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The formation of quasi-spherical cages from protein building blocks
is a remarkable self-assembly process in many natural systems,
where a small number of elementary building blocks are assembled
to build a highly symmetric icosahedral cage. In turn, this has in-
spired synthetic biologists to design de novo protein cages. We use
simple models, on multiple scales, to investigate the self-assembly
of a spherical cage, focusing on the regularity of the packing of
protein-like objects on the surface. Using building blocks, which
are able to pack with icosahedral symmetry, we examine how sta-
ble these highly symmetric structures are to perturbations that may
arise from the interplay between flexibility of the interacting blocks
and entropic effects. We find that, in the presence of those pertur-
bations, icosahedral packing is not the most stable arrangement for
a wide range of parameters; rather disordered structures are found
to be the most stable. Our results suggest that (i) many designed,
or even natural, protein cages may not be regular in the presence of
those perturbations, and (ii) that optimizing those flexibilities can be
a possible design strategy to obtain regular synthetic cages with full
control over their surface properties.

Coarse-grained modeling | Icosahedral symmetry | Protein cage | Self-
assembly | Synthetic biology | Protein design | Coiled coil

Many examples of self-assembled quasi-spherical shells or
cages are found in biology. Small ferritin cages, numer-

ous viral capsids, clathrin, and large carboxysomes in bacteria
are all cages composed of protein sub-units, and the resulting
structures are used for packaging and transport (1–4). With
a few exceptions, these spherical cages typically have highly
ordered structures with icosahedrally symmetric shells (2, 4–
9), characterized by 6 five-fold, 10 three-fold and 15 two-fold
symmetry axes. Biology, through evolution, has developed
very efficient routes to make icosahedral cages using a small
number of elementary protein building block types. These
elementary building blocks seem to assemble in a hierarchical
manner (10–13). They firstly assemble to make larger assem-
blies (hexagons and pentagons) and subsequently a spherical
cage is formed from these oligomers.

Inspired by biology, there have been several attempts to
design synthetic protein cages either by taking protein en-
gineering or de novo design approaches (15–17, 56) or by
re-engineering natural protein cages (18). In some synthetic-
cage assemblies, the aim is to form a mono-dispersed, highly
ordered cage (17), while in others, the goal is to employ simpler
and more chemically accessible design rules to form spheri-
cal cages that are not necessarily symmetric (56). Synthetic
cages could potentially be used for many applications such
as targeted drug delivery, vaccine design, nano-reactors and
synthetic biology (19–24).

A better understanding of the assembly mechanisms in

protein cages would make it possible efficiently to control
the structural properties of the protein cage to best suit the
particular application required. In that direction, a number
of questions arise: What are the key design rules for synthetic
self-assembly aiming for regular cages? How robust is the
icosahedral symmetry of the protein cage? Can stable cages
be constructed without this symmetry?

By combining several coarse-grained models on multiple
scales, here we investigate the robustness of the icosahedral
cage against structural imperfections, arising from the flex-
ibility of the protein building blocks, which could possibly
occur in synthetic self-assembly pathways. To fix our ideas
with a concrete example of a synthetic cage, we seek inspira-
tion from the recently designed self-assembled cages (SAGEs)
(56), which use de novo designed coiled coil (CC) peptides as
building blocks.

