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Abstract We propose and study a version of simulated annealing (SA) on contin-
uous state spaces based on (¢, s) g-sequences. The parameter R € N regulates the
degree of randomness of the input sequence, with the case R = 0 corresponding
to IID uniform random numbers and the limiting case R = oo to (¢, s)-sequences.
Our main result, obtained for rectangular domains, shows that the resulting opti-
mization method, which we refer to as QMC-SA, converges almost surely to the
global optimum of the objective function ¢ for any R € N. When ¢ is univari-
ate, we are in addition able to show that the completely deterministic version of
QMC-SA is convergent. A key property of these results is that they do not re-
quire objective-dependent conditions on the cooling schedule. As a corollary of
our theoretical analysis, we provide a new almost sure convergence result for SA
which shares this property under minimal assumptions on ¢. We further explain
how our results in fact apply to a broader class of optimization methods includ-
ing for example threshold accepting, for which to our knowledge no convergence
results currently exist. We finally illustrate the superiority of QMC-SA over SA
algorithms in a numerical study.

Keywords: Global optimization; Quasi-Monte Carlo; Randomized quasi-Monte
Carlo; Simulated annealing; Threshold accepting

1 Introduction

Simulated annealing (SA) belongs to the class of stochastic optimization tech-
niques, a popular suite of tools to find the global optimum of multi-modal and/or
non-differentiable functions defined on continuous sets [15]. For instance, SA has
been successfully used to solve complicated continuous optimization problems aris-
ing in signal processing [8], antenna array synthesis [17] and thermodynamics [43];
see Locatelli [30] and references therein for more applications of SA on continuous
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state spaces. In addition, since many inferential problems amount to optimizing
an objective function, SA has proved to be useful both with frequentist [see, e.g.,
18, 41, 7] and Bayesian [see, e.g., 4, 24] statistical methods.

In this paper, we propose and study SA algorithms based on quasi-Monte Carlo
(QMC) point sets — informally, sets of points that more evenly cover the unit hy-
percube than uniform random numbers. QMC point sets are already widely used in
numerical analysis to evaluate the integral of a function over a hypercube, and an
important literature on QMC integration error rate has been developed during the
last 30 years [9]. Since QMC point sets are designed to evenly cover hypercubes,
they intuitively should be an efficient alternative to pseudo-random numbers in-
side stochastic optimization routines. However, their use for global optimization is
surprisingly scarce and is mainly limited to quasi-random search and some ad-hoc
improvements thereof; see Section 2.3.1 for a literature review.

More precisely, we develop a SA algorithm (hereafter referred to as QMC-SA)
using as input (¢, s)g-sequences. The parameter R € N regulates the degree of
randomness of the sequence, with the case R = 0 corresponding to IID uniform
random numbers in [0,1)° and the limiting case R = co to (¢, s)-sequences, which
encompass the most classical constructions of QMC sequences such as Sobol’,
Faure and Niederreiter-Xing sequences [see, e.g, 9, Chapter 8]. The case R = oo
(i.e. deterministic QMC-SA) is of particular interest but our main result only holds
for R € N because, for multivariate objective functions, some randomness is needed
to rule out odd behaviours that may be hard to exclude with deterministic point
sets. Note that our convergence result is valid for any R € N. Consequently, only
arbitrary small randomness is needed and thus, as explained below (Section 3.1),
can be omitted in practice. For univariate test functions, our convergence result
also applies for the limiting case R = oo.

For “standard” (i.e. Monte Carlo) SA algorithms, the choice of the cooling
schedule (Th),>1 is a critical one since most convergence results for SA impose
conditions on this sequence that are model-dependent and usually intractable.
This is for instance the case for the almost sure convergence result of Bélisle [5]
on compact spaces or the convergence in probability result of [3] on unbounded
domains.

Regarding this point, the theoretical guarantees of QMC-SA, established on
rectangular spaces, have the advantage to impose no problem-dependent conditions
on the cooling schedule, only requiring one to choose a sequence (Tn),>1 such
that the series > > ;(Tnlogn) is convergent. As a corollary of our analysis, we
show that, under weaker assumptions than in Bélisle [5]’s result, selecting such a
cooling schedule is enough to ensure the almost sure convergence of SA. We also
note that our analysis applies for a broader class of optimization methods, which
in particular encompass SA with arbitrary acceptance probability function and
threshold accepting [10, 31]. To the best of our knowledge, no convergence result
exists for this latter method and thus this paper provides the first theoretical
guarantees for this class of optimization techniques.

From an algorithmic point of view, QMC-SA simply amounts to replacing
the pseudo-random random numbers used as input to SA with points taken from
a (t,s)r-sequence. The cost of generating the first N > 1 points of a (¢, s)r-
sequence is O(N log N) for any R € N and therefore, for a fixed number of function
evaluations, QMC-SA is slower than classical SA algorithms. However, the extra
cost is small because in most cases we can generate points from (¢, s) p-sequences
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using efficient logical operations; further, the cost of simulating these sequences is
typically minuscule in comparison to other algorithmic steps, such as evaluating
the objective function. In addition, and as illustrated below, the deterministic
version of QMC-SA typically requires many fewer function evaluations than SA
to reach the same approximation error.

The rest of the paper is organized as follows. In Section 2 we set the notation
and present the background material necessary to follow this work. The QMC-SA
algorithm is presented in Section 3 and its convergence study is given in Section
4. In Section 5 we discuss some extensions of QMC-SA; in particular, we will
see how our convergence results apply to threshold accepting. Section 6 proposes a
numerical study to compare SA and QMC-SA, notably on a non-differentiable and
high dimensional optimization problem that arises in spatial statistics. Section 7
concludes.

2 Preliminaries

In this section we first set the notation we will use throughout this work before
giving a brief introduction to SA and to QMC methods. In particular, the use
of QMC point sets for global optimization is motivated and discussed in Section
2.3.1.

2.1 Notation

Let X C R? be a measurable set and ¢ : X — R. Then, we write ¢* = sup,c y ¢(x)
the quantity of interest in this work and P(X) the set of all probability measures on
X which are absolutely continuous with respect to Agz(dx), the Lebesgue measure
on R%. Vectors in R? are denoted using bold notation and, for two integers a and
b, b > a, we write a : b the set of integers {a,...,b}. Similarly, x**"V is the set of N
points {x',...,x"} in R? and, for a vector x € RY, z1.; := (z1,...,2:),i € 1:d.
For two real numbers a and b, we will sometimes use the notation a Vb (resp. aAb)
to denote the maximum (resp. the minimum) between a and b.

Let K : X — P(X) be a Markov kernel whose density with respect to the
Lebesgue measure is denoted by K (y|x). We write K; (X, y1:i—1,dy;), ¢ € 1 : d, the
distribution of y; conditional on yi.;—1, relative to K(x,dy) (with the convention
Ki(x,y1:i—1,dy;) = Ki1(x,dy1) when i = 1) and the corresponding density func-
tion is denoted by K;(yi|ly1.i—1,%) (again with the convention K;(yi|ly1:i—1,%X) =
Ki1(y1]|x) when i = 1).

For a distribution # € P(X), we denote by Fr : X — [0,1]¢ (resp. F; ' :
[0,1] — X) its Rosenblatt (resp. inverse Rosenblatt) transformation [40]. When
d = 1, the (inverse) Rosenblatt transformation of w reduces to its (inverse) CDF
and, when d > 1, the i-th component of F: (resp. of F; ') is the CDF (resp. the in-
verse CDF) of component z; conditionally on (z1,...,2;—1). Similarly, for a kernel
K : X — P(X), we denote by Fx(x,-) (resp. Fr'(x,-)) the Rosenblatt (resp. the
inverse Rosenblatt) transformation of the probability measure K(x,dy) € P(X).
We refer the reader e.g. to Gerber and Chopin [16, Section 3.1] for a more detailed
presentation of these mappings.
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Finally, we write Bs(%) C X the ball of radius § > 0 around X € X with
respect to the supremum norm, i.e. Bs(X) = {x € X' : ||x — X||oo < §} N X where,
for vectors z € RY, ||z]|oo = maxic1.q |2il.

2.2 Introduction to simulated annealing

As already mentioned, simulated annealing [see, e.g, 36, for a recent overview | is an
iterative stochastic optimization techniques designed to evaluate the supremum of
a function ¢ : X C RY — R; see Algorithm 1 below for a pseudo-code version of SA.
At iteration n > 1 of SA, and given a current location x" ' € X, a candidate value
y" is generated using the probability distribution K (x"~*,dy) € P(X), where
K : X — P(X) is a Markov kernel. Then, a Metropolis step is performed to decide
whether we move or not to this proposed location. In particular, if y™ increases
the function value, i.e. o(y™) > @(x" '), then we move with probability one to
the location y"”, i.e. x* = y" almost surely. However, some downwards moves
are also accepted in order to escape quickly from local maxima. Given a current
location x" ! and a candidate value y™, the probability to accept a downward
move depends on Tp,, the level of temperature at iteration n. The sequence (Th)n>1
is strictly positive and converges to zero as n — oo, allowing for more exploration
early in the algorithm.

There exist various convergence results for SA algorithms, the vast majority
of them being based on the assumption that the state space is compact; see how-
ever Andrieu et al. [3] for results on non-compact spaces. For compact spaces,
convergence results can be found, e.g., in Bélisle [5], Locatelli [28, 29], Haario and
Saksman [19]; see also Lecchini-Visintini et al. [26] for results on the finite time
behaviour of SA on compact spaces.

