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SOME TIME STEPPING METHODS FOR FRACTIONAL
DIFFUSION PROBLEMS WITH NONSMOOTH DATA

YAN YANG, YUBIN YAN AND NEVILLE J. FORD *

Abstract. We consider error estimates for some time stepping methods for solving fractional
diffusion problems with nonsmooth data in both homogeneous and inhomogeneous cases. McLean
and Mustapha [19] (Time-stepping error bounds for fractional diffusion problems with non-smooth
initial data, Journal of Computational Physics, 293(2015), 201-217) established an O(k) convergence
rate for the piecewise constant discontinuous Galerkin method with nonsmooth initial data for the
homogeneous problem when the linear operator A is assumed to be self-adjoint, positive semidefinite
and densely defined in a suitable Hilbert space, where k denotes the time step size. In this paper, we
approximate the Riemann-Liouville fractional derivative by Diethelm’s method (or L1 scheme) and
obtain the same time discretisation scheme as in McLean and Mustapha [19]. We first prove that this
scheme has also convergence rate O(k) with nonsmooth initial data for the homogeneous problem
when A is a closed, densely defined linear operator satisfying some certain resolvent estimates.
We then introduce a new time discretization scheme for the homogeneous problem based on the
convolution quadrature and prove that the convergence rate of this new scheme is O(k17%),0 < a < 1
with the nonsmooth initial data. Using this new time discretization scheme for the homogeneous
problem, we define a time stepping method for the inhomogeneous problem and prove that the
convergence rate of this method is O(k'1t%),0 < o < 1 with the nonsmooth data. Numerical
examples are given to show that the numerical results are consistent with the theoretical results.
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1. Introduction. Consider the following time fractional diffusion problem, with
0<a<1,[18 (4)], 9],

(1.1) OCDf‘u(t) + Au(t) = f(t), for0<t<T, withu(0)=wuo,

where f is a given function, ug is the initial value and § D§*u(t) denotes the Caputo
fractional derivative defined by

(1.2) € Du(t) = ﬁ /O (t—s)*a(dlc‘lis) ) ds.

Here A is a closed, densely defined linear operator and the resolvent satisfies, for some
m/2 < 0y < 7, see Lubich et al. [17], Thomée [25],

(1.3) (2] +A)7Y < Clz|™ forze Xy, ={2#0: |arg z| < bp}.

For example, A may be the Laplacian —A on a polyhedral domain  C R%(d =
1,2,3) with the homogeneous Dirichlet boundary condition. In this case (1.3) holds
for all by € (w/2,), see Jin et al. [12, (1.3)].

In our analysis, we will choose 6 > 7/2 close to m/2 such that 6y > 6 which implies
that z* € 3, for any z € I' =Ty = {z : |arg z| = 0}, since arg(z*) = af < 0 < Oy
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for 0 < a < 1. Hence there exists a constant C' which depends only on 6 and « such
that, see Jin et al. [10, (2.3)],

(1.4) [(z2T + A)7Y| < Clz|™, VzeTy={z: |argz| =0}

We also need to restrict 6 further and choose 8 > /2 close to 7/2 such that zy € Xg,

for z € I'yp which implies that (2] + A)~! exists, where z;, = ‘S(%Zk) is defined in
(2.11) or (2.36) below.
Let us first consider the homogeneous problem (1.1), that is, f = 0. It is well

known that the homogeneous problem (1.1) is equivalent to, [19]
(1.5) up + EDF¥Au =0, for0<t<T, withu(0)= u,

where u; denotes the time derivative and FDgu(t) denotes the Riemann-Liouville
fractional derivative defined by

Epl=eut) = —— t —5)* u(s) ds.
RDI=u(t) /O<t ) lu(s) d

The time discretisation of (1.5) has been considered by many authors. Under
the assumptions that the solution of (1.5) is sufficiently smooth, e.g., u € C?[0,T]
in the time variable, the optimal order error estimates uniformly in ¢ for the time
discretisation schemes of (1.5) can be obtained, see, for example, [1], [16], [3], [13],
[20], [2], [26], [7], [14], [4], [15]. However the C*-regularity assumption for the solution
of (1.5) does not hold when the initial value ug € La(§2). For example, Sakamoto and
Yamamoto [23, Theorem 2.1] showed that the solution u of (1.5) satisfies

