13 (mod 40) and
p = 1 (mod p;) for i = 1,...,n — 1. By the Chinese Remainder theorem and Dirichlet’s
theorem, S is infinite.

Let G = La(p) with p € S. Then A(G) = 3 by Theorem [I| On the other hand, the
dihedral group D,_; is a subgroup of G, so we have

UG) > U(Dp-1)=Q2(p—1) = n.
This completes the proof. O
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3.8. Proof of Theorem 7. We always have A\(G) < I(G) and h(l) > 36, so it suffices to
show that if [(G) > 36 then A\(G) < h(]).

If G is sporadic then A(G) < 6 by Lemma and if G is alternating then by Theorem
we have A(G) < 23. Hence Theorem [7| holds for these groups.

It remains to deal with groups of Lie type G = G,(p¥), where r is the Lie rank of
G. Let B be a Borel subgroup of G and let P < B be a Sylow p-subgroup of G. Note
that any unrefinable chain for G passing through B has length r + [(B). Also note that
I(B) = Q(|B|) since B is solvable. Define u(G) by |P| = (p*)“%). Then

U(G)Zr+1U(B)=r+QB]) =r+Q(B|/|P]) + Q(P]) = 2r + Q(|P]) = 2r + ku(G)
and thus

k< (U(G) = 2r)/u(G). (9)

We now use Corollary [p} its notation and its proof.

In the generic case of Theorem 4] we have

AMG) < 3logy k + 36 < 3logy(I(G) — 2) 4+ 36 < h(l(G)), (10)
where the last inequality is easily checked numerically, using our assumption that [(G) >
36.

In case (i) of Theorem {4] we have

I(G) -2
logy(I(G) —2)
Finally, in case (ii) we have G = U,(2*) for odd n > 3 and for even k, say k = 2m. We
claim that k < (I(G) —4)/3 unless k = 2 and G = Us(4).

Indeed, if the rank r is at least 2 then this follows from @ So suppose 7 = 1. Then
n =3 and |B| = ((2¥)2 — 1)(2F)3. If & > 2 then Q((2¥)2 — 1) = Q(2*™ — 1) > 3 (since
m > 2), which yields I(G) > 1+ Q(|B|) > 1+ 3 + 3k, proving the claim. Note that, by
[27, Theorem 1] we have [(G) = 1+ Q(|B|) in this case.

Combining the above claim with Corollary [5] we conclude that, if £ > 2, then
AMG) < 3logy k + 2k/ logy(2k) + 35 = fi(k) < f1((I(G) —4)/3) < h(I(G)).
Finally, if £ = 2 then G = U3(4) and {(G) = 9 < 36, so the result holds trivially in this

case.
This completes the proof of Theorem O

AMG) <logyk+k/logy k+ 1 < logy(I(G) — 2) + + 1 < h((Q)).

In fact similar arguments give rise to better bounds. In the theorem below we adopt
the above notation, and let o(1) denote a number tending to zero as {(G) — oc.

Theorem 3.8. Let G = G,.(p*). Then

(1) A(G) < A(UG) = 2r) /u(@)).
(i) If r > 1, then A(G) < T?ﬁ(}%) ' loglicl;()G)'

(iii) If G is not as in case (i) or (ii) of Theorem[{, then A\(G) < (3 + o(1))logy L(G).

Proof. Part (i) follows immediately from the proof of Theorem |7, combined with inequality
@ above.

Part (iii) follows from inequality above.

Finally, part (ii) follows from part (iii) unless G = U,,(2¥), with odd n and even k. In
the latter case we have n = 2r+1 and u(G) = n(n—1)/2 = r(2r+1), so the result follows
from part (i). O
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In fact it may well be that A\(G) = O(logy [(G)) for all finite simple groups G. In view
of Theorems [2] and [3.8] it suffices to prove it for G as in case (i) or (ii) of Theorem {4l This
depends on better upper bounds on Q(2" — 1) for r prime, and on Q(2%* +1).

It is known that for most natural numbers n we have Q(n) ~ loglogn (see, for instance,
[15, Theorem 431]). It is reasonable to assume — though impossible to prove using present
methods of Number Theory — that 2" — 1 (r prime) and 22 + 1 are less composite than
most numbers. In particular we therefore expect that Q(2" — 1) < loglog(2" — 1) < logr
for 1 > 0, and that (22" + 1) < loglog(2* + 1) < a for a > 0. Note that this
implies that, for primes r > 0, the largest prime divisor of 2" — 1 is at least (2" —
1)1/ log7 "a bound far stronger than all known bounds, even assuming the ABC conjecture
or the Generalized Riemann Hypothesis (see, for instance, [24]). Anyway, plugging our
two heuristic assumptions into the proof of Corollary |5 it would follow that A\(G(p*)) =
O(logy k) in all cases, and this in turn would yield A(G) = O(log, I(G)).

Finally, note that, in view of the lower bound given in Proposition [8, our above conjec-
tured upper bound on A\(G) in terms of [(G) would be best possible.