2.3 Introduction to quasi-Monte Carlo

As mentioned in the introduction, QMC point sets are sets of points in [0, 1)d that
are more evenly distributed than IID uniform random numbers. There exist in
the QMC literature many different measures of uniformity of a point set u'*" in

[0,1)4, the most popular of them being the star discrepancy, defined as

N d

1(u" €0,b)) — []b:

i=1

D*(ulzN) = sup
be(0,1]¢

)

n

where 1(-) denotes the indicator function. A QMC (or low discrepancy) point set
may be formally defined as a set of points u'*" in [0,1)% such that D*(u'*") =
O(N~'(log N)?%). Note that for a set of ITD uniform random numbers, D*(u'*V) =
O(N~21loglog N) almost surely [see, e.g., 34, p.167]. There exist various con-
structions of QMC point sets u'’Y; see for instance the books of Niederreiter
[34], Dick and Pillichshammer [9] for more details on this topic.
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2.3.1 Quasi-Monte Carlo optimization

If QMC point sets are widely used to evaluate the integral of a function, there has
been remarkably little use of QMC for global optimization, with efforts primarily
limited to QMC versions of random search. We start by discussing this work in
order to motivate why and how the good equidistribution properties of QMC point
sets may be useful to improve stochastic optimization methods.

Consider the problem of computing * for a function ¢ : [0,1) — R. Then,
a simple way to approximate ¢* is to compute m(p, ut) := maxi<np<n @(u”),
where u'*Y is a set of N points in [0, 1)%. Niederreiter [32] shows that, for Lipschitz
functions ¢,

¢ —m(p,utN) < Clp)d(u")

for a constant C(¢) < oo which depends only on ¢ and where

d(ulzN): max min [[u” — x|l
x€[0,1)4 1<n<N

is the dispersion of u'” on [0,1)¢, which measures the maximum distance be-
tween a point in the state space and the points used in the search. Intuitively, the
good partition of the points of a QMC point set inside the unit hypercube should
translate into a small dispersion. And indeed, there exist several constructions of
QMC point sets which verify d(u'") < CN~—'4 for a constant C' < oo, where
the dependence in N > 1 is optimal [34, Theorem 6.8, p.154].

Ad hoc improvements of quasi-random search, designed to improve upon the
non-adaptive N—U/d convergence rate, have been proposed by Niederreiter and
Peart [35], Hickernell and Yuan [21], Lei [27], and Jiao et al. [25], see also Fang
[12] and references therein. Finally, note that QMC optimization has been applied
successfully in statistics for, e.g., maximum likelihood estimation and parameter
estimation in nonlinear regression models [see 11, 12, and references therein| as
well as for portfolio management [38] and power system tuning [1].

In optimization, we often run the algorithm until a given tolerance criterion
is fulfilled, and thus the number of function evaluations is not known in advance.
Therefore, we will focus in this paper on QMC point sets u'*" obtained by taking
the first N points of a sequence (u"),>1. Most constructions of QMC sequences
belong to the class of the so-called (¢, s)-sequences [33] which are, as shown below,
well adapted for optimization and therefore constitute the key ingredient of QMC-
SA.

2.8.2 Definition and main properties of (t, s)-sequences

For integers b > 2 and s > 1, let

&b = { H [ajb_d-", (a; + 1)b_d-7) C[0,1)% aj,dj €N, a; < bh, jel: s}

j=1

be the set of all b-ary boxes (or elementary intervals in base b) in [0,1)°. Then, we
introduce the notion of (¢, s)-sequences through two definitions:
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Definition 1 Let m > 0,5 > 2,0 <t <m and s > 1 be integers. Then, the set
{u"” 2161 of b points in [0,1)° is called a (¢,m, s)-net in base b in every b-ary
box E € £ of volume b*~™ contains exactly b° points of the point set {u”}flgl.
Definition 2 Let b > 2, ¢t > 0, s > 1 be integers. Then, the sequence (u"),>o of
points in [0,1)® is called a (t, s)-sequence in base b if, for any integers a > 0 and
m > t, the set {u"}@ "1

n—abm is a (t,m, s)-net in base b.

An interesting property of (¢, s)-sequences for optimization is that, for any N >
1, the dispersion of the first N points of a (¢, s)-sequence is bounded by C’b,nsN*l/S
for a constant Cp ¢ s < oo [34, Theorem 6.11, p.156], where the dependence in N is
optimal as recalled in the previous subsection. Over (¢, m, s)-nets, the dispersion
is bounded by Cé7t7sb_m/s for a constant Cf, ; . < Cp,¢,s 34, Theorem 6.10, p.156
]. Note that the integer b determines how often sets of points with good coverage
of the hypercube arrive as we go through the sequence, while the parameter ¢ > 0
measures the quality of these sets. In particular, for a given value of s and b, the
smaller ¢ is the better the (¢, m, s)-net spreads over the unit hypercube. However,
for a given value of b > 2 and s, (¢, s)-sequences exist only for some values of ¢ and,
notably, a (0, s)-sequence exists only if b > s [see, e.g., 9, Corollary 4.36, p.141].
We refer the reader to Niederreiter [34, Chapter 4] and Dick and Pillichshammer
[9, Chapter 4] for a more complete exposition of (¢, s)-sequences.

3 Quasi-Monte Carlo simulated annealing

The QMC-SA algorithm we study in this work is presented in Algorithm 1. Note
that, when the input sequences are IID uniform random numbers in [0, 1)‘”1,
Algorithm 1 reduces to standard SA where we have written the simulations of
the candidate value y™ and the Metropolis steps as a function of d + 1 random
numbers using the inverse Rosenblatt transformation of the Markov kernel.

To obtain a QMC version of SA, Algorithm 1 simply amounts to replacing
the pseudo-random numbers used in classical simulated annealing algorithms by
specific QMC sequences, whose choice is crucial for the performance of the opti-
mization routine. The SA algorithm proposed in this work is based on what we
call (¢, s) g-sequences, that we introduce in the the next subsection.

3.1 (t, s) r-sequences: Definition and their use in QMC-SA

Definition 3 Let b > 2, ¢t >0, s > 1 and R € N be integers. Then, we say that
the sequence (u%),>0 of points in [0,1)° is a (¢, s) g-sequence in base b if, for all
n > 0 (using the convention that empty sums are null),

R
n n n n n ;3—k —R _n .
up = (uR1,--,UR,s), uR,iZE apb " +b Tz, 1€1l:s
k=1

where the z["’s are IID uniform random variables in [0,1) and where the digits
ay;’s in {0,...,b— 1} are such that (u%,).>0 is a (¢, s)-sequence in base b.
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Algorithm 1 Generic QMC-SA algorithm to compute sup, ¢ ¢(x)

Input: A starting point x0 € X, a Markov kernel K acting from X to itself, 71 > 0, (u})n>o0,
a (t,d)r-sequence in base b > 2 and (v"),,>¢ a (0, 1)-sequence in base b. -
:forn=1— N do B
Compute y" = Flzl(xnfl7 u’y)
if v" < exp{(p(y™) — ¢(x""1))/Ty} then
X" =y"
else
x" =x
end if
Select Trn+1 € (0, Tx]
end for

n—1

W00~ ULk W N~

The parameter R therefore regulates the degree of randomness of the sequence
(uR)n>0, with the two extreme cases R = 0 and R = oo corresponding, respec-
tively, to a sequence of IID uniform random variables and a completely determin-

istic sequence. For R > t, note that, for all @ € N and for all m € t : R, the set
{u%}(aJrl)bmfl

n=ab™

is a (t,m, s)-net in base b. In addition, for any R < oo and n > 0,
u’% is uniformly distributed in a b-ary box E, € EL of volume b~ *F, whose position
in [0,1)° depends on the deterministic part of u'z.

In practice, one will often use R = 0 or the limiting case R = oo. But, to
rule out some odd behaviours that cannot be excluded due to the deterministic
nature of (¢, s)-sequences, our general consistency result only applies for R € N.
As already mentioned, note that an arbitrary small degree of randomness suffices
to guarantee the validity of QMC-SA since our consistency results holds for all
ReN

However, in practice, the randomization can be omitted. Indeed, SA algorithms
are often run for a maximum of N < oo iterations and, if the result is not satisfac-
tory, instead of increasing NV, it is usually run again using a different starting value
and/or a different input sequence. For most constructions of (¢, s)-sequences (e.g.
Sobol’, Faure and Niederreiter-Xing sequences), aij, = 0 for all k > k,,, where ky,
denotes the smallest integer such that n < b*». Thus, for a fixed N, if one chooses
R > kpn, the randomization is not necessary.

Note also that (t,s)r-sequences contain the practical versions of scrambled
(t, s)-sequences [37]. A scrambled (¢, s)-sequence (@"),>¢ is obtained from a (¢, s)-
sequence (u"),>o by randomly permuting (‘scrambling’) the digits ap,’s of its
components in a way that preserves the equidistribution properties of (u™),>o.
In particular, the random sequence (0"),>o is a (¢, s)-sequence in base b with
probability one and, in addition, @™ ~ U([0,1)°) for all n > 0. The sequence
(0")n>0 has component 4 = > 72 | ay; ~* such that ap; # 0 for all k, 4, s but, in
practice, the infinite sum is truncated and instead we use the sequence (1"),>o,
with component 4] = Zf:“‘f" aR b=k 4 b~ Kmax 21 where, as above, the z"’s are IID
uniform random variables in [0, 1) [see 37].

3.2 Practical implementation

Algorithm 1 simply amounts to replacing the pseudo-random numbers used in
classical simulated annealing algorithms by points taken from a (0, 1)-sequence and
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from a (t, s) r-sequences (ufk)n>0- In practice, the generation of (¢, s)-sequences is
an easy task because most statistical software contain routines to generate them
(e.g. the package randtoolbox in R or the class qrandset in the statistical toolbox
of Matlab). Generating (uf)n>0 for R € Ny is more complicated because one
should act at the digit level. However, as a rough proxy, one can generate (u)n>0
as follows: generate a (t, d)-sequence (u”),>o and set v = u” +b~%712" where
the z™’s are IID uniform random variables in [0, 1)%.

Concerning the computational cost, generating the first /N points of most con-
structions of (t, s)-sequences requires O(N log N) operations [22]. This is slower
than random sampling but the extra cost is particularly small when b = 2 since,
in that case, bits operations can be used to generate the points of the sequence.