C _
o D ullL, ) < ct™*[luollLy ),

which implies that the Caputo derivative may not be bounded when uy € La(Q).
Hence in general u ¢ C?[0,T] [10]. Therefore the optimal convergence rates of the
time discretization schemes cannot be achieved uniformly in ¢ when ug € La(2) with
uniform meshes. By using the variable time steps, uniform error estimates in ¢ can be
achieved when the solution u is not sufficiently smooth, see, for example, [19], [21],
[22], [24]. However no error estimates with nonsmooth initial data were given in [19],
[21], [22], [24]. In this paper, we will consider the time discretization schemes for
(1.1) with nonsmooth initial data, at the cost of requiring a constant time step. More
precisely, we will first consider the nonsmooth data error estimates for the piecewise
constant discontinuous Galerkin method introduced in McLean and Mustapha [19]
for solving the homogeneous problem (1.5). Then we introduce and analyze a new
time discretization scheme for solving (1.5) based on the approximation of the time
derivative with the backward difference formula of order 2 and the approximation of
the Riemann-Liouville fractional derivative with a suitable convolution quadrature.
The discontinuous Galerkin method and the convolution quadrature method are
both very popular time discretization methods for solving the time fractional partial
differential equations and they have the different advantages. The advantages of
the discontinuous Galerkin method are as follows: 1). the discontinuous Galerkin
method is unconditionally stable even when we choose a different trial space for each
time step combined with arbitrarily-spaced time levels which allows great flexibility
in the choice of mesh, McLean and Mustapha [18]; 2). the error bounds of the
discontinuous Galerkin method can be proved uniformly in ¢ with the variable steps
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even the derivative of the solution u(t) is unbounded as t — 0, McLean and Mustapha
[19]. The convolution quadrature method has other advantages: 1). the convolution
quadrature method enables us to approximate the time derivative and the Riemann-
Liouville fractional derivative as a whole and the error estimates can be considered
based on the resolvent bounds of the elliptic operator; 2). the error estimates depend
only on the regularity of the data rather than of the solution u(t), Cuesta et al. [2]; 3).
it is possible to restore the convergence orders of some higher order time discretization
schemes by correcting a few starting steps of the schemes when the solution w(t) is
not smooth, Jin et al. [12].

Let N > 1 be a positive integer and let 0 =t < t; <ty < --- <ty =T be a
partition of [0, T] with k the time step size. Let U™ = u(t,),n = 1,2,..., N be the
approximate solution of wu(t,). McLean and Mustapha [19, (6)] define the following
piecewise constant discontinuous Galerkin method for solving (1.5), with U° = uy,

n
(1.6) U = U™ 4+ k%> w,jAUY =0, n > 1,

Jj=1

where w;,j =0,1,2,...,n—1,n > 1 are given by

(17 T+, = { b |

=2+ G-+ G+ forj=1,2,...,n— 1.
Assume that A is self-adjoint, positive semidefinite and densely defined operator
in H = Ly(Q), with a complete orthonormal eigensystem. Let U™ and w(t,),n =
1,2,..., N be the solutions of (1.6) and (1.5), respectively. McLean and Mustapha
[19, Theorem 5] proved the following error estimates with nonsmooth data ug € H:

(1.8) U™ = u(ta)ll < ekt |uoll.

Starting from the scheme (1.6), we will consider the following issues in this paper:

e We show that the piecewise constant discontinuous Galerkin method intro-
duced in McLean and Mustaph [19] for the homogeneous problem (1.5) can
also be derived by approximating the Riemann-Liouville fractional derivative
with Diethelm’s method [5] (or the L1 scheme [16]).

e We show that the nonsmooth data error estimates of the numerical meth-
ods introduced in McLean and Mustaph [19] for the homogeneous problem
(1.5) also hold for the general linear operator A by using Laplace transform
method developed in Lubich et al. [17], where A is a closed, densely defined
operator satisfying (1.4). In McLean and Mustaph [19], the linear operator
A is assumed to be self-adjoint, positive semidefinite and densely defined in
H = Ly(Q), with a complete orthonormal eigensystem.

e We introduce a modified piecewise constant discontinuous Galerkin method
for the homogeneous problem (1.5) and prove that this method has the con-
vergence rate O(k'*®),0 < a < 1 with nonsmooth initial data by using
Laplace transform method.

e We introduce a new time discretization scheme for solving the inhomogeneous
problem (1.1) and the error estimates with the convergence rate O(k'™%) are
proved.

The rest of the paper is organized as follows. In Section 2, we consider the error
estimates for the homogeneous problems with nonsmooth initial data for the different
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time discretization schemes. In Section 3, we consider the error estimates for the
inhomogeneous problem with nonsmooth initial data uy and some suitable f. Finally
in Section 4, we give some numerical examples to illustrate the theoretical results
developed in this paper.

