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❆❜str❛❝t ❲❡ ♣r♦♣♦s❡ ❛♥❞ st✉❞② ❛ ✈❡rs✐♦♥ ♦❢ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ✭❙❆✮ ♦♥ ❝♦♥t✐♥✲
✉♦✉s st❛t❡ s♣❛❝❡s ❜❛s❡❞ ♦♥ (t, s)R✲s❡q✉❡♥❝❡s✳ ❚❤❡ ♣❛r❛♠❡t❡r R ∈ N̄ r❡❣✉❧❛t❡s t❤❡
❞❡❣r❡❡ ♦❢ r❛♥❞♦♠♥❡ss ♦❢ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡✱ ✇✐t❤ t❤❡ ❝❛s❡ R = 0 ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs ❛♥❞ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ R = ∞ t♦ (t, s)✲s❡q✉❡♥❝❡s✳
❖✉r ♠❛✐♥ r❡s✉❧t✱ ♦❜t❛✐♥❡❞ ❢♦r r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥s✱ s❤♦✇s t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♦♣t✐✲
♠✐③❛t✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s ◗▼❈✲❙❆✱ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ t❤❡
❣❧♦❜❛❧ ♦♣t✐♠✉♠ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ϕ ❢♦r ❛♥② R ∈ N✳ ❲❤❡♥ ϕ ✐s ✉♥✐✈❛r✐✲
❛t❡✱ ✇❡ ❛r❡ ✐♥ ❛❞❞✐t✐♦♥ ❛❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥✐st✐❝ ✈❡rs✐♦♥ ♦❢
◗▼❈✲❙❆ ✐s ❝♦♥✈❡r❣❡♥t✳ ❆ ❦❡② ♣r♦♣❡rt② ♦❢ t❤❡s❡ r❡s✉❧ts ✐s t❤❛t t❤❡② ❞♦ ♥♦t r❡✲
q✉✐r❡ ♦❜❥❡❝t✐✈❡✲❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡✳ ❆s ❛ ❝♦r♦❧❧❛r② ♦❢
♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r ❙❆
✇❤✐❝❤ s❤❛r❡s t❤✐s ♣r♦♣❡rt② ✉♥❞❡r ♠✐♥✐♠❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ ϕ✳ ❲❡ ❢✉rt❤❡r ❡①♣❧❛✐♥
❤♦✇ ♦✉r r❡s✉❧ts ✐♥ ❢❛❝t ❛♣♣❧② t♦ ❛ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s ✐♥❝❧✉❞✲
✐♥❣ ❢♦r ❡①❛♠♣❧❡ t❤r❡s❤♦❧❞ ❛❝❝❡♣t✐♥❣✱ ❢♦r ✇❤✐❝❤ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ♥♦ ❝♦♥✈❡r❣❡♥❝❡
r❡s✉❧ts ❝✉rr❡♥t❧② ❡①✐st✳ ❲❡ ✜♥❛❧❧② ✐❧❧✉str❛t❡ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ◗▼❈✲❙❆ ♦✈❡r ❙❆
❛❧❣♦r✐t❤♠s ✐♥ ❛ ♥✉♠❡r✐❝❛❧ st✉❞②✳

❑❡②✇♦r❞s✿ ●❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥❀ ◗✉❛s✐✲▼♦♥t❡ ❈❛r❧♦❀ ❘❛♥❞♦♠✐③❡❞ q✉❛s✐✲▼♦♥t❡
❈❛r❧♦❀ ❙✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣❀ ❚❤r❡s❤♦❧❞ ❛❝❝❡♣t✐♥❣

✶ ■♥tr♦❞✉❝t✐♦♥

❙✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ✭❙❆✮ ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤✲
♥✐q✉❡s✱ ❛ ♣♦♣✉❧❛r s✉✐t❡ ♦❢ t♦♦❧s t♦ ✜♥❞ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✉♠ ♦❢ ♠✉❧t✐✲♠♦❞❛❧ ❛♥❞✴♦r
♥♦♥✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❝♦♥t✐♥✉♦✉s s❡ts ❬✶✺❪✳ ❋♦r ✐♥st❛♥❝❡✱ ❙❆ ❤❛s
❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t♦ s♦❧✈❡ ❝♦♠♣❧✐❝❛t❡❞ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r✐s✲
✐♥❣ ✐♥ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ❬✽❪✱ ❛♥t❡♥♥❛ ❛rr❛② s②♥t❤❡s✐s ❬✶✼❪ ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝s ❬✹✸❪❀
s❡❡ ▲♦❝❛t❡❧❧✐ ❬✸✵❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ♠♦r❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❙❆ ♦♥ ❝♦♥t✐♥✉♦✉s

❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ♠❛t❤✐❡✉❣❡r❜❡r❅❢❛s✳❤❛r✈❛r❞✳❡❞✉
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st❛t❡ s♣❛❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ♠❛♥② ✐♥❢❡r❡♥t✐❛❧ ♣r♦❜❧❡♠s ❛♠♦✉♥t t♦ ♦♣t✐♠✐③✐♥❣
❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❙❆ ❤❛s ♣r♦✈❡❞ t♦ ❜❡ ✉s❡❢✉❧ ❜♦t❤ ✇✐t❤ ❢r❡q✉❡♥t✐st ❬s❡❡✱ ❡✳❣✳✱
✶✽✱ ✹✶✱ ✼❪ ❛♥❞ ❇❛②❡s✐❛♥ ❬s❡❡✱ ❡✳❣✳✱ ✹✱ ✷✹❪ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛♥❞ st✉❞② ❙❆ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ q✉❛s✐✲▼♦♥t❡ ❈❛r❧♦
✭◗▼❈✮ ♣♦✐♥t s❡ts ✕ ✐♥❢♦r♠❛❧❧②✱ s❡ts ♦❢ ♣♦✐♥ts t❤❛t ♠♦r❡ ❡✈❡♥❧② ❝♦✈❡r t❤❡ ✉♥✐t ❤②✲
♣❡r❝✉❜❡ t❤❛♥ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs✳ ◗▼❈ ♣♦✐♥t s❡ts ❛r❡ ❛❧r❡❛❞② ✇✐❞❡❧② ✉s❡❞ ✐♥
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♦✈❡r ❛ ❤②♣❡r❝✉❜❡✱ ❛♥❞ ❛♥
✐♠♣♦rt❛♥t ❧✐t❡r❛t✉r❡ ♦♥ ◗▼❈ ✐♥t❡❣r❛t✐♦♥ ❡rr♦r r❛t❡ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤❡
❧❛st ✸✵ ②❡❛rs ❬✾❪✳ ❙✐♥❝❡ ◗▼❈ ♣♦✐♥t s❡ts ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❡✈❡♥❧② ❝♦✈❡r ❤②♣❡r❝✉❜❡s✱
t❤❡② ✐♥t✉✐t✐✈❡❧② s❤♦✉❧❞ ❜❡ ❛♥ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡ t♦ ♣s❡✉❞♦✲r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥✲
s✐❞❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ r♦✉t✐♥❡s✳ ❍♦✇❡✈❡r✱ t❤❡✐r ✉s❡ ❢♦r ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐s
s✉r♣r✐s✐♥❣❧② s❝❛r❝❡ ❛♥❞ ✐s ♠❛✐♥❧② ❧✐♠✐t❡❞ t♦ q✉❛s✐✲r❛♥❞♦♠ s❡❛r❝❤ ❛♥❞ s♦♠❡ ❛❞✲❤♦❝
✐♠♣r♦✈❡♠❡♥ts t❤❡r❡♦❢❀ s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✶ ❢♦r ❛ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✳
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✉s✐♥❣ ❛s ✐♥♣✉t (t, s)R✲s❡q✉❡♥❝❡s✳ ❚❤❡ ♣❛r❛♠❡t❡r R ∈ N̄ r❡❣✉❧❛t❡s t❤❡ ❞❡❣r❡❡ ♦❢
r❛♥❞♦♠♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡✱ ✇✐t❤ t❤❡ ❝❛s❡ R = 0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ■■❉ ✉♥✐❢♦r♠
r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥ [0, 1)s ❛♥❞ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ R = ∞ t♦ (t, s)✲s❡q✉❡♥❝❡s✱ ✇❤✐❝❤
❡♥❝♦♠♣❛ss t❤❡ ♠♦st ❝❧❛ss✐❝❛❧ ❝♦♥str✉❝t✐♦♥s ♦❢ ◗▼❈ s❡q✉❡♥❝❡s s✉❝❤ ❛s ❙♦❜♦❧✬✱
❋❛✉r❡ ❛♥❞ ◆✐❡❞❡rr❡✐t❡r✲❳✐♥❣ s❡q✉❡♥❝❡s ❬s❡❡✱ ❡✳❣✱ ✾✱ ❈❤❛♣t❡r ✽❪✳ ❚❤❡ ❝❛s❡ R = ∞
✭✐✳❡✳ ❞❡t❡r♠✐♥✐st✐❝ ◗▼❈✲❙❆✮ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ❜✉t ♦✉r ♠❛✐♥ r❡s✉❧t ♦♥❧② ❤♦❧❞s
❢♦r R ∈ N ❜❡❝❛✉s❡✱ ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ s♦♠❡ r❛♥❞♦♠♥❡ss ✐s ♥❡❡❞❡❞
t♦ r✉❧❡ ♦✉t ♦❞❞ ❜❡❤❛✈✐♦✉rs t❤❛t ♠❛② ❜❡ ❤❛r❞ t♦ ❡①❝❧✉❞❡ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♣♦✐♥t
s❡ts✳ ◆♦t❡ t❤❛t ♦✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐s ✈❛❧✐❞ ❢♦r ❛♥② R ∈ N✳ ❈♦♥s❡q✉❡♥t❧②✱ ♦♥❧②
❛r❜✐tr❛r② s♠❛❧❧ r❛♥❞♦♠♥❡ss ✐s ♥❡❡❞❡❞ ❛♥❞ t❤✉s✱ ❛s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇ ✭❙❡❝t✐♦♥ ✸✳✶✮✱
❝❛♥ ❜❡ ♦♠✐tt❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❋♦r ✉♥✐✈❛r✐❛t❡ t❡st ❢✉♥❝t✐♦♥s✱ ♦✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t
❛❧s♦ ❛♣♣❧✐❡s ❢♦r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ R = ∞✳

❋♦r ✏st❛♥❞❛r❞✑ ✭✐✳❡✳ ▼♦♥t❡ ❈❛r❧♦✮ ❙❆ ❛❧❣♦r✐t❤♠s✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦♦❧✐♥❣
s❝❤❡❞✉❧❡ (Tn)n≥1 ✐s ❛ ❝r✐t✐❝❛❧ ♦♥❡ s✐♥❝❡ ♠♦st ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r ❙❆ ✐♠♣♦s❡
❝♦♥❞✐t✐♦♥s ♦♥ t❤✐s s❡q✉❡♥❝❡ t❤❛t ❛r❡ ♠♦❞❡❧✲❞❡♣❡♥❞❡♥t ❛♥❞ ✉s✉❛❧❧② ✐♥tr❛❝t❛❜❧❡✳
❚❤✐s ✐s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ❢♦r t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ ❇é❧✐s❧❡ ❬✺❪
♦♥ ❝♦♠♣❛❝t s♣❛❝❡s ♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t② r❡s✉❧t ♦❢ ❬✸❪ ♦♥ ✉♥❜♦✉♥❞❡❞
❞♦♠❛✐♥s✳

❘❡❣❛r❞✐♥❣ t❤✐s ♣♦✐♥t✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s ♦❢ ◗▼❈✲❙❆✱ ❡st❛❜❧✐s❤❡❞ ♦♥
r❡❝t❛♥❣✉❧❛r s♣❛❝❡s✱ ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ t♦ ✐♠♣♦s❡ ♥♦ ♣r♦❜❧❡♠✲❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡✱ ♦♥❧② r❡q✉✐r✐♥❣ ♦♥❡ t♦ ❝❤♦♦s❡ ❛ s❡q✉❡♥❝❡ (Tn)n≥1 s✉❝❤
t❤❛t t❤❡ s❡r✐❡s

∑∞
n=1(Tn log n) ✐s ❝♦♥✈❡r❣❡♥t✳ ❆s ❛ ❝♦r♦❧❧❛r② ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ✇❡

s❤♦✇ t❤❛t✱ ✉♥❞❡r ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s t❤❛♥ ✐♥ ❇é❧✐s❧❡ ❬✺❪✬s r❡s✉❧t✱ s❡❧❡❝t✐♥❣ s✉❝❤ ❛
❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡ ✐s ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❙❆✳ ❲❡ ❛❧s♦
♥♦t❡ t❤❛t ♦✉r ❛♥❛❧②s✐s ❛♣♣❧✐❡s ❢♦r ❛ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✱ ✇❤✐❝❤
✐♥ ♣❛rt✐❝✉❧❛r ❡♥❝♦♠♣❛ss ❙❆ ✇✐t❤ ❛r❜✐tr❛r② ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞
t❤r❡s❤♦❧❞ ❛❝❝❡♣t✐♥❣ ❬✶✵✱ ✸✶❪✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t
❡①✐sts ❢♦r t❤✐s ❧❛tt❡r ♠❡t❤♦❞ ❛♥❞ t❤✉s t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s t❤❡ ✜rst t❤❡♦r❡t✐❝❛❧
❣✉❛r❛♥t❡❡s ❢♦r t❤✐s ❝❧❛ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s✳

❋r♦♠ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ◗▼❈✲❙❆ s✐♠♣❧② ❛♠♦✉♥ts t♦ r❡♣❧❛❝✐♥❣
t❤❡ ♣s❡✉❞♦✲r❛♥❞♦♠ r❛♥❞♦♠ ♥✉♠❜❡rs ✉s❡❞ ❛s ✐♥♣✉t t♦ ❙❆ ✇✐t❤ ♣♦✐♥ts t❛❦❡♥ ❢r♦♠
❛ (t, s)R✲s❡q✉❡♥❝❡✳ ❚❤❡ ❝♦st ♦❢ ❣❡♥❡r❛t✐♥❣ t❤❡ ✜rst N ≥ 1 ♣♦✐♥ts ♦❢ ❛ (t, s)R✲
s❡q✉❡♥❝❡ ✐s O(N logN) ❢♦r ❛♥② R ∈ N̄ ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥
❡✈❛❧✉❛t✐♦♥s✱ ◗▼❈✲❙❆ ✐s s❧♦✇❡r t❤❛♥ ❝❧❛ss✐❝❛❧ ❙❆ ❛❧❣♦r✐t❤♠s✳ ❍♦✇❡✈❡r✱ t❤❡ ❡①tr❛
❝♦st ✐s s♠❛❧❧ ❜❡❝❛✉s❡ ✐♥ ♠♦st ❝❛s❡s ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ♣♦✐♥ts ❢r♦♠ (t, s)R✲s❡q✉❡♥❝❡s



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✸

✉s✐♥❣ ❡✣❝✐❡♥t ❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥s❀ ❢✉rt❤❡r✱ t❤❡ ❝♦st ♦❢ s✐♠✉❧❛t✐♥❣ t❤❡s❡ s❡q✉❡♥❝❡s ✐s
t②♣✐❝❛❧❧② ♠✐♥✉s❝✉❧❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ♦t❤❡r ❛❧❣♦r✐t❤♠✐❝ st❡♣s✱ s✉❝❤ ❛s ❡✈❛❧✉❛t✐♥❣
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♥❞ ❛s ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
✈❡rs✐♦♥ ♦❢ ◗▼❈✲❙❆ t②♣✐❝❛❧❧② r❡q✉✐r❡s ♠❛♥② ❢❡✇❡r ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s t❤❛♥ ❙❆
t♦ r❡❛❝❤ t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ s❡t t❤❡ ♥♦t❛t✐♦♥
❛♥❞ ♣r❡s❡♥t t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧ ♥❡❝❡ss❛r② t♦ ❢♦❧❧♦✇ t❤✐s ✇♦r❦✳ ❚❤❡ ◗▼❈✲❙❆
❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ✐ts ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥
✹✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❞✐s❝✉ss s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ ◗▼❈✲❙❆❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧
s❡❡ ❤♦✇ ♦✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛♣♣❧② t♦ t❤r❡s❤♦❧❞ ❛❝❝❡♣t✐♥❣✳ ❙❡❝t✐♦♥ ✻ ♣r♦♣♦s❡s ❛
♥✉♠❡r✐❝❛❧ st✉❞② t♦ ❝♦♠♣❛r❡ ❙❆ ❛♥❞ ◗▼❈✲❙❆✱ ♥♦t❛❜❧② ♦♥ ❛ ♥♦♥✲❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞
❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ❛r✐s❡s ✐♥ s♣❛t✐❛❧ st❛t✐st✐❝s✳ ❙❡❝t✐♦♥ ✼
❝♦♥❝❧✉❞❡s✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✜rst s❡t t❤❡ ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ✉s❡ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦ ❜❡❢♦r❡
❣✐✈✐♥❣ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❙❆ ❛♥❞ t♦ ◗▼❈ ♠❡t❤♦❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✉s❡
♦❢ ◗▼❈ ♣♦✐♥t s❡ts ❢♦r ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐s ♠♦t✐✈❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳✸✳✶✳

✷✳✶ ◆♦t❛t✐♦♥

▲❡t X ⊆ Rd ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ s❡t ❛♥❞ ϕ : X → R✳ ❚❤❡♥✱ ✇❡ ✇r✐t❡ ϕ∗ = sup
x∈X ϕ(x)

t❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ✐♥ t❤✐s ✇♦r❦ ❛♥❞ P(X ) t❤❡ s❡t ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥
X ✇❤✐❝❤ ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ λd(dx)✱ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡
♦♥ Rd✳ ❱❡❝t♦rs ✐♥ Rd ❛r❡ ❞❡♥♦t❡❞ ✉s✐♥❣ ❜♦❧❞ ♥♦t❛t✐♦♥ ❛♥❞✱ ❢♦r t✇♦ ✐♥t❡❣❡rs a ❛♥❞
b✱ b ≥ a✱ ✇❡ ✇r✐t❡ a : b t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs {a, . . . , b}✳ ❙✐♠✐❧❛r❧②✱ x1:N ✐s t❤❡ s❡t ♦❢ N
♣♦✐♥ts {x1, . . . ,xN} ✐♥ Rd ❛♥❞✱ ❢♦r ❛ ✈❡❝t♦r x ∈ Rd✱ x1:i := (x1, . . . , xi)✱ i ∈ 1 : d✳
❋♦r t✇♦ r❡❛❧ ♥✉♠❜❡rs a ❛♥❞ b✱ ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ a∨b ✭r❡s♣✳ a∧b✮
t♦ ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ✭r❡s♣✳ t❤❡ ♠✐♥✐♠✉♠✮ ❜❡t✇❡❡♥ a ❛♥❞ b✳

▲❡t K : X → P(X ) ❜❡ ❛ ▼❛r❦♦✈ ❦❡r♥❡❧ ✇❤♦s❡ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐s ❞❡♥♦t❡❞ ❜② K(y|x✮✳ ❲❡ ✇r✐t❡ Ki(x, y1:i−1, dyi)✱ i ∈ 1 : d✱ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ yi ❝♦♥❞✐t✐♦♥❛❧ ♦♥ y1:i−1✱ r❡❧❛t✐✈❡ t♦ K(x, dy) ✭✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥
Ki(x, y1:i−1, dyi) = K1(x, dy1) ✇❤❡♥ i = 1✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t② ❢✉♥❝✲
t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② Ki(yi|y1:i−1,x) ✭❛❣❛✐♥ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ Ki(yi|y1:i−1,x) =
K1(y1|x) ✇❤❡♥ i = 1✮✳

❋♦r ❛ ❞✐str✐❜✉t✐♦♥ π ∈ P(X )✱ ✇❡ ❞❡♥♦t❡ ❜② Fπ : X → [0, 1]d ✭r❡s♣✳ F−1
π :

[0, 1]d → X ✮ ✐ts ❘♦s❡♥❜❧❛tt ✭r❡s♣✳ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt✮ tr❛♥s❢♦r♠❛t✐♦♥ ❬✹✵❪✳ ❲❤❡♥
d = 1✱ t❤❡ ✭✐♥✈❡rs❡✮ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ π r❡❞✉❝❡s t♦ ✐ts ✭✐♥✈❡rs❡✮ ❈❉❋
❛♥❞✱ ✇❤❡♥ d > 1✱ t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ Fπ ✭r❡s♣✳ ♦❢ F−1

π ✮ ✐s t❤❡ ❈❉❋ ✭r❡s♣✳ t❤❡ ✐♥✲
✈❡rs❡ ❈❉❋✮ ♦❢ ❝♦♠♣♦♥❡♥t xi ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ (x1, . . . , xi−1)✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ ❦❡r♥❡❧
K : X → P(X )✱ ✇❡ ❞❡♥♦t❡ ❜② FK(x, ·) ✭r❡s♣✳ F−1

K (x, ·)✮ t❤❡ ❘♦s❡♥❜❧❛tt ✭r❡s♣✳ t❤❡
✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt✮ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ K(x, dy) ∈ P(X )✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r ❡✳❣✳ t♦ ●❡r❜❡r ❛♥❞ ❈❤♦♣✐♥ ❬✶✻✱ ❙❡❝t✐♦♥ ✸✳✶❪ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ ♠❛♣♣✐♥❣s✳



✹ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❋✐♥❛❧❧②✱ ✇❡ ✇r✐t❡ Bδ(x̃) ⊆ X t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s δ > 0 ❛r♦✉♥❞ x̃ ∈ X ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ s✉♣r❡♠✉♠ ♥♦r♠✱ ✐✳❡✳ Bδ(x̃) = {x ∈ X : ‖x− x̃‖∞ ≤ δ} ∩ X ✇❤❡r❡✱
❢♦r ✈❡❝t♦rs z ∈ Rd✱ ‖z‖∞ = maxi∈1:d |zi|✳

✷✳✷ ■♥tr♦❞✉❝t✐♦♥ t♦ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❬s❡❡✱ ❡✳❣✱ ✸✻✱ ❢♦r ❛ r❡❝❡♥t ♦✈❡r✈✐❡✇ ❪ ✐s ❛♥
✐t❡r❛t✐✈❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❞❡s✐❣♥❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ s✉♣r❡♠✉♠ ♦❢
❛ ❢✉♥❝t✐♦♥ ϕ : X ⊆ Rd → R❀ s❡❡ ❆❧❣♦r✐t❤♠ ✶ ❜❡❧♦✇ ❢♦r ❛ ♣s❡✉❞♦✲❝♦❞❡ ✈❡rs✐♦♥ ♦❢ ❙❆✳
❆t ✐t❡r❛t✐♦♥ n ≥ 1 ♦❢ ❙❆✱ ❛♥❞ ❣✐✈❡♥ ❛ ❝✉rr❡♥t ❧♦❝❛t✐♦♥ xn−1 ∈ X ✱ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡
yn ✐s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ K(xn−1, dy) ∈ P(X )✱ ✇❤❡r❡
K : X → P(X ) ✐s ❛ ▼❛r❦♦✈ ❦❡r♥❡❧✳ ❚❤❡♥✱ ❛ ▼❡tr♦♣♦❧✐s st❡♣ ✐s ♣❡r❢♦r♠❡❞ t♦ ❞❡❝✐❞❡
✇❤❡t❤❡r ✇❡ ♠♦✈❡ ♦r ♥♦t t♦ t❤✐s ♣r♦♣♦s❡❞ ❧♦❝❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ yn ✐♥❝r❡❛s❡s
t❤❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡✱ ✐✳❡✳ ϕ(yn) ≥ ϕ(xn−1)✱ t❤❡♥ ✇❡ ♠♦✈❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ t♦
t❤❡ ❧♦❝❛t✐♦♥ yn✱ ✐✳❡✳ xn = yn ❛❧♠♦st s✉r❡❧②✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❞♦✇♥✇❛r❞s ♠♦✈❡s
❛r❡ ❛❧s♦ ❛❝❝❡♣t❡❞ ✐♥ ♦r❞❡r t♦ ❡s❝❛♣❡ q✉✐❝❦❧② ❢r♦♠ ❧♦❝❛❧ ♠❛①✐♠❛✳ ●✐✈❡♥ ❛ ❝✉rr❡♥t
❧♦❝❛t✐♦♥ xn−1 ❛♥❞ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ yn✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❛❝❝❡♣t ❛ ❞♦✇♥✇❛r❞
♠♦✈❡ ❞❡♣❡♥❞s ♦♥ Tn✱ t❤❡ ❧❡✈❡❧ ♦❢ t❡♠♣❡r❛t✉r❡ ❛t ✐t❡r❛t✐♦♥ n✳ ❚❤❡ s❡q✉❡♥❝❡ (Tn)n≥1

✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s n → ∞✱ ❛❧❧♦✇✐♥❣ ❢♦r ♠♦r❡ ❡①♣❧♦r❛t✐♦♥
❡❛r❧② ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳

❚❤❡r❡ ❡①✐st ✈❛r✐♦✉s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r ❙❆ ❛❧❣♦r✐t❤♠s✱ t❤❡ ✈❛st ♠❛❥♦r✐t②
♦❢ t❤❡♠ ❜❡✐♥❣ ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ st❛t❡ s♣❛❝❡ ✐s ❝♦♠♣❛❝t❀ s❡❡ ❤♦✇✲
❡✈❡r ❆♥❞r✐❡✉ ❡t ❛❧✳ ❬✸❪ ❢♦r r❡s✉❧ts ♦♥ ♥♦♥✲❝♦♠♣❛❝t s♣❛❝❡s✳ ❋♦r ❝♦♠♣❛❝t s♣❛❝❡s✱
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❡✳❣✳✱ ✐♥ ❇é❧✐s❧❡ ❬✺❪✱ ▲♦❝❛t❡❧❧✐ ❬✷✽✱ ✷✾❪✱ ❍❛❛r✐♦ ❛♥❞
❙❛❦s♠❛♥ ❬✶✾❪❀ s❡❡ ❛❧s♦ ▲❡❝❝❤✐♥✐✲❱✐s✐♥t✐♥✐ ❡t ❛❧✳ ❬✷✻❪ ❢♦r r❡s✉❧ts ♦♥ t❤❡ ✜♥✐t❡ t✐♠❡
❜❡❤❛✈✐♦✉r ♦❢ ❙❆ ♦♥ ❝♦♠♣❛❝t s♣❛❝❡s✳

✷✳✸ ■♥tr♦❞✉❝t✐♦♥ t♦ q✉❛s✐✲▼♦♥t❡ ❈❛r❧♦

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ◗▼❈ ♣♦✐♥t s❡ts ❛r❡ s❡ts ♦❢ ♣♦✐♥ts ✐♥ [0, 1)d t❤❛t
❛r❡ ♠♦r❡ ❡✈❡♥❧② ❞✐str✐❜✉t❡❞ t❤❛♥ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs✳ ❚❤❡r❡ ❡①✐st ✐♥
t❤❡ ◗▼❈ ❧✐t❡r❛t✉r❡ ♠❛♥② ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ ✉♥✐❢♦r♠✐t② ♦❢ ❛ ♣♦✐♥t s❡t u1:N ✐♥
[0, 1)d✱ t❤❡ ♠♦st ♣♦♣✉❧❛r ♦❢ t❤❡♠ ❜❡✐♥❣ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝②✱ ❞❡✜♥❡❞ ❛s

D⋆(u1:N ) = sup
b∈(0,1]d

∣∣∣
N∑

n=1

1
(
u
n ∈ [0, b)

)
−

d∏

i=1

bi

∣∣∣,

✇❤❡r❡ 1(·) ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳ ❆ ◗▼❈ ✭♦r ❧♦✇ ❞✐s❝r❡♣❛♥❝②✮ ♣♦✐♥t s❡t
♠❛② ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s ❛ s❡t ♦❢ ♣♦✐♥ts u1:N ✐♥ [0, 1)d s✉❝❤ t❤❛t D⋆(u1:N ) =
O(N−1(logN)d)✳ ◆♦t❡ t❤❛t ❢♦r ❛ s❡t ♦❢ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs✱ D⋆(u1:N ) =
O(N−1/2 log logN) ❛❧♠♦st s✉r❡❧② ❬s❡❡✱ ❡✳❣✳✱ ✸✹✱ ♣✳✶✻✼❪✳ ❚❤❡r❡ ❡①✐st ✈❛r✐♦✉s ❝♦♥✲
str✉❝t✐♦♥s ♦❢ ◗▼❈ ♣♦✐♥t s❡ts u1:N ❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❜♦♦❦s ♦❢ ◆✐❡❞❡rr❡✐t❡r
❬✸✹❪✱ ❉✐❝❦ ❛♥❞ P✐❧❧✐❝❤s❤❛♠♠❡r ❬✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s t♦♣✐❝✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✺

✷✳✸✳✶ ◗✉❛s✐✲▼♦♥t❡ ❈❛r❧♦ ♦♣t✐♠✐③❛t✐♦♥

■❢ ◗▼❈ ♣♦✐♥t s❡ts ❛r❡ ✇✐❞❡❧② ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥✱ t❤❡r❡ ❤❛s
❜❡❡♥ r❡♠❛r❦❛❜❧② ❧✐tt❧❡ ✉s❡ ♦❢ ◗▼❈ ❢♦r ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ✇✐t❤ ❡✛♦rts ♣r✐♠❛r✐❧②
❧✐♠✐t❡❞ t♦ ◗▼❈ ✈❡rs✐♦♥s ♦❢ r❛♥❞♦♠ s❡❛r❝❤✳ ❲❡ st❛rt ❜② ❞✐s❝✉ss✐♥❣ t❤✐s ✇♦r❦ ✐♥
♦r❞❡r t♦ ♠♦t✐✈❛t❡ ✇❤② ❛♥❞ ❤♦✇ t❤❡ ❣♦♦❞ ❡q✉✐❞✐str✐❜✉t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ◗▼❈ ♣♦✐♥t
s❡ts ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ✐♠♣r♦✈❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✳

❈♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ ϕ∗ ❢♦r ❛ ❢✉♥❝t✐♦♥ ϕ : [0, 1)d → R✳ ❚❤❡♥✱
❛ s✐♠♣❧❡ ✇❛② t♦ ❛♣♣r♦①✐♠❛t❡ ϕ∗ ✐s t♦ ❝♦♠♣✉t❡ m(ϕ,u1:N ) := max1≤n≤N ϕ(un)✱
✇❤❡r❡ u1:N ✐s ❛ s❡t ♦❢ N ♣♦✐♥ts ✐♥ [0, 1)d✳ ◆✐❡❞❡rr❡✐t❡r ❬✸✷❪ s❤♦✇s t❤❛t✱ ❢♦r ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥s ϕ✱

ϕ∗ −m(ϕ,u1:N ) ≤ C(ϕ)d
(
u
1:N)

❢♦r ❛ ❝♦♥st❛♥t C(ϕ) < ∞ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ϕ ❛♥❞ ✇❤❡r❡

d
(
u
1:N)

= max
x∈[0,1)d

min
1≤n≤N

‖un − x‖∞

✐s t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ u1:N ♦♥ [0, 1)d✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡✲
t✇❡❡♥ ❛ ♣♦✐♥t ✐♥ t❤❡ st❛t❡ s♣❛❝❡ ❛♥❞ t❤❡ ♣♦✐♥ts ✉s❡❞ ✐♥ t❤❡ s❡❛r❝❤✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡
❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥ts ♦❢ ❛ ◗▼❈ ♣♦✐♥t s❡t ✐♥s✐❞❡ t❤❡ ✉♥✐t ❤②♣❡r❝✉❜❡ s❤♦✉❧❞
tr❛♥s❧❛t❡ ✐♥t♦ ❛ s♠❛❧❧ ❞✐s♣❡rs✐♦♥✳ ❆♥❞ ✐♥❞❡❡❞✱ t❤❡r❡ ❡①✐st s❡✈❡r❛❧ ❝♦♥str✉❝t✐♦♥s ♦❢
◗▼❈ ♣♦✐♥t s❡ts ✇❤✐❝❤ ✈❡r✐❢② d

(
u1:N

)
≤ C̄N−1/d ❢♦r ❛ ❝♦♥st❛♥t C̄ < ∞✱ ✇❤❡r❡

t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥ N ≥ 1 ✐s ♦♣t✐♠❛❧ ❬✸✹✱ ❚❤❡♦r❡♠ ✻✳✽✱ ♣✳✶✺✹❪✳

❆❞ ❤♦❝ ✐♠♣r♦✈❡♠❡♥ts ♦❢ q✉❛s✐✲r❛♥❞♦♠ s❡❛r❝❤✱ ❞❡s✐❣♥❡❞ t♦ ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡
♥♦♥✲❛❞❛♣t✐✈❡ N−1/d ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ◆✐❡❞❡rr❡✐t❡r ❛♥❞
P❡❛rt ❬✸✺❪✱ ❍✐❝❦❡r♥❡❧❧ ❛♥❞ ❨✉❛♥ ❬✷✶❪✱ ▲❡✐ ❬✷✼❪✱ ❛♥❞ ❏✐❛♦ ❡t ❛❧✳ ❬✷✺❪✱ s❡❡ ❛❧s♦ ❋❛♥❣
❬✶✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ◗▼❈ ♦♣t✐♠✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞
s✉❝❝❡ss❢✉❧❧② ✐♥ st❛t✐st✐❝s ❢♦r✱ ❡✳❣✳✱ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r
❡st✐♠❛t✐♦♥ ✐♥ ♥♦♥❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❬s❡❡ ✶✶✱ ✶✷✱ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥❪ ❛s
✇❡❧❧ ❛s ❢♦r ♣♦rt❢♦❧✐♦ ♠❛♥❛❣❡♠❡♥t ❬✸✽❪ ❛♥❞ ♣♦✇❡r s②st❡♠ t✉♥✐♥❣ ❬✶❪✳

■♥ ♦♣t✐♠✐③❛t✐♦♥✱ ✇❡ ♦❢t❡♥ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ✉♥t✐❧ ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ ❝r✐t❡r✐♦♥
✐s ❢✉❧✜❧❧❡❞✱ ❛♥❞ t❤✉s t❤❡ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✐s ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ✐♥ t❤✐s ♣❛♣❡r ♦♥ ◗▼❈ ♣♦✐♥t s❡ts u1:N ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣
t❤❡ ✜rst N ♣♦✐♥ts ♦❢ ❛ s❡q✉❡♥❝❡ (un)n≥1✳ ▼♦st ❝♦♥str✉❝t✐♦♥s ♦❢ ◗▼❈ s❡q✉❡♥❝❡s
❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ (t, s)✲s❡q✉❡♥❝❡s ❬✸✸❪ ✇❤✐❝❤ ❛r❡✱ ❛s s❤♦✇♥ ❜❡❧♦✇✱
✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥st✐t✉t❡ t❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ♦❢ ◗▼❈✲
❙❆✳

✷✳✸✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ (t, s)✲s❡q✉❡♥❝❡s

❋♦r ✐♥t❡❣❡rs b ≥ 2 ❛♥❞ s ≥ 1✱ ❧❡t

Eb
s =

{ s∏

j=1

[
ajb

−dj , (aj + 1)b−dj
)
⊆ [0, 1)s, aj , dj ∈ N, aj < bdj , j ∈ 1 : s

}

❜❡ t❤❡ s❡t ♦❢ ❛❧❧ b✲❛r② ❜♦①❡s ✭♦r ❡❧❡♠❡♥t❛r② ✐♥t❡r✈❛❧s ✐♥ ❜❛s❡ b✮ ✐♥ [0, 1)s✳ ❚❤❡♥✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ (t, s)✲s❡q✉❡♥❝❡s t❤r♦✉❣❤ t✇♦ ❞❡✜♥✐t✐♦♥s✿



✻ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❉❡✜♥✐t✐♦♥ ✶ ▲❡t m ≥ 0✱ b ≥ 2✱ 0 ≤ t ≤ m ❛♥❞ s ≥ 1 ❜❡ ✐♥t❡❣❡rs✳ ❚❤❡♥✱ t❤❡ s❡t
{un}b

m−1
n=0 ♦❢ bm ♣♦✐♥ts ✐♥ [0, 1)s ✐s ❝❛❧❧❡❞ ❛ (t,m, s)✲♥❡t ✐♥ ❜❛s❡ b ✐♥ ❡✈❡r② b✲❛r②

❜♦① E ∈ Eb
s ♦❢ ✈♦❧✉♠❡ bt−m ❝♦♥t❛✐♥s ❡①❛❝t❧② bt ♣♦✐♥ts ♦❢ t❤❡ ♣♦✐♥t s❡t {un}b

m−1
n=0 ✳

❉❡✜♥✐t✐♦♥ ✷ ▲❡t b ≥ 2✱ t ≥ 0✱ s ≥ 1 ❜❡ ✐♥t❡❣❡rs✳ ❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ (un)n≥0 ♦❢
♣♦✐♥ts ✐♥ [0, 1)s ✐s ❝❛❧❧❡❞ ❛ (t, s)✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ✐❢✱ ❢♦r ❛♥② ✐♥t❡❣❡rs a ≥ 0 ❛♥❞

m ≥ t✱ t❤❡ s❡t {un}
(a+1)bm−1
n=abm ✐s ❛ (t,m, s)✲♥❡t ✐♥ ❜❛s❡ b✳

❆♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ (t, s)✲s❡q✉❡♥❝❡s ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ✐s t❤❛t✱ ❢♦r ❛♥② N ≥
1✱ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ✜rstN ♣♦✐♥ts ♦❢ ❛ (t, s)✲s❡q✉❡♥❝❡ ✐s ❜♦✉♥❞❡❞ ❜② Cb,t,sN

−1/s

❢♦r ❛ ❝♦♥st❛♥t Cb,t,s < ∞ ❬✸✹✱ ❚❤❡♦r❡♠ ✻✳✶✶✱ ♣✳✶✺✻❪✱ ✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥ N ✐s
♦♣t✐♠❛❧ ❛s r❡❝❛❧❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❖✈❡r (t,m, s)✲♥❡ts✱ t❤❡ ❞✐s♣❡rs✐♦♥
✐s ❜♦✉♥❞❡❞ ❜② C′

b,t,sb
−m/s ❢♦r ❛ ❝♦♥st❛♥t C′

b,t,s < Cb,t,s ❬✸✹✱ ❚❤❡♦r❡♠ ✻✳✶✵✱ ♣✳✶✺✻
❪✳ ◆♦t❡ t❤❛t t❤❡ ✐♥t❡❣❡r b ❞❡t❡r♠✐♥❡s ❤♦✇ ♦❢t❡♥ s❡ts ♦❢ ♣♦✐♥ts ✇✐t❤ ❣♦♦❞ ❝♦✈❡r❛❣❡
♦❢ t❤❡ ❤②♣❡r❝✉❜❡ ❛rr✐✈❡ ❛s ✇❡ ❣♦ t❤r♦✉❣❤ t❤❡ s❡q✉❡♥❝❡✱ ✇❤✐❧❡ t❤❡ ♣❛r❛♠❡t❡r t ≥ 0
♠❡❛s✉r❡s t❤❡ q✉❛❧✐t② ♦❢ t❤❡s❡ s❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ s ❛♥❞ b✱ t❤❡
s♠❛❧❧❡r t ✐s t❤❡ ❜❡tt❡r t❤❡ (t,m, s)✲♥❡t s♣r❡❛❞s ♦✈❡r t❤❡ ✉♥✐t ❤②♣❡r❝✉❜❡✳ ❍♦✇❡✈❡r✱
❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ b ≥ 2 ❛♥❞ s✱ (t, s)✲s❡q✉❡♥❝❡s ❡①✐st ♦♥❧② ❢♦r s♦♠❡ ✈❛❧✉❡s ♦❢ t ❛♥❞✱
♥♦t❛❜❧②✱ ❛ (0, s)✲s❡q✉❡♥❝❡ ❡①✐sts ♦♥❧② ✐❢ b ≥ s ❬s❡❡✱ ❡✳❣✳✱ ✾✱ ❈♦r♦❧❧❛r② ✹✳✸✻✱ ♣✳✶✹✶❪✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ◆✐❡❞❡rr❡✐t❡r ❬✸✹✱ ❈❤❛♣t❡r ✹❪ ❛♥❞ ❉✐❝❦ ❛♥❞ P✐❧❧✐❝❤s❤❛♠♠❡r
❬✾✱ ❈❤❛♣t❡r ✹❪ ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❡①♣♦s✐t✐♦♥ ♦❢ (t, s)✲s❡q✉❡♥❝❡s✳

✸ ◗✉❛s✐✲▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣

❚❤❡ ◗▼❈✲❙❆ ❛❧❣♦r✐t❤♠ ✇❡ st✉❞② ✐♥ t❤✐s ✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳ ◆♦t❡
t❤❛t✱ ✇❤❡♥ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡s ❛r❡ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥ [0, 1)d+1✱
❆❧❣♦r✐t❤♠ ✶ r❡❞✉❝❡s t♦ st❛♥❞❛r❞ ❙❆ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢
t❤❡ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ yn ❛♥❞ t❤❡ ▼❡tr♦♣♦❧✐s st❡♣s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ d + 1 r❛♥❞♦♠
♥✉♠❜❡rs ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧✳

❚♦ ♦❜t❛✐♥ ❛ ◗▼❈ ✈❡rs✐♦♥ ♦❢ ❙❆✱ ❆❧❣♦r✐t❤♠ ✶ s✐♠♣❧② ❛♠♦✉♥ts t♦ r❡♣❧❛❝✐♥❣
t❤❡ ♣s❡✉❞♦✲r❛♥❞♦♠ ♥✉♠❜❡rs ✉s❡❞ ✐♥ ❝❧❛ss✐❝❛❧ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❛❧❣♦r✐t❤♠s ❜②
s♣❡❝✐✜❝ ◗▼❈ s❡q✉❡♥❝❡s✱ ✇❤♦s❡ ❝❤♦✐❝❡ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦♣t✐✲
♠✐③❛t✐♦♥ r♦✉t✐♥❡✳ ❚❤❡ ❙❆ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❜❛s❡❞ ♦♥ ✇❤❛t ✇❡
❝❛❧❧ (t, s)R✲s❡q✉❡♥❝❡s✱ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳

✸✳✶ (t, s)R✲s❡q✉❡♥❝❡s✿ ❉❡✜♥✐t✐♦♥ ❛♥❞ t❤❡✐r ✉s❡ ✐♥ ◗▼❈✲❙❆

❉❡✜♥✐t✐♦♥ ✸ ▲❡t b ≥ 2✱ t ≥ 0✱ s ≥ 1 ❛♥❞ R ∈ N̄ ❜❡ ✐♥t❡❣❡rs✳ ❚❤❡♥✱ ✇❡ s❛② t❤❛t
t❤❡ s❡q✉❡♥❝❡ (un

R)n≥0 ♦❢ ♣♦✐♥ts ✐♥ [0, 1)s ✐s ❛ (t, s)R✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ✐❢✱ ❢♦r ❛❧❧
n ≥ 0 ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❡♠♣t② s✉♠s ❛r❡ ♥✉❧❧✮✱

u
n
R = (un

R,1, . . . , u
n
R,s), un

R,i =

R∑

k=1

ankib
−k + b−Rzni , i ∈ 1 : s

✇❤❡r❡ t❤❡ zni ✬s ❛r❡ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ [0, 1) ❛♥❞ ✇❤❡r❡ t❤❡ ❞✐❣✐ts
anki✬s ✐♥ {0, . . . , b− 1} ❛r❡ s✉❝❤ t❤❛t (un

∞)n≥0 ✐s ❛ (t, s)✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✼

❆❧❣♦r✐t❤♠ ✶ ●❡♥❡r✐❝ ◗▼❈✲❙❆ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ sup
x∈X ϕ(x)

■♥♣✉t✿ ❆ st❛rt✐♥❣ ♣♦✐♥t x0 ∈ X ✱ ❛ ▼❛r❦♦✈ ❦❡r♥❡❧ K ❛❝t✐♥❣ ❢r♦♠ X t♦ ✐ts❡❧❢✱ T1 > 0✱ (un
R)n≥0✱

❛ (t, d)R✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ≥ 2 ❛♥❞ (vn)n≥0 ❛ (0, 1)✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b✳
✶✿ ❢♦r n = 1 → N ❞♦

✷✿ ❈♦♠♣✉t❡ yn = F−1
K (xn−1,un

R)

✸✿ ✐❢ vn ≤ exp{(ϕ(yn)− ϕ(xn−1))/Tn} t❤❡♥

✹✿ xn = yn

✺✿ ❡❧s❡

✻✿ xn = xn−1

✼✿ ❡♥❞ ✐❢

✽✿ ❙❡❧❡❝t Tn+1 ∈ (0, Tn]
✾✿ ❡♥❞ ❢♦r

❚❤❡ ♣❛r❛♠❡t❡r R t❤❡r❡❢♦r❡ r❡❣✉❧❛t❡s t❤❡ ❞❡❣r❡❡ ♦❢ r❛♥❞♦♠♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡
(un

R)n≥0✱ ✇✐t❤ t❤❡ t✇♦ ❡①tr❡♠❡ ❝❛s❡s R = 0 ❛♥❞ R = ∞ ❝♦rr❡s♣♦♥❞✐♥❣✱ r❡s♣❡❝✲
t✐✈❡❧②✱ t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ❛ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥✲
✐st✐❝ s❡q✉❡♥❝❡✳ ❋♦r R ≥ t✱ ♥♦t❡ t❤❛t✱ ❢♦r ❛❧❧ a ∈ N ❛♥❞ ❢♦r ❛❧❧ m ∈ t : R✱ t❤❡ s❡t

{un
R}

(a+1)bm−1
n=abm ✐s ❛ (t,m, s)✲♥❡t ✐♥ ❜❛s❡ b✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛♥② R < ∞ ❛♥❞ n ≥ 0✱

un
R ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ ❛ b✲❛r② ❜♦① En ∈ Eb

s ♦❢ ✈♦❧✉♠❡ b−sR✱ ✇❤♦s❡ ♣♦s✐t✐♦♥
✐♥ [0, 1)s ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt ♦❢ un

R✳
■♥ ♣r❛❝t✐❝❡✱ ♦♥❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ R = 0 ♦r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ R = ∞✳ ❇✉t✱ t♦

r✉❧❡ ♦✉t s♦♠❡ ♦❞❞ ❜❡❤❛✈✐♦✉rs t❤❛t ❝❛♥♥♦t ❜❡ ❡①❝❧✉❞❡❞ ❞✉❡ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
♥❛t✉r❡ ♦❢ (t, s)✲s❡q✉❡♥❝❡s✱ ♦✉r ❣❡♥❡r❛❧ ❝♦♥s✐st❡♥❝② r❡s✉❧t ♦♥❧② ❛♣♣❧✐❡s ❢♦r R ∈ N✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ♥♦t❡ t❤❛t ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ ❞❡❣r❡❡ ♦❢ r❛♥❞♦♠♥❡ss s✉✣❝❡s
t♦ ❣✉❛r❛♥t❡❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ◗▼❈✲❙❆ s✐♥❝❡ ♦✉r ❝♦♥s✐st❡♥❝② r❡s✉❧ts ❤♦❧❞s ❢♦r ❛❧❧
R ∈ N✳

❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ r❛♥❞♦♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ♦♠✐tt❡❞✳ ■♥❞❡❡❞✱ ❙❆ ❛❧❣♦r✐t❤♠s
❛r❡ ♦❢t❡♥ r✉♥ ❢♦r ❛ ♠❛①✐♠✉♠ ♦❢ N < ∞ ✐t❡r❛t✐♦♥s ❛♥❞✱ ✐❢ t❤❡ r❡s✉❧t ✐s ♥♦t s❛t✐s❢❛❝✲
t♦r②✱ ✐♥st❡❛❞ ♦❢ ✐♥❝r❡❛s✐♥❣ N ✱ ✐t ✐s ✉s✉❛❧❧② r✉♥ ❛❣❛✐♥ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t st❛rt✐♥❣ ✈❛❧✉❡
❛♥❞✴♦r ❛ ❞✐✛❡r❡♥t ✐♥♣✉t s❡q✉❡♥❝❡✳ ❋♦r ♠♦st ❝♦♥str✉❝t✐♦♥s ♦❢ (t, s)✲s❡q✉❡♥❝❡s ✭❡✳❣✳
❙♦❜♦❧✬✱ ❋❛✉r❡ ❛♥❞ ◆✐❡❞❡rr❡✐t❡r✲❳✐♥❣ s❡q✉❡♥❝❡s✮✱ anik = 0 ❢♦r ❛❧❧ k ≥ kn✱ ✇❤❡r❡ kn
❞❡♥♦t❡s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t n < bkn ✳ ❚❤✉s✱ ❢♦r ❛ ✜①❡❞ N ✱ ✐❢ ♦♥❡ ❝❤♦♦s❡s
R ≥ kN ✱ t❤❡ r❛♥❞♦♠✐③❛t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r②✳

◆♦t❡ ❛❧s♦ t❤❛t (t, s)R✲s❡q✉❡♥❝❡s ❝♦♥t❛✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ✈❡rs✐♦♥s ♦❢ s❝r❛♠❜❧❡❞
(t, s)✲s❡q✉❡♥❝❡s ❬✸✼❪✳ ❆ s❝r❛♠❜❧❡❞ (t, s)✲s❡q✉❡♥❝❡ (ũn)n≥0 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ (t, s)✲
s❡q✉❡♥❝❡ (un)n≥0 ❜② r❛♥❞♦♠❧② ♣❡r♠✉t✐♥❣ ✭❵s❝r❛♠❜❧✐♥❣✬✮ t❤❡ ❞✐❣✐ts anki✬s ♦❢ ✐ts
❝♦♠♣♦♥❡♥ts ✐♥ ❛ ✇❛② t❤❛t ♣r❡s❡r✈❡s t❤❡ ❡q✉✐❞✐str✐❜✉t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ (un)n≥0✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡ (ũn)n≥0 ✐s ❛ (t, s)✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ✇✐t❤
♣r♦❜❛❜✐❧✐t② ♦♥❡ ❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ ũn ∼ U([0, 1)s) ❢♦r ❛❧❧ n ≥ 0✳ ❚❤❡ s❡q✉❡♥❝❡
(ũn)n≥0 ❤❛s ❝♦♠♣♦♥❡♥t ũn

i =
∑∞

k=1 ã
n
kib

−k s✉❝❤ t❤❛t ãnki 6= 0 ❢♦r ❛❧❧ k, i, s ❜✉t✱ ✐♥
♣r❛❝t✐❝❡✱ t❤❡ ✐♥✜♥✐t❡ s✉♠ ✐s tr✉♥❝❛t❡❞ ❛♥❞ ✐♥st❡❛❞ ✇❡ ✉s❡ t❤❡ s❡q✉❡♥❝❡ (ǔn)n≥0✱

✇✐t❤ ❝♦♠♣♦♥❡♥t ǔn
i =

∑K
♠❛①

k=1 ãnkib
−k+b−K

♠❛①zni ✇❤❡r❡✱ ❛s ❛❜♦✈❡✱ t❤❡ zni ✬s ❛r❡ ■■❉
✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ [0, 1) ❬s❡❡ ✸✼❪✳

✸✳✷ Pr❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❆❧❣♦r✐t❤♠ ✶ s✐♠♣❧② ❛♠♦✉♥ts t♦ r❡♣❧❛❝✐♥❣ t❤❡ ♣s❡✉❞♦✲r❛♥❞♦♠ ♥✉♠❜❡rs ✉s❡❞ ✐♥
❝❧❛ss✐❝❛❧ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❛❧❣♦r✐t❤♠s ❜② ♣♦✐♥ts t❛❦❡♥ ❢r♦♠ ❛ (0, 1)✲s❡q✉❡♥❝❡ ❛♥❞



✽ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❢r♦♠ ❛ (t, s)R✲s❡q✉❡♥❝❡s (u
n
R)n≥0✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ (t, s✮✲s❡q✉❡♥❝❡s ✐s

❛♥ ❡❛s② t❛s❦ ❜❡❝❛✉s❡ ♠♦st st❛t✐st✐❝❛❧ s♦❢t✇❛r❡ ❝♦♥t❛✐♥ r♦✉t✐♥❡s t♦ ❣❡♥❡r❛t❡ t❤❡♠
✭❡✳❣✳ t❤❡ ♣❛❝❦❛❣❡ r❛♥❞t♦♦❧❜♦① ✐♥ ❘ ♦r t❤❡ ❝❧❛ss qr❛♥❞s❡t ✐♥ t❤❡ st❛t✐st✐❝❛❧ t♦♦❧❜♦①
♦❢ ▼❛t❧❛❜✮✳ ●❡♥❡r❛t✐♥❣ (un

R)n≥0 ❢♦r R ∈ N+ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❝❛✉s❡ ♦♥❡
s❤♦✉❧❞ ❛❝t ❛t t❤❡ ❞✐❣✐t ❧❡✈❡❧✳ ❍♦✇❡✈❡r✱ ❛s ❛ r♦✉❣❤ ♣r♦①②✱ ♦♥❡ ❝❛♥ ❣❡♥❡r❛t❡ (un

R)n≥0

❛s ❢♦❧❧♦✇s✿ ❣❡♥❡r❛t❡ ❛ (t, d)✲s❡q✉❡♥❝❡ (un)n≥0 ❛♥❞ s❡t vn
R = un + b−R−1

z
n✱ ✇❤❡r❡

t❤❡ z
n✬s ❛r❡ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ [0, 1)d✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ❣❡♥❡r❛t✐♥❣ t❤❡ ✜rst N ♣♦✐♥ts ♦❢ ♠♦st ❝♦♥✲
str✉❝t✐♦♥s ♦❢ (t, s)✲s❡q✉❡♥❝❡s r❡q✉✐r❡s O(N logN) ♦♣❡r❛t✐♦♥s ❬✷✷❪✳ ❚❤✐s ✐s s❧♦✇❡r
t❤❛♥ r❛♥❞♦♠ s❛♠♣❧✐♥❣ ❜✉t t❤❡ ❡①tr❛ ❝♦st ✐s ♣❛rt✐❝✉❧❛r❧② s♠❛❧❧ ✇❤❡♥ b = 2 s✐♥❝❡✱
✐♥ t❤❛t ❝❛s❡✱ ❜✐ts ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ s❡q✉❡♥❝❡✳

❙t❡♣s ✷✲✼ ♦❢ ❆❧❣♦r✐t❤♠ ✶ s❛♠♣❧❡ xn ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ K̃(xn−1, dx) ∈ P(X )
✉s✐♥❣ t❤❡ ♣♦✐♥t (un

R, v
n) ∈ [0, 1)d+1✳ ❚❤✉s✱ ❛❧t❤♦✉❣❤ ♥♦t r❡q✉✐r❡❞ ❢♦r ♦✉r ❝♦♥s✐s✲

t❡♥❝② r❡s✉❧ts✱ ✐t s❡❡♠s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ❝❤♦♦s❡ t❤❡ (0, 1)✲s❡q✉❡♥❝❡ (vn)n≥0 ❛♥❞ t❤❡
❧✐♠✐t✐♥❣ (t, d)✲s❡q✉❡♥❝❡ (un

∞)n≥0 s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (vn)n≥0 ✐♥ [0, 1)d+1✱ ✇✐t❤
❝♦♠♣♦♥❡♥t vn = (un

∞, vn)✱ ✐s ❛ (t, d+1)✲s❡q✉❡♥❝❡✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛ ✇❡❛❦ r❡q✉✐r❡✲
♠❡♥t ❜❡❝❛✉s❡ ♠♦st st❛♥❞❛r❞ ❝♦♥str✉❝t✐♦♥s ♦❢ (t, d + 1)✲s❡q✉❡♥❝❡s ((un

∞, vn))n≥0✱
s✉❝❤ ❛s✱ ❡✳❣✳✱ t❤❡ ❙♦❜♦❧✬ ♦r t❤❡ ❋❛✉r❡ s❡q✉❡♥❝❡s ❬s❡❡ ✾✱ ❈❤❛♣t❡r ✽✱ ❛ ❞❡✜♥✐t✐♦♥s❪✱
❛r❡ s✉❝❤ t❤❛t (un

∞)n≥0 ❛♥❞ (vn)n≥0 ❤❛✈❡ t❤❡ r✐❣❤t ♣r♦♣❡rt✐❡s✳
❋✐♥❛❧❧②✱ ❝♦♠♣❛r❡❞ t♦ ▼♦♥t❡ ❈❛r❧♦ ❙❆✱ ◗▼❈✲❙❆ ❤❛s t❤❡ ❞r❛✇❜❛❝❦ ♦❢ r❡q✉✐r✐♥❣

▼❛r❦♦✈ ❦❡r♥❡❧s K t❤❛t ❝❛♥ ❜❡ s❛♠♣❧❡❞ ❡✣❝✐❡♥t❧② ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt
tr❛♥s❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t ❛♥ ✐♠♣♦rt❛♥t ♣r❛❝t✐❝❛❧ ❧✐♠✐t❛t✐♦♥
❜❡❝❛✉s❡ ❙❆ ❛❧❣♦r✐t❤♠s ❛r❡ ♦❢t❡♥ ❜❛s❡❞ ♦♥ ✭tr✉♥❝❛t❡❞✮ ●❛✉ss✐❛♥ ♦r ❈❛✉❝❤② ❦❡r♥❡❧s
❢♦r ✇❤✐❝❤ ✐t ✐s tr✐✈✐❛❧ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥✳ ❆❣❛✐♥✱
✇❡ r❡❢❡r t❤❡ r❡❛❞❡r ❡✳❣✳ t♦ ●❡r❜❡r ❛♥❞ ❈❤♦♣✐♥ ❬✶✻✱ ❙❡❝t✐♦♥ ✸✳✶❪ ❢♦r ❛ ❞❡t❛✐❧❡❞
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s s❛♠♣❧✐♥❣ str❛t❡❣②✳

✹ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐s ❝♦♥❞✉❝t❡❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t X
✐s ❛ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ ❤②♣❡rr❡❝t❛♥❣❧❡ ♦❢ Rd✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡
t❤❛t X = [0, 1]d ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳

❖✉r r❡s✉❧ts r❡q✉✐r❡ s♦♠❡ ✭✇❡❛❦✮ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ ✐♥
♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡ ❣♦♦❞ ❡q✉✐❞✐str✐❜✉t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗▼❈ s❡q✉❡♥❝❡s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛ss✉♠♣t✐♦♥s ♦♥ K : [0, 1]d → P([0, 1]d) ✿

✭A1✮ ❋♦r ❛ ✜①❡❞ x ∈ X ✱ t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ FK(x,y) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥
yi ∈ [0, 1]✱ i ∈ 1 : d❀

✭A2✮ ❚❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ K(x, dy) ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② K(y|x) ✭✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ [0, 1]d✮ s✉❝❤ t❤❛t✱ ❢♦r ❛ ❝♦♥st❛♥t K > 0✱ K(y|x) ≥
K ❢♦r ❛❧❧ (x,y) ∈ X 2✳

❆ss✉♠♣t✐♦♥ ✭A1✮ ❡♥s✉r❡s t❤❛t✱ ❢♦r ❛♥② x ∈ X ✱ t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r✲
♠❛t✐♦♥ ♦❢ FK(x, dy) ∈ P(X ) ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ❢✉♥❝t✐♦♥ ✇❤✐❧❡ ❆ss✉♠♣t✐♦♥ ✭A2✮ ✐s
✉s❡❞✱ ❡✳❣✳✱ ✐♥ ❇é❧✐s❧❡ ❬✺❪✳

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✇❡ st❛t❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦♥ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢
♣♦✐♥t s❡ts ♦❜t❛✐♥❡❞ ❜② tr❛♥s❢♦r♠✐♥❣ ❛ (t, s)✲s❡q✉❡♥❝❡ t❤r♦✉❣❤ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt
tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡s❡ r❡s✉❧ts ♣r♦✈✐❞❡ ❦❡② ✐♥s✐❣❤t ✐♥t♦ ❤♦✇ ◗▼❈ ♠❛② ✐♠♣r♦✈❡
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❙❆❀ r❡❛❞❡rs ♠♦st❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ❝❛♥ ❤♦✇❡✈❡r
s❦✐♣ t❤✐s s✉❜s❡❝t✐♦♥ ❛♥❞ ❣♦ ❞✐r❡❝t❧② t♦ ❙❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✾

✹✳✶ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈✐❞❡s ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ K : X → P(X )
s♦ t❤❛t t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥ F−1

K (x, ·) ❝♦♥✈❡rts ❛ ❧♦✇ ❞✐s♣❡rs✐♦♥
♣♦✐♥t s❡t ✐♥ [0, 1)d ✐♥t♦ ❛ ❧♦✇ ❞✐s♣❡rs✐♦♥ ♣♦✐♥t s❡t ✐♥ X ✳

▲❡♠♠❛ ✶ ▲❡t X = [0, 1]d ❛♥❞ (un)n≥0 ❜❡ ❛ (t, d)✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ≥ 2✳ ▲❡t
K : X → P(X ) ❜❡ ❛ ▼❛r❦♦✈ ❦❡r♥❡❧ s✉❝❤ t❤❛t ❆ss✉♠♣t✐♦♥s ✭A1✮✲✭A2✮ ❤♦❧❞✳ ▲❡t
(x̃,x′) ∈ X 2 ❛♥❞ yn = F−1

K (x̃,un)✱ n ≥ 0✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ δ̄K > 0 s✉❝❤ t❤❛t✱
❢♦r ❛♥② δ ∈ (0, δ̄K ]✱ t❤❡r❡ ✐s ❛ kδ ∈ N✱ kδ ≥ t + d✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② a ∈ N✱ t❤❡

♣♦✐♥t s❡t {yn}
(a+1)bkδ−1

n=abkδ
❝♦♥t❛✐♥s ❛t ❧❡❛st bt ♣♦✐♥ts ✐♥ Bδ(x

′)✳ ■♥ ❛❞❞✐t✐♦♥✱ δ̄K ❛♥❞

kδ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦✐♥t (x̃,x′) ∈ X 2✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡s✉❧t r❡♠❛✐♥s tr✉❡ ✐❢
yn = F−1

K (xn,un) ✇✐t❤ xn ∈ BvK(δ)(x̃) ❢♦r ❛❧❧ n ≥ 0 ❛♥❞ ✇❤❡r❡ vK : (0, δ̄K ] → R+

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (x̃,x′) ∈ X 2✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ ❛♥❞ s✉❝❤ t❤❛t
vK(δ) → 0 ❛s δ → 0✳

Pr♦♦❢ ❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛ ♣r♦♦❢✳

❆s ❛ ❝♦r♦❧❧❛r②✱ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t Pb,k = {un}b
k−1

n=0 ✱ k ≥ t✱ ❜❡ ❛ (t, k, d)✲♥❡t
✐♥ ❜❛s❡ b ≥ 2 ❛♥❞ ❞❡✜♥❡

dX (Pb,k, x̃,K) = sup
x∈X

min
n∈0:bk−1

‖F−1
K (x̃,un)− x‖∞, x̃ ∈ X ✭✶✮

❛s t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ♣♦✐♥t s❡t {F−1
K (x̃,un)}b

k−1
n=0 ✐♥ X ✳ ❚❤❡♥✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐✲

t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ dX (Pb,k, x̃,K) → 0 ❛s k → ∞✱ ✉♥✐❢♦r♠❧② ♦♥ x̃ ∈ X ✳

▲❡♠♠❛ ✶ ♣r♦✈✐❞❡s ❛♥ ✐t❡r❛t✐✈❡ r❛♥❞♦♠ s❡❛r❝❤ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✶✳
■♥❞❡❡❞✱ ❛t ❧♦❝❛t✐♦♥ xn = x̃✱ t❤✐s ❧❛tt❡r ❣♦ t❤r♦✉❣❤ ❛ ❧♦✇ ❞✐s♣❡rs✐♦♥ s❡q✉❡♥❝❡ ✐♥
t❤❡ st❛t❡ s♣❛❝❡ X ✉♥t✐❧ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ ✐s ❛❝❝❡♣t❡❞✱ ❛♥❞ t❤❡♥ t❤❡ ♣r♦❝❡ss st❛rts
❛❣❛✐♥ ❛t t❤✐s ♥❡✇ ❧♦❝❛t✐♦♥✳ ❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ s❤♦✇s t❤❛t ✐t ✐s ♥♦t ❛
❣♦♦❞ ✐❞❡❛ t♦ r❡✲st❛rt t❤❡ s❡q✉❡♥❝❡ ❡❛❝❤ t✐♠❡ ✇❡ ♠♦✈❡ t♦ ❛ ♥❡✇ ❧♦❝❛t✐♦♥ ❜❡❝❛✉s❡

t❤❡ ♣♦✐♥t s❡t {F−1
K (xn,un)}b

k−1
n=0 ♠❛② ❤❛✈❡ ❣♦♦❞ ❞✐s♣❡rs✐♦♥ ♣r♦♣❡rt✐❡s ✐♥ X ❡✈❡♥

✇❤❡♥ xn′

6= xn ❢♦r s♦♠❡ n, n′ ∈ 0 : (bk − 1)✳

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ▲❡♠♠❛ ✶ ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❥✉♠♣✐♥❣ t✐♠❡
♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ✈❡rs✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✶❀ t❤❛t ✐s✱ ❢♦r t❤❡ ♥✉♠❜❡r mn ♦❢ ❝❛♥❞✐❞❛t❡
✈❛❧✉❡s r❡q✉✐r❡❞ t♦ ♠♦✈❡ ❢r♦♠ ❧♦❝❛t✐♦♥ xn = x̃ t♦ ❛ ♥❡✇ ❧♦❝❛t✐♦♥ xn+mn 6= x̃✳
■♥❞❡❡❞✱ ❧❡t x∗ ∈ X ❜❡ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✐③❡r ♦❢ ϕ✱ δn = ‖xn−x∗‖∞ ❛♥❞ ❛ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ δ ∈ (0, δn) s✉❝❤ t❤❛t ϕ(x) > ϕ(xn) ❢♦r ❛❧❧ x ∈ Bδ(x

∗)✳ ❚❤❡♥✱ ❜②
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ (t, s)✲s❡q✉❡♥❝❡s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✷✮✱ t❤❡ ♣♦✐♥t s❡t {um

∞}n+2kδ
m=n+1✱

✇✐t❤ kδ ❛s ✐♥ ▲❡♠♠❛ ✶✱ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ (t, kδ, s)✲♥❡t ❛♥❞ t❤✉s✱ ❜② t❤✐s ❧❛tt❡r✱
t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ m ∈ 1 : 2kδ s✉❝❤ t❤❛t ỹn+m = F−1

K (x̃,un+m
∞ ) ❜❡❧♦♥❣s t♦

Bδ(x
∗)✳ ❙✐♥❝❡ ϕ(ỹm) > ϕ(x̃)✱ ✇❡ ✐♥❞❡❡❞ ❤❛✈❡ mn ≤ 2kδ < 2kδn ✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ dX (Pb,k, x̃,K) ❣♦❡s t♦ ③❡r♦ ❛s k ✐♥❝r❡❛s❡s
❞❡♣❡♥❞s ♦♥ t❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ F−1

K (x, ·)✱ x ∈ X ✳ ❚❤✉s✱ ✐t ✐s
s❡♥s✐❜❧❡ t♦ ❝❤♦♦s❡ K s✉❝❤ t❤❛t dX (Pb,k, x̃,K) ❣♦❡s t♦ ③❡r♦ ❛t t❤❡ ♦♣t✐♠❛❧ ♥♦♥✲
❛❞❛♣t✐✈❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r♦✈✐❞❡s s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❦❡r♥❡❧ K t♦ ❢✉❧✜❧ t❤✐s r❡q✉✐r❡♠❡♥t✳



✶✵ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

▲❡♠♠❛ ✷ ❈♦♥s✐❞❡r t❤❡ s❡t✲✉♣ ♦❢ ▲❡♠♠❛ ✶ ❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❛ss✉♠❡ t❤❛t✱ ✈✐❡✇❡❞
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (x,y) ∈ X 2✱ FK(x,y) ✐s ▲✐♣s❝❤✐t③ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t CK <
∞ ❢♦r t❤❡ s✉♣r❡♠✉♠ ♥♦r♠✳ ▲❡t

C̃K = 0.5K̃
(
1 ∧ (0.25K̃/CK)d

)
, K̃ = min

i∈1:d
{ inf
(x,y)∈X 2

Ki(yi|y1:i−1,x)}.

❚❤❡♥✱ t❤❡ r❡s✉❧t ♦❢ ▲❡♠♠❛ ✶ ❤♦❧❞s ❢♦r kδ =
⌈
t+ d− d log(δC̃K/3)/ log b

⌉
❛♥❞ ❢♦r

δ̄K = (3/C̃K) ∧ 0.5✳

Pr♦♦❢ ❙❡❡ ❆♣♣❡♥❞✐① ❇ ❢♦r ❛ ♣r♦♦❢✳

▲❡t δk ∈ (0, δ̄K ] ❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ s♠❛❧❧❡st ❜❛❧❧ ❛r♦✉♥❞ x′ ∈ X t❤❛t ❝❛♥ ❜❡

r❡❛❝❤❡❞ ❜② t❤❡ ♣♦✐♥t s❡t {F−1
K (x̃,un)}b

k−1
n=0 ✱ ✇✐t❤ k ≥ kδ̄K ✱ x̃ ∈ X ❛♥❞ ✇❤❡r❡✱ ❛s

❛❜♦✈❡✱ Pb,k = {un}b
k−1

n=0 ✐s ❛ (t, k, d)✲♥❡t ✐♥ ❜❛s❡ b ≥ 2✳ ❚❤❡♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s

♦❢ ▲❡♠♠❛ ✷✱ δk = Cb−k/d ❢♦r ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x′ ❛♥❞ t❤✉s
sup

x̃∈X dX (Pb,k, x̃,K) = O(b−k/d) ❛s r❡q✉✐r❡❞✳

✹✳✷ ●❡♥❡r❛❧ ❝♦♥s✐st❡♥❝② r❡s✉❧ts ❢♦r ◗▼❈✲❙❆

❚♦ ♦❜t❛✐♥ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r ❆❧❣♦r✐t❤♠ ✶ ✇❡ ♥❡❡❞ s♦♠❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣✲
t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ϕ✳ ❚♦ t❤✐s ❡♥❞✱ ❛♥❞ ❜♦rr♦✇✐♥❣ ❛♥ ✐❞❡❛
♦❢ ❍❡ ❛♥❞ ❖✇❡♥ ❬✷✵❪ ✭✇❤♦ st✉❞② ◗▼❈ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s r❡str✐❝t❡❞ t♦ ❛
♥♦♥✲r❡❝t❛♥❣✉❧❛r s❡t✮✱ ✇❡ ✐♠♣♦s❡ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ▼✐♥❦♦✈s❦✐ ❝♦♥t❡♥t ♦❢ t❤❡ ❧❡✈❡❧
s❡ts

Xϕ(x) := {x′ ∈ X : ϕ(x′) = ϕ(x)}, x ∈ X .