Steps 2-7 of Algorithm 1 sample x™ from a distribution K (x" "1, dx) € P(X)
using the point (uf,v™) € [0,1)?*!. Thus, although not required for our consis-
tency results, it seems a good idea to choose the (0, 1)-sequence (v™),>¢ and the
limiting (¢, d)-sequence (u%),>o such that the sequence (v™),>¢ in [0, 1)*™*, with
component v = (ul,,v"), is a (¢, d+1)-sequence. Note that this is a weak require-
ment because most standard constructions of (¢,d + 1)-sequences ((u%,,v"™))n>0,
such as, e.g., the Sobol’ or the Faure sequences [see 9, Chapter 8, a definitions],
are such that (ug,)n>0 and (v™), >0 have the right properties.

Finally, compared to Monte Carlo SA, QMC-SA has the drawback of requiring
Markov kernels K that can be sampled efficiently using the inverse Rosenblatt
transformation approach. However, this is not an important practical limitation
because SA algorithms are often based on (truncated) Gaussian or Cauchy kernels
for which it is trivial to compute the inverse Rosenblatt transformation. Again,
we refer the reader e.g. to Gerber and Chopin [16, Section 3.1] for a detailed
presentation of this sampling strategy.

4 Convergence results

The convergence study of Algorithm 1 is conducted under the assumption that X
is a non-empty closed hyperrectangle of R%. Without loss of generality, we assume
that X = [0,1]¢ in what follows.

Our results require some (weak) regularity assumptions on the Markov kernel in
order to preserve the good equidistribution properties of the QMC sequences. More
precisely, we consider the following two assumptions on K : [0,1]% — P([0,1]%) :

(A1) For a fixed x € X, the i-th component of Fi(x,y) is strictly increasing in
yi €[0,1], 4 € 1:d;

(A2) The Markov kernel K (x, dy) admits a continuous density K (y|x) (with respect
to the Lebesgue measure on [0, 1]¢) such that, for a constant K > 0, K (y|x) >
K for all (x,y) € X2,

Assumption (A1) ensures that, for any x € X, the inverse Rosenblatt transfor-
mation of Fi (x,dy) € P(X) is a well defined function while Assumption (Asz) is
used, e.g., in Bélisle [5].

In the next subsection we state some preliminary results on the dispersion of
point sets obtained by transforming a (¢, s)-sequence through inverse Rosenblatt
transformations. These results provide key insight into how QMC may improve
the performance of SA; readers mostly interested in the main results can however
skip this subsection and go directly to Sections 4.2 and 4.3.
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4.1 Preliminary results

The following lemma provides conditions on the Markov kernel K : X — P(X)
so that the inverse Rosenblatt transformation Fgl(x7 -) converts a low dispersion
point set in [0,1)¢ into a low dispersion point set in X.

Lemma 1 Let X = [0,1]% and (u"),>0 be a (t,d)-sequence in base b > 2. Let
K : X — P(X) be a Markov kernel such that Assumptions (A1)-(A2) hold. Let
(%,x) € X% and y™ = Fgl(i, u™), n > 0. Then, there exists a dx > 0 such that,
for any § € (0,0x], there is a ks € N, ks > t + d, such that, for any a € N, the

kg _
point set {y"}iialb)ki "~ contains at least b’ points in Bs(x'). In addition, dx and

ks do not depend on the point (X,x’) € X2. Moreover, the result remains true if
y" = Fg'(x™,u") withx™ € B, (5)(X) for alln > 0 and where vk : (0,0x] — RT
is independent of (X,x’) € X2, continuous and strictly increasing, and such that
v (6) = 0 as § — 0.

Proof See Appendix A for a proof.

As a corollary, note the following. Let P, j, = {u”}fbkg)l, k > t,bea (t,k,d)-net
in base b > 2 and define

dx(Pyp,%,K)=sup min ||[Fg'(X,u") —x[cc, XEX (1)
xceX n€0:bF—1

as the dispersion of the point set {F,;l(i, u")}:’f;}l in X. Then, under the condi-
tions of the previous lemma, dx (P k, %X, K) — 0 as k — oo, uniformly on X € X.

Lemma 1 provides an iterative random search interpretation of Algorithm 1.
Indeed, at location x™ = %, this latter go through a low dispersion sequence in
the state space X until a candidate value is accepted, and then the process starts
again at this new location. The last part of the lemma shows that it is not a
good idea to re-start the sequence each time we move to a new location because
the point set {Fgl(x”, u”)}f:;fol may have good dispersion properties in X even
when x" # x" for some n,n’ € 0: (b* —1).

It is also worth noting that Lemma 1 gives an upper bound for the jumping time
of the deterministic version of Algorithm 1; that is, for the number m,, of candidate
values required to move from location x™ = X to a new location x"T™" # %.
Indeed, let x* € X be a global maximizer of ¢, 0, = ||x" —x*||oc and assume that
there exists a § € (0,0n) such that p(x) > ¢(x") for all x € Bs(x™). Then, by
the properties of (¢, s)-sequences (see Section 2.3.2), the point set {u’;lo}fn'g’fil,
with ks as in Lemma 1, contains at least one (t, ks, s)-net and thus, by this latter,
there exists at least one m € 1 : 2ks such that 77 = Fgl(i, u” ™) belongs to
Bs(x™). Since p(§™) > ¢(x), we indeed have m, < 2ks < 2k;,,.

It is clear that the speed at which dx (Pp,x,%, K) goes to zero as k increases
depends on the smoothness of the transformation Fgl(x7 ‘), x € X. Thus, it is
sensible to choose K such that dx (P, X, K) goes to zero at the optimal non-
adaptive convergence rate (see Section 2.3.1). The next lemma provides sufficient
conditions for the kernel K to fulfil this requirement.
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Lemma 2 Consider the set-up of Lemma 1 and, in addition, assume that, viewed
as a function of (x,y) € X2, Fx(x,y) is Lipschitz with Lipschitz constant Cx <
oo for the supremum norm. Let

Cx =05K(1A(0.25K/Cr)?), K= i%li?b{(x}?gw Ki(yily1i-1,%)}.
Then, the result of Lemma 1 holds for ks = [t +d — dlog(6Cx/3)/ log bw and for
o = (3/Ck) NO.5.

Proof See Appendix B for a proof.

Let 6, € (0751{] be the size of the smallest ball around x’ € X that can be
reached by the point set {Fgl(i, u™) Y"1 ith k > ks,., X € X and where, as

n=0
k
above, P, , = {u"}? "isa (¢, k, d)-net in base b > 2. Then, under the assumptions

of Lemma 2, 0 = Cb~ %/ for a constant C > 0 independent of x’ and thus
supge v dx (P, %, K) = O(b~F/4) as required.

4.2 General consistency results for QMC-SA

To obtain a convergence result for Algorithm 1 we need some regularity assump-
tions concerning the objective function ¢. To this end, and borrowing an idea
of He and Owen [20] (who study QMC integration of functions restricted to a
non-rectangular set), we impose a condition on the Minkovski content of the level
sets

Koy = {x € X p(x') = p(x)}, x€X.

Definition 4 The measurable set A C X has a (d — 1)-dimensional Minkovski
content if M(A) := limejoe "Aa((A)c) exists and is finite, where, for € > 0, we
use the shorthand (A)e = {x € X :3Ix’ € 4, ||x — x'||oc < €}

The following lemma is the key result to establish the consistency of QMC-SA.

Lemma 3 Consider Algorithm 1 where X = [0, l}d and assume the following
conditions are verified:

1. The Markov kernel K : X — P(X) is such that Assumptions (A1)-(A2) hold;
2. ¢ is continuous on X and such that Sup,c y. ,(z)<p M(Xp(x)) < 00.

Let R € N. Then, if the sequence (¢(x"))n>1 ts almost surely convergent, with
probability one o(x") — ©* as n — oco.

Proof See Appendix C for a proof.

Note that the assumption on the Minkovski content of the level sets notably
implies that ¢ has a finite number of modes.

Thus, if in Algorithm 1 only upward moves are accepted, then the resulting
ascendant algorithm is convergent. To establish the consistency of QMC-SA, we
therefore need to ensure that not too many “large” downward moves are accepted.
This is done by controlling the rate at which the sequence of temperature (T )n>1
converges toward zero, as shown in the next results. We recall that k,, denotes the
smallest integer such that n < b*».
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Lemma 4 Consider Algorithm 1 with X C R? and where (v")n>0 is such that
0" = 0. Then, at iteration n > 1, y" is rejected if p(y™) < @(x" 1) — Tpkn logh.

Proof To prove the lemma, note that for any ¥ € N the point set {vn}ff:_ol is a
(0, k, 1)-net in base b and therefore contains exactly one point in each elementary

k
interval of length b=F. Hence, because v° = 0, the point set {v" %;11 contains no
point in the interval [0,b7%) and thus, for all n > 1, y™ is rejected if

exp ({o(y") — p(x""1)}/Tn) < b "

Lemma 5 Consider Algorithm 1 with X C R? and assume that there erists a
sequence (In)n>1 of positive numbers which verifies .00 1} < co and such that
n

x" = x""1 when p(y™) < o(x""Y) — 11, Then, if ¢ is bounded, the sequence
(e(x™))n>0 is almost surely convergent.

Proof Let ¢ = limsup,, , . p(x") and ¢ = liminf, . ¢(x™). Then, because ¢
is bounded, both @ and ¢ are finite. We now show that, under the conditions of
the lemma, we have @ :795 with probability one. In what follows, although not
explicitly mentioned to save space, all the computations should be understood as
holding with probability one.