Throughout, the notations C' and ¢, with or without a subscript, denote generic
constants, which may differ at different occurrences, but are always independent of
the step size k.

2. Homogeneous problem. In this section, we will introduce and analyze three
types of time discretization schemes for solving (1.5).

2.1. A time stepping method with the convergence rate O(k%),0 < a <
1. In this section, we will consider a time stepping method for solving (1.5) which has
only O(k%),0 < a < 1 convergence rate. We then modify this time stepping method
in the subsequent subsections to obtain the time discretization schemes for solving
(1.5) with the convergence rates O(k) and O(k'*%),0 < a < 1, respectively.

At t = t,, we approximate the time derivative by using the backward Euler
method

u(ty) = (u(tn) — u(tn-1))/k+O(k), ask— 0.

To approximate the Riemann-Liouville fractional derivative D}~ *Au(t,), we shall
use the following Diethelm’s finite difference method [5], with u € C2[0, T; D(A)]

(2.1) (DI Ault,) = k7Y wa_jAu(t;) + O(K'™®), ask — 0,
j=0

where w;,j =0,1,2,...,n —1 are given by (1.7) and w, satisfies

(2.2) (14 Q)w, = (n—1)% = n* 4+ an*"'.

We remark that the weights w;,j =0,1,2,...,n —1,n in (2.1) can also be obtained
by using the L1 scheme, see, for example, [16].

With U™ & u(t,), we define the following time discretization problem for solving
(1.5), with Aug € Lo(£2),

(2.3) U = U™ k%> wn AU =0, n > 1, with U® = u,
3=0

where wj,j =0,1,2,...,n— 1 are given by (1.7) and w,, is corrected as

(2.4) 'l+a)w, =-2n"+(n—1)%+ (n+ 1)~

The reason for correcting w, is that we shall use the discrete Laplace transform
w(z) = Z;io w;2’ to prove the error estimates. To obtain the expression for w, we
shall choose wq, w1, wa, ..., Wy, ... as the following

(25) Tl+a)wo =1, Tl4+a)w; =—-2+(G—-1)*+(G+1)% ij=1,2,...,n,....

THEOREM 2.1. Let the operator A be a closed, densely defined linear operator
satisfying (1.4). Let u(t,) and U™ be the solutions of (1.5) and (2.3), respectively.
Let ug € Lao(Q). Then we have, with 0 < a < 1,

(2.6) u(t,) — U] < C(kt,* + kt;, ") ||uo].-
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REMARK 2.2. In the time discretization scheme (2.3), we require Aug € Lo(2),
i.e., the initial data ug is reasonably smooth. But one may use the scheme (2.3) to
prove the error estimates with the nonsmooth initial data ug € Lo() as we will do in
the proof of Theorem 2.1 below, such idea has been used in Jin et al, [12, Remark 2.4]
and Lubich et al. [17, (1.8)]. The simialr remark is also for the time discretization
scheme (2.29)-(2.31) below.

REMARK 2.3. We remark that the convergence rate in Theorem 2.1 is O(k%),0 <
a < 1 fort, not close to ty. The similar remarks are also for other time discretization
schemes discussed in Sections 2.2 and 2.3 below.

To prove Theorem 2.1, we need to show that zg € Xy, for z € T =Ty = {2 :
larg z| = 6} with some 6§ > 7/2 close to m/2, where 0y € (7/2,7) and zj, is defined in
(2.11) below. We have

LEMMA 2.4. Let 0 > w/2 be close to w/2. Let z € Ty with Ty, = {z : z €
T, |Sz| < w/k} where T = {z: |argz| = 0} (with Sz running from —oo to oo). Let
2k = 8(C) /k with = e** be defined by (2.11), where

(2.7) 5(¢)* = (1= Q)™
and w(¢) = Z;‘io w;i¢7 with wj,j = 0,1,2,... defined by (2.5). Then there exists
0o € (7/2,7) such that

zy € Xg,, forallz €Ty.

Proof. See the Appendix. O
LEMMA 2.5. Let w;,j =0,1,2,...,n,... be defined as in (2.5). Then we have

the following singularity expansion, with ¢ = e~ ¥,

(1—=Ow(¢)™" = (2k)* 4 c1(2k) T 4 o (k) T2 + ...
for some suitable constants cq,ca, . ...

Proof. By (5.1) and (5.2) in the Appendix, we have, with some suitable constants
C1,C2, .-+,

_ 1 ke kT
w(() = m((e M =2+ e Lia(Q)
= (k) + %(zk:)‘* L) (R 4 e () 4 ea(zh) )
(2.8) = (2E)'77 ey (2k)% + ca(2k)3 T + ..