Self-assembled cage from CC peptides

The SAGE design comprises two, noncovalent, heterodimeric
and homotrimeric CC bundles. These are joined back to back
using disulfide bonds to make two complementary hubs, which
when mixed form honeycomb networks (see Fig. 1-A). The
honeycomb network folds due to the intrinsic splay inherent
within the designed hubs, and leads to cages with a typical
diameter of 100 nm. Thus, SAGE assembly is reminiscent of
the formation of clathrin, where hexagonal and pentagonal
sub-units are allowed to form due to the finite flexibility of the
triskelia (8, 25, 26). The melting temperature of the trimeric
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Fig. 1. Self-assembled peptide cages (SAGEs) from de novo coiled-coil (CC) peptides.
A. Homotrimeric CC (green) and heterodimeric CC (acidic CC in red and basic CC
in blue) bundles. Each CC is made from 21 amino acids with a height of 3 nm. Two
hub types are made by linking 3 homotrimeric acidic or basic CCs to a trimer bundle
using 3 disulfide bonds. These hubs, when mixed, form a honeycomb lattice that
closes due to the intrinsic splay between hub pairs (56). B. Two types of molecules
in the CC-level CG model of SAGEs (top). Attractive LJ patches are illustrated as
small spheres that drive formation of trimers and dimers (bottom). C. Snapshots of
a partially assembled SAGE obtained after annealing a mixture of pre-formed hubs.
D. The probability distribution of the polygon angles ψ averaged over the simulation
trajectory.

CC bundle (green CCs in Fig. 1-A) is higher than the melting
temperature of the heterodimeric bundles, resulting effectively
in a one-structural-unit assembly with a hub, which comes in
two types depending on the type of heterodimeric CCs linked to
the trimer. Hexagonal sub-units formed from 6 flat hubs would
tile a flat surface. One way of covering a spherical surface in a
regular manner, without any holes, is to include 12 pentagonal
sub-units, hence giving the required Euler-characteristic of 2.
This strategy could be achieved by making use of the flexibility
of the angle and bond potentials between hub pairs to allow the
formation of the required number of pentagonal units within
the honeycomb network. However, allowing more flexible or
less angular specific interactions would enhance formation of
other polygonal units in addition to the required number of
pentagons and hexagons. Such polygons act as additional
structural defects, and can potentially remove the icosahedral
symmetry of the cage. This competition is a natural place for
one to look for ways to optimize the cage structure.

Studying the self-assembly process of a system as large as a
SAGE over the timescale that it forms in the test-tube (up to
minutes) is not feasible with atomistic detail. Thus, Coarse-
Grained (CG) modeling (5, 11, 27–36) is required to answer
relevant questions about the dynamics of the self-assembly as
well as the stability and uniqueness of the final structure. We
employed a CC-level CG model of SAGEs to simulate directly
the self-assembly of hubs. The overall angular specificity of the
hub pairs in the CC-level CG model arises from the finite range
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Fig. 2. Polygon-level CG model energy,E (left) and free-energy, F (right) landscapes
at kT = 0.1ε (top) and at kT = 0.3ε (bottom) for an ideal spherical packing
(radius R = 1.603σ corresponding to an icosahedral packing with N = 32)
composed of only hexagonal and pentagonal particles. The ratio of activities is
zP /zH = exp(∆µ/kT ) = 12/20. The colors vary from purple (small values) to
red (large values).

of attractive interactions between the patches and also from
the stiffness of the permanent bond. To facilitate formation
of honeycomb lattice in numerical simulations, the angular
specificity of the hub pairs was tuned to be more than the
observed angular specificity in the atomistic simulations (See
SI).

Assembly of the peptide network incorporates defects. Our
simulation results indicate that, even with our more angular
specific model, the occurrence of non-hexagonal defects on
the self-assembly pathway is likely, as it can be observed from
the abundance of non-hexagonal subunits in Fig. 1-C (For
instance, see the pronounced peak for the squares in Fig. 1-D).
In addition, the lifetime of those defect-rich structures is longer
than the accessible timescale of our simulations (≈ 100µs),
suggesting that their contribution might not be negligible and
they might significantly alter the free-energy landscape of
the system. However, even at this level of coarse-graining,
calculating the free-energy of a complete SAGE was not feasible
due to computational limitations. We note that, consistent
with our CG simulation results, the existence of non-hexagonal
sub-units on the SAGE surface has recently been confirmed
experimentally in the AFM measurements of the silica-coated
SAGEs (37).