Let (x°")s,>0 and (x“"),,>0 be two subsequences such that p(x°*) — @
and p(x"") — . Let € > 0 and N > 1 be such that |p(x°") — ¢| < 0.5¢ and
lp(x") — | < 0.5¢ for all n > N.. Then, for all n > sy, we have

p(x") Zp(x™) = Y It > e 05— Y I

1=SN, 1=SN,

oo
n=sn,

implying that ¢ — ¢ < e+ Z;’iwe I;'. In addition, the series >.°°  I,;' is con-

and, in particular, g—0.5¢—> It < p(xUn) < ©+0.5¢, Vu,, > max(sn,, un, ),
vergent and thus Z;’isN li_1 — 0 as sy, increases. Therefore, there exists a ¢ > 0

and a Ne > 0 for which ¢ — ¢ <e+ 3
indeed have ¢ = @.

171 <0.5(p — ), showing that we

oo
i=sn, +1"%

Using Lemmas 3-5 we deduce the following general consistency result for Al-
gorithm 1:

Theorem 1 Consider Algorithm 1 where X = [0, 1]d. Assume that the assump-
tions of Lemma 38 hold and that, in addition, (v")n>0 is such that v® = 0. Then,
if (Tn)n>1 ts such that > 07 Tnlog(n) < oo, we have, for any R € N and as
n — 00, (X)) = ©* almost surely.

Proof Let 1, = (Tyknlogb)™! and note that, under the assumptions of the the-
orem, »_°° ! < oo. Therefore, by Lemma 4, the sequence (I5,),>0 verifies the
assumptions of Lemma 5. Hence, because the continuous function ¢ is bounded
on the compact space X, the sequence (¢(x")), >0 is almost surely convergent by
Lemma 5 and thus converges almost surely toward the global maximum ¢* by
Lemma 3.
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As already mentioned, this result does not apply for R = oo because at this
degree of generality we cannot rule out the possibility of some odd behaviours
when completely deterministic sequences are used as input of QMC-SA. However,
when d = 1, things become easier and we can show that the result of Theorem 1
holds for the sequence (ut,)n>0

Theorem 2 Consider Algorithm 1 where X = [0,1] and R = co. Assume that ¢,
K and (Tn)n>1 verify the conditions of Theorem 1. Then, p(z") — ¢* asn — oo.

Proof See Appendix D for a proof.

Remark that, when d = 1, the condition on the Minkovski content of the level
sets of ¢ given in Lemma 3 amount to assuming that, for all x € X such that
p(x) < ¢*, there exists a J; > 0 such that ¢(y) # ¢(x) for all y € Bs_(x), y # =.

A key feature of Theorems 1 and 2 is that the condition on the cooling schedules
(Th)n>1 depends neither on ¢ nor on the choice of the Markov kernel K, while
those necessary to ensure the convergence of standard Monte Carlo SA algorithms
usually do. This is for instance the case for the almost sure convergence result of
Bélisle [5, Theorem 3]; see the next subsection. An open question for future research
is to establish if this property of QMC-SA also holds on non-compact spaces, where
convergence of SA is ensured for a sequence (Ty),>1 where T, = To/log(n + C)
and where both To > 0 and C > 0 are model dependent [see 3, Theorem 1]. The
simulation results presented below seem to support this view (see Section 6.2).

Finally, note that the cooling schedule may be adaptive, i.e. T,,+1 may depend
on x”" and that the convergence rate for (T)),>1 implied by Theorem 2 is
coherent with Bélisle [5, Theorem 2] which shows that almost sure convergence
cannot hold if 3°°°  exp(—7,; ') = o0.

4.3 The special case R = 0 and a new convergence result for SA

It is worth noting that Theorem 1 applies for R = 0; that is, when IID uniform
random numbers are used to generate the candidate values at Step 2 of Algorithm
1. Remark that, in this case, the use of the inverse Rosenblatt transformation to
sample from the Markov kernel is not needed. In addition, it is easy to see from
the proof of this result that the assumption on ¢ can be weakened considerably. In
particular, the continuity of ¢ in the neighbourhood of one of its global maximizer
is enough to ensure that, almost surely, p(x") — ¢* (see the next result).

Since Theorem 1 also applies when R = 0, the key to remove the dependence
of the cooling schedule to the problem at hand therefore comes from the sequence
(v")n>0, used in the Metropolis step, which discards candidate values y™ which
are such that p(y") — ¢p(x") is too small (see Lemma 4 above). This observation
allows us to propose a new cousistency result for Monte Carlo SA algorithms on
compact spaces; that is, when Step 2 of Algorithm 1 is replaced by:

2’: Generate y" ~ K(x" ! dy)

and when (v™),>¢ is replaced by a sequence of IID uniform random numbers in
[0,1).
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Theorem 3 Consider Algorithm 1 with R = 0, X C R? a bounded measurable
set, Step 2 replaced by Step 2’ and the sequence (v")p>o replaced by (0")n>0, @
sequence of IID uniform random numbers in [0,1). Assume that the Markov kernel
K : X — P(X) verifies Assumption (A2) and that there exists a x* € X such that
o(x*) = ¢* and such that ¢ is continuous on Bs(x™) for a 6 > 0. Then, if (Tn)n>1
satisfies > o2 | Tnlog(n) < oo, we have, as n — 00, p(x™) = ¢* almost surely.

Proof Let a > 0so that Y.°° | Pr(g" < n~(1+%)) = 3
Borel-Cantelli Lemma, with probability one 3" > n~(1%®) for all n large enough.
Therefore, for n large enough and using similar arguments as in the proof of Lemma
4, y™ is rejected with probability one if p(y™) < @(x"7!) = Tn(1 4 @) (logn) and
hence, by Lemma 5, with probability one there exists a ¢ € R such that p(x") — @.
To show that we almost surely have ¢ = ¢*, let x* be as in the statement of the
theorem. Then, using the fact that the Markov kernel verifies Assumption (As2), it
is easy to see that, with probability one, for any € € Q4+ the set Bc(x™) is visited
infinitely many time by the sequence (y")n>1. Then, the result follows from the
continuity of ¢ around x*.

i n~ (%) < 0. Thus, by

n=

The conditions on X and on ¢ are the same as in the almost sure convergence
result of Bélisle [5, Theorem 3| but the condition on the Markov kernel is weaker.
Finally, this latter result requires that T, < 1/(ney) for a model-dependent and
strictly increasing sequence (€n)n>1, while Theorem 3 establishes the almost sure
convergence of SA for a universal sequence of temperature.

5 A general class of QMC-SA type algorithms

We saw in Section 4.2 that, if only upward moves are accepted in Algorithm 1, then
the resulting ascendant algorithm is convergent. Thus, if one wishes to incorporate
downward moves in the course of the algorithm, we need to control their size and
their frequency. In SA algorithms, downward moves are introduced through the
Metropolis step; suitable assumptions on the sequence of temperatures (Tn)p>1
guarantee the convergence of the algorithm.

Interestingly, our convergence results extend to Algorithm 2 where a more
general device is used to introduce downward moves.

Corollary 1 Consider Algorithm 2 where X = [0, 1]d and assume that K and ¢
verify the assumptions of Theorem 1. Then, if the sequence (In)n>1 s such that
S L Int < oo, we have, for any R € N and as n — oo, p(x") — ¢* almost
surely. In addition, if d =1, p(z™) — ¢* when R = co.

Proof The result for d > 1 is a direct consequence of Lemmas 3 and 5, while the
result for d = 1 can be deduced from Lemma 5 and from the proof of Theorem 2.

The fact that, under the assumptions on (v"), >0 and on (Tr),>1 of Theorems
1 and 2, Algorithm 1 indeed reduces to a particular case of Algorithm 2 which
verifies the assumptions of Corollary 1 is a direct consequence of Lemma 4.

The modification of the exponential acceptance probability function to accel-
erate the convergence of the algorithm is a classical problem in the SA literature,
see e.g. [41] and references therein. Regarding this point, an important aspect of
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Algorithm 2 Generic QMC-8A type algorithm to compute sup, ¢y ¢(x)

Input: A starting point x° € X, a Markov kernel K acting from X to itself, I; > 0 and
(u})n>0, a (t,d)r-sequence in base b > 2.
1: forn=1— N do

2: Compute y" = Flzl(xnfl7 u’)

3: if p(y™) > p(x*~1) then

4: x"=y"

5: else if o(y™) < p(x"~1) — ;' then

6: x" =xn"1

7 else

8: Set x™ = x"~1 or x® = y" according to some rule
9: end if

10: Select lp41 € [ln, 00)

11: end for

the connection between QMC-SA and Algorithm 2 is that, in the Metropolis step
of Algorithm 1, we can replace the exponential function by any strictly increas-
ing function f : R — [0, 1] which satisfies f(0) = 1 and lim;—_ f(t) = 0, and
the convergence results of Section 4 remain valid under the simple condition that
(Tn)n>1 verifies 0% (T f~H(b7F")) < .

Another interesting case of Algorithm 2 is the (QMC version of) Threshold
Accepting (TA) algorithms introduced by Dueck and Scheuer [10], Moscato and
Fontanari [31], where in Step 8 we always set x™ = y". Like SA, TA has been
introduced for optimization problems on finite state spaces but has been success-
fully applied for continuous problems in various fields, for instance see Winker
and Maringer [42] and references therein for applications of TA in statistics and
in economics.

If convergence properties of SA are now well established, to the best of our
knowledge the only convergence result for TA is the one of Althdéfer and Koschnick
[2], obtained for optimization problems on finite spaces. However, their proof is
not constructive in the sense that they only prove the existence of a sequence
of thresholds (l;l)nzl that provides convergence within a ball of size € around
the global solution. To this regards, Corollary 1 therefore constitutes the first
convergence result for this class of algorithms.

6 Numerical Study

The objective of this section is to compare the performance of classical SA (i.e.
Algorithm 1 based on IID random numbers) with QMC-SA to find the global
optimum of functions defined on continuous spaces.

To compare SA and QMC-SA for a large number of different configurations, we
first consider a bivariate toy example for which we perform an extensive simulation
study (Section 6.1). Then, SA and QMC-SA are compared on a difficult optimiza-
tion problem arising in spatial statistics and which involves the minimization of a
non-differentiable function defined on an unbounded space of dimension d = 102
(Section 6.2).