❉❡✜♥✐t✐♦♥ ✹ ❚❤❡ ♠❡❛s✉r❛❜❧❡ s❡t A ⊆ X ❤❛s ❛ (d − 1)✲❞✐♠❡♥s✐♦♥❛❧ ▼✐♥❦♦✈s❦✐
❝♦♥t❡♥t ✐❢ M(A) := limǫ↓0 ǫ

−1λd

(
(A)ǫ

)
❡①✐sts ❛♥❞ ✐s ✜♥✐t❡✱ ✇❤❡r❡✱ ❢♦r ǫ > 0✱ ✇❡

✉s❡ t❤❡ s❤♦rt❤❛♥❞ (A)ǫ = {x ∈ X : ∃x′ ∈ A, ‖x− x′‖∞ ≤ ǫ}✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s t❤❡ ❦❡② r❡s✉❧t t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ◗▼❈✲❙❆✳

▲❡♠♠❛ ✸ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇❤❡r❡ X = [0, 1]d ❛♥❞ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❛r❡ ✈❡r✐✜❡❞✿

✶✳ ❚❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ K : X → P(X ) ✐s s✉❝❤ t❤❛t ❆ss✉♠♣t✐♦♥s ✭A1✮✲✭A2✮ ❤♦❧❞❀
✷✳ ϕ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ X ❛♥❞ s✉❝❤ t❤❛t supx∈X :ϕ(x)<ϕ∗ M(Xϕ(x)) < ∞✳

▲❡t R ∈ N✳ ❚❤❡♥✱ ✐❢ t❤❡ s❡q✉❡♥❝❡ (ϕ(xn))n≥1 ✐s ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡♥t✱ ✇✐t❤
♣r♦❜❛❜✐❧✐t② ♦♥❡ ϕ(xn) → ϕ∗ ❛s n → ∞✳

Pr♦♦❢ ❙❡❡ ❆♣♣❡♥❞✐① ❈ ❢♦r ❛ ♣r♦♦❢✳

◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ▼✐♥❦♦✈s❦✐ ❝♦♥t❡♥t ♦❢ t❤❡ ❧❡✈❡❧ s❡ts ♥♦t❛❜❧②
✐♠♣❧✐❡s t❤❛t ϕ ❤❛s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s✳

❚❤✉s✱ ✐❢ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ♦♥❧② ✉♣✇❛r❞ ♠♦✈❡s ❛r❡ ❛❝❝❡♣t❡❞✱ t❤❡♥ t❤❡ r❡s✉❧t✐♥❣
❛s❝❡♥❞❛♥t ❛❧❣♦r✐t❤♠ ✐s ❝♦♥✈❡r❣❡♥t✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ◗▼❈✲❙❆✱ ✇❡
t❤❡r❡❢♦r❡ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ♥♦t t♦♦ ♠❛♥② ✏❧❛r❣❡✑ ❞♦✇♥✇❛r❞ ♠♦✈❡s ❛r❡ ❛❝❝❡♣t❡❞✳
❚❤✐s ✐s ❞♦♥❡ ❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡ (Tn)n≥1

❝♦♥✈❡r❣❡s t♦✇❛r❞ ③❡r♦✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t r❡s✉❧ts✳ ❲❡ r❡❝❛❧❧ t❤❛t kn ❞❡♥♦t❡s t❤❡
s♠❛❧❧❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t n < bkn ✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✶✶

▲❡♠♠❛ ✹ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇✐t❤ X ⊆ Rd ❛♥❞ ✇❤❡r❡ (vn)n≥0 ✐s s✉❝❤ t❤❛t
v0 = 0✳ ❚❤❡♥✱ ❛t ✐t❡r❛t✐♦♥ n ≥ 1✱ yn ✐s r❡❥❡❝t❡❞ ✐❢ ϕ(yn) < ϕ(xn−1)− Tnkn log b✳

Pr♦♦❢ ❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✱ ♥♦t❡ t❤❛t ❢♦r ❛♥② k ∈ N t❤❡ ♣♦✐♥t s❡t {vn}b
k−1

n=0 ✐s ❛
(0, k, 1)✲♥❡t ✐♥ ❜❛s❡ b ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t ✐♥ ❡❛❝❤ ❡❧❡♠❡♥t❛r②

✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ b−k✳ ❍❡♥❝❡✱ ❜❡❝❛✉s❡ v0 = 0✱ t❤❡ ♣♦✐♥t s❡t {vn}b
k−1

n=1 ❝♦♥t❛✐♥s ♥♦
♣♦✐♥t ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, b−k) ❛♥❞ t❤✉s✱ ❢♦r ❛❧❧ n ≥ 1✱ yn ✐s r❡❥❡❝t❡❞ ✐❢

exp
({

ϕ(yn)− ϕ(xn−1)
}
/Tn

)
< b−kn .

▲❡♠♠❛ ✺ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇✐t❤ X ⊆ Rd ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛
s❡q✉❡♥❝❡ (ln)n≥1 ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✇❤✐❝❤ ✈❡r✐✜❡s

∑∞
n=1 l

−1
n < ∞ ❛♥❞ s✉❝❤ t❤❛t

xn = xn−1 ✇❤❡♥ ϕ(yn) < ϕ(xn−1) − l−1
n ✳ ❚❤❡♥✱ ✐❢ ϕ ✐s ❜♦✉♥❞❡❞✱ t❤❡ s❡q✉❡♥❝❡

(ϕ(xn))n≥0 ✐s ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡♥t✳

Pr♦♦❢ ▲❡t ϕ̄ = lim supn→∞ ϕ(xn) ❛♥❞ ϕ = lim infn→∞ ϕ(xn)✳ ❚❤❡♥✱ ❜❡❝❛✉s❡ ϕ
✐s ❜♦✉♥❞❡❞✱ ❜♦t❤ ϕ̄ ❛♥❞ ϕ ❛r❡ ✜♥✐t❡✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢
t❤❡ ❧❡♠♠❛✱ ✇❡ ❤❛✈❡ ϕ = ϕ̄ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❛❧t❤♦✉❣❤ ♥♦t
❡①♣❧✐❝✐t❧② ♠❡♥t✐♦♥❡❞ t♦ s❛✈❡ s♣❛❝❡✱ ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s
❤♦❧❞✐♥❣ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳

▲❡t (xsn)sn≥0 ❛♥❞ (xun)un≥0 ❜❡ t✇♦ s✉❜s❡q✉❡♥❝❡s s✉❝❤ t❤❛t ϕ(xsn) → ϕ̄
❛♥❞ ϕ(xun) → ϕ✳ ▲❡t ǫ > 0 ❛♥❞ Nǫ ≥ 1 ❜❡ s✉❝❤ t❤❛t |ϕ(xsn) − ϕ̄| ≤ 0.5ǫ ❛♥❞
|ϕ(xun)− ϕ| ≤ 0.5ǫ ❢♦r ❛❧❧ n ≥ Nǫ✳ ❚❤❡♥✱ ❢♦r ❛❧❧ n > sNǫ

✱ ✇❡ ❤❛✈❡

ϕ(xn) ≥ ϕ(xsNǫ )−
∞∑

i=sNǫ

l−1
i ≥ ϕ̄− 0.5ǫ−

∞∑

i=sNǫ

l−1
i

❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ϕ̄−0.5ǫ−
∑∞

n=sNǫ
l−1
n ≤ ϕ(xun) ≤ ϕ+0.5ǫ✱ ∀un > max(sNǫ

, uNǫ
)✱

✐♠♣❧②✐♥❣ t❤❛t ϕ̄ − ϕ ≤ ǫ +
∑∞

i=sNǫ
l−1
i ✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s❡r✐❡s

∑∞
n=1 l

−1
n ✐s ❝♦♥✲

✈❡r❣❡♥t ❛♥❞ t❤✉s
∑∞

i=sNǫ
l−1
i → 0 ❛s sNǫ

✐♥❝r❡❛s❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ǫ > 0

❛♥❞ ❛ Nǫ > 0 ❢♦r ✇❤✐❝❤ ϕ̄− ϕ ≤ ǫ+
∑∞

i=sNǫ+1 l
−1
i ≤ 0.5(ϕ̄− ϕ)✱ s❤♦✇✐♥❣ t❤❛t ✇❡

✐♥❞❡❡❞ ❤❛✈❡ ϕ = ϕ̄✳

❯s✐♥❣ ▲❡♠♠❛s ✸✲✺ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❝♦♥s✐st❡♥❝② r❡s✉❧t ❢♦r ❆❧✲
❣♦r✐t❤♠ ✶✿

❚❤❡♦r❡♠ ✶ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇❤❡r❡ X = [0, 1]d✳ ❆ss✉♠❡ t❤❛t t❤❡ ❛ss✉♠♣✲
t✐♦♥s ♦❢ ▲❡♠♠❛ ✸ ❤♦❧❞ ❛♥❞ t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥✱ (vn)n≥0 ✐s s✉❝❤ t❤❛t v0 = 0✳ ❚❤❡♥✱
✐❢ (Tn)n≥1 ✐s s✉❝❤ t❤❛t

∑∞
n=1 Tn log(n) < ∞✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② R ∈ N ❛♥❞ ❛s

n → ∞✱ ϕ(xn) → ϕ∗ ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢ ▲❡t ln = (Tnkn log b)−1 ❛♥❞ ♥♦t❡ t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ t❤❡✲
♦r❡♠✱

∑∞
n=1 l

−1
n < ∞✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✹✱ t❤❡ s❡q✉❡♥❝❡ (ln)n≥0 ✈❡r✐✜❡s t❤❡

❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳ ❍❡♥❝❡✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ϕ ✐s ❜♦✉♥❞❡❞
♦♥ t❤❡ ❝♦♠♣❛❝t s♣❛❝❡ X ✱ t❤❡ s❡q✉❡♥❝❡ (ϕ(xn))n≥0 ✐s ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡♥t ❜②
▲❡♠♠❛ ✺ ❛♥❞ t❤✉s ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦✇❛r❞ t❤❡ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ϕ∗ ❜②
▲❡♠♠❛ ✸✳



✶✷ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❛♣♣❧② ❢♦r R = ∞ ❜❡❝❛✉s❡ ❛t t❤✐s
❞❡❣r❡❡ ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥♥♦t r✉❧❡ ♦✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ s♦♠❡ ♦❞❞ ❜❡❤❛✈✐♦✉rs
✇❤❡♥ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡s ❛r❡ ✉s❡❞ ❛s ✐♥♣✉t ♦❢ ◗▼❈✲❙❆✳ ❍♦✇❡✈❡r✱
✇❤❡♥ d = 1✱ t❤✐♥❣s ❜❡❝♦♠❡ ❡❛s✐❡r ❛♥❞ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✶
❤♦❧❞s ❢♦r t❤❡ s❡q✉❡♥❝❡ (un

∞)n≥0

❚❤❡♦r❡♠ ✷ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇❤❡r❡ X = [0, 1] ❛♥❞ R = ∞✳ ❆ss✉♠❡ t❤❛t ϕ✱
K ❛♥❞ (Tn)n≥1 ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚❤❡♥✱ ϕ(xn) → ϕ∗ ❛s n → ∞✳

Pr♦♦❢ ❙❡❡ ❆♣♣❡♥❞✐① ❉ ❢♦r ❛ ♣r♦♦❢✳

❘❡♠❛r❦ t❤❛t✱ ✇❤❡♥ d = 1✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ▼✐♥❦♦✈s❦✐ ❝♦♥t❡♥t ♦❢ t❤❡ ❧❡✈❡❧
s❡ts ♦❢ ϕ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸ ❛♠♦✉♥t t♦ ❛ss✉♠✐♥❣ t❤❛t✱ ❢♦r ❛❧❧ x ∈ X s✉❝❤ t❤❛t
ϕ(x) < ϕ∗✱ t❤❡r❡ ❡①✐sts ❛ δx > 0 s✉❝❤ t❤❛t ϕ(y) 6= ϕ(x) ❢♦r ❛❧❧ y ∈ Bδx(x)✱ y 6= x✳

❆ ❦❡② ❢❡❛t✉r❡ ♦❢ ❚❤❡♦r❡♠s ✶ ❛♥❞ ✷ ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡s
(Tn)n≥1 ❞❡♣❡♥❞s ♥❡✐t❤❡r ♦♥ ϕ ♥♦r ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ K✱ ✇❤✐❧❡
t❤♦s❡ ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ❙❆ ❛❧❣♦r✐t❤♠s
✉s✉❛❧❧② ❞♦✳ ❚❤✐s ✐s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ❢♦r t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢
❇é❧✐s❧❡ ❬✺✱ ❚❤❡♦r❡♠ ✸❪❀ s❡❡ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❆♥ ♦♣❡♥ q✉❡st✐♦♥ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤
✐s t♦ ❡st❛❜❧✐s❤ ✐❢ t❤✐s ♣r♦♣❡rt② ♦❢ ◗▼❈✲❙❆ ❛❧s♦ ❤♦❧❞s ♦♥ ♥♦♥✲❝♦♠♣❛❝t s♣❛❝❡s✱ ✇❤❡r❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❙❆ ✐s ❡♥s✉r❡❞ ❢♦r ❛ s❡q✉❡♥❝❡ (Tn)n≥1 ✇❤❡r❡ Tn = T0/ log(n + C)
❛♥❞ ✇❤❡r❡ ❜♦t❤ T0 > 0 ❛♥❞ C > 0 ❛r❡ ♠♦❞❡❧ ❞❡♣❡♥❞❡♥t ❬s❡❡ ✸✱ ❚❤❡♦r❡♠ ✶❪✳ ❚❤❡
s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❜❡❧♦✇ s❡❡♠ t♦ s✉♣♣♦rt t❤✐s ✈✐❡✇ ✭s❡❡ ❙❡❝t✐♦♥ ✻✳✷✮✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡ ♠❛② ❜❡ ❛❞❛♣t✐✈❡✱ ✐✳❡✳ Tn+1 ♠❛② ❞❡♣❡♥❞
♦♥ x0:n✱ ❛♥❞ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r (Tn)n≥1 ✐♠♣❧✐❡❞ ❜② ❚❤❡♦r❡♠ ✷ ✐s
❝♦❤❡r❡♥t ✇✐t❤ ❇é❧✐s❧❡ ❬✺✱ ❚❤❡♦r❡♠ ✷❪ ✇❤✐❝❤ s❤♦✇s t❤❛t ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡
❝❛♥♥♦t ❤♦❧❞ ✐❢

∑∞
n=1 exp(−T−1

n ) = ∞✳

✹✳✸ ❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ R = 0 ❛♥❞ ❛ ♥❡✇ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r ❙❆

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❚❤❡♦r❡♠ ✶ ❛♣♣❧✐❡s ❢♦r R = 0❀ t❤❛t ✐s✱ ✇❤❡♥ ■■❉ ✉♥✐❢♦r♠
r❛♥❞♦♠ ♥✉♠❜❡rs ❛r❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡s ❛t ❙t❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠
✶✳ ❘❡♠❛r❦ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✉s❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❘♦s❡♥❜❧❛tt tr❛♥s❢♦r♠❛t✐♦♥ t♦
s❛♠♣❧❡ ❢r♦♠ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ ✐s ♥♦t ♥❡❡❞❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❡❛s② t♦ s❡❡ ❢r♦♠
t❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ ϕ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ ❝♦♥s✐❞❡r❛❜❧②✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ϕ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ♦♥❡ ♦❢ ✐ts ❣❧♦❜❛❧ ♠❛①✐♠✐③❡r
✐s ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱ ϕ(xn) → ϕ∗ ✭s❡❡ t❤❡ ♥❡①t r❡s✉❧t✮✳

❙✐♥❝❡ ❚❤❡♦r❡♠ ✶ ❛❧s♦ ❛♣♣❧✐❡s ✇❤❡♥ R = 0✱ t❤❡ ❦❡② t♦ r❡♠♦✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡ t♦ t❤❡ ♣r♦❜❧❡♠ ❛t ❤❛♥❞ t❤❡r❡❢♦r❡ ❝♦♠❡s ❢r♦♠ t❤❡ s❡q✉❡♥❝❡
(vn)n≥0✱ ✉s❡❞ ✐♥ t❤❡ ▼❡tr♦♣♦❧✐s st❡♣✱ ✇❤✐❝❤ ❞✐s❝❛r❞s ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡s yn ✇❤✐❝❤
❛r❡ s✉❝❤ t❤❛t ϕ(yn)− ϕ(xn) ✐s t♦♦ s♠❛❧❧ ✭s❡❡ ▲❡♠♠❛ ✹ ❛❜♦✈❡✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥
❛❧❧♦✇s ✉s t♦ ♣r♦♣♦s❡ ❛ ♥❡✇ ❝♦♥s✐st❡♥❝② r❡s✉❧t ❢♦r ▼♦♥t❡ ❈❛r❧♦ ❙❆ ❛❧❣♦r✐t❤♠s ♦♥
❝♦♠♣❛❝t s♣❛❝❡s❀ t❤❛t ✐s✱ ✇❤❡♥ ❙t❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐s r❡♣❧❛❝❡❞ ❜②✿

✷✬✿ ●❡♥❡r❛t❡ yn ∼ K(xn−1, dy)

❛♥❞ ✇❤❡♥ (vn)n≥0 ✐s r❡♣❧❛❝❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥
[0, 1)✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✶✸

❚❤❡♦r❡♠ ✸ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✶ ✇✐t❤ R = 0✱ X ⊂ Rd ❛ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡
s❡t✱ ❙t❡♣ ✷ r❡♣❧❛❝❡❞ ❜② ❙t❡♣ ✷✬ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ (vn)n≥0 r❡♣❧❛❝❡❞ ❜② (ṽn)n≥0✱ ❛
s❡q✉❡♥❝❡ ♦❢ ■■❉ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥ [0, 1)✳ ❆ss✉♠❡ t❤❛t t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧
K : X → P(X ) ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥ ✭A2✮ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ x∗ ∈ X s✉❝❤ t❤❛t
ϕ(x∗) = ϕ∗ ❛♥❞ s✉❝❤ t❤❛t ϕ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Bδ(x

∗) ❢♦r ❛ δ > 0✳ ❚❤❡♥✱ ✐❢ (Tn)n≥1

s❛t✐s✜❡s
∑∞

n=1 Tn log(n) < ∞✱ ✇❡ ❤❛✈❡✱ ❛s n → ∞✱ ϕ(xn) → ϕ∗ ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢ ▲❡t α > 0 s♦ t❤❛t
∑∞

n=1 Pr(ṽ
n < n−(1+α)) =

∑∞
n=1 n

−(1+α) < ∞✳ ❚❤✉s✱ ❜②

❇♦r❡❧✲❈❛♥t❡❧❧✐ ▲❡♠♠❛✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ṽn ≥ n−(1+α) ❢♦r ❛❧❧ n ❧❛r❣❡ ❡♥♦✉❣❤✳
❚❤❡r❡❢♦r❡✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✹✱ yn ✐s r❡❥❡❝t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ✐❢ ϕ(yn) < ϕ(xn−1)− Tn(1 + α)(log n) ❛♥❞
❤❡♥❝❡✱ ❜② ▲❡♠♠❛ ✺✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ t❤❡r❡ ❡①✐sts ❛ ϕ̄ ∈ R s✉❝❤ t❤❛t ϕ(xn) → ϕ̄✳
❚♦ s❤♦✇ t❤❛t ✇❡ ❛❧♠♦st s✉r❡❧② ❤❛✈❡ ϕ̄ = ϕ∗✱ ❧❡t x∗ ❜❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡
t❤❡♦r❡♠✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥ ✭A2✮✱ ✐t
✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ ❢♦r ❛♥② ǫ ∈ Q+ t❤❡ s❡t Bǫ(x

∗) ✐s ✈✐s✐t❡❞
✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡ ❜② t❤❡ s❡q✉❡♥❝❡ (yn)n≥1✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❝♦♥t✐♥✉✐t② ♦❢ ϕ ❛r♦✉♥❞ x∗✳

❚❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ X ❛♥❞ ♦♥ ϕ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡
r❡s✉❧t ♦❢ ❇é❧✐s❧❡ ❬✺✱ ❚❤❡♦r❡♠ ✸❪ ❜✉t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ▼❛r❦♦✈ ❦❡r♥❡❧ ✐s ✇❡❛❦❡r✳
❋✐♥❛❧❧②✱ t❤✐s ❧❛tt❡r r❡s✉❧t r❡q✉✐r❡s t❤❛t Tn ≤ 1/(n en) ❢♦r ❛ ♠♦❞❡❧✲❞❡♣❡♥❞❡♥t ❛♥❞
str✐❝t❧② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ (en)n≥1✱ ✇❤✐❧❡ ❚❤❡♦r❡♠ ✸ ❡st❛❜❧✐s❤❡s t❤❡ ❛❧♠♦st s✉r❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❙❆ ❢♦r ❛ ✉♥✐✈❡rs❛❧ s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡✳

✺ ❆ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ◗▼❈✲❙❆ t②♣❡ ❛❧❣♦r✐t❤♠s

❲❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ t❤❛t✱ ✐❢ ♦♥❧② ✉♣✇❛r❞ ♠♦✈❡s ❛r❡ ❛❝❝❡♣t❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✱ t❤❡♥
t❤❡ r❡s✉❧t✐♥❣ ❛s❝❡♥❞❛♥t ❛❧❣♦r✐t❤♠ ✐s ❝♦♥✈❡r❣❡♥t✳ ❚❤✉s✱ ✐❢ ♦♥❡ ✇✐s❤❡s t♦ ✐♥❝♦r♣♦r❛t❡
❞♦✇♥✇❛r❞ ♠♦✈❡s ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥tr♦❧ t❤❡✐r s✐③❡ ❛♥❞
t❤❡✐r ❢r❡q✉❡♥❝②✳ ■♥ ❙❆ ❛❧❣♦r✐t❤♠s✱ ❞♦✇♥✇❛r❞ ♠♦✈❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ t❤r♦✉❣❤ t❤❡
▼❡tr♦♣♦❧✐s st❡♣❀ s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡s (Tn)n≥1

❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳
■♥t❡r❡st✐♥❣❧②✱ ♦✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❡①t❡♥❞ t♦ ❆❧❣♦r✐t❤♠ ✷ ✇❤❡r❡ ❛ ♠♦r❡

❣❡♥❡r❛❧ ❞❡✈✐❝❡ ✐s ✉s❡❞ t♦ ✐♥tr♦❞✉❝❡ ❞♦✇♥✇❛r❞ ♠♦✈❡s✳

❈♦r♦❧❧❛r② ✶ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✷ ✇❤❡r❡ X = [0, 1]d ❛♥❞ ❛ss✉♠❡ t❤❛t K ❛♥❞ ϕ
✈❡r✐❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚❤❡♥✱ ✐❢ t❤❡ s❡q✉❡♥❝❡ (ln)n≥1 ✐s s✉❝❤ t❤❛t∑∞

n=1 l
−1
n < ∞✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② R ∈ N ❛♥❞ ❛s n → ∞✱ ϕ(xn) → ϕ∗ ❛❧♠♦st

s✉r❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ d = 1✱ ϕ(xn) → ϕ∗ ✇❤❡♥ R = ∞✳

Pr♦♦❢ ❚❤❡ r❡s✉❧t ❢♦r d > 1 ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✸ ❛♥❞ ✺✱ ✇❤✐❧❡ t❤❡
r❡s✉❧t ❢♦r d = 1 ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ▲❡♠♠❛ ✺ ❛♥❞ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳

❚❤❡ ❢❛❝t t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ (vn)n≥0 ❛♥❞ ♦♥ (Tn)n≥1 ♦❢ ❚❤❡♦r❡♠s
✶ ❛♥❞ ✷✱ ❆❧❣♦r✐t❤♠ ✶ ✐♥❞❡❡❞ r❡❞✉❝❡s t♦ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❆❧❣♦r✐t❤♠ ✷ ✇❤✐❝❤
✈❡r✐✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✶ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✹✳

❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ t♦ ❛❝❝❡❧✲
❡r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❙❆ ❧✐t❡r❛t✉r❡✱
s❡❡ ❡✳❣✳ ❬✹✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❘❡❣❛r❞✐♥❣ t❤✐s ♣♦✐♥t✱ ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢



✶✹ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❆❧❣♦r✐t❤♠ ✷ ●❡♥❡r✐❝ ◗▼❈✲❙❆ t②♣❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ sup
x∈X ϕ(x)

■♥♣✉t✿ ❆ st❛rt✐♥❣ ♣♦✐♥t x0 ∈ X ✱ ❛ ▼❛r❦♦✈ ❦❡r♥❡❧ K ❛❝t✐♥❣ ❢r♦♠ X t♦ ✐ts❡❧❢✱ l1 > 0 ❛♥❞
(un

R)n≥0✱ ❛ (t, d)R✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b ≥ 2✳
✶✿ ❢♦r n = 1 → N ❞♦

✷✿ ❈♦♠♣✉t❡ yn = F−1
K (xn−1,un

R)

✸✿ ✐❢ ϕ(yn) ≥ ϕ(xn−1) t❤❡♥
✹✿ xn = yn

✺✿ ❡❧s❡ ✐❢ ϕ(yn) < ϕ(xn−1)− l−1
n t❤❡♥

✻✿ xn = xn−1

✼✿ ❡❧s❡

✽✿ ❙❡t xn = xn−1 ♦r xn = yn ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ r✉❧❡
✾✿ ❡♥❞ ✐❢

✶✵✿ ❙❡❧❡❝t ln+1 ∈ [ln,∞)
✶✶✿ ❡♥❞ ❢♦r

t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ◗▼❈✲❙❆ ❛♥❞ ❆❧❣♦r✐t❤♠ ✷ ✐s t❤❛t✱ ✐♥ t❤❡ ▼❡tr♦♣♦❧✐s st❡♣
♦❢ ❆❧❣♦r✐t❤♠ ✶✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❜② ❛♥② str✐❝t❧② ✐♥❝r❡❛s✲
✐♥❣ ❢✉♥❝t✐♦♥ f : R → [0, 1] ✇❤✐❝❤ s❛t✐s✜❡s f(0) = 1 ❛♥❞ limt→−∞ f(t) = 0✱ ❛♥❞
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✹ r❡♠❛✐♥ ✈❛❧✐❞ ✉♥❞❡r t❤❡ s✐♠♣❧❡ ❝♦♥❞✐t✐♦♥ t❤❛t
(Tn)n≥1 ✈❡r✐✜❡s

∑∞
n=1

(
Tnf

−1(b−kn)
)
< ∞✳

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❝❛s❡ ♦❢ ❆❧❣♦r✐t❤♠ ✷ ✐s t❤❡ ✭◗▼❈ ✈❡rs✐♦♥ ♦❢✮ ❚❤r❡s❤♦❧❞
❆❝❝❡♣t✐♥❣ ✭❚❆✮ ❛❧❣♦r✐t❤♠s ✐♥tr♦❞✉❝❡❞ ❜② ❉✉❡❝❦ ❛♥❞ ❙❝❤❡✉❡r ❬✶✵❪✱ ▼♦s❝❛t♦ ❛♥❞
❋♦♥t❛♥❛r✐ ❬✸✶❪✱ ✇❤❡r❡ ✐♥ ❙t❡♣ ✽ ✇❡ ❛❧✇❛②s s❡t xn = yn✳ ▲✐❦❡ ❙❆✱ ❚❆ ❤❛s ❜❡❡♥
✐♥tr♦❞✉❝❡❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ♦♥ ✜♥✐t❡ st❛t❡ s♣❛❝❡s ❜✉t ❤❛s ❜❡❡♥ s✉❝❝❡ss✲
❢✉❧❧② ❛♣♣❧✐❡❞ ❢♦r ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠s ✐♥ ✈❛r✐♦✉s ✜❡❧❞s✱ ❢♦r ✐♥st❛♥❝❡ s❡❡ ❲✐♥❦❡r
❛♥❞ ▼❛r✐♥❣❡r ❬✹✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❚❆ ✐♥ st❛t✐st✐❝s ❛♥❞
✐♥ ❡❝♦♥♦♠✐❝s✳

■❢ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ❙❆ ❛r❡ ♥♦✇ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r
❦♥♦✇❧❡❞❣❡ t❤❡ ♦♥❧② ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r ❚❆ ✐s t❤❡ ♦♥❡ ♦❢ ❆❧t❤ö❢❡r ❛♥❞ ❑♦s❝❤♥✐❝❦
❬✷❪✱ ♦❜t❛✐♥❡❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ♦♥ ✜♥✐t❡ s♣❛❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡✐r ♣r♦♦❢ ✐s
♥♦t ❝♦♥str✉❝t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ♦♥❧② ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡
♦❢ t❤r❡s❤♦❧❞s (l−1

n )n≥1 t❤❛t ♣r♦✈✐❞❡s ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤✐♥ ❛ ❜❛❧❧ ♦❢ s✐③❡ ǫ ❛r♦✉♥❞
t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥✳ ❚♦ t❤✐s r❡❣❛r❞s✱ ❈♦r♦❧❧❛r② ✶ t❤❡r❡❢♦r❡ ❝♦♥st✐t✉t❡s t❤❡ ✜rst
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r t❤✐s ❝❧❛ss ♦❢ ❛❧❣♦r✐t❤♠s✳

✻ ◆✉♠❡r✐❝❛❧ ❙t✉❞②

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ ❙❆ ✭✐✳❡✳
❆❧❣♦r✐t❤♠ ✶ ❜❛s❡❞ ♦♥ ■■❉ r❛♥❞♦♠ ♥✉♠❜❡rs✮ ✇✐t❤ ◗▼❈✲❙❆ t♦ ✜♥❞ t❤❡ ❣❧♦❜❛❧
♦♣t✐♠✉♠ ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s✳

❚♦ ❝♦♠♣❛r❡ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❡
✜rst ❝♦♥s✐❞❡r ❛ ❜✐✈❛r✐❛t❡ t♦② ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ ✇❡ ♣❡r❢♦r♠ ❛♥ ❡①t❡♥s✐✈❡ s✐♠✉❧❛t✐♦♥
st✉❞② ✭❙❡❝t✐♦♥ ✻✳✶✮✳ ❚❤❡♥✱ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ❛r❡ ❝♦♠♣❛r❡❞ ♦♥ ❛ ❞✐✣❝✉❧t ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ s♣❛t✐❛❧ st❛t✐st✐❝s ❛♥❞ ✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛
♥♦♥✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛♥ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ d = 102
✭❙❡❝t✐♦♥ ✻✳✷✮✳

■♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ❜❡❧♦✇ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ✐s ❜❛s❡❞
♦♥ ✶ ✵✵✵ st❛rt✐♥❣ ✈❛❧✉❡s s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳ ❚❤❡ ▼♦♥t❡ ❈❛r❧♦



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✶✺

❛❧❣♦r✐t❤♠ ✐s r✉♥ ♦♥❧② ♦♥❝❡ ✇❤✐❧❡ ◗▼❈✲❙❆ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❛ ❙♦❜♦❧✬ s❡q✉❡♥❝❡
❛s ✐♥♣✉t ✭✐♠♣❧②✐♥❣ t❤❛t b = 2 ❛♥❞ R = ∞✮✳

✻✳✶ ❊①❛♠♣❧❡ ✶✿ P❡❞❛❣♦❣✐❝❛❧ ❡①❛♠♣❧❡

❋♦❧❧♦✇✐♥❣ ❘♦❜❡rt ❛♥❞ ❈❛s❡❧❧❛ ❬✸✾✱ ❊①❛♠♣❧❡ ✺✳✾✱ ♣✳✶✻✾❪ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢
♠✐♥✐♠✐③✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ϕ̃1 : X1 := [−1, 1]2 → R+ ❞❡✜♥❡❞ ❜②

ϕ̃1(x1, x2) =
(
x1 sin(20x2) + x2 sin(20x1)

)2
cosh

(
sin(10x1)x1)

+
(
x1 cos(10x2)− x2 sin(10x1)

)2
cosh

(
sin(20x2)x2).

✭✷✮

❚❤✐s ❢✉♥❝t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t (x1, x2) = (0, 0) ❛♥❞ s❡✈❡r❛❧ ❧♦❝❛❧
♠✐♥✐♠❛ ♦♥ X1❀ s❡❡ ❘♦❜❡rt ❛♥❞ ❈❛s❡❧❧❛ ❬✸✾✱ ♣✳✶✻✶❪ ❢♦r ❛ ❣r✐❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ϕ̃1✳
❚❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ❢♦r t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❜❛s❡❞
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s t❤❛t ✐s ♥❡❡❞❡❞ t♦ r❡❛❝❤ ❛ ❜❛❧❧ ♦❢ s✐③❡ 10−5 ❛r♦✉♥❞ t❤❡
❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ ϕ̃1✳ ❚♦ ❛✈♦✐❞ ✐♥✜♥✐t❡ r✉♥♥✐♥❣ t✐♠❡✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ✇❡ ❛❧❧♦✇ ✐s N = 217✳

❚❤❡ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ❛❧❣♦r✐t❤♠s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ▼❛r❦♦✈ ❦❡r♥❡❧s

K(j)(x, dy) = f
(j)
[−1,1](y1, x1, σ)f

(j)
[−1,1](y2, x2, σ)dy, j ∈ 1 = 1, 2,

✇❤❡r❡✱ ❢♦r j = 1 ✭r❡s♣✳ j = 2✮✱ f
(j)
I (·, µ, σ̃) ❞❡♥♦t❡s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❈❛✉❝❤② ✭r❡s♣✳

●❛✉ss✐❛♥✮ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r µ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡r σ̃ > 0✱
tr✉♥❝❛t❡❞ ♦♥ I ⊆ R✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡ ❢♦r σ ∈ {0.01, 0.1, 1, 10}✳

❲❡ ❝♦♥s✐❞❡r t❤r❡❡ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s ♦❢ t❡♠♣❡r❛t✉r❡s (T
(m)
n )n≥1✱ m ∈ 1 : 3✱

❞❡✜♥❡❞ ❜②

T (1)
n = T

(1)
0 (n1+ǫ log n)−1, T (2)

n = T
(2)
0 /n, T (3)

n = T
(3)
0 (log n)−1 ✭✸✮

❛♥❞ ✇❤❡r❡ ✇❡ ❝❤♦♦s❡ ǫ = 0.001 ❛♥❞

T
(1)
0 ∈ {20, 200, 2 000}, T

(2)
0 ∈ {2, 20, 200}, T

(3)
0 ∈ {0.02, 0.2, 2}. ✭✹✮

◆♦t❡ t❤❛t (T
(1)
n )n≥1 ✐s s✉❝❤ t❤❛t r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠s ✶✲✸ ❤♦❧❞ ✇❤✐❧❡ (T

(2)
n )n≥1

✭r❡s♣✳ (T
(3)
n )n≥1 ✮ ✐s t❤❡ st❛♥❞❛r❞ ❝❤♦✐❝❡ ❢♦r ❙❆ ❜❛s❡❞ ♦♥ ❈❛✉❝❤② ✭r❡s♣✳ ●❛✉ss✐❛♥✮

r❛♥❞♦♠ ✇❛❧❦s ❬s❡❡✱ ❡✳❣✳✱ ✷✸❪✳ ❍♦✇❡✈❡r✱ ♦♥ ❝♦♠♣❛❝t st❛t❡ s♣❛❝❡s✱ ❙❆ ❜❛s❡❞ ♦♥ t❤❡s❡
t✇♦ ❦❡r♥❡❧s ✐s s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ϕ̃1(x

n))n≥1 ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ t❤❡
❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ ϕ̃1 ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡s (Tn)n≥1 s✉❝❤ t❤❛t Tn → 0
❛s n → ∞ ❬s❡❡ ✺✱ ❚❤❡♦r❡♠ ✶❪✳

❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❢♦r ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❦❡r♥❡❧s K(j) ❛♥❞ t❡♠✲

♣❡r❛t✉r❡s (T
(m)
n )n≥1✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ❝♦♠❜✐♥❛t✐♦♥s✱ s✐♠✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡ ❢♦r

❛❧❧ ✈❛❧✉❡s ♦❢ T
(m)
0 ❣✐✈❡♥ ✐♥ ✭✹✮ ❛♥❞ ❢♦r ❛❧❧ σ ∈ {0.01, 0.01, 1, 10}✳ ❆❧t♦❣❡t❤❡r✱ ✇❡

r✉♥ s✐♠✉❧❛t✐♦♥s ❢♦r ✺✻ ❞✐✛❡r❡♥t ♣❛r❛♠❡tr✐s❛t✐♦♥s ♦❢ ❙❆ ❛♥❞ ◗▼❈✲❙❆✳ ❚❤❡ r❡✲
s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✶ ✵✵✵ st❛rt✐♥❣ ✈❛❧✉❡s s❛♠♣❧❡❞
✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ ✉♥✐❢♦r♠❧② ♦♥ X1✳

❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r t❤❡ t✇♦ ❦❡r♥❡❧s ❛♥❞ ❢♦r t❤❡ s❡q✉❡♥❝❡s ♦❢ t❡♠✲

♣❡r❛t✉r❡s ❣✐✈❡♥ ✐♥ ✭✸✮ ✇❤❡r❡✱ ❢♦r m ∈ 1 : 3✱ T
(m)
0 ✐s t❤❡ ♠❡❞✐❛♥ ✈❛❧✉❡ ❣✐✈❡♥ ✐♥ ✭✹✮✳
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✭❢✮

❋✐❣✳ ✶✿ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ϕ̃1 ❞❡✜♥❡❞ ❜② ✭✷✮ ❢♦r ✶ ✵✵✵ st❛rt✐♥❣ ✈❛❧✉❡s s❛♠♣❧❡❞ ✐♥❞❡♣❡♥✲
❞❡♥t❧② ❛♥❞ ✉♥✐❢♦r♠❧② ♦♥ X1✳ ❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r ❢♦r t❤❡ ❈❛✉❝❤② ❦❡r♥❡❧ ✭t♦♣✮

❛♥❞ ❢♦r t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧✳ ❋♦r ❡❛❝❤ ❦❡r♥❡❧✱ s✐♠✉❧❛t✐♦♥ ❛r❡ ❞♦♥❡ ❢♦r (T
(m)
n )n≥1

✇❤❡r❡ m = 1 ✭❧❡❢t ♣❧♦ts✮✱ m = 2 ✭♠✐❞❞❧❡✮ ❛♥❞ m = 3✱ ✇✐t❤ T
(m)
0 t❤❡ ♠❡❞✐❛♥ ♦❢

t❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ✐♥ ✭✹✮✳ ❚❤❡ ♣❧♦ts s❤♦✇ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♥❡❡❞❡❞
❢♦r ❙❆ ✭✇❤✐t❡ ❜♦①❡s✮ ❛♥❞ ◗▼❈✲❙❆ t♦ ✜♥❞ ❛ x ∈ X1 s✉❝❤ t❤❛t ϕ̃1(x) < 10−5✳ ❋♦r
❡❛❝❤ st❛rt✐♥❣ ✈❛❧✉❡✱ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠ ✐s r✉♥ ♦♥❧② ♦♥❝❡ ❛♥❞ t❤❡ ◗▼❈✲❙❆
❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❙♦❜♦❧✬ s❡q✉❡♥❝❡✳

❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ♦t❤❡r ✈❛❧✉❡s ♦❢ T
(m)
0 ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❊ ✭❋✐❣✉r❡s ✸

❛♥❞ ✹✮✳

❋♦❝✉ss✐♥❣ ✜rst ♦♥ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❈❛✉❝❤② ❦❡r♥❡❧ ✭✜rst r♦✇✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t
◗▼❈✲❙❆ ✐s ♥❡✈❡r ✉♥❛♠❜✐❣✉♦✉s❧② ✇♦rst t❤❛♥ ❙❆ ❛♥❞ ✐s s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r ✐♥ ♠♦st
❝❛s❡s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ◗▼❈✲❙❆ ❜❡❝♦♠❡s ❣❧♦❜❛❧❧② ❜❡tt❡r ❛s ✇❡ ✐♥❝r❡❛s❡ t❤❡
st❡♣ s✐③❡ σ ✭✇❡ ❤♦✇❡✈❡r ♥♦t❡ t❤❛t ◗▼❈✲❙❆ t❡♥❞s t♦ ❜❡ t❤❡ ❧❡ss ❡✣❝✐❡♥t ✇❤❡♥
σ = 1✮ ✇✐t❤ t❤❡ ❜❡st r❡s✉❧ts ❢♦r ◗▼❈✲❙❆ ♦❜t❛✐♥❡❞ ✇❤❡♥ σ = 10 ✇❤❡r❡✱ ✐♥ s❡✈❡r❛❧
s❡tt✐♥❣s✱ t❤❡ ♠❛①✐♠✉♠ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ❛♥ ❡rr♦r ♦❢ s✐③❡ 10−5 ✐s ❛r♦✉♥❞ ✶✵✵ ✭❛❣❛✐♥st
103.5 ❢♦r ❙❆✮✳ ❆ ❧❛st ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✇❡ ❝❛♥ ♠❛❦❡ ❢r♦♠ t❤✐s ✜rst s❡t ♦❢
s✐♠✉❧❛t✐♦♥ ✐s t❤❛t ✇❡ ♦❜t❛✐♥ ✐♥ s❡✈❡r❛❧ ❝❛s❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ❤✐tt✐♥❣ t✐♠❡ ❢♦r
❞✐✛❡r❡♥t st❛rt✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ◗▼❈✲❙❆✳

❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ s❤♦✇ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t st♦r②✳ ■♥❞❡❡❞✱ ✇❤❡♥
σ = 0.01✱ ◗▼❈✲❙❆ ♣r♦✈✐❞❡s ❛ ♣♦♦r❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ ❙❆✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s
t❤❛t✱ ❛s t❤❡ t❛✐❧s ♦❢ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛r❡ ✈❡r② s♠❛❧❧ ✐♥ t❤✐s ❝❛s❡✱ ❛ ❧❛r❣❡
✈❛❧✉❡ ♦❢ ‖un

∞‖∞ ✐s ♥❡❡❞❡❞ ❛t ✐t❡r❛t✐♦♥ n ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❣❡♥❡r❛t❡ ❛ ❝❛♥❞✐❞❛t❡
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❋✐❣✳ ✷✿ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ϕ̃λ ❢♦r ✶ ✵✵✵ st❛rt✐♥❣ ✈❛❧✉❡s s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ X2

✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ t❡①t✮ ❛♥❞ ❢♦r λ = 0.1 ✭t♦♣✮ ❛♥❞ ❢♦r λ = 0.01 ✭❜♦tt♦♠✮✳ ❘❡s✉❧ts
❛r❡ ♣r❡s❡♥t❡❞ ❢♦r ❛ ❈❛✉❝❤② r❛♥❞♦♠ ✇❛❧❦ ✇✐t❤ st❡♣ s✐③❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✱ ❛♥❞

❢♦r (T
(1)
n )n≥1 ✇✐t❤ T

(1)
0 = 5000 ✭❧❡❢t✮ ❛♥❞ ❢♦r (T

(4)
n )n≥1 ✇✐t❤ T

(4)
0 = 0.01 ✭r✐❣❤t✮✳

❚❤❡ ♣❧♦ts s❤♦✇ min{ϕ̃2(x
n), n ∈ 1 : 217} ♦❜t❛✐♥❡❞ ❜② ❙❆ ✭✇❤✐t❡ ❜♦①❡s✮ ❛♥❞ ◗▼❈✲

❙❆ ❢♦r ❡❛❝❤ st❛rt✐♥❣ ✈❛❧✉❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r d1 = 100 ❧♦❝❛t✐♦♥s✳ ❋♦r
❡❛❝❤ st❛rt✐♥❣ ✈❛❧✉❡ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠ ✐s r✉♥ ♦♥❧② ♦♥❝❡ ❛♥❞ t❤❡ ◗▼❈✲❙❆
❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❙♦❜♦❧✬ s❡q✉❡♥❝❡✳

✈❛❧✉❡ yn ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ♣♦✐♥ts
❛r❡ ❧✐♠✐t❡❞ ✇❤❡♥ ✇❡ ❣♦ t❤r♦✉❣❤ ❛ (t, d)✲s❡q✉❡♥❝❡ ❛♥❞ t❤❡r❡❢♦r❡ ◗▼❈✲❙❆ ❡①♣❧♦r❡s
t❤❡ st❛t❡ s♣❛❝❡ X1 ♠♦st❧② t❤r♦✉❣❤ ✈❡r② s♠❛❧❧ ♠♦✈❡s ✇❤❡♥ ❛ ❦❡r♥❡❧ ✇✐t❤ ✈❡r② t✐♥②
t❛✐❧s ✐s ✉s❡❞✳ ❆s ❛ t❛❦❡❛✇❛②✱ ✇❤❡♥ t❤❡ ♣r♦♣♦s❛❧ ❦❡r♥❡❧ ❤❛s s♠❛❧❧ ✈❛r✐❛♥❝❡ ❛❧♦♥❣s✐❞❡
❧✐❣❤t t❛✐❧s✱ ❧✐tt❧❡ ❜❡♥❡✜t ✐s ♦❜t❛✐♥❡❞ ❜② ◗▼❈✲❙❆✳

❆❧t♦❣❡t❤❡r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❙❆ ✉♥❛♠❜✐❣✉♦✉s❧② ♦✉t♣❡r❢♦r♠s ◗▼❈✲❙❆ ✐♥ ♦♥❧②
✽ ♦❢ t❤❡ ✺✻ s❝❡♥❛r✐♦s ✉♥❞❡r st✉❞② ✭❋✐❣✉r❡s ✶❞✲✶❢ ✇✐t❤ σ = 1✱ ❛♥❞✱ ✐♥ ❆♣♣❡♥❞✐① ❊✱
❋✐❣✉r❡ ✸❝ ✇✐t❤ σ = 1✱ ❋✐❣✉r❡ ✹❛ ✇✐t❤ σ = 1 ❛♥❞ ❋✐❣✉r❡s ✹❜✲✹❞ ✇✐t❤ σ = 0.01✮✳
❍♦✇❡✈❡r✱ ♥♦♥❡ ♦❢ t❤❡s❡ s✐t✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ❛ ❣♦♦❞ ✭❛♥❞ ❤❡♥❝❡ ❞❡s✐r❛❜❧❡✮
♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ ❙❆✳



✶✽ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

✻✳✷ ❊①❛♠♣❧❡ ✷✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ s♣❛t✐❛❧ st❛t✐st✐❝s

▲❡t {Y (x) : x ∈ R2} ❜❡ ❛ s♣❛t✐❛❧ ♣r♦❝❡ss ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣
t❤❡ ✈❛r✐♦❣r❛♠ E(|Y (xi)− Y (xj)|

2) ❢♦r i, j ∈ 1 : d1✳ ❲❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ❛ss✉♠❡❞
t♦ ❜❡ st❛t✐♦♥❛r②✱ t❤✐s ❡st✐♠❛t✐♦♥ ✐s t②♣✐❝❛❧❧② str❛✐❣❤t❢♦r✇❛r❞✳ ❍♦✇❡✈❡r✱ ❢♦r ♠♦st
r❡❛❧✲✇♦r❧❞ s♣❛t✐❛❧ ♣r♦❜❧❡♠s ❛r✐s✐♥❣ ✐♥ ❝❧✐♠❛t♦❧♦❣②✱ ❡♥✈✐r♦♥♠❡tr✐❝s✱ ❛♥❞ ❡❧s❡✇❤❡r❡✱
✐♥❢❡r❡♥❝❡ ✐s ♠✉❝❤ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss {Y (x) : x ∈ R2} ✐s
✐♥❤❡r❡♥t❧② ♥♦♥st❛t✐♦♥❛r②✳