REFERENCES

[1] K. Alladi, R. Solomon and A. Turull, Finite simple groups of bounded subgroup chain length, J. Algebra
231 (2000), 374-386.
[2] L. Babai, On the length of subgroup chains in the symmetric group, Comm. Algebra 14 (1986), 1729—
1736.
[3] J.N. Bray, D.F. Holt and C.M. Roney-Dougal, The Mazimal Subgroups of the Low-dimensional Finite
Classical Groups, London Math. Soc. Lecture Note Series, vol. 407, Cambridge University Press, 2013.
[4] B. Brewster, M. Ward and I. Zimmermann, Finite groups having chain difference one, J. Algebra 160
(1993), 179-191.
[5] N. Burgoyne, R. Griess and R. Lyons, Mazimal subgroups and automorphisms of Chevalley groups,
Pacific J. Math. 71 (1977), 365-403.
[6] T.C. Burness, M.W. Liebeck and A. Shalev, Generation and random generation: from simple groups
to mazimal subgroups, Adv. Math. 248 (2013), 59-95.
[7] T.C. Burness, M.W. Liebeck and A. Shalev, Generation of second mazimal subgroups and the existence
of special primes, Forum Math. Sigma, to appear.
[8] P.J. Cameron, R. Solomon and A. Turull, Chains of subgroups in symmetric groups, J. Algebra 127
(1989), 340-352.
[9] A.M. Cohen, M.W. Liebeck, J. Saxl and G.M. Seitz, The local mazimal subgroups of exceptional groups
of Lie type, Proc. London Math. Soc. 64 (1992), 21-48.
[10] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson, Atlas of Finite Groups, Oxford
University Press, 1985.
[11] L.E. Dickson, Linear groups with an exposition of the Galois field theory, Teubner, Leipzig 1901 (Dover
reprint 1958).
[12] D. Gorenstein, Finite Groups, Harper & Row, Publishers, New York-London, 1968.
[13] R.M. Guralnick and J. Saxl, Generation of finite almost simple groups by conjugates, J. Algebra 268
(2003), 519-571.
[14] K. Harada, Finite simple groups with short chains of subgroups, J. Math. Soc. Japan 20 (1968),
655-672.
[15] G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, 5th edition, Clarendon
Press, Oxford, 1979.
[16] M.A. Hartenstein and R.M. Solomon, Finite groups of chain difference one, J. Algebra 229 (2000),
601-622.
[17] H.A. Helfgott, The ternary Goldbach problem, Annals of Math. Studies, to appear (see
arXiv:1501.05438).
[18] K. Iwasawa, Uber die endlichen Gruppen und die Verbdnde ihrer Untergruppen, J. Fac. Sci. Imp. Univ.
Tokyo. Sect. I. 4 (1941), 171-199.
[19] Z. Janko, Finite simple groups with short chains of subgroups, Math. Z. 84 (1964), 428-437.
[20] P. Kleidman and M.W. Liebeck, The subgroup structure of the finite classical groups, London Math.
Soc. Lecture Note Series 129, Cambridge University Press, 1990.



THE DEPTH OF A FINITE SIMPLE GROUP 15

[21] M.W. Liebeck, C.E. Praeger and J. Saxl, A classification of the maximal subgroups of the finite
alternating and symmetric groups, J. Algebra 111 (1987), 365-383.

[22] M.W. Liebeck and J. Saxl, On point stabilizers in primitive permutation groups, Comm. Algebra 19
(1991), 2777-2786.

[23] M.W. Liebeck, J. Saxl and G.M. Seitz, Subgroups of mazimal rank in finite exceptional groups of Lie
type, Proc. London Math. Soc. 65 (1992), 297-325.

[24] L. Murata and C. Pomerance, On the largest prime factor of a Mersenne number, Number Theory,
209-218, CRM Proc. Lecture Notes, 36, Amer. Math. Soc., Providence, RI, 2004.

[25] J. Petrillo, On the length of finite simple groups having chain difference one, Arch. Math. 88 (2007),
297-303.

[26] G.M. Seitz, R. Solomon and A. Turull, Chains of subgroups in groups of Lie type II, J. London Math.
Soc. 42 (1990), 93-100.

[27] R. Solomon and A. Turull, Chains of subgroups in groups of Lie type I, J. Algebra 132 (1990), 174-184.

[28] R. Solomon and A. Turull, Chains of subgroups in groups of Lie type III, J. London Math. Soc. 44
(1991), 437-444.

[29] M. Suzuki, On a class of doubly transitive groups, Annals of Math. 75 (1962), 105-145.

[30] I. M. Vinogradov, Representation of an odd number as a sum of three primes, Dokl. Akad. Nauk. SSR
(1937), 291-294.

T.C. BURNESS, SCHOOL OF MATHEMATICS, UNIVERSITY OF BRISTOL, BrisTOL BS8 1TW, UK

E-mail address: t.burness@bristol.ac.uk

M.W. LIEBECK, DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE, LONDON SW7 2BZ, UK

E-mail address: m.liebeck@imperial.ac.uk

A. SHALEV, INSTITUTE OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM 91904, ISRAEL

E-mail address: shalev@math.huji.ac.il



	1. Introduction
	2. Preliminaries
	3. Proofs
	3.1. Proof of Theorem ??
	3.2. Proof of Proposition ??
	3.3. Proof of Theorem ??
	3.4. Proof of Theorem ??
	3.5. Proof of Theorem ??
	3.6. Proof of Corollary ??
	3.7. Proof of Theorem ??
	3.8. Proof of Theorem ??

	References