In all the simulations below the comparison between SA and QMC-SA is based
on 1000 starting values sampled independently in the state space. The Monte Carlo
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algorithm is run only once while QMC-SA is implemented using a Sobol’ sequence
as input (implying that b = 2 and R = c0).

6.1 Example 1: Pedagogical example

Following Robert and Casella [39, Example 5.9, p.169] we consider the problem of
minimizing the function $1 : X := [~1,1]*> — R defined by

@1(x1, w2) = (z15in(2022) + w2 sin(20:151))2 cosh (sin(10z1)x1)

2
+ (21 cos(10z2) — 2 sin(lO:zcl))2 cosh (sin(20z2)x2). @
This function has a unique global minimum at (z1,22) = (0,0) and several local
minima on X7; see Robert and Casella [39, p.161] for a grid representation of ¢1.
The comparison between SA and QMC-SA for this optimization problem is based
on the number of iterations that is needed to reach a ball of size 107° around the
global minimum of ¢1. To avoid infinite running time, the maximum number of
iterations we allow is N = 2'7.
The SA and QMC-SA algorithms are implemented for Markov kernels

K(]) (X7 dy) = f[(i)l,l] (yla x1, J)f[(i)l,l] (yQa X2, U)dya .7 € 1= 17 27
where, for j = 1 (resp. j = 2), I(j)(-7 i, &) denotes the density of the Cauchy (resp.
Gaussian) distribution with location parameter p and scale parameter & > 0,
truncated on I C R. Simulations are done for o € {0.01,0.1,1,10}.

We consider three different sequences of temperatures (T,(Lm))nzl, mel:3,
defined by

TV =T (nt e logn) ™, TP =T /m, TP =T (logn)™>  (3)
and where we choose ¢ = 0.001 and
(1) (2) (3)
Ty’ €{20,200,2000}, Ty~ €{2,20,200}, Ty’ € {0.02,0.2,2}. (4)

Note that (T,(LD)nZl is such that results of Theorems 1-3 hold while (T,QQ))”Zl
(resp. (T,({Q’))nzl ) is the standard choice for SA based on Cauchy (resp. Gaussian)
random walks [see, e.g., 23]. However, on compact state spaces, SA based on these
two kernels is such that the sequence ($1(x")),>1 converges in probability to the
global minimum of @1 for any sequence of temperatures (T ), >1 such that 7, — 0
as n — oo [see 5, Theorem 1].

Simulations are performed for different combinations of kernels K U) and tem-
peratures (Tﬁm))nzy For each of these combinations, simulations are done for
all values of Tém) given in (4) and for all o € {0.01,0.01,1,10}. Altogether, we
run simulations for 56 different parametrisations of SA and QMC-SA. The re-
sults presented in this subsection are obtained from 1000 starting values sampled
independently and uniformly on Xj.

Figure 1 shows the results for the two kernels and for the sequences of tem-
peratures given in (3) where, for m € 1: 3, To(m) is the median value given in (4).
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Fig. 1: Minimization of @1 defined by (2) for 1000 starting values sampled indepen-
dently and uniformly on X7. Results are presented for for the Cauchy kernel (top)
and for the Gaussian kernel. For each kernel, simulation are done for (T,(Lm))nzl
where m = 1 (left plots), m = 2 (middle) and m = 3, with 7\™ the median of
the values given in (4). The plots show the minimum number of iterations needed
for SA (white boxes) and QMC-SA to find a x € X7 such that ¢1(x) < 10~°. For
each starting value, the Monte Carlo algorithm is run only once and the QMC-SA
algorithm is based on the Sobol’ sequence.

The results for the other values of To(m) are presented in Appendix E (Figures 3
and 4).

Focussing first on the results for the Cauchy kernel (first row), we observe that
QMC-SA is never unambiguously worst than SA and is significantly better in most
cases. The performance of QMC-SA becomes globally better as we increase the
step size o (we however note that QMC-SA tends to be the less efficient when
o = 1) with the best results for QMC-SA obtained when o = 10 where, in several
settings, the maximum hitting time of an error of size 10~° is around 100 (against
10%® for SA). A last interesting observation we can make from this first set of
simulation is that we obtain in several cases exactly the same hitting time for
different starting values of the QMC-SA.

The results for the Gaussian kernel show a slightly different story. Indeed, when
o = 0.01, QMC-SA provides a poorer performance than SA. The reason for this is
that, as the tails of the Gaussian distribution are very small in this case, a large
value of ||u || is needed at iteration n of the algorithm to generate a candidate
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Fig. 2: Minimization of @, for 1000 starting values sampled independently in X>
(as explained in the text) and for A = 0.1 (top) and for A = 0.01 (bottom). Results
are presented for a Cauchy random walk with step size as described in the text, and
for (Ty(bl))nzl with To(l) = 5000 (left) and for (T7S4))n21 with Té4) = 0.01 (right).
The plots show min{p2(x™), n € 1 : 2'7} obtained by SA (white boxes) and QMC-
SA for each starting value. The results are obtained for di = 100 locations. For
each starting value the Monte Carlo algorithm is run only once and the QMC-SA
algorithm is based on the Sobol’ sequence.

value y" far away from the current location. However, the number of such points
are limited when we go through a (¢, d)-sequence and therefore QMC-SA explores
the state space X1 mostly through very small moves when a kernel with very tiny
tails is used. As a takeaway, when the proposal kernel has small variance alongside
light tails, little benefit is obtained by QMC-SA.

Altogether, we observe that SA unambiguously outperforms QMC-SA in only
8 of the 56 scenarios under study (Figures 1d-1f with o = 1, and, in Appendix E,
Figure 3c with ¢ = 1, Figure 4a with ¢ = 1 and Figures 4b-4d with ¢ = 0.01).
However, none of these situations correspond to a good (and hence desirable)
parametrization of SA.
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6.2 Example 2: Application to spatial statistics

Let {Y(x) : x € R?} be a spatial process and consider the problem of estimating
the variogram E(|Y (x;) — Y(x;)|?) for 4,5 € 1 : di. When the process is assumed
to be stationary, this estimation is typically straightforward. However, for most
real-world spatial problems arising in climatology, environmetrics, and elsewhere,
inference is much more challenging as the underlying process {Y (x) : x € R?} is
inherently nonstationary.

A simple way to modeling nonstationary spatial processes is to use a dimension
expansion approach, as proposed by Bornn et al. [6]. For the sake of simplicity,
we assume that the process {Y([x,2]) : [x,2] € R?} is stationary; that is, adding
only one dimension is enough to get a stationary process. Thus, the variogram of
this process depends only on the distance between location ¢ and j and can be
modelled, e.g., using the parametric model

Y, a (X1, 21], [X2, 22]) = p1(1 — exp{—||[x1, 21] — [x2, 22]|/¢=2})

where ¢1 and ¢2 are two positive parameters to be learned from the data.

Assuming that we have M > 2 observations {ym.i}M_; at location i € 1 : dj,
the solution to this problem is obtained by minimizing @y : Xz := RT xR xR% —
RT, defined by

d1

pr61.02,2) = 3 (ol b ml bz ) ML )

1<i<y

where A > 0 control the regularity of z and where v]((j) = M2 Zj\m{m,:l |ym,i —
Ym/,j |2 is an estimate of the spatial dispersion between locations ¢ and j. Note that
@ is non-differentiable because of the Li-penalty and is both high-dimensional
(with 1 parameter per observation) as well as nonlinear (due to way the latent
locations factor into the parametric variogram). To further complicate matters,
the objective function’s minimum is only unique up to rotation and scaling of the
latent locations.

Following Bornn et al. [6], the observations are generated by simulating a Gaus-
sian process, with di = 100 locations on a three dimensional half-ellipsoid centered
at the origin and M = 1000. We minimize the objective function (5) using both
SA and QMC-SA with a Cauchy random walk defined by

K(x,dy) = (®12:1f]1$r) (yiaxiaa(i))dyi> ® <®zd:3fﬂ(§1)(yi;mi7a(i))dyi)
where fl(l)(~7 1, &) is as in the previous subsection. Simulations are performed for
(@, o) =0 x (0.1,0.1,0.58 0 (Y1), - - -, 0.5 0 (y-,0,))

where G (y.,;) denotes the standard deviation of the observations {ym i}2_; at
location ¢ € 1 : di. Simulations are conducted for o € {0.005,0.01,0.03,0.05}
and for the sequence of temperatures (Ty(Ll))nE given in (3) and for (TT(,4)),L21
defined by T = Té4)/log(n+0(4)). As already mentioned (see Section 4.2), the

sequence (TT(L4))n21 is such that convergence results for SA on unbounded spaces
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exist but the constants TO(4) and C™® are model dependent and intractable. In this
simulation study, we take To(l) = 5000, TO<4) = 0.1 and C™ = 100. These values
are chosen based on some pilot runs of SA and QMC-SA fo A = 0.1. Note also
that the values of Tél), T0(4) and C™ are such that T](Vl) = T](\;l), where N = 217
is the number of function evaluations we consider in this numerical study.

Figures 2a-2b shows the values of min{@x(x"), n € 0 : N} obtained by SA
and QMC-SA when for A = 0.1 and for 1000 different starting values xg =
(po,1:2, 20,1:4, ) sampled independently in X> as follows:

®o,1 ~~ U(Oa 2)a ©0,2 ~ Z/[(O, 2)7 20,1 N(Oa 1)a 1€1:d;.

Looking first at Figure 2b, we observe that SA performs relatively well when the
sequence (T,S4))n21 is used (together with o € {0.01,0.03}). The good performance
of SA in this case is not surprising since Té4) and C™ are calibrated such that
SA works well when A = 0.1. However, we remark that, for this sequence of
temperatures, QMC-SA outperforms SA for any value of o. The results obtained
for the sequence (Tﬁl))yel are presented in Figure 2a. If in this case SA performs

poorly, and as for the sequence (Ty(f))nzl, QMC-SA provides a small error for
the vast majority of the 1000 different staring values (in particular when o €
{0.005,0.01}).