❆ s✐♠♣❧❡ ✇❛② t♦ ♠♦❞❡❧✐♥❣ ♥♦♥st❛t✐♦♥❛r② s♣❛t✐❛❧ ♣r♦❝❡ss❡s ✐s t♦ ✉s❡ ❛ ❞✐♠❡♥s✐♦♥
❡①♣❛♥s✐♦♥ ❛♣♣r♦❛❝❤✱ ❛s ♣r♦♣♦s❡❞ ❜② ❇♦r♥♥ ❡t ❛❧✳ ❬✻❪✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱
✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss {Y ([x, z]) : [x, z] ∈ R3} ✐s st❛t✐♦♥❛r②❀ t❤❛t ✐s✱ ❛❞❞✐♥❣
♦♥❧② ♦♥❡ ❞✐♠❡♥s✐♦♥ ✐s ❡♥♦✉❣❤ t♦ ❣❡t ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss✳ ❚❤✉s✱ t❤❡ ✈❛r✐♦❣r❛♠ ♦❢
t❤✐s ♣r♦❝❡ss ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥ i ❛♥❞ j ❛♥❞ ❝❛♥ ❜❡
♠♦❞❡❧❧❡❞✱ ❡✳❣✳✱ ✉s✐♥❣ t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧

γφ1,φ2
([x1, z1], [x2, z2]) = φ1(1− exp{−‖[x1, z1]− [x2, z2]‖/φ2})

✇❤❡r❡ φ1 ❛♥❞ φ2 ❛r❡ t✇♦ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❧❡❛r♥❡❞ ❢r♦♠ t❤❡ ❞❛t❛✳
❆ss✉♠✐♥❣ t❤❛t ✇❡ ❤❛✈❡ M ≥ 2 ♦❜s❡r✈❛t✐♦♥s {ym,i}

M
m=1 ❛t ❧♦❝❛t✐♦♥ i ∈ 1 : d1✱

t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ϕ̃λ : X2 := R+×R+×Rd1 →
R+✱ ❞❡✜♥❡❞ ❜②

ϕ̃λ(φ1, φ2, z) =

d1∑

1≤i<j

{
v
(ij)
M − γφ1,φ2

([xi, zi], [xj , zj ])
}2

+ λ‖z‖1 ✭✺✮

✇❤❡r❡ λ > 0 ❝♦♥tr♦❧ t❤❡ r❡❣✉❧❛r✐t② ♦❢ z ❛♥❞ ✇❤❡r❡ v
(ij)
M = M−2 ∑M

m,m′=1 |ym,i −

ym′,j |
2 ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐s♣❡rs✐♦♥ ❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥s i ❛♥❞ j✳ ◆♦t❡ t❤❛t

ϕ̃λ ✐s ♥♦♥✲❞✐✛❡r❡♥t✐❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ L1✲♣❡♥❛❧t② ❛♥❞ ✐s ❜♦t❤ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧
✭✇✐t❤ 1 ♣❛r❛♠❡t❡r ♣❡r ♦❜s❡r✈❛t✐♦♥✮ ❛s ✇❡❧❧ ❛s ♥♦♥❧✐♥❡❛r ✭❞✉❡ t♦ ✇❛② t❤❡ ❧❛t❡♥t
❧♦❝❛t✐♦♥s ❢❛❝t♦r ✐♥t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ✈❛r✐♦❣r❛♠✮✳ ❚♦ ❢✉rt❤❡r ❝♦♠♣❧✐❝❛t❡ ♠❛tt❡rs✱
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✬s ♠✐♥✐♠✉♠ ✐s ♦♥❧② ✉♥✐q✉❡ ✉♣ t♦ r♦t❛t✐♦♥ ❛♥❞ s❝❛❧✐♥❣ ♦❢ t❤❡
❧❛t❡♥t ❧♦❝❛t✐♦♥s✳

❋♦❧❧♦✇✐♥❣ ❇♦r♥♥ ❡t ❛❧✳ ❬✻❪✱ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② s✐♠✉❧❛t✐♥❣ ❛ ●❛✉s✲
s✐❛♥ ♣r♦❝❡ss✱ ✇✐t❤ d1 = 100 ❧♦❝❛t✐♦♥s ♦♥ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❤❛❧❢✲❡❧❧✐♣s♦✐❞ ❝❡♥t❡r❡❞
❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ M = 1000✳ ❲❡ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✺✮ ✉s✐♥❣ ❜♦t❤
❙❆ ❛♥❞ ◗▼❈✲❙❆ ✇✐t❤ ❛ ❈❛✉❝❤② r❛♥❞♦♠ ✇❛❧❦ ❞❡✜♥❡❞ ❜②

K(x, dy) =
(
⊗2

i=1f
(1)
R+ (yi, xi, σ

(i))dyi
)
⊗

(
⊗d

i=3f
(1)
R

(yi, xi, σ
(i))dyi

)

✇❤❡r❡ f
(1)
I (·, µ, σ̃) ✐s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❢♦r

(σ(1), . . . , σ(d)) = σ ×
(
0.1, 0.1, 0.5 σ̂M (y·,1), . . . , 0.5σ̂M (y

·,d1
)
)
,

✇❤❡r❡ σ̂M (y
·,i) ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s {ym,i}

M
m=1 ❛t

❧♦❝❛t✐♦♥ i ∈ 1 : d1✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ ❢♦r σ ∈ {0.005, 0.01, 0.03, 0.05}

❛♥❞ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡s (T
(1)
n )n≥1 ❣✐✈❡♥ ✐♥ ✭✸✮ ❛♥❞ ❢♦r (T

(4)
n )n≥1

❞❡✜♥❡❞ ❜② T
(4)
n = T

(4)
0 / log(n+C(4))✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✮✱ t❤❡

s❡q✉❡♥❝❡ (T
(4)
n )n≥1 ✐s s✉❝❤ t❤❛t ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r ❙❆ ♦♥ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡s



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✶✾

❡①✐st ❜✉t t❤❡ ❝♦♥st❛♥ts T
(4)
0 ❛♥❞ C(4) ❛r❡ ♠♦❞❡❧ ❞❡♣❡♥❞❡♥t ❛♥❞ ✐♥tr❛❝t❛❜❧❡✳ ■♥ t❤✐s

s✐♠✉❧❛t✐♦♥ st✉❞②✱ ✇❡ t❛❦❡ T
(1)
0 = 5000✱ T

(4)
0 = 0.1 ❛♥❞ C(4) = 100✳ ❚❤❡s❡ ✈❛❧✉❡s

❛r❡ ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ s♦♠❡ ♣✐❧♦t r✉♥s ♦❢ ❙❆ ❛♥❞ ◗▼❈✲❙❆ ❢♦ λ = 0.1✳ ◆♦t❡ ❛❧s♦

t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ T
(1)
0 ✱ T

(4)
0 ❛♥❞ C(4) ❛r❡ s✉❝❤ t❤❛t T

(1)
N ≈ T

(4)
N ✱ ✇❤❡r❡ N = 217

✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞②✳
❋✐❣✉r❡s ✷❛✲✷❜ s❤♦✇s t❤❡ ✈❛❧✉❡s ♦❢ min{ϕ̃λ(x

n), n ∈ 0 : N} ♦❜t❛✐♥❡❞ ❜② ❙❆
❛♥❞ ◗▼❈✲❙❆ ✇❤❡♥ ❢♦r λ = 0.1 ❛♥❞ ❢♦r ✶ ✵✵✵ ❞✐✛❡r❡♥t st❛rt✐♥❣ ✈❛❧✉❡s x0 =
(ϕ0,1:2, z0,1:d1

) s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ X2 ❛s ❢♦❧❧♦✇s✿

ϕ0,1 ∼ U(0, 2), ϕ0,2 ∼ U(0, 2), z0,i ∼ N (0, 1), i ∈ 1 : d1.

▲♦♦❦✐♥❣ ✜rst ❛t ❋✐❣✉r❡ ✷❜✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❙❆ ♣❡r❢♦r♠s r❡❧❛t✐✈❡❧② ✇❡❧❧ ✇❤❡♥ t❤❡

s❡q✉❡♥❝❡ (T
(4)
n )n≥1 ✐s ✉s❡❞ ✭t♦❣❡t❤❡r ✇✐t❤ σ ∈ {0.01, 0.03}✮✳ ❚❤❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡

♦❢ ❙❆ ✐♥ t❤✐s ❝❛s❡ ✐s ♥♦t s✉r♣r✐s✐♥❣ s✐♥❝❡ T
(4)
0 ❛♥❞ C(4) ❛r❡ ❝❛❧✐❜r❛t❡❞ s✉❝❤ t❤❛t

❙❆ ✇♦r❦s ✇❡❧❧ ✇❤❡♥ λ = 0.1✳ ❍♦✇❡✈❡r✱ ✇❡ r❡♠❛r❦ t❤❛t✱ ❢♦r t❤✐s s❡q✉❡♥❝❡ ♦❢
t❡♠♣❡r❛t✉r❡s✱ ◗▼❈✲❙❆ ♦✉t♣❡r❢♦r♠s ❙❆ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ σ✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞

❢♦r t❤❡ s❡q✉❡♥❝❡ (T
(1)
n )n≥1 ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷❛✳ ■❢ ✐♥ t❤✐s ❝❛s❡ ❙❆ ♣❡r❢♦r♠s

♣♦♦r❧②✱ ❛♥❞ ❛s ❢♦r t❤❡ s❡q✉❡♥❝❡ (T
(4)
n )n≥1✱ ◗▼❈✲❙❆ ♣r♦✈✐❞❡s ❛ s♠❛❧❧ ❡rr♦r ❢♦r

t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡ ✶ ✵✵✵ ❞✐✛❡r❡♥t st❛r✐♥❣ ✈❛❧✉❡s ✭✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ σ ∈
{0.005, 0.01}✮✳

■♥ ♣r❛❝t✐❝❡✱ ♦♥❡ ♦❢t❡♥ ♠✐♥✐♠✐③❡s ϕ̃λ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ λ ♣❛r❛♠❡t❡r✱
✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r z ∈ Rd1 ✳ ■t ✐s t❤❡r❡❢♦r❡
✐♠♣♦rt❛♥t t❤❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ ❛t ❤❛♥❞ r❡♠❛✐♥s ❡✣❝✐❡♥t ❢♦r ❞✐✛❡r❡♥t ✈❛❧✲
✉❡s ♦❢ λ✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ◗▼❈✲❙❆ ❛♥❞ ❙❆ t♦ t❤✐s ♣❛r❛♠❡t❡r✱ ❋✐❣✉r❡s
✷❝✲✷❞ s❤♦✇ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ λ = 0.01✳ ❋♦r ❜♦t❤ s❡q✉❡♥❝❡s ♦❢ t❡♠♣❡r❛t✉r❡s✱ ✇❡
♦❜s❡r✈❡ t❤❛t ❙❆ ✐s ♠✉❝❤ ❧❡ss ❡✣❝✐❡♥t t❤❛♥ ✇❤❡♥ λ = 0.1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡s✉❧ts

❢♦r t❤❡ s❡q✉❡♥❝❡ (T
(4)
n )n≥1 ✭❋✐❣✉r❡ ✷❞✮ s✉❣❣❡st t❤❛t ❙❆ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡

❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡ ✐♥ t❤✐s ❡①❛♠♣❧❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ◗▼❈✲❙❆ ♣❡r❢♦r♠s ✇❡❧❧ ✐♥ ❛❧❧
❝❛s❡s ❛♥❞ ♦✉t♣❡r❢♦r♠s ✭❢r♦♠ ❢❛r✮ ❙❆ ❢♦r t❤❡ t✇♦ s❡q✉❡♥❝❡s ♦❢ t❡♠♣❡r❛t✉r❡s ❛♥❞
❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ σ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❢♦r t❤✐s ♥✉♠❡r✐❝❛❧ st✉❞②✳

❚❤❡ ♠❛✐♥ ♠❡ss❛❣❡ ♦❢ t❤✐s ❡①❛♠♣❧❡ ✐s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ◗▼❈✲❙❆ ♦♥
✉♥❜♦✉♥❞❡❞ s♣❛❝❡s ✐s ✈❡r② r♦❜✉st t♦ ❞✐✛❡r❡♥t ❝❤♦✐❝❡ ♦❢ st❡♣✲s✐③❡ σ ❛♥❞ ♦❢ t❤❡ ❝♦♦❧✐♥❣
s❝❤❡❞✉❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t✉♥✐♥❣ ◗▼❈✲❙❆ ✐s ♠✉❝❤ s✐♠♣❧❡r t❤❛♥ ❢♦r ❙❆ ❛❧❣♦r✐t❤♠s✳
❚❤❡ r❡s✉❧ts ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ s❡❡♠ t♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ◗▼❈✲❙❆ ♦♥
✉♥❜♦✉♥❞❡❞ s♣❛❝❡s ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❢♦r (Tn)n≥1 t❤❛♥
❢♦r ❝♦♠♣❛❝t s♣❛❝❡s ✭s❡❡ ❚❤❡♦r❡♠ ✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s s✉❣❣❡sts t❤❛t t❤❡r❡ ❡①✐sts ❛
✉♥✐✈❡rs❛❧ s❡q✉❡♥❝❡ ♦❢ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡s ✇❤✐❝❤ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ◗▼❈✲❙❆
♦♥ ♥♦♥✲❝♦♠♣❛❝t s♣❛❝❡✳ ❍♦✇❡✈❡r✱ ❢✉rt❤❡r r❡s❡❛r❝❤ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s ♥❡❡❞❡❞✳

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ s❤♦✇ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❛❧❣♦r✐t❤♠s ❝❛♥
❜❡ ❣r❡❛t❧② ✐♠♣r♦✈❡❞ t❤r♦✉❣❤ ❞❡r❛♥❞♦♠✐③❛t✐♦♥✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧
st✉❞② ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦ ✇❡ ♥❡✈❡r ♦❜s❡r✈❡ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❙❆ ♣❡r❢♦r♠s
✇❡❧❧ ✇❤✐❧❡ ◗▼❈✲❙❆ ♣❡r❢♦r♠s ♣♦♦r❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡
s❝❡♥❛r✐♦s ✉♥❞❡r st✉❞②✱ ◗▼❈✲❙❆ t✉r♥s ♦✉t t♦ ❜❡ ♠✉❝❤ ❜❡tt❡r t❤❛♥ ♣❧❛✐♥ ▼♦♥t❡
❈❛r❧♦ ❙❆✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② tr✉❡ ✐♥ t❤❡ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡ ♣r♦♣♦s❡❞ ✐♥



✷✵ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

t❤✐s ✇♦r❦ ✇❤❡r❡ ✐♥ ♠♦st ❝❛s❡s ♣❧❛✐♥ ❙❆ ❢❛✐❧s t♦ ♣r♦✈✐❞❡ ❛ s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥ t♦
t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❧❡ ◗▼❈✲❙❆ ❞♦❡s✳

❖✉r t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛❧s♦ ❛❞✈❛♥❝❡ t❤❡ ❝✉rr❡♥t ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ s✐♠✉❧❛t❡❞
❛♥♥❡❛❧✐♥❣ ❛♥❞ r❡❧❛t❡❞ ❛❧❣♦r✐t❤♠s✱ ❞❡♠♦♥str❛t✐♥❣ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ ♥♦
♦❜❥❡❝t✐✈❡✲❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♦❧✐♥❣ s❝❤❡❞✉❧❡✳ ❚❤❡s❡ r❡s✉❧ts ❛❧s♦ ❤♦❧❞ ❢♦r
❝❧❛ss✐❝❛❧ ❙❆ ✉♥❞❡r ♠✐♥✐♠❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❋✉rt❤❡r✱ t❤❡
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❡①t❡♥❞ ❜❡②♦♥❞ ❙❆ t♦ ❛ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s
✐♥❝❧✉❞✐♥❣ t❤r❡s❤♦❧❞ ❛❝❝❡♣t✐♥❣✳

❋✉t✉r❡ r❡s❡❛r❝❤ s❤♦✉❧❞ st✉❞② ◗▼❈✲❙❆ ♦♥ ♥♦♥ ❝♦♠♣❛❝t s♣❛❝❡s ❛♥❞ ❡①t❡♥❞
◗▼❈✲❙❆ t♦ ♦t❤❡r t②♣❡s ♦❢ ▼❛r❦♦✈ ❦❡r♥❡❧s✳ ❈♦♥❝❡r♥✐♥❣ t❤✐s ✜rst ♣♦✐♥t✱ ✐t ✐s ♦❢
❣r❡❛t ✐♥t❡r❡st t♦ ❝❤❡❝❦ ✐❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ◗▼❈✲❙❆ ♦♥ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡s ❝❛♥✱
❛s ✐t ✐s t❤❡ ❝❛s❡ ❢♦r ❝♦♠♣❛❝t s♣❛❝❡s✱ ❜❡ ❣✉❛r❛♥t❡❡❞ ❢♦r ❛ ✉♥✐✈❡rs❛❧ ✭✐✳❡✳ ♥♦t ♠♦❞❡❧
❞❡♣❡♥❞❡♥t✮ s❡q✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡s✳ ❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s✉❣❣❡st t❤❛t t❤✐s ✐s
✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❛♥❞ t❤❡r❡❢♦r❡ s❤♦✉❧❞ ❡♥❝♦✉r❛❣❡ r❡s❡❛r❝❤ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳

■♥ ♠❛♥② ♣r❛❝t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❤♦s❡ ❛r✐s✐♥❣
✐♥ st❛t✐st✐❝s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ♠✉❧t✐♠♦❞❛❧ ❜✉t ❞✐✛❡r❡♥t✐❛❜❧❡✳ ■♥ t❤❛t ❝❛s❡✱
st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t s❡❛r❝❤ ❛❧❣♦r✐t❤♠s ❬s❡❡✱ ❡✳❣✳✱ ✶✸✱ ✶✹❪ ❛r❡ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡s t♦
❙❆ ✇❤✐❝❤✱ ✐♥❢♦r♠❛❧❧②✱ ❝♦rr❡s♣♦♥❞ t♦ ❙❆ ❜❛s❡❞ ♦♥ ❛ ▲❛♥❣❡✈✐♥ t②♣❡ ▼❛r❦♦✈ tr❛♥s✐✲
t✐♦♥s✳ ■♥t✉✐t✐✈❡❧②✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♣r♦✈✐❞❡❞ ❜②
✐ts ❣r❛❞✐❡♥t ✇✐t❤ t❤❡ ❣♦♦❞ ❡q✉✐❞✐str✐❜✉t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ◗▼❈ ♣♦✐♥t s❡ts s❤♦✉❧❞
r❡s✉❧t ✐♥ ❛ ♣♦✇❡r❢✉❧ s❡❛r❝❤ ❛❧❣♦r✐t❤♠✳ ❲❡ ❧❡❛✈❡ t❤✐s ❡①❝✐t✐♥❣ q✉❡st✐♦♥ ❢♦r ❢✉t✉r❡
r❡s❡❛r❝❤✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❚❤❡ ❛✉t❤♦rs ❛❝❦♥♦✇❧❡❞❣❡ s✉♣♣♦rt ❢r♦♠ ❉❆❘P❆ ✉♥❞❡r ●r❛♥t ◆♦✳ ❋❆✽✼✺✵✲✶✹✲✷✲
✵✶✶✼✳ ❚❤❡ ❛✉t❤♦rs ❛❧s♦ t❤❛♥❦ ❈❤r✐st♦♣❤❡ ❆♥❞r✐❡✉✱ P✐❡rr❡ ❏❛❝♦❜ ❛♥❞ ❆rt ❖✇❡♥ ❢♦r
✐♥s✐❣❤t❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ✉s❡❢✉❧ ❢❡❡❞❜❛❝❦✳

❆ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

▲❡t n ∈ N✱ (x̃,x′) ∈ X 2✱ δX = 0.5 ❛♥❞ δ ∈ (0, δX ]✳ ❚❤❡♥✱ ❜② ❆ss✉♠♣t✐♦♥ ✭A1✮✱ F
−1
K (x̃,un

1 ) ∈
Bδ(x

′) ✐❢ ❛♥❞ ♦♥❧② ✐❢ un
1 ∈ FK(x̃, Bδ(x

′))✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t✱ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡r❡

❡①✐sts ❛ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡ W (x̃,x′, δ) ⊂ [0, 1)d s✉❝❤ t❤❛t W (x̃,x′, δ) ⊆ FK(x, Bδ(x
′)) ❢♦r ❛❧❧

x ∈ BvK(δ)(x̃)✱ ✇✐t❤ vK(·) ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳
❚♦ s❡❡ t❤✐s ♥♦t❡ t❤❛t✱ ❜❡❝❛✉s❡ K(x, dy) ❛❞♠✐ts ❛ ❞❡♥s✐t② K(y|x) ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s

♦♥ t❤❡ ❝♦♠♣❛❝t s❡t X 2✱ ❛♥❞ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥ ✭A2✮✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r i ∈ 1 : d✱

Ki(yi|y1:i−1,x) ≥ K̃ ❢♦r ❛❧❧ (x,y) ∈ X 2 ❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t K̃ > 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥②
δ ∈ [0, 0.5] ❛♥❞ (x,y) ∈ X 2✱

FKi

(

x′
i + δ|x, y1:i−1

)

− FKi

(

x′
i − δ|x, y1:i−1

)

≥ K̃δ, ∀i ∈ 1 : d ✭✻✮

✇❤❡r❡ FKi
(·|x, y1:i−1) ❞❡♥♦t❡s t❤❡ ❈❉❋ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Ki(x, y1:i−1, dyi)✱ ✇✐t❤

t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t FKi
(·|x, y1:i−1) = FK1 (·|x) ✇❤❡♥ i = 1✳ ◆♦t❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢

✭✻✮ ✐s K̃δ ❛♥❞ ♥♦t 2K̃δ t♦ ❡♥❝♦♠♣❛ss t❤❡ ❝❛s❡ ✇❤❡r❡ ❡✐t❤❡r x′
i − δ 6∈ [0, 1] ♦r x′

i + δ 6∈ [0, 1]✳
✭◆♦t❡ ❛❧s♦ t❤❛t ❜❡❝❛✉s❡ δ ≤ 0.5 ✇❡ ❝❛♥♥♦t ❤❛✈❡ ❜♦t❤ x′

i − δ 6∈ [0, 1] ❛♥❞ x′
i + δ 6∈ [0, 1]✳✮

❋♦r i ∈ 1 : d ❛♥❞ δ′ > 0✱ ❧❡t

ωi(δ
′) = sup

(x,y)∈X2, (x′,y′)∈X2

‖x−x
′‖∞∨‖y−y

′‖∞≤δ′

|FKi
(yi|x, y1:i−1)− FKi

(

y′i|x
′, y′1:i−1

)

|



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✷✶

❜❡ t❤❡ ✭♦♣t✐♠❛❧✮ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ FKi
(·|·)✳ ❙✐♥❝❡ FKi

✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡

❝♦♠♣❛❝t s❡t [0, 1]d+i✱ t❤❡ ♠❛♣♣✐♥❣ ωi(·) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ωi(δ
′) → 0 ❛s δ′ → 0✳ ■♥ ❛❞❞✐t✐♦♥✱

❜❡❝❛✉s❡ FKi
(·|x, y1:i−1) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1] ❢♦r ❛❧❧ (x,y) ∈ X 2✱ ωi(·) ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1]✳ ▲❡t K̃ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t✱ ❢♦r i ∈ 1 : d✱ 0.25K̃δX ≤ wi(1) ❛♥❞ ❧❡t

δ̃i(·) ❜❡ t❤❡ ♠❛♣♣✐♥❣ z ∈ (0, δX ] 7−→ δ̃i(z) = ω−1
i (0.25K̃z)✳ ❘❡♠❛r❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ δ̃i(·)

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (x̃,x′) ∈ X 2✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, δX ] ❛♥❞ s✉❝❤ t❤❛t

δ̃i(δ
′) → 0 ❛s δ′ → 0✳
❋♦r x ∈ X ✱ δ′ > 0 ❛♥❞ δ′i > 0✱ i ∈ 1 : d✱ ❧❡t

Bi
δ′ (x̃) = {x ∈ [0, 1]i : ‖x− x̃1:i‖∞ ≤ δ′} ∩ [0, 1]i

❛♥❞
Bδ′1:i

(x̃) = {x ∈ [0, 1]i : |xj − x̃j | ≤ δ′j , j ∈ 1 : i} ∩ [0, 1]i.