Packing of proteins on spherical shells; a mesoscale
model

To gain further insight on whether the system is able to es-
cape from such long-lived metastable defected states and find
its most symmetrical configuration, and also to measure the
thermodynamic stability of the icosahedral cage we used a
mesoscale model. This was on the level of polygonal units
on the SAGE surface. Following the work of Zandi et al.
(5), who introduce a minimal model for virus capsids, we ex-
tended the model by considering different type polygons as
Lennard-Jones (LJ) particles with different diameters {σi},
i ∈ {H,P, S, ...} (H, P and S stand for Hexagon, Pentagon
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i) Q̂6 ≈ 1.0, Ŵ6 ≈ 1.0 ii) Q̂6 = 0.87, Ŵ6 = 0.98 iii) Q̂6 = 0.77, Ŵ6 = 0.95 iv) Q̂6 = 0.08, Ŵ6 = −0.1 v) Q̂6 = 0.17, Ŵ6 = 0.07
NH = 20, NP = 12 NH = 19, NP = 13 NH = 18, NP = 14 NH = 3, NP = 35 NH = 14, NP = 17, NS = 3

Fig. 3. Energy E, free-energy F and the number of non-hexagonal particles as a function of normalized BOOs Ŵ6 and Q̂6 at kT = 0.15ε and R = 1.603σ for an ideal
system composed of hexagons and pentagons (solid lines) and perturbed systems composed of hexagons, pentagons and squares with varying strength for the perturbation
controlled by the relative activity of the squares; weak (zS/zP = 0.01, dashed lines), intermediate (zS/zP = 0.1, dotted lines) and strong (zS/zP = 1, dashed-dotted
lines). 5 different configurations are also shown in the bottom panel: i–iv are typical ideal packings at kT = 0.15ε (i–iii) and kT = 0.3ε (iv), and v is a typical perturbed
packing at kT = 0.15ε and zS/zP = 0.01. Copper, blue and cyan particles represent hexagons, pentagons and squares respectively. See SI, Fig. S5 for 3D interactive
version of these snapshots.

and Square, respectively.) that are allowed to move on the
surface of the sphere or change type, while interacting via a
truncated LJ interaction of strength ε. The packing of par-
ticles on spherical surfaces have been used also as a model
for colloidosomes (38–43). For reference, we take our ideal∗

system as only composed of hexagonal (σH = σ) and pentag-
onal (σP = σ/(2 sin(π/5))) particles. The value of σP was
chosen such that pentagons have the same length per edge
as hexagons. Therefore, a polygonal particle with n edges
would prefer (energetically), on average, to have n neighbors.
However, at the finite temperatures of our simulations, the
system is allowed (by paying an energy penalty) to adopt a
configuration in which the number of neighbors deviates from
n. It has been shown that this minimal model has the lowest
free energies for packings with special numbers of particles
e.g. N = 12, 32, 42, ... (or equivalently special radii) corre-
sponding to icosahedral arrangements with N − 12 hexagons
and 12 pentagons (5, 44), and consistent with Casper-Klug
quasi-equivalence principle for spherical virus capsids (2). We
extended this model to include structural defects that may
exist in the form of other polygonal units on the cage surface.
In particular, we considered a perturbed system that also had
squares (σS = σ/(2 sin(π/4))). We carried out Monte Carlo

∗We use the word ideal to refer to a system that is only composed of hexagons and pentagons.

(MC) simulations in the Grand-Canonical ensemble at a fixed
sphere radius R, temperature T and chemical potentials {µi}.

We characterized the icosahedral symmetry of the par-
ticle packings using Steinhardt’s bond orientational order
(BOO) parameters Q6 andW6, originally defined to distinguish
the local crystallinity classes in liquids and glasses (45, 46)
(see Materials and Methods). BOO are rotational invariants
based on spherical harmonics and are calculated from ori-
entation of non-hexagonal particles with respect to the cen-
ter of the spherical packing with values of {Qicos