In practice, one often minimizes ¢, for different values of the A parameter,
which determines the regularity of the optimal solution for z € R%. It is therefore
important that the optimization method at hand remains efficient for different val-
ues of A. To evaluate the sensitivity of QMC-SA and SA to this parameter, Figures
2¢-2d show the results obtained A = 0.01. For both sequences of temperatures, we
observe that SA is much less efficient than when A\ = 0.1. In particular, the results
for the sequence (Ty(;l))nzl (Figure 2d) suggest that SA is very sensitive to the
cooling schedule in this example. On the contrary, QMC-SA performs well in all
cases and outperforms (from far) SA for the two sequences of temperatures and
for all values of o we have chosen for this numerical study.

The main message of this example is that the performance of QMC-SA on
unbounded spaces is very robust to different choice of step-size o and of the cooling
schedule. Consequently, tuning QMC-SA is much simpler than for SA algorithms.
The results of this subsection seem to indicate that the convergence of QMC-SA on
unbounded spaces could be obtained under the same condition for (75),>1 than
for compact spaces (see Theorem 1). In particular, this suggests that there exists a
universal sequence of cooling schedules which ensure the convergence of QMC-SA
on non-compact space. However, further research in this direction is needed.

7 Conclusion

In this paper we show that the performance of simulated annealing algorithms can
be greatly improved through derandomization. Indeed, in the extensive numerical
study proposed in this work we never observe a situation where SA performs
well while QMC-SA performs poorly. In addition, in the vast majority of the
scenarios under study, QMC-SA turns out to be much better than plain Monte
Carlo SA. This is particularly true in the high dimensional example proposed in
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this work where in most cases plain SA fails to provide a satisfactory solution to
the optimization problem, while QMC-SA does.

Our theoretical results also advance the current understanding of simulated
annealing and related algorithms, demonstrating almost sure convergence with no
objective-dependent conditions on the cooling schedule. These results also hold for
classical SA under minimal assumptions on the objective function. Further, the
convergence results extend beyond SA to a broader class of optimization algorithms
including threshold accepting.

Future research should study QMC-SA on non compact spaces and extend
QMC-SA to other types of Markov kernels. Concerning this first point, it is of
great interest to check if the consistency of QMC-SA on unbounded spaces can,
as it is the case for compact spaces, be guaranteed for a universal (i.e. not model
dependent) sequence of temperatures. Our simulation results suggest that this is
indeed the case and therefore should encourage research in this direction.

In many practical optimization problems, and in particular in those arising
in statistics, the objective function is multimodal but differentiable. In that case,
stochastic gradient search algorithms [see, e.g., 13, 14] are efficient alternatives to
SA which, informally, correspond to SA based on a Langevin type Markov transi-
tions. Intuitively, combining the information on the objective function provided by
its gradient with the good equidistribution properties of QMC point sets should
result in a powerful search algorithm. We leave this exciting question for future
research.
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A Proof of Lemma 1

Let n € N, (%,x') € X2, x = 0.5 and § € (0,6x]. Then, by Assumption (A1), Fr'(%,u}) €
Bs(x’) if and only if u} € Fg(X,Bs(x’)). We now show that, for § small enough, there
exists a closed hypercube W (%,x’,8) C [0,1)? such that W(%,x’,8) C Fg(x, Bs(x")) for all
X € By, (5)(%), with vk () as in the statement of the lemma.

To see this note that, because K(x,dy) admits a density K(y|x) which is continuous
on the compact set X2, and using Assumption (As), it is easy to see that, for i € 1 : d,
K;i(yily1:i—1,%) > K for all (x,y) € X2 and for a constant K > 0. Consequently, for any
§ €10,0.5] and (x,y) € X2,

FKi (I; +6|x,y1;¢,1) — FK'i (x; — 5‘X, yl;ifl) > K(S, Viel:d (6)

where Fr,(-|x,y1:s—1) denotes the CDF of the probability measure K;(x,y1.;—1,dy;), with

the convention that Fr, (:|x,y1:s—1) = Fk, (:|x) when ¢ = 1. Note that the right-hand side of

(6) is K& and not 2K to encompass the case where either z, — 8 ¢ [0,1] or x4+ 6 ¢ [0,1].

(Note also that because § < 0.5 we cannot have both x} — & ¢ [0,1] and 2} 4+ & [0,1].)
Forie€l:dandd >0, let

wi(5/) = sup ‘FKi (yi\& Ylio1) — FKi (y§|xl,y/1:¢71) |
(x,y)ex?, (x',y)ex?
llx=x"lloo VIly =y’ lloo <&”
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be the (optimal) modulus of continuity of Fg, (-|-). Since Fi; is uniformly continuous on the
compact set [0, 1]%%, the mapping w;(-) is continuous and w;(6’) — 0 as & — 0. In addition,
because Fg, (|x,y1:i—1) is strictly increasing on [0,1] for all (x,y) € X2, w;(-) is strictly
increasing on (0,1]. Let K be small enough so that, for i € 1 : d, 0.25K35x < w;(1) and let
5:(-) be the mapping z € (0,0x] — 8;i(2) = w;1(0.251~(z). Remark that the function &;(-)
is independent of (%X,x’) € X2, continuous and strictly increasing on (0,8x] and such that
5:(6’) — 0 as &' — 0.
Forxe€ X,6’>0and 8, >0,i€1:d,let

Bi (%) = {x €[0,1]": [|[x — #1:i]loc < '} N[0, 1]

and

By (%) ={x €0, 1 |zy — &) < 8

<&, je1:ino, 1]’

Then, for any §’ > 0 and for all (x,y1:4—1) € Bgi(é)(i) X Bgf(;)(x’), we have
|FKi (x; —+ 5/|X,y1;1‘,1) — FKi (I; =+ (5"5{, xi:i_l) | < 0.25[%5 (7)
|Fre, (2} — &' % y1:-1) — Fr, (zf — 8%, 2],,_1) | < 0.25K3. (8)

Fori € 1:dand & € (0,6x], let 6(8') = 6;(8') A&’ and note that the function &;(-)
is continuous and strictly increasing on (0,0x]. Let 65 = d4(8) and define recursively §; =
6;(0i41),7€1:(d—1),s0that 6§ >4 >--->61 >0.Forie1:d,let

v; (%, %, 81,4) = sup Fr, (@ — 0slx, y1:0-1)
(%,91:4-1)€Bs; X)X Bs, ;4 (x)

and

0 (%, %, 81.4) = Fr, (zf 4 8il%, y1:i-1) -

inf
(x,y1:i—1)€EBs; (X)X Bsy,,_, (x/)

Then, since Fk,(:|-) is continuous and the set Bs, (X) x Bs, ,_, (x’) is compact, there exists
points (Ki,yi:i_l) and (X%, %%, ;) in Bs, (X) X Bs,,, , (x') such that

v; (%, %', 81:4) = Fr, (2 = Silx',y! )y 0(%,X,61:) = Fre, (] + 6%, 91,-1) -

In addition, by the construction of the &;’s, B;, (X) X Bs,,, ,(x') C Bg_(&)(i) X B%_(é_)(x’)
for all ¢ € 1: d. Therefore, using (6)-(8), we have, for alli € 1: d,

(%, %, 61.0) — v, (%, X', 81:4) = Fre, (@] + 8| %', 91,5_1) — Fr, (@) — 6ilx", 9t )
> Fre, (2} 4+ 8i|%,2h,_1) — Fi, (2§ — 8i|%,2%,;_1) — 0.5K5;
> 0.5K6;
> 0.

Consequently, for all i € 1 : d and for all (x,y1.4-1) € Bs, (X) X Bs,,, , (x'),
[yi(fc, x',01.4), Ui (X, X/»(Sl:i)] - [FK,; (@5 — 8ilx,y1:0-1), Fi, (w; + i, y1:i71)]-

Let S5 = 0.5K681. Then, this shows that there exists a closed hypercube W (x,x’,8) of side S
such that

W(x,%x',8) C Fk (x, Bs,,,(x')) C Fi (x, Bs(x')), VX € By, (5)(X)
where we set vk () = 1. Note that vk (§) € (0,6] and thus vk (§) — 0 as § — 0, as required.
In addition, vk () = 61 0...04(+) is continuous and strictly increasing on (0,d~] because the
functions 6;(+), ¢ € 1 : d, are continuous and strictly increasing on this set. Note also that vg (-)
does not depend on (%,x') € X2.
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To conclude the proof, let
ks = [t+d — dlog(S;s/3)/logb] (9)

and note that, if § is small enough, ks > t 4+ d because S5 — 0 as § — 0. Let dx be the
largest value of 6’ < dx such that kss > ¢t +d. Let 6 € (0,0x] and t5q € t : (t + d) be such
that (ks —t5,4)/d is an integer. Let {E(j, 6)}?1;51%6"1 be the partition of [0,1)? into elementary
intervals of volume b*.4=Fs g0 that any closed hypercube of side S; contains at least one
elementary interval E(j,8) for a j € 1: ¥ ~t5.d. Hence, there exists a Jxx €1: bks—ts.d guch
e E(jg,xr,,0) € W(%,x,8) C Fr(x,Bs(x)), Vx € Bys)(X).

Let a € N and note that, by the properties of (t,s)-sequences in base b, the point set
{u"}<a+1)bk571 is a (t, ks, d)-net in base b because ks > t. In addition, since ks > t5q > t,

n=abks
k
the point set {u"} ““b),fé ®~1is also a (5,4, ks, d)-net in base b [34, Remark 4.3, p.48]. Thus,
n=a

since for j € 1 : bF6 .4 the elementary interval E(j,6) has volume bts.a=ks  the point set
n (at1)brs —

{u }n:abk(;

complete.