❚❤❡♥✱ ❢♦r ❛♥② δ′ > 0 ❛♥❞ ❢♦r ❛❧❧ (x, y1:i−1) ∈ Bδ̃i(δ)
(x̃)×Bi−1

δ̃i(δ)
(x′)✱ ✇❡ ❤❛✈❡

|FKi

(

x′
i + δ′|x, y1:i−1

)

− FKi

(

x′
i + δ′|x̃, x′

1:i−1

)

| ≤ 0.25K̃δ ✭✼✮

|FKi

(

x′
i − δ′|x, y1:i−1

)

− FKi

(

x′
i − δ′|x̃, x′

1:i−1

)

| ≤ 0.25K̃δ. ✭✽✮

❋♦r i ∈ 1 : d ❛♥❞ δ′ ∈ (0, δX ]✱ ❧❡t δi(δ
′) = δ̃i(δ

′) ∧ δ′ ❛♥❞ ♥♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ δi(·)
✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, δX ]✳ ▲❡t δd = δd(δ) ❛♥❞ ❞❡✜♥❡ r❡❝✉rs✐✈❡❧② δi =
δi(δi+1)✱ i ∈ 1 : (d− 1)✱ s♦ t❤❛t δ ≥ δd ≥ · · · ≥ δ1 > 0✳ ❋♦r i ∈ 1 : d✱ ❧❡t

vi(x̃,x
′, δ1:i) = sup

(x,y1:i−1)∈Bδ1
(x̃)×Bδ1:i−1

(x′)
FKi

(

x′
i − δi|x, y1:i−1

)

❛♥❞
v̄i(x̃,x

′, δ1:i) = inf
(x,y1:i−1)∈Bδ1

(x̃)×Bδ1:i−1
(x′)

FKi

(

x′
i + δi|x, y1:i−1

)

.

❚❤❡♥✱ s✐♥❝❡ FKi
(·|·) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡ s❡t Bδ1 (x̃) × Bδ1:i−1

(x′) ✐s ❝♦♠♣❛❝t✱ t❤❡r❡ ❡①✐sts

♣♦✐♥ts (xi, yi
1:i−1

) ❛♥❞ (x̄i, ȳi1:i−1) ✐♥ Bδ1 (x̃)×Bδ1:i−1
(x′) s✉❝❤ t❤❛t

vi(x̃,x
′, δ1:i) = FKi

(x′
i − δi|x

i, yi
1:i−1

), v̄i(x̃,x
′, δ1:i) = FKi

(

x′
i + δi|x̄

i, ȳi1:i−1

)

.

■♥ ❛❞❞✐t✐♦♥✱ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ δi✬s✱ Bδ1 (x̃) × Bδ1:i−1
(x′) ⊆ Bδ̃i(δi)

(x̃) × Bi
δ̃i(δi)

(x′)

❢♦r ❛❧❧ i ∈ 1 : d✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✻✮✲✭✽✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ i ∈ 1 : d✱

v̄i(x̃,x
′, δ1:i)− vi(x̃,x

′, δ1:i) = FKi
(x′

i + δi|x̄
i, ȳi1:i−1)− FKi

(x′
i − δi|x

i, yi
1:i−1

)

≥ FKi

(

x′
i + δi|x̃, x

′
1:i−1

)

− FKi

(

x′
i − δi|x̃, x

′
1:i−1

)

− 0.5K̃δi

≥ 0.5K̃δi

> 0.

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ i ∈ 1 : d ❛♥❞ ❢♦r ❛❧❧ (x, y1:i−1) ∈ Bδ1 (x̃)×Bδ1:i−1
(x′)✱

[

vi(x̃,x
′, δ1:i), v̄i(x̃,x

′, δ1:i)
]

⊆
[

FKi
(x′

i − δi|x, y1:i−1), FKi
(x′

i + δi|x, y1:i−1)
]

.

▲❡t Sδ = 0.5K̃δ1✳ ❚❤❡♥✱ t❤✐s s❤♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡ W (x̃,x′, δ) ♦❢ s✐❞❡ Sδ
s✉❝❤ t❤❛t

W (x̃,x′, δ) ⊆ FK

(

x, Bδ1:d (x
′)
)

⊆ FK

(

x, Bδ(x
′)
)

, ∀x ∈ BvK(δ)(x̃)

✇❤❡r❡ ✇❡ s❡t vK(δ) = δ1✳ ◆♦t❡ t❤❛t vK(δ) ∈ (0, δ] ❛♥❞ t❤✉s vK(δ) → 0 ❛s δ → 0✱ ❛s r❡q✉✐r❡❞✳
■♥ ❛❞❞✐t✐♦♥✱ vK(·) = δ1 ◦ . . . δd(·) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, δX ] ❜❡❝❛✉s❡ t❤❡
❢✉♥❝t✐♦♥s δi(·)✱ i ∈ 1 : d✱ ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ t❤✐s s❡t✳ ◆♦t❡ ❛❧s♦ t❤❛t vK(·)
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ (x̃,x′) ∈ X 2✳



✷✷ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ❧❡t

kδ =
⌈

t+ d− d log(Sδ/3)/ log b
⌉

✭✾✮

❛♥❞ ♥♦t❡ t❤❛t✱ ✐❢ δ ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ kδ ≥ t + d ❜❡❝❛✉s❡ Sδ → 0 ❛s δ → 0✳ ▲❡t δ̄K ❜❡ t❤❡
❧❛r❣❡st ✈❛❧✉❡ ♦❢ δ′ ≤ δX s✉❝❤ t❤❛t kδ′ ≥ t + d✳ ▲❡t δ ∈ (0, δ̄K ] ❛♥❞ tδ,d ∈ t : (t + d) ❜❡ s✉❝❤

t❤❛t (kδ− tδ,d)/d ✐s ❛♥ ✐♥t❡❣❡r✳ ▲❡t {E(j, δ)}b
kδ−tδ,d

j=1 ❜❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ [0, 1)d ✐♥t♦ ❡❧❡♠❡♥t❛r②

✐♥t❡r✈❛❧s ♦❢ ✈♦❧✉♠❡ btδ,d−kδ s♦ t❤❛t ❛♥② ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡ ♦❢ s✐❞❡ Sδ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡

❡❧❡♠❡♥t❛r② ✐♥t❡r✈❛❧ E(j, δ) ❢♦r ❛ j ∈ 1 : bkδ−tδ,d ✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ jx̃,x′ ∈ 1 : bkδ−tδ,d s✉❝❤
t❤❛t

E(jx̃,x′,, δ) ⊆ W (x̃,x′, δ) ⊆ FK(x, Bδ(x
′)), ∀x ∈ Bv(δ)(x̃).

▲❡t a ∈ N ❛♥❞ ♥♦t❡ t❤❛t✱ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ (t, s)✲s❡q✉❡♥❝❡s ✐♥ ❜❛s❡ b✱ t❤❡ ♣♦✐♥t s❡t

{un}
(a+1)bkδ−1

n=abkδ
✐s ❛ (t, kδ , d)✲♥❡t ✐♥ ❜❛s❡ b ❜❡❝❛✉s❡ kδ > t✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ kδ ≥ tδ,d ≥ t✱

t❤❡ ♣♦✐♥t s❡t {un}
(a+1)bkδ−1

n=abkδ
✐s ❛❧s♦ ❛ (tδ,d, kδ , d)✲♥❡t ✐♥ ❜❛s❡ b ❬✸✹✱ ❘❡♠❛r❦ ✹✳✸✱ ♣✳✹✽❪✳ ❚❤✉s✱

s✐♥❝❡ ❢♦r j ∈ 1 : bkδ−tδ,d t❤❡ ❡❧❡♠❡♥t❛r② ✐♥t❡r✈❛❧ E(j, δ) ❤❛s ✈♦❧✉♠❡ btδ,d−kδ ✱ t❤❡ ♣♦✐♥t s❡t

{un}
(a+1)bkδ−1

n=abkδ
t❤❡r❡❢♦r❡ ❝♦♥t❛✐♥s ❡①❛❝t❧② b

tδd ≥ bt ♣♦✐♥ts ✐♥ E(jx̃,x′,, δ) ❛♥❞ t❤❡ ♣r♦♦❢ ✐s

❝♦♠♣❧❡t❡✳

❇ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

❯s✐♥❣ t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ FKi
(·|·) ❢♦r ❛❧❧ i ∈ 1 : d✱ ❝♦♥❞✐t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮ ✐♥ t❤❡

♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ❤♦❧❞ ✇✐t❤ δ̃i(δ) = δ(0.25K̃/CK)✱ i ∈ 1 : d✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ t❛❦❡ vK(δ) =

δ(0.25K̃/CK)d ∧ δ ❛♥❞ t❤✉s Sδ = δ0.5K̃
(

1 ∧ (0.25K̃/CK)d
)

✳ ❚❤❡♥✱ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r kδ ❢♦❧✲

❧♦✇s ✉s✐♥❣ ✭✾✮ ✇❤✐❧❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r δ̄K ≤ 0.5 r❡s✉❧ts ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ kδ ≥ t + d ❢♦r ❛❧❧
δ ∈ (0, δ̄K ]✳

❈ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸

❲❡ ✜rst st❛t❡ ❛♥❞ ♣r♦✈❡ t❤r❡❡ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✿

▲❡♠♠❛ ✻ ▲❡t X = [0, 1]d ❛♥❞ K : X → P(X ) ❜❡ ❛ ▼❛r❦♦✈ ❦❡r♥❡❧ ✇❤✐❝❤ ✈❡r✐✜❡s ❆ss✉♠♣✲
t✐♦♥s ✭A1✮✲✭A2✮✳ ❚❤❡♥✱ ❢♦r ❛♥② δ ∈ (0, δ̄K ]✱ ✇✐t❤ δ̄K ❛s ✐♥ ▲❡♠♠❛ ✶✱ ❛♥❞ ❛♥② (x̃,x′) ∈
X 2✱ t❤❡r❡ ❡①✐sts ❛ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡ W̄ (x̃,x′, δ) ⊂ [0, 1)d ♦❢ s✐❞❡ S̄δ = 2.5K̄δ✱ ✇✐t❤ K̄ =
maxi∈1:d{supx,y∈X Ki(yi|y1:i−1,x)}✱ s✉❝❤ t❤❛t

FK(x, BvK(δ)(x
′)) ⊆ W̄ (x̃,x′, δ), ∀x ∈ BvK(δ)(x̃) ✭✶✵✮

✇❤❡r❡ vK(·) ✐s ❛s ✐♥ ▲❡♠♠❛ ✶✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❇❡❧♦✇✱ ✇❡ ✉s❡ t❤❡ s❛♠❡
♥♦t❛t✐♦♥ ❛s ✐♥ t❤✐s ❧❛tt❡r✳

▲❡t δ ∈ (0, δ̄K ]✱ (x̃, x′) ∈ X 2 ❛♥❞ ♥♦t❡ t❤❛t✱ ❢♦r ❛♥② (x,y) ∈ X 2✱

FKi
(x′

i + δ|x, y1:i−1)− FKi
(x′

i − δ|x, y1:i−1) ≤ 2K̄δ, i ∈ 1 : d. ✭✶✶✮

▲❡t 0 < δ1 ≤ · · · ≤ δd ≤ δ ❜❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ❛♥❞✱ ❢♦r i ∈ 1 : d✱ ❞❡✜♥❡

ui(x̃,x
′, δ1:i) = inf

(x,y)∈BvK (δ)(x̃),×Bδ1:i−1
(x′)

FKi
(x′

i − δi|x, y1:i−1)

❛♥❞
ūi(x̃,x

′, δ1:i) = sup
(x,y)∈BvK (δ)(x̃),×Bδ1:i−1

(x′)
FKi

(x′
i + δi|x, y1:i−1).



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✷✸

▲❡t i ∈ 1 : d ❛♥❞ (xi,yi), (x̄i, ȳi) ∈ BvK(δ)(x̃)×Bδ1:i−1
(x′) ❜❡ s✉❝❤ t❤❛t

ui(x̃,x
′, δ1:i) = FKi

(x′
i − δi|x

i, yi
1:i−1

), ūi(x̃,x
′, δ) = FKi

(x′
i + δi|x̄

i, ȳi1:i−1).

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✼✮✱ ✭✽✮ ❛♥❞ ✭✶✵✮✱ ✇❡ ❤❛✈❡✱ ∀i ∈ 1 : d✱

0 < ūi(x̃,x
′, δ1:i)− ui(x̃,x

′, δ1:i) = FKi
(x′

i + δi|x̄
i, ȳi1:i−1)− FKi

(x′
i − δi|x

i, yi
1:i−1

)

≤ FKi
(x′

i + δi|x̃, x
′
1:i−1)− FKi

(x′
i − δi|x̃, x

′
1:i−1) + 0.5K̃δi

≤ δi(2K̄ + 0.5K̃)

≤ 2.5δiK̄

✇❤❡r❡ K̃ ≤ K̄ ✐s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ✭◆♦t❡ t❤❛t ūi(x̃,x
′, δ1:i)−ui(x̃,x

′, δ1:i) ✐s ✐♥❞❡❡❞
str✐❝t❧② ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ FKi

(·|x, y1:i−1, ) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1] ❢♦r ❛♥② (x,y) ∈ X 2

❛♥❞ ❜❡❝❛✉s❡ δi > 0✳✮
❚❤✐s s❤♦✇s t❤❛t ❢♦r ❛❧❧ x ∈ BvK(δ)(x̃) ❛♥❞ ❢♦r ❛❧❧ y ∈ Bδ1:i−1

(x′)✱ ✇❡ ❤❛✈❡

[

FKi
(x′

i − δi|x,y), FKi
(x′

i + δi|x,y)
]

⊆
[

ui(x̃,x
′, δ), ūi(x̃,x

′, δ)
]

, ∀i ∈ 1 : d

❛♥❞ t❤✉s t❤❡r❡ ❡①✐sts ❛ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡ W̄ (x̃,x′, δ) ♦❢ s✐❞❡ S̄δ = 2.5δK̄ s✉❝❤ t❤❛t

FK(x, Bδ1:i−1
(x′)) ⊆ W̄ (x̃,x′, δ), ∀x ∈ BvK(δ)(x̃).

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✱ ♥♦t❡ t❤❛t✱ ❜❡❝❛✉s❡ vK(δ) ≤ δi ❢♦r ❛❧❧ i ∈ 1 : d✱

FK(x, BvK(δ)(x
′)) ⊆ FK(x, Bδ1:i−1

(x′)).

▲❡♠♠❛ ✼ ❈♦♥s✐❞❡r t❤❡ s❡t✲✉♣ ♦❢ ▲❡♠♠❛ ✸ ❛♥❞✱ ❢♦r (p, a, k) ∈ N3
+✱ ❧❡t

Ep
a,k =

{

∃n ∈ {abk, . . . , (a+ 1)bk − 1} : xn 6= xabk−1, ϕ(xabk−1) < ϕ∗
}

∩
{

∀n ∈ {abk, . . . , (a+ 1)bk − 1} : xn ∈ (X
ϕ(xabk−1)

)2−p

}

.

❚❤❡♥✱ ❢♦r ❛❧❧ ❢♦r ❛❧❧ k ∈ N✱ t❤❡r❡ ❡①✐sts ❛ p∗k ∈ N s✉❝❤ t❤❛t Pr
(
⋂

a∈N
Ep

a,k

)

= 0 ❢♦r ❛❧❧ p ≥ p∗k✳

Pr♦♦❢ ▲❡t ǫ > 0✱ a ∈ N ❛♥❞ l ∈ R ❜❡ s✉❝❤ t❤❛t l < ϕ∗✱ ❛♥❞ ❢♦r k ∈ N✱ ❧❡t E(k) = {E(j, k)}k
d

j=1

❜❡ t❤❡ s♣❧✐tt✐♥❣ ♦❢ X ✐♥t♦ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡s ♦❢ ✈♦❧✉♠❡ k−d✳

▲❡t p′ ∈ N+✱ δ = 2−p′ ❛♥❞ P l
ǫ,δ ⊆ E(δ) ❜❡ t❤❡ s♠❛❧❧❡st ❝♦✈❡r❛❣❡ ♦❢ (Xl)ǫ ❜② ❤②♣❡r❝✉❜❡s

✐♥ E(δ)❀ t❤❛t ✐s✱ |P l
ǫ,δ| ✐s t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ✐♥ 1 : δ−d s✉❝❤ t❤❛t (Xl)ǫ ⊆ ∪W∈P l

ǫ,δ
✳ ▲❡t

J l
ǫ,δ ⊆ 1 : δ−d ❜❡ s✉❝❤ t❤❛t j ∈ J l

ǫ,δ ✐❢ ❛♥❞ ♦♥❧② ✐❢ E(j, δ) ∈ P l
ǫ,δ ✳ ❲❡ ♥♦✇ ❜♦✉♥❞ |J l

ǫ,δ | ❢♦❧❧♦✇✐♥❣

t❤❡ s❛♠❡ ✐❞❡❛ ❛s ✐♥ ❍❡ ❛♥❞ ❖✇❡♥ ❬✷✵❪✳
❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t M̄ < ∞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ l s✉❝❤ t❤❛t M(Xl) ≤ M̄ ✳

❍❡♥❝❡✱ ❢♦r ❛♥② ✜①❡❞ w > 1 t❤❡r❡ ❡①✐sts ❛ ǫ∗ ∈ (0, 1) ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ l✮ s✉❝❤ t❤❛t λd

(

(Xl)ǫ
)

≤

wM(Xl)ǫ ≤ wM̄ǫ ❢♦r ❛❧❧ ǫ ∈ (0, ǫ∗]✳ ▲❡t ǫ = 2−p✱ ✇✐t❤ p ∈ N s✉❝❤ t❤❛t 2−p ≤ 0.5ǫ∗✱ ❛♥❞ t❛❦❡
δǫ = 2−p−1✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥s (Xl)ǫ ⊆ ∪W∈P l

ǫ,δǫ

⊆ (Xl)2ǫ ❛♥❞ t❤❡r❡❢♦r❡✱ s✐♥❝❡

2ǫ ≤ ǫ∗✱

|J l
ǫ,δǫ

| ≤
λd

(

(Xl)2ǫ
)

λd(E(j, δǫ))
≤

wM̄(2ǫ)d

δdǫ
≤ C̄δ

−(d−1)
ǫ , C̄ := wM̄2d ✭✶✷✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ l✳

◆❡①t✱ ❢♦r j ∈ J l
ǫ,δǫ

✱ ❧❡t x̄j ❜❡ t❤❡ ❝❡♥t❡r ♦❢ E(j, δǫ) ❛♥❞ W l(j, δǫ) = ∪j′∈Jl
ǫ,δǫ

W̄ (x̄j , x̄j′ , δǫ)✱

✇✐t❤ W̄ (·, ·, ·) ❛s ✐♥ ▲❡♠♠❛ ✻✳ ❚❤❡♥✱ ✉s✐♥❣ t❤✐s ❧❛tt❡r✱ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t♦ ♠♦✈❡ ❛t ✐t❡r❛t✐♦♥
n+1 ♦❢ ❆❧❣♦r✐t❤♠ ✶ ❢r♦♠ ❛ ♣♦✐♥t xn ∈ E(jn, δǫ)✱ ✇✐t❤ jn ∈ J l

ǫ,δǫ
✱ t♦ ❛ ♣♦✐♥t xn+1 6= xn s✉❝❤

t❤❛t xn+1 ∈ E(jn+1, δǫ) ❢♦r ❛ jn+1 ∈ J l
ǫ,δǫ

✐s t❤❛t u
n+1
R ∈ W l(jn, δǫ)✳



✷✹ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

▲❡t kδǫ ❜❡ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t ✭✐✮ bk ≤ S̄−d
δǫ

bt✱ ✇✐t❤ S̄δǫ = 2.5K̄δǫ✱ K̄ < ∞✱

❛s ✐♥ ▲❡♠♠❛ ✻✱ ❛♥❞ ✭✐✐✮ (k − t)/d ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ✭✐❢ ♥❡❝❡ss❛r② r❡❞✉❝❡ ǫ t♦ ❢✉❧✜❧ t❤✐s ❧❛st

❝♦♥❞✐t✐♦♥✮✳ ▲❡t E′(δǫ) = {E′(k, δǫ)}b
kδǫ−t

k=1 ❜❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ [0, 1)d ✐♥t♦ ❤②♣❡r❝✉❜❡s ♦❢ ✈♦❧✉♠❡

bt−kδǫ
✳ ❚❤❡♥✱ ❢♦r ❛❧❧ j ∈ J l

ǫ,δǫ
✱ W l(j, δǫ) ✐s ❝♦✈❡r❡❞ ❜② ❛t ♠♦st 2d|J l

ǫ,δǫ
| ❤②♣❡r❝✉❜❡s ♦❢ E′(δǫ)✳

▲❡t ǫ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t kδǫ > t+dR✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ (t, s)R✲s❡q✉❡♥❝❡s
✭s❡❡ ❙❡❝t✐♦♥ ✸✳✶✮✱ ✐t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t✱ ❢♦r ❛❧❧ n ≥ 0✱

Pr
(

un
R ∈ E′(k, δǫ)

)

≤ bt−kδǫ+dR, ∀k ∈ 1 : bk
δǫ−t. ✭✶✸✮

❚❤✉s✱ ✉s✐♥❣ ✭✶✷✮✲✭✶✸✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ kδǫ ✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧ j ∈ J l
ǫ,δǫ

❛♥❞ n ≥ 0✱

Pr
(

un
R ∈ W l(j, δǫ)

)

≤ 2d|J l
ǫ,δǫ

|btbt−kδǫ+dR ≤ C∗δǫ, C∗ = 2dC̄bt+1(2.5K̄)dbdR.

❈♦♥s❡q✉❡♥t❧②✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ǫ ❛♥❞ δǫ✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❡①✐st ❛t ♠♦st 2d ✈❛❧✉❡s
♦❢ j ∈ J l

ǫ,δǫ
s✉❝❤ t❤❛t✱ ❢♦r n ∈ N✱ ✇❡ ❤❛✈❡ xn ∈ E(j, δǫ)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛ p∗ ∈ N ❧❛r❣❡

❡♥♦✉❣❤ ✭✐✳❡✳ ❢♦r ǫ = 2−p∗ s♠❛❧❧ ❡♥♦✉❣❤✮

Pr
(

Ep
a,k|ϕ(x

abk−1) = l
)

≤ bk2dC∗2−p−1, ∀(a, k) ∈ N2, ∀l < ϕ∗, ∀p ≥ p∗

✐♠♣❧②✐♥❣ t❤❛t✱ ❢♦r p ≥ p∗✱

Pr
(

Ep
a,k

)

≤ bk2dC∗2−p−1, ∀(a, k) ∈ N2.