6 ,W icos
6 } =

{0.6633,−0.16975} for an icosahedral packing (packing i in
Fig. 3) and {Qrand

6 ,W rand
6 } ≈ {0, 0} for a totally random pack-

ing. We measured the free-energy profiles as a function of
the normalized BOOs Q̂6 = Q6/Q

icos
6 and Ŵ6 = W6/W

icos
6 ,

using umbrella sampling (47) to facilitate the measurement
of less favorable states. The umbrella weights were adjusted
iteratively to have a uniform sampling as a function of BOOs.
The starting configuration at each stage was chosen to be
the final configuration from the previous iteration. At each
temperature, we ran from 20 to 40 independent simulations,
each with approximately 3× 109 MC steps per particle and
obtained the resulting profiles using the weighted histogram
analysis method (48). This procedure is repeated until the
obtained free-energy profiles are converged. We note that, at
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Fig. 4. Averaged normalized BOOs (left) and the fraction of squares (right) are plotted
as a function of zS/zP for a perturbed system at kT = 0.15ε and R = 1.603σ.
Error bars represent two standard deviations away from the mean value obtained
from 40 independent simulations.

the lowest temperatures studied here, the identity-exchange
MC moves were mostly rejected and the dynamics became
very slow.

Mesoscale-model predictions. We observed that the lowest
energy configurations lay at regions where the normalized
BOOs were close to 1 (left panels in Fig. 2). These are icosa-
hedrally ordered arrangements that the system typically sam-
ples at low temperatures where entropic effects are negligible.
Non-icosahedral arrangements with even lower energies than
icosahedral arrangement have been described by authors in
Ref. (44) for spherical packings composed of same-sized LJ
particles. In such low-energy arrangements, particles that do
not have 6 neighbors tend to cluster together. For the two sys-
tem sizes that we studied here (R = 1.603σ and R = 2.469σ),
the optimum packings with clustering, which are typically
invariant against a smaller number of symmetry operations as
compared to the icosahedral packing (Fig. S6-C), were local en-
ergy minima (with E > Eicos). This indicates that icosahedral
symmetry is a more robust feature of our ideal binary-mixture
packings. However, for much larger packings with 312 parti-
cles, we saw arrangements with E < Eicos in which pentagons
cluster together in 12 × 6 groups (see SI, Fig. S6). For the
ideal system, we found the icosahedral packing to be the most
probable arrangement at low temperatures (kT . 0.2ε), in
agreement with previous studies (5, 44) (top-right panel of
Fig. 2). At sufficiently large temperatures (kT & 0.2ε), the en-
tropy term becomes the dominant term in the free energy and
thus, at the expense of energy, the system explores conforma-
tions with a larger number of pentagons (defects). Therefore,
in the high-temperature regime, the free-energy minimum of
the system is in the disordered region with small Q̂6 and |Ŵ6|
(bottom-right panel of Fig. 2).

For the ideal system, the projected landscapes and the
average number of pentagons as a function of Ŵ6 and Q̂6
are illustrated in Fig. 3 with solid lines. At kT = 0.15ε, the
lowest-energy packings are icosahedrally ordered with exactly
12 pentagons. Packings i, ii, iii are the three most probable
packings ( i.e. the lowest minima in the free-energy landscape)
that the system samples at this temperature, with a high level
of icosahedral order reflected by Ŵ6 ≈ 1. While i represents a
perfect icosahedral arrangement, ii and iii are packings with
13 or 14 pentagons, respectively. These are packings in which
one or two hexagons are replaced with pentagons, resulting in
an increase in the average energy per particle, and also smaller
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Fig. 5. Order-disorder transition in the polygon-level CG model. Top panel plots
display average normalized BOOs and the energy as a function of temperature for
the ideal packing (solid lines) and for the perturbed packing (dashed lines) with
zS/zP = 1 and R = 1.603σ. Average number of species as a function of
temperature are also plotted in the bottom panel plots. Error bars represent two
standard deviations away from the mean value obtained from 40 (20 for the ideal
system) independent simulations.