! therefore contains exactly b'%a > bt points in E(jz,x’,,0) and the proof is

B Proof of Lemma 2

Using the Lipschitz property of Fg, (-|-) for all « € 1 : d, conditions (7) and (8) in the
proof of Lemma 1 hold with &;(8) = §(0.25K/Ck), i € 1 : d. Hence, we can take vg (§) =
5(0.25K/Ck )% A 6 and thus S5 = §0.5K (1 A (0.25K/Ck)?). Then, the expression for ks fol-

lows using (9) while the expression for dx < 0.5 results from the condition ks > ¢ + d for all
6 € (0,0K].

C Proof of Lemma 3

‘We first state and prove three technical lemmas:
Lemma 6 Let X = [0,1]¢ and K : X — P(X) be a Markov kernel which verifies Assump-
tions (A1)-(Az). Then, for any 6 € (0,dk], with dx as in Lemma 1, and any (X,x') €
X2, there exists a closed hypercube W (%k,x',8) C [0,1)? of side S5 = 2.5K6, with K =
max;e1:4{8UPx yex Ki(Yily1:i—1,%)}, such that
FK (X, B/UK (5)()(/)) g W(i,x’, (5)7 Vx € BUK((;) ()2) (10)
where v (+) is as in Lemma 1.
Proof The proof of Lemma 6 is similar to the proof of Lemma 1. Below, we use the same
notation as in this latter.
Let § € (0,8k], (X, x') € X2 and note that, for any (x,y) € X2,

FKi((E;;+6‘X,'y1:i_1)—FKi(Z;—(le,ylti_l) SQK(S, ie 1:d. (11)

Let 0 < 91 <--- < dq <6 be as in the proof of Lemma 1 and, for ¢ € 1: d, define

u, (%,%',01.4) = inf Fre, (%} — 8%, y1:4-1)
Y x,9)€By 5y (R), X Bsy,, () Tt T

and
i (%,x',01.4) = sup Fre, (@] + 8i|%, y1:6-1)-
(%, ¥)EBy 1 (5) (), x Bsy ;1 (%)
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Let i € 1:d and (x',y?%), (X%, 5%) € By (5)(X) x Bs,,_, (x) be such that
wy(%,%',61.) = Fr, (o) — 8ilx" gt ), (%, x',8) = Fr, (2} + &%, 91.i-1)-
Therefore, using (7), (8) and (10), we have, Vi € 1 : d,

0 < (%, %, 01:4) — w; (%, %, 614) = Fre, (¢ + 8[%*,71,_1) — Fre, (@] — &ilx’, 08 )
< Fr, (2} + 6il%, 2,_1) — Fi, () — 6%, 21,,_1) + 0.5K6;
<8 (2K +0.5K)
<256, K

where K < K is as in the proof of Lemma 1. (Note that 4;(X,x’, 61:5) — u;(X,x’, 61:;) is indeed
strictly positive because Fi, (:|x,y1:i—1,) is strictly increasing on [0, 1] for any (x,y) € X2
and because §; > 0.)

This shows that for all x € B, (5)(X) and for all y € Bs,,,_, (x'), we have

[Fi, (] — 6:|%,y), Fre, (x} + 8%, ¥)] C [u;(%,%',9),%:(%,x',9)], Vicl:d
and thus there exists a closed hypercube W (%,x’, §) of side S5 = 2.56 K such that
Fr(x,Bs,,, ,(x)) CW(x,x',5), Vx¢€ By (5)(X)-
To conclude the proof of Lemma 6, note that, because vk (§) < §; for all s € 1: d,
Fi (%, By, (5)(x')) C Fi (%, Bs,,,_, (x')).

Lemma 7 Consider the set-up of Lemma 8 and, for (p,a,k) € Ni, let
Eé”k = {Eln e{ab®, ... (a+1)bF —1}: x™ # x“bk*l, go(xabkfl) < go*}
n{vn € {abk, .., (a+DBF = 1}: X" € (X oyt _1))an }-
Then, for all for all k € N, there exists a p;, € N such that Pr(ﬁaeN Egk) =0 for allp > pj.

Proof Let € >0, a € Nand ! € R be such that [ < ¢*, and for k € N, let E(k) = {E(j, k)}§i1
be the splitting of X into closed hypercubes of volume k~¢<.

Let p’ € Ny, 6 = 27" and Pelyé C E(6) be the smallest coverage of (X})e by hypercubes
in E(6); that is, |P! ;| is the smallest value in 1 : 6=¢ such that (X)e C Uwept - Let

J!l 5 € 1:67%besuch that j € J! 5 if and only if E(j,8) € P! ;. We now bound |J! ;| following
the same idea as in He and Owen [20].

By assumption, there exists a constant M < oo independent of I such that M(&;) < M.
Hence, for any fixed w > 1 there exists a €* € (0,1) (independent of ) such that )\d((Xl)E) <
wM (X;)e < wMe for all e € (0,€*]. Let e = 27P, with p € N such that 277 < 0.5¢*, and take
8¢ = 27P~1. Then, we have the inclusions (&) C U ept s C (X)})2¢ and therefore, since

2e < €*,

A ((X)2e M2 _ 4o _ _
1L 5.1 < all %)2 ) < wM(2¢) <@ &= wir2d (12)
0T Aa(E(F, 0e)) 6d

where the right-hand side is independent of [.

Next, for j € Ji‘(;‘, let %7 be the center of F(j,d¢) and W(j,d¢) = Uj W (%I, %3 5e),
with V_V(~7 -,+) as in Lemma 6. Then, using this latter, a necessary condition to move at iteration
n+ 1 of Algorithm 1 from a point x™ € E(jn, ), with jn € J! 5 , to a point x"+1 # x™ such

that x™ 1 € E(jn41,0) for a jni1 € Jé,ée is that u}_f;rl € W(jn, 8¢).

1
6‘]5,65
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Let k% be the largest integer such that (i) b* < 5'5:dbt, with S5, = 2.5Kd, K < oo,
as in Lemma 6, and (ii) (k — t)/d is a positive integer (if necessary reduce e to fulfil this last

r(sé —
condition). Let E’(6.) = {E'(k, 66)}21;1 * be the partition of [0, 1)? into hypercubes of volume
ik, Then, for all j € Jé,&a W(4,8¢) is covered by at most 2d|Ji,5J hypercubes of E’(5e).
Let € be small enough so that k% > ¢4 dR. Then, using the properties of (, s) p-sequences
(see Section 3.1), it is easily checked that, for all n > 0,
Pr(ul € B/ (k,8.)) < bt~k F4R yp e 1kt (13)

Thus, using (12)-(13) and the definition of k%, we obtain, for all j € Ji 5. and n >0,
Pr(ul € W'(j,50) < 29 JL 5 |ptot—F" +R < 5., ¢ = 240 (2.5K) IR,

Consequently, using the definition of € and &, and the fact that there exist at most 2¢ values
of j € Jé.(;e such that, for n € N, we have x" € E(j,d¢), we deduce that, for a p* € N large

enough (i.e. for e = 2=P" gmall enough)
Pr(E? o 1) =1) <bF29C*27P71, VW(a,k) €N?, WI<®, Vp>p*
implying that, for p > p*,
Pr(EL,) < be2dcro—P=l vy(a, k) € N2,

Finally, because the uniform random numbers z™’s in [0, 1)® that enter into the definition of
(t, s) g-sequences are 11D, this shows that

Pr(njtr BT, ) < (F2¢C27P7 )™, VW(a,m,k) € N?, Vp>p*.

’

To conclude the proof, for k € N let pi, € (0,1) and pj, > p* be such that
vR2dC* 2Pl < . Vp > pf.

Then, Pr( Ngen EY ;) = 0 for all p > p}, as required.

Lemma 8 Consider the set-up of Lemma 3. For k € N, let E(dk) = {E(j, k)};’-d:kl be the
 (

partition of [0,1)% into hypercubes of volume b~ . Let kT € (dR+1t) : (AR +t + d) be the
smallest integer k such (k —t)/d is an integer and such that (k —t)/d > R and, for m € N,

let Im = {mka7 vy (m+ l)b’“R — 1}. Then, for any § € (0,8§] verifying ks >t +d + dR
(with 6 and ks as in Lemma 1), there exists a p(6) > 0 such that

Pr(3n € Im : u € E(j ks —t5q)) > p(8), Vje€l:b%td  vmeN
where t5 q € t: (t + d) is such that (ks —t5,q)/d € N.