1— Q) =1 —e ) (a(e )™

zk)?  (zk)3
= <zk— % + ( ?]j) +...)((zk:)1_o‘ + c1(zk)? 4 ea(zk)* > + ...

-1

zk)?  (zk)3
= (k- ( ’2“) +(§!) )R 1 (e (k) () + )
+ (cl(zk)H'a+02(zk)2—|—...)2—|—...}
= (zk‘— (25)2 + (z?)i')?) —|—...)(zk)a_l(l +e1(zk) T + e (2k)? + L)

= (2k)™ + c1(2k) T e (2k) 2 4L



Together these estimates complete the proof of Lemma 2.5. O
Proof. [Proof of Theorem 2.1] Let v(t) = u(t) — up and V™ = U™ — ug. It suffices
to show

[o(tn) = V"I < C (k5 + kit ") |uoll,

which we will prove now.
Note that, by (1.5)

(2.9) v+ Dy Av(t) = — D} T Aug, 0 <t <T.
Taking the Laplace transform in (2.9), we have,

0(2) = =271 (2% + A) 7t Auy,
which implies that

__i zt ,—1/ -1
(2.10) v(t) = 2m,/re 27 (2% + A)T Aug dz,

where I' = I'g = {2 : |arg z| = 0}, for some 6 > 7 determined by Lemma 2.4.
Further we note that V", n =1,2,3,... satisfy, by (2.3), with V% =0,

vyl e En:wnfjAVj =~k iwnﬂAUOv nzl.
§=0 Jj=0
Thus we have
- o n ‘ 0o n
5 e 3 (S )= S (o )
=1 n=l =0 .

With V(¢) = 300, V(" we have

(1= V(O + K DG AV (€) = —k* (H(O) 1 + () — wa ) Aug
— o (w(oﬁ _ wO)Auo
With §(¢)® = (1 — {)w(¢)~! defined by (2.7), see [17], we have
(BE) 70+ 470 = = (Be) (ko1 - ) (00 1= = o) duo

Therefore we get

Further we denote

(2.11) 2=
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By Lemma 2.4, we see that (2 + A)~! exists and hence we have

V(O =~ (et + A) ™ (5 — w0 () ) Ao,

which implies that

vi= ol [ e (e e G+ A) AugdC
[¢l=p

2m
— 1 —n—1 1 ~ 1 @ 1/ « _1
"o, (=2 —wod© 1) (57) a2 G+ )M Auo de.
Let C = e_zk7 z = %10g% + ’L( — %)7 |0| <, we have

n 1 1 o . B
v :% s e’ (ic_wow(C) 1>5(<)2k1(2k +A) 1Au0dz7

where Ty, = {z € T': |Sz| < 7/k}. For the details of the notation 'y, see the proof of
[17, Lemma 3.2].

Denote
_ L ~ -1 _ L_ ~ -1 A\ —1/a
(212) Q) = (7= —won(Q)7)3(Q) = (= —wo(@) ) (1= V()
we get
1
(2.13) Vit = —— e u(Q)zy 2y + A) " Aug dz.
27t Jp,
Thus, subtracting (2.13) from (2.10),
v(t,) = V" = € et"z(u(()z_l(zo‘ + AT e+ A)_l)Au dz
" 2mi Jr, kAR 0

i_ el (2 + A) Tt Aug dz

2mi /Ty
(2.14) —I+1I
Further we denote
(2.15) K(z) =212+ A) A

For I, we have, by (2.19), with some suitable constant ¢ > 0,

1
1 < %/Fk e[| n(Q) K (21) — K (2)|lluo]l |dz]

1
g 7/ ‘etnz
271' Tk

< Cke / et (pt, V10t =L o | + Ch / et q )= o
0 0

C (k12 4 k) uo | 2]

< Ck“t;,*|luo|| + CEt;, Huol|-



For 11, we have, by (1.4) and noting that (2® + A)™'A =1 —2%(2*+ A)~!, with
some suitable constant ¢ > 0,

1
HII” S 7/ |etnz
27'(' F/Fk

< Ck/ R Ok/ et (et )= o] < Cht=[luo].
% 0

|27 (= + A) T Al dz]|uo | < C/ e lZ 2] 71 |z |luo |
/Ty

The proof of Theorem 2.1 is now complete.

’ LEMMA 2.6. Let ( = e=** and z € Ty.. Let p(C), 2z and K(2) be defined as in
(2.12), (2.11), (2.15), respectively. We have

(2.16) we %) —1=0((zk)*), aszk — 0,

(2.17) clz| < |zk| < Clz