normalized BOOs. At even lower temperatures, the icosahe-
dral basin becomes the dominant global free-energy minimum,
in agreement with previous studies (5, 44). Similarly, the
peaks in the free-energy landscape as a function of Q̂6 include
conformations in which a pentagon is replaced with a bigger
hexagon; this substitution is very unfavorable energetically. In
larger packings, the oscillations in the icosahedrally ordered
region of the landscape shift to the right and become smaller
in amplitude (see SI). This is because, in large packings, small
movements of a larger number of particles can help to accom-
modate those substitutions more easily. It has been shown
in many viral-capsid assembly studies (11, 49, 50) that the
subunits’ binding energy is on the order ≈ 6 kT . Therefore,
kT = 0.15ε is expected to be roughly room temperature when
we interpret the results of our minimal model for virus capsids.

To investigate the stability of icosahedral packing in a per-
turbed system, we also considered a packing composed of
hexagons, pentagons, and squares. Our umbrella-sampling re-
sults for the perturbed systems are shown with dashed, dotted
and dashed-dotted lines, in the ascending order of the strength
of the perturbation respectively, in Fig. 3. For all cases (i.e. for
zS/zP ≥ 10−2), we observed that the existence of squares sig-
nificantly changes the free-energy landscape of the system
by shifting the most stable packing to the disordered region
with small Q̂6 and |Ŵ6| (packing v in Fig. 3). It is interesting
to note that even at zS/zP = 10−3, the icosahedral order is
effectively removed while only less than 5% of particles are
squares (see Fig. 4). This shows that in the presence of struc-
tural defects (squares), the icosahedral arrangement becomes
unstable. Moreover, other energetically favorable symmetric
configurations with a smaller symmetry group (e.g. the pack-
ing in Fig. S6-D with a D5h symmetry that is also responsible
for the drop of E when Q̂6 → 0), could be adopted more
easily in the perturbed system (44). Comparison between the
relative population of squares in the CC-level CG simulations
of the SAGEs and the number of squares in our perturbed
packings suggests that for the SAGEs zS/zP ≈ 10−1. We note
that the flexibility of the protein building block in the SAGE
determines the relative activity of squares and we expect it to
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vary for different protein cages. We also observed, in the dis-
ordered region of the landscape with increasing temperature,
an increase in the number of non-hexagonal particles, which is
also accompanied by a slower increase in the total number of
particles. A qualitatively similar behavior was also observed
for larger packings (see SI).

To quantify the order-disorder transition in our packings
we measured the average BOO parameters and the number of
species as a function of temperature. The results are illustrated
in Fig. 5 for the ideal and perturbed packings. We observed a
rapid increase in the total number of defects (extra pentagons
and squares) at high temperatures. Upon introducing defects
(squares) into the packing, the midpoint of the transition
(i.e. the melting point) shifted to lower temperatures for both
Q̂6 and Ŵ6 transitions, indicating that the icosahedrally or-
dered packings became less stable for those perturbed systems.
Moreover, the melting curves were characterized by a sharper
transition in those perturbed packings. This is probably due
to the fact that, starting from a disordered configuration in the
perturbed packings, significantly larger number of particles are
required to rearrange or change type cooperatively to reach
the icosahedral arrangement. Therefore, for the perturbed
packings, the order-disorder transition is characterized by a
larger level of cooperativity compared to the ideal packing.