Proof Let m € N and note that, by the properties of (¢, s) r-sequence, the point set {u? }ner,,
is a (t, kT d)-net in base b. Thus, for all j € 1 : ka*t, this point set contains b* points in
E(j, kR —t) and, consequently, for all j € 1 : b3 it contains prpkT—t—dR — phf—dR > 4
points in E(j,dR). This implies that, for all j € 1 : bR, the point set {u}}ner,, contains
pk’t—dR > 1 points in E(j, dR) where, for all n € I, u’ is uniformly distributed in E(jn,dR)
for a jn € 1: beE, ~

In addition, it is easily checked that each hypercube of the set E(dR) contains

bké‘*ﬂ;_@*dR > bklgftfdde >1

hypercubes of the set E(k:5 — t5,4), where ks and t5 4 are as in the statement of the lemma.
Note that the last inequality holds because § is chosen so that ks > ¢t + d + dR. Consequently,

Pr(3n € I : u} € E(j ks —ts,q)) > p(8) = bifittsa=ks 5 0, vje1:prstsa

and the proof is complete.
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Proof of Lemma 3: To prove the lemma we need to introduce some additional notation. Let
2 =0,1)N, B([0,1)) be the Borel o-algebra on [0, 1), F = B([0,1))®N and P be the probability
measure on (2, F) defined by

P(A) = [[M(A), (Ar,...,Ai...) € B([0,1))",
ieN

Next, for w € §2, we denote by (U’é(w))n>0 the sequence of points in [0,1)¢ defined, for all
n > 0, by (using the convention that empty sums are null),

R
UR(w) = (Up (@), ., U 4(), Up.(w)=> apb®+b Fuw,qps, i€l:s
k=1

Note that, under P, (U%) .,
(XZ)nzo the sequence of points in X generated by Algorithm 1 when the sequence (U%(w))”zo

is a (t, d) g-sequence in base b. Finally, for w € £2, we denote by

is used as input.
Under the assumptions of the lemma there exists a set 27 € F such that P(£21) =1 and

3@, € Rsuch that lim ¢(x]) = @w, VYw € £21.
n—o0

Let w € §21. Since ¢ is continuous, for any € > 0 there exists a Ny, € N such that x[} €
(Xg,,)e for all n > Ny, , where we recall that (Xp,)e = {x € X : Ix’ € Xp,, such that ||x —
x|l < €}. In addition, because ¢ is continuous and X is compact, there exists an integer
Puw,e € N such that we have both lime_,0 pw,e = co and

(Xﬁw)e c (ka(.'c’))gfpw@’ Vx/ € (Xﬁw)f (14)

Next, let x* € X be such that ¢(x*) = ¢*, k® € (dR+1t) : (dR +t+ d) be as in Lemma 8
and, for (p,a,k) € Nf_, let

B ={we:Inefart, . (a+ b — 1} k0 A X o ) < ot}

n {w cQ:vne{abh, ... (a+1)bF —1}:x" € (X@(xzhk_l))g,p}.

Then, by Lemma 7, there exists a p* € N such that ]P(maEN Es kR) =0 for all p > p*, and thus
the set 2o = N> (X\maENEZ wr) verifies P(22) = 1. Let 22 = 21 N2 so that P(22) = 1.

For w € 2 let €, > 0 be small enough so that, for any € € (0, e,,], we can take p,, e > p* in
(14). Then, for any w € {23 such that @, < ¢*, there exists a subsequence (m;);>1 of (M)m>1
such that, for all 7 > 1, either

n __ mikafl R . kR . K _
X =%, . V€ Ip, = {md" ... (mi+1)b 1}
or

In € Iy, such that x7 ¢ (X (15)

kR ) - .
Lp(xz,l”b 1) 2~ Pw,e

Assume first that there exist infinitely many ¢ € N such that (15) holds. Then, by (14),
this leads to a contradiction with the fact that w € 2o C (2. Therefore, for any w € 22 such
that @, < * there exists a subsequence (m;);>1 of (m),>1 such that, for a i* large enough,

kR
xt =xMib “l o yp e, Vi>it. (16)
Let 29 = {w € 22 : @, < ¢*} C 29 . Then, to conclude the proof, it remains to show
that P(£22) = 0. We prove this result by contradiction and thus, from henceforth, we assume
P(QQ) > 0.
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To this end, let x* € X be such that p(x*) = p*, x € X and § € (0,0x], with dx as
in Lemma 1. Then, using this latter, a sufficient condition to have Fgl(x, U%(w)) € Bs(x*),
n > 1,is that U} (w) € W(x,x*,0), with W(,-,-) as in Lemma 1. From the proof of this latter
we know that the hypercube W (x,x*, §) contains at least one hypercube of the set E (ks —ts5,d),

where t5 4 € ¢ : (t + d) is such that (ks — t5,4)/d € N and, for k € N, E(dk) is as in Lemma 8.
Hence, by this latter, for any § € (0,6*], with 6* such that ks+ >t + d+ dR (where, for § > 0,
ks is defined in Lemma 1), there exists a p(§) > 0 such that

Iﬂweﬂ;aneLmF;%xugw»ez%@ﬂ)zp@L V(x,m) € X x N
and thus, using (16), it is easily checked that, for any ¢ € (0, §*],
Py <w € 2o Fit (x5!, U%(w)) € Bs(x*) for infinitly many n € N) =1

where Py denotes the restriction of P on 2 (recall that we assume P(22) > 0).
For § > 0, let

2 = {w c Fgl(xzfl,U%(w)) € Bs(x™) for infinitly many n € N}

and let 5* € N be such that 27" < §*. Then, the set 2/ = Np>p+ 2, _; verifies P2(2') = 1.

To conclude the proof let w € §2'. Then, because ¢ is continuous and @, < ©*, there
exists a dg,, > 0 so that ¢(x) > ¢ for all x € Bg@w (x*). Let dp,, := 27Pwe > 05, A g for
an integer puw,e > p*. Next, take € small enough so that we have both Bs, (x*)N(Xp,)e =2
and ¢(x) > ¢(x') for all (x,x") € Bs,_ (x*) x (Xg,, )e-

Using above computations, the set B&% (x*) is visited infinitely many time and thus
p(x) > @o for infinitely many n € N, contradicting the fact that ¢(x[}) — @o as n — oo.
Hence, the set 2’ is empty. On the other hand, as shown above, under the assumption ]P’(f)g) >
0 we have Po(£2') = 1 and, consequently, {2’ # @. Therefore, we must have P(£22) = 0 and the
proof is complete.

D Proof of Theorem 2

Using Lemmas 4 and 5, we know that ¢(z™) — @ € R and thus it remains to show that
P ="

Assume that ¢ # ¢* and, for ¢ = 27P, p € Ny, let Ne € N, pc and 65 > 0 be as in
the proof of Lemma 3 (with the dependence of Ne, p. and of 5 on w € (2 suppressed in the
notation for obvious reasons).

Let * € X be a global maximizer of ¢ and n = anbk‘S@ —1 with a,, € N such that n > Ne.
For k € N, let E(k) = {E(J, k:)}f:1 be the splitting of [0, 1] into closed hypercubes of volume

k~1. Then, by Lemma 6, a necessary condition to have a move at iteration n’ +1 > 1 of
y y
Algorithm 1 from v € (Xz)e to a1 £ gn gn/+1 ¢ (Xp)e is that

weWe = | W@ e2)

. @
33" €IE s

where, for j € 1: (¢/2)~%, 7 denotes the center of E(j, €/2), er/Q is as in the proof of Lemma
7 and W(-,-,) is as in Lemma 6. Note that, using (12) with d = 1, |Jf6/2\ < C* for a constant
C* < oo (independent of e).

Let b*°¢ be the largest integer k > t such that bt—% > 5'5/2, with 5'6/2 as in Lemma 6, and

5
(an+1)b*"° —
'n.’:anbk(SE

in base b and thus the set W (¢) contains at most 2¢C*pt points of this points set. Hence, if for

let € be small enough so that b*°¢ > 24C*bt. The point set {u? } Yisa (t, k%, d)-net
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Se Se
n > N. only moves inside the set (X;z)e occur, then, for a i € anbk’c ((an + 1)1)’C —Te — 1)),

_ _ wle
the point set {x”l}z,";"g is such that z™ = 2™ for all n € A : (A + ), where 1. > Lm];
note that ne — oo as e — 0. .

Let kf be the largest integer which verifies ne > 20F6 50 that {ugo}Zi_rge contains at
least one (t,k§,d)-net in base b. Note that k§ — oo as € — 0, and let € be small enough

so that k§ > k5¢, with ks as in Lemma 1. Then, by Lemma 1, there exists at least one
n* € (i +1) : (it + ne) such that §°° = F' (2™, uf) € Bs,(z*). Since, by the definition of
g, for all (z,2') € Bs,(z*) X (Xz)e, and for e small enough, we have ¢(z) > ¢(z'), it follows
that (™ ) > o(z™). Hence, there exists at least one n € @ : (2 + nc) such that z™ # z™,

which contradicts the fact that ™ = & for all n € 7 : (A2 + ne). This shows that @ is indeed
the global maximum of ¢.
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E Additional figures for the example of Section 6.1

Hitting time ( log1 scale)
Hitting time ( log1o scale)

10° 10°
0=0.01 0=0.1 o=1 0=10 0=0.01 0=0.1 o=1 0=10
(a) (b)
10° 10°
10* 10°
@ —_ T
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H b
2107 2103
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" " e
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2 < . '
E i £ ]
z H i z [ i i ! i
| H i i ) H i : i
10 T H 107~ : Hrn i ;
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0=0.01 0=0.1 0=1 0=10 0=0.01 0=0.1 o=1 0=10
(c) (d)

Fig. 3: Minimization of @1 defined by (2) for 1000 starting values sampled in-
dependently and uniformly on Xi1. Results are presented for the Cauchy kernel
(Kff))nzl with (T,S”)nzl (top plots) and for (Tr(LZ))nzl. For m = 1, 2, simulations
are done for the smallest (left plots) and the highest (right) value of ™ given
in (4). The plots show the minimum number of iterations needed for SA (white
boxes) and QMC-SA to find a x € X7 such that ¢1(x) < 107°. For each starting
value, the Monte Carlo algorithm is run only once and the QMC-SA algorithm is
based on the Sobol’ sequence.
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100 07 10°-

-
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Hitting time ( logyo scale)
Hitting time ( log1o scale)

0=0.01 0=0.1 o=1 0=10 0=0.01 0=0.1 o=1 0=10

Hitting time ( log;o scale)
Hitting time ( log;o scale)

0=0.01 0=0.1 0=1 0=10 0=0.01 0=0.1 o=1 0=10

Fig. 4: Minimization of @1 defined by (2) for 1000 starting values sampled in-
dependently and uniformly on X;. Results are presented for the Gaussian kernel
(KT(L3))n21 with (Tél))nzl (top plots) and for (T,(fo’))nzl. For m = {1, 3}, simula-
tions are done for the smallest (left plots) and the highest (right) value of 7™
given in (4). The plots show the minimum number of iterations needed for SA
(white boxes) and QMC-SA to find a x € X} such that ¢;1(x) < 107°. For each
starting value, the Monte Carlo algorithm is run only once and the QMC-SA
algorithm is based on the Sobol’ sequence.
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