❋✐♥❛❧❧②✱ ❜❡❝❛✉s❡ t❤❡ ✉♥✐❢♦r♠ r❛♥❞♦♠ ♥✉♠❜❡rs zn✬s ✐♥ [0, 1)s t❤❛t ❡♥t❡r ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
(t, s)R✲s❡q✉❡♥❝❡s ❛r❡ ■■❉✱ t❤✐s s❤♦✇s t❤❛t

Pr
(

∩a+m
j=a Ep

j,k

)

≤ (bk2dC∗2−p−1)m, ∀(a,m, k) ∈ N3, ∀p ≥ p∗.

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ❢♦r k ∈ N ❧❡t ρk ∈ (0, 1) ❛♥❞ p∗k ≥ p∗ ❜❡ s✉❝❤ t❤❛t

bk2dC∗2−p−1 ≤ ρk, ∀p > p∗k.

❚❤❡♥✱ Pr
(

∩a∈N Ep
a,k) = 0 ❢♦r ❛❧❧ p ≥ p∗k✱ ❛s r❡q✉✐r❡❞✳

▲❡♠♠❛ ✽ ❈♦♥s✐❞❡r t❤❡ s❡t✲✉♣ ♦❢ ▲❡♠♠❛ ✸✳ ❋♦r k ∈ N✱ ❧❡t Ẽ(dk) = {Ẽ(j, k)}b
dk

j=1 ❜❡ t❤❡

♣❛rt✐t✐♦♥ ♦❢ [0, 1)d ✐♥t♦ ❤②♣❡r❝✉❜❡s ♦❢ ✈♦❧✉♠❡ b−dk✳ ▲❡t kR ∈ (dR + t) : (dR + t + d) ❜❡ t❤❡
s♠❛❧❧❡st ✐♥t❡❣❡r k s✉❝❤ (k − t)/d ✐s ❛♥ ✐♥t❡❣❡r ❛♥❞ s✉❝❤ t❤❛t (k − t)/d ≥ R ❛♥❞✱ ❢♦r m ∈ N✱

❧❡t Im = {mbk
R
, . . . , (m + 1)bk

R
− 1}✳ ❚❤❡♥✱ ❢♦r ❛♥② δ ∈ (0, δ̄K ] ✈❡r✐❢②✐♥❣ kδ > t + d + dR

✭✇✐t❤ δ̄K ❛♥❞ kδ ❛s ✐♥ ▲❡♠♠❛ ✶✮✱ t❤❡r❡ ❡①✐sts ❛ p(δ) > 0 s✉❝❤ t❤❛t

Pr
(

∃n ∈ Im : un
R ∈ Ẽ(j, kδ − tδ,d)

)

≥ p(δ), ∀j ∈ 1 : bkδ−tδ,d , ∀m ∈ N

✇❤❡r❡ tδ,d ∈ t : (t+ d) ✐s s✉❝❤ t❤❛t (kδ − tδ,d)/d ∈ N✳

Pr♦♦❢ ▲❡t m ∈ N ❛♥❞ ♥♦t❡ t❤❛t✱ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ (t, s)R✲s❡q✉❡♥❝❡✱ t❤❡ ♣♦✐♥t s❡t {u
n
∞}n∈Im

✐s ❛ (t, kR, d)✲♥❡t ✐♥ ❜❛s❡ b✳ ❚❤✉s✱ ❢♦r ❛❧❧ j ∈ 1 : bk
R−t✱ t❤✐s ♣♦✐♥t s❡t ❝♦♥t❛✐♥s bt ♣♦✐♥ts ✐♥

Ẽ(j, kR − t) ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ j ∈ 1 : bdR✱ ✐t ❝♦♥t❛✐♥s btbk
R−t−dR = bk

R−dR ≥ 1

♣♦✐♥ts ✐♥ Ẽ(j, dR)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛❧❧ j ∈ 1 : bdR✱ t❤❡ ♣♦✐♥t s❡t {un
R}n∈Im ❝♦♥t❛✐♥s

bk
R−dR ≥ 1 ♣♦✐♥ts ✐♥ Ẽ(j, dR) ✇❤❡r❡✱ ❢♦r ❛❧❧ n ∈ Imi ✱ u

n
R ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ Ẽ(jn, dR)

❢♦r ❛ jn ∈ 1 : bdR✳
■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t ❡❛❝❤ ❤②♣❡r❝✉❜❡ ♦❢ t❤❡ s❡t Ẽ(dR) ❝♦♥t❛✐♥s

bkδ−tδ,d−dR ≥ bkδ−t−d−dR > 1

❤②♣❡r❝✉❜❡s ♦❢ t❤❡ s❡t Ẽ(kδ − tδ,d)✱ ✇❤❡r❡ kδ ❛♥❞ tδ,d ❛r❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳
◆♦t❡ t❤❛t t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡ δ ✐s ❝❤♦s❡♥ s♦ t❤❛t kδ > t+ d+ dR✳ ❈♦♥s❡q✉❡♥t❧②✱

Pr
(

∃n ∈ Im : un
R ∈ Ẽ(j, kδ − tδ,d)

)

≥ p(δ) := bdR+tδ,d−kδ > 0, ∀j ∈ 1 : bkδ−tδ,d

❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✷✺

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✿ ❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥✳ ▲❡t
Ω = [0, 1)N✱ B([0, 1)) ❜❡ t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ ♦♥ [0, 1)✱ F = B([0, 1))⊗N ❛♥❞ P ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ ♦♥ (Ω,F) ❞❡✜♥❡❞ ❜②

P(A) =
∏

i∈N

λ1(Ai), (A1, . . . , Ai . . . ) ∈ B([0, 1))⊗N.

◆❡①t✱ ❢♦r ω ∈ Ω✱ ✇❡ ❞❡♥♦t❡ ❜②
(

Un
R(ω)

)

n≥0
t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ✐♥ [0, 1)d ❞❡✜♥❡❞✱ ❢♦r ❛❧❧

n ≥ 0✱ ❜② ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❡♠♣t② s✉♠s ❛r❡ ♥✉❧❧✮✱

Un
R(ω) =

(

Un
R,1(ω), . . . , U

n
R,d(ω)), Un

R,i(ω) =

R
∑

k=1

ankib
−k + b−Rωnd+i, i ∈ 1 : s.

◆♦t❡ t❤❛t✱ ✉♥❞❡r P✱
(

Un
R

)

n≥0
✐s ❛ (t, d)R✲s❡q✉❡♥❝❡ ✐♥ ❜❛s❡ b✳ ❋✐♥❛❧❧②✱ ❢♦r ω ∈ Ω✱ ✇❡ ❞❡♥♦t❡ ❜②

(

xn
ω

)

n≥0
t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ✐♥ X ❣❡♥❡r❛t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✶ ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡

(

Un
R(ω)

)

n≥0

✐s ✉s❡❞ ❛s ✐♥♣✉t✳
❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛ t❤❡r❡ ❡①✐sts ❛ s❡t Ω1 ∈ F s✉❝❤ t❤❛t P(Ω1) = 1 ❛♥❞

∃ϕ̄ω ∈ R s✉❝❤ t❤❛t lim
n→∞

ϕ
(

xn
ω

)

= ϕ̄ω , ∀ω ∈ Ω1.

▲❡t ω ∈ Ω1✳ ❙✐♥❝❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s✱ ❢♦r ❛♥② ǫ > 0 t❤❡r❡ ❡①✐sts ❛ Nω,ǫ ∈ N s✉❝❤ t❤❛t xn
ω ∈

(Xϕ̄ω )ǫ ❢♦r ❛❧❧ n ≥ Nω,ǫ✱ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t (Xϕ̄ω )ǫ = {x ∈ X : ∃x′ ∈ Xϕ̄ω s✉❝❤ t❤❛t ‖x −
x′‖∞ ≤ ǫ}✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜❡❝❛✉s❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ X ✐s ❝♦♠♣❛❝t✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r
pω,ǫ ∈ N s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❜♦t❤ limǫ→0 pω,ǫ = ∞ ❛♥❞

(Xϕ̄ω )ǫ ⊆ (Xϕ(x′))2−pω,ǫ , ∀x′ ∈ (Xϕ̄ω )ǫ. ✭✶✹✮

◆❡①t✱ ❧❡t x∗ ∈ X ❜❡ s✉❝❤ t❤❛t ϕ(x∗) = ϕ∗✱ kR ∈ (dR + t) : (dR + t + d) ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✽
❛♥❞✱ ❢♦r (p, a, k) ∈ N3

+✱ ❧❡t

Ẽp
a,k =

{

ω ∈ Ω : ∃n ∈ {abk, . . . , (a+ 1)bk − 1} : xn
ω 6= xabk−1

ω , ϕ(xabk−1
ω ) < ϕ∗

}

∩
{

ω ∈ Ω : ∀n ∈ {abk, . . . , (a+ 1)bk − 1} : xn
ω ∈

(

X
ϕ(xabk−1

ω )

)

2−p

}

.

❚❤❡♥✱ ❜② ▲❡♠♠❛ ✼✱ t❤❡r❡ ❡①✐sts ❛ p∗ ∈ N s✉❝❤ t❤❛t P
(

∩a∈N Ẽ
p

a,kR

)

= 0 ❢♦r ❛❧❧ p ≥ p∗✱ ❛♥❞ t❤✉s

t❤❡ s❡t Ω̃2 = ∩p≥p∗
(

X \∩a∈NẼ
p

a,kR

)

✈❡r✐✜❡s P(Ω̃2) = 1✳ ▲❡t Ω2 = Ω1∩ Ω̃2 s♦ t❤❛t P(Ω2) = 1✳

❋♦r ω ∈ Ω2 ❧❡t ǫω > 0 ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t✱ ❢♦r ❛♥② ǫ ∈ (0, ǫω ]✱ ✇❡ ❝❛♥ t❛❦❡ pω,ǫ ≥ p∗ ✐♥
✭✶✹✮✳ ❚❤❡♥✱ ❢♦r ❛♥② ω ∈ Ω2 s✉❝❤ t❤❛t ϕ̄ω < ϕ∗✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (mi)i≥1 ♦❢ (m)m≥1

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ i ≥ 1✱ ❡✐t❤❡r

xn
ω = xmib

kR
−1

ω , ∀n ∈ Imi :=
{

mib
kR

, . . . , (mi + 1)bk
R

− 1
}

♦r

∃n ∈ Imi s✉❝❤ t❤❛t xn
ω 6∈

(

X
ϕ(x

mib
kR

−1
ω )

)

2−pω,ǫ
. ✭✶✺✮

❆ss✉♠❡ ✜rst t❤❛t t❤❡r❡ ❡①✐st ✐♥✜♥✐t❡❧② ♠❛♥② i ∈ N s✉❝❤ t❤❛t ✭✶✺✮ ❤♦❧❞s✳ ❚❤❡♥✱ ❜② ✭✶✹✮✱
t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ω ∈ Ω2 ⊆ Ω1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ω ∈ Ω2 s✉❝❤
t❤❛t ϕ̄ω < ϕ∗ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (mi)i≥1 ♦❢ (m)m≥1 s✉❝❤ t❤❛t✱ ❢♦r ❛ i∗ ❧❛r❣❡ ❡♥♦✉❣❤✱

xn
ω = xmib

kR
−1

ω , ∀n ∈ Imi , ∀i ≥ i∗. ✭✶✻✮

▲❡t Ω̃2 = {ω ∈ Ω2 : ϕ̄ω < ϕ∗} ⊆ Ω2 ✳ ❚❤❡♥✱ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇

t❤❛t P(Ω̃2) = 0✳ ❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ t❤✉s✱ ❢r♦♠ ❤❡♥❝❡❢♦rt❤✱ ✇❡ ❛ss✉♠❡

P(Ω̃2) > 0✳



✷✻ ▼❛t❤✐❡✉ ●❡r❜❡r✱ ▲✉❦❡ ❇♦r♥♥

❚♦ t❤✐s ❡♥❞✱ ❧❡t x∗ ∈ X ❜❡ s✉❝❤ t❤❛t ϕ(x∗) = ϕ∗✱ x ∈ X ❛♥❞ δ ∈ (0, δ̄K ]✱ ✇✐t❤ δ̄K ❛s

✐♥ ▲❡♠♠❛ ✶✳ ❚❤❡♥✱ ✉s✐♥❣ t❤✐s ❧❛tt❡r✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡ F−1
K (x,Un

R(ω)) ∈ Bδ(x
∗)✱

n ≥ 1✱ ✐s t❤❛t Un
R(ω) ∈ W (x,x∗, δ)✱ ✇✐t❤ W (·, ·, ·) ❛s ✐♥ ▲❡♠♠❛ ✶✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❛tt❡r

✇❡ ❦♥♦✇ t❤❛t t❤❡ ❤②♣❡r❝✉❜❡W (x,x∗, δ) ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❤②♣❡r❝✉❜❡ ♦❢ t❤❡ s❡t Ẽ(kδ−tδ,d)✱

✇❤❡r❡ tδ,d ∈ t : (t+ d) ✐s s✉❝❤ t❤❛t (kδ − tδ,d)/d ∈ N ❛♥❞✱ ❢♦r k ∈ N✱ Ẽ(dk) ✐s ❛s ✐♥ ▲❡♠♠❛ ✽✳
❍❡♥❝❡✱ ❜② t❤✐s ❧❛tt❡r✱ ❢♦r ❛♥② δ ∈ (0, δ∗]✱ ✇✐t❤ δ∗ s✉❝❤ t❤❛t kδ∗ > t+ d+ dR ✭✇❤❡r❡✱ ❢♦r δ > 0✱
kδ ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✶✮✱ t❤❡r❡ ❡①✐sts ❛ p(δ) > 0 s✉❝❤ t❤❛t

P

(

ω ∈ Ω : ∃n ∈ Im, F−1
K

(

x,Un
R(ω)

)

∈ Bδ(x
∗)
)

≥ p(δ), ∀(x,m) ∈ X × N

❛♥❞ t❤✉s✱ ✉s✐♥❣ ✭✶✻✮✱ ✐t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t✱ ❢♦r ❛♥② δ ∈ (0, δ∗]✱

P2

(

ω ∈ Ω̃2 : F−1
K

(

xn−1
ω ,Un

R(ω)
)

∈ Bδ(x
∗) ❢♦r ✐♥✜♥✐t❧② ♠❛♥② n ∈ N

)

= 1

✇❤❡r❡ P2 ❞❡♥♦t❡s t❤❡ r❡str✐❝t✐♦♥ ♦❢ P ♦♥ Ω̃2 ✭r❡❝❛❧❧ t❤❛t ✇❡ ❛ss✉♠❡ P(Ω̃2) > 0✮✳
❋♦r δ > 0✱ ❧❡t

Ω′
δ =

{

ω ∈ Ω̃2 : F−1
K (xn−1

ω ,Un
R(ω)) ∈ Bδ(x

∗) ❢♦r ✐♥✜♥✐t❧② ♠❛♥② n ∈ N

}

❛♥❞ ❧❡t p̃∗ ∈ N ❜❡ s✉❝❤ t❤❛t 2−p̃∗ ≤ δ∗✳ ❚❤❡♥✱ t❤❡ s❡t Ω′ = ∩p̃≥p̃∗Ω
′
2−p̃ ✈❡r✐✜❡s P2(Ω′) = 1✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❧❡t ω ∈ Ω′✳ ❚❤❡♥✱ ❜❡❝❛✉s❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ϕ̄ω < ϕ∗✱ t❤❡r❡
❡①✐sts ❛ δ̃ϕ̄ω > 0 s♦ t❤❛t ϕ(x) > ϕ̄ ❢♦r ❛❧❧ x ∈ Bδ̃ϕ̄ω

(x∗)✳ ▲❡t δϕ̄ω := 2−p̃ω,ǫ ≥ δ̃ϕ̄ω ∧ δ̄K ❢♦r

❛♥ ✐♥t❡❣❡r p̃ω,ǫ ≥ p̃∗✳ ◆❡①t✱ t❛❦❡ ǫ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t ✇❡ ❤❛✈❡ ❜♦t❤ Bδϕ̄ω
(x∗)∩ (Xϕ̄ω )ǫ = ∅

❛♥❞ ϕ(x) ≥ ϕ(x′) ❢♦r ❛❧❧ (x,x′) ∈ Bδϕ̄ω
(x∗)× (Xϕ̄ω )ǫ✳

❯s✐♥❣ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ s❡t Bδ̃ϕ̄ω
(x∗) ✐s ✈✐s✐t❡❞ ✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡ ❛♥❞ t❤✉s

ϕ(xn
ω) > ϕ̄ω ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② n ∈ N✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❢❛❝t t❤❛t ϕ(xn

ω) → ϕ̄ω ❛s n → ∞✳

❍❡♥❝❡✱ t❤❡ s❡t Ω′ ✐s ❡♠♣t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s s❤♦✇♥ ❛❜♦✈❡✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ P(Ω̃2) >

0 ✇❡ ❤❛✈❡ P2(Ω′) = 1 ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ Ω′ 6= ∅✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♠✉st ❤❛✈❡ P(Ω̃2) = 0 ❛♥❞ t❤❡
♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❉ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❯s✐♥❣ ▲❡♠♠❛s ✹ ❛♥❞ ✺✱ ✇❡ ❦♥♦✇ t❤❛t ϕ(xn) → ϕ̄ ∈ R ❛♥❞ t❤✉s ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t
ϕ̄ = ϕ∗✳

❆ss✉♠❡ t❤❛t ϕ̄ 6= ϕ∗ ❛♥❞✱ ❢♦r ǫ = 2−p✱ p ∈ N+✱ ❧❡t Nǫ ∈ N✱ pǫ ❛♥❞ δϕ̄ > 0 ❜❡ ❛s ✐♥
t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸ ✭✇✐t❤ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ Nǫ✱ pǫ ❛♥❞ ♦❢ δϕ̄ ♦♥ ω ∈ Ω s✉♣♣r❡ss❡❞ ✐♥ t❤❡
♥♦t❛t✐♦♥ ❢♦r ♦❜✈✐♦✉s r❡❛s♦♥s✮✳

▲❡t x∗ ∈ X ❜❡ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✐③❡r ♦❢ ϕ ❛♥❞ n = anb
kδϕ̄ −1 ✇✐t❤ an ∈ N s✉❝❤ t❤❛t n > Nǫ✳

❋♦r k ∈ N✱ ❧❡t E(k) = {E(j, k)}kj=1 ❜❡ t❤❡ s♣❧✐tt✐♥❣ ♦❢ [0, 1] ✐♥t♦ ❝❧♦s❡❞ ❤②♣❡r❝✉❜❡s ♦❢ ✈♦❧✉♠❡

k−1✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✻✱ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡ ❛ ♠♦✈❡ ❛t ✐t❡r❛t✐♦♥ n′ + 1 ≥ 1 ♦❢

❆❧❣♦r✐t❤♠ ✶ ❢r♦♠ xn′

∈ (Xϕ̄)ǫ t♦ xn′+1 6= xn′

✱ xn′+1 ∈ (Xϕ̄)ǫ ✐s t❤❛t

un′

∞ ∈ W̄ (ǫ) :=
⋃

j,j′∈J
ϕ̄
ǫ,ǫ/2

W̄ (x̄j , x̄j′ , ǫ/2)

✇❤❡r❡✱ ❢♦r j ∈ 1 : (ǫ/2)−d✱ x̄j ❞❡♥♦t❡s t❤❡ ❝❡♥t❡r ♦❢ E(j, ǫ/2)✱ J ϕ̄
ǫ,ǫ/2

✐s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛

✼ ❛♥❞ W̄ (·, ·, ·) ✐s ❛s ✐♥ ▲❡♠♠❛ ✻✳ ◆♦t❡ t❤❛t✱ ✉s✐♥❣ ✭✶✷✮ ✇✐t❤ d = 1✱ |J ϕ̄
ǫ,ǫ/2

| ≤ C∗ ❢♦r ❛ ❝♦♥st❛♥t

C∗ < ∞ ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ✮✳

▲❡t bk
δǫ

❜❡ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r k ≥ t s✉❝❤ t❤❛t bt−k ≥ S̄d
ǫ/2

✱ ✇✐t❤ S̄ǫ/2 ❛s ✐♥ ▲❡♠♠❛ ✻✱ ❛♥❞

❧❡t ǫ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t bk
δǫ

> 2dC∗bt✳ ❚❤❡ ♣♦✐♥t s❡t {un′

∞}
(an+1)bk

δǫ
−1

n′=anbk
δǫ

✐s ❛ (t, kδǫ , d)✲♥❡t

✐♥ ❜❛s❡ b ❛♥❞ t❤✉s t❤❡ s❡t W̄ (ǫ) ❝♦♥t❛✐♥s ❛t ♠♦st 2dC∗bt ♣♦✐♥ts ♦❢ t❤✐s ♣♦✐♥ts s❡t✳ ❍❡♥❝❡✱ ✐❢ ❢♦r



■♠♣r♦✈✐♥❣ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ t❤r♦✉❣❤ ❉❡r❛♥❞♦♠✐③❛t✐♦♥ ✷✼

n > Nǫ ♦♥❧② ♠♦✈❡s ✐♥s✐❞❡ t❤❡ s❡t (Xϕ̄)ǫ ♦❝❝✉r✱ t❤❡♥✱ ❢♦r ❛ ñ ∈ anbk
δǫ

:
(

(an+1)bk
δǫ

−ηǫ−1)
)

✱

t❤❡ ♣♦✐♥t s❡t {xn′

}ñ+ηǫ
n′=ñ

✐s s✉❝❤ t❤❛t xn′

= xñ ❢♦r ❛❧❧ n ∈ ñ : (ñ+ ηǫ)✱ ✇❤❡r❡ ηǫ ≥ ⌊ bk
δǫ

2dC∗2bt
⌋❀

♥♦t❡ t❤❛t ηǫ → ∞ ❛s ǫ → 0✳

▲❡t kǫ0 ❜❡ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r ✇❤✐❝❤ ✈❡r✐✜❡s ηǫ ≥ 2bk
ǫ
0 s♦ t❤❛t {un

∞}ñ+ηǫ
n=ñ ❝♦♥t❛✐♥s ❛t

❧❡❛st ♦♥❡ (t, kǫ0, d)✲♥❡t ✐♥ ❜❛s❡ b✳ ◆♦t❡ t❤❛t kǫ0 → ∞ ❛s ǫ → 0✱ ❛♥❞ ❧❡t ǫ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤
s♦ t❤❛t kǫ0 ≥ kδϕ̄ ✱ ✇✐t❤ kδ ❛s ✐♥ ▲❡♠♠❛ ✶✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✶✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡

n∗ ∈ (ñ+ 1) : (ñ+ ηǫ) s✉❝❤ t❤❛t ỹn
∗

:= F−1
K (xñ, un∗

∞ ) ∈ Bδϕ̄ (x
∗)✳ ❙✐♥❝❡✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

δϕ̄✱ ❢♦r ❛❧❧ (x, x′) ∈ Bδϕ̄ (x
∗)× (Xϕ̄)ǫ✱ ❛♥❞ ❢♦r ǫ s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ ϕ(x) > ϕ(x′)✱ ✐t ❢♦❧❧♦✇s

t❤❛t ϕ(ỹn
∗

) > ϕ(xñ)✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ n ∈ ñ : (ñ + ηǫ) s✉❝❤ t❤❛t xn 6= xñ✱
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t xn = x̃ ❢♦r ❛❧❧ n ∈ ñ : (ñ + ηǫ)✳ ❚❤✐s s❤♦✇s t❤❛t ϕ̄ ✐s ✐♥❞❡❡❞
t❤❡ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ ϕ✳
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❊ ❆❞❞✐t✐♦♥❛❧ ✜❣✉r❡s ❢♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✻✳✶
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