Discussion

Many natural systems including viruses have evolved over mil-
lions of years to form icosahedral shells from protein building
blocks (2, 5). These provide the motivation for the design
of synthetic self-assembling cages (15, 16, 56). Natural icosa-
hedral protein cages are formed usually via a hierarchical
self-assembly process of highly specific building blocks with at
least two stages: first two classes of mesoscale units combine,
which then self-assemble further to a highly mono-dispersed
regular shells. Using models on multiple scales, we have inves-
tigated the self-assembly of quasi-spherical shells from simple
elementary building blocks, focusing on the regularity of their
packing on the surface of the spherical cage. Using building
blocks, that are able to pack with icosahedral symmetry, we
examine how stable these highly symmetric structures are to
perturbations that may arise from the flexibility of the inter-
acting blocks. This allows us to explore the rather simpler
self-assembly processes involving more flexible units that allow
the formation of a variety of mesoscale objects and permitting
structural defects. We find that they can also form shell-like
structures with few or no holes, however with more variability
in both the local structure on the shell and the overall symme-
try and size of the shells formed. In particular, we find that by
introducing a small number of structural defects, icosahedral
packings are not the most stable structures for a wide range
of parameters and that rather a disordered structure is found
on the shell’s surface. For many applications in protein design,
however, such a variability is not a handicap and this suggests
that icosahedral packings need not necessarily be the aim
for synthetic design of micro-scale containers for packaging
and transport. Indeed there are a number of protein shells
(e.g. the HIV virus capsid (51, 52)) that show disordered non-
icosahedral surfaces, which seem also to be correlated with
their greater variability. Our results are also relevant to colloi-
dosomes that are fabricated by the self-assembly of colloidal
particles onto the interface of emulsion droplets (38, 39). Our

work provides a new design paradigm: we propose that by
modulating the flexibilities of the components, one can control
the regularity of the packing and, consequently, the surface
properties of a synthetic cage.

Materials and Methods

CC-level CG model of SAGEs. We designed a CG model on the level
of CCs to directly simulation the assembly of SAGEs. Each CC
in this model is a rigid body with Lennard-Jones (LJ) attractive
patches on its surface that drive formation of CC dimers and trimers
(53). A permanent bond also connects a trimeric CC to a dimeric
CC. Details of the model and its parameterization are explained in
the SI.

Polygon-level CG model. In this model, a polygon with n edges is
described as an LJ particles of diameter σα = σ/(2 sin(π/n)). The
pair-wise LJ interaction between polygons α and β, separated by a
distance r is described by

VLJ(r) = 4ε
[
(σαβ/r)12 − (σαβ/r)6

]
where, σαβ = (σα +σβ)/2. The interaction is truncated at a cut-off
distance 1.5σαβ . We performed grand canonical MC simulations (54)
at the temperature T and activities {zα} = {exp(µα/kT )}, where
µα is the chemical potential of species α, and k is the Boltzmann
constant. All particles are restricted to move on the surface of
a sphere of radius R, and are allowed to change type. MC trial
moves include (1) single particle moves, (2) deletion moves, (3)
addition moves, (4) type-change moves and (5) position-swap of
two dissimilar particles. Care has been exercised to assure that
MC moves satisfy the detailed balance condition. We performed
extensive MC simulations for two system sizes R = 1.603σ and
R = 2.469σ, corresponding to icosahedral packings with N =
32 and N = 72 particles, respectively. We confirmed that these
arrangements are energetically optimized configurations for the ideal
system as T → 0.

Bond orientational order parameters. We adopt the BOO of Stein-
hardt et al. (45) of l-fold symmetry to characterize our packing by
considering the complex vector

Qlm =
1

N −NH

N−NH∑
i=1

Ylm(ri) ,

where the Ylm are spherical harmonics and ri is the position of the
non-hexagonal particle i relative to the center of the sphere. One
can construct the following rotational invariants

Ql =

(
4π

2l + 1

l∑
m=−l

|Qlm|2
)1/2

, [1]

Wl =

∑
m1,m2,m3

m1+m2+m3=0

[
l l l

m1 m2 m3

]
Qlm1Qlm2Qlm3

(∑l

m=−l |Qlm|
2
)3/2 , [2]

where the bracket in the third order invariant in Eq. 2 represents
the Wigner 3-j symbol. It has been shown that these invariants
can effectively be used to distinguish various types of local order
within glasses and liquids (45, 46). For our purpose, which is to
distinguish only the icosahedral order, it is sufficient to restrict our
consideration to l = 6. In particular, W6 is very sensitive to the
level of icosahedral order within the packing (45); the more negative
the W6, the higher the level of icosahedral order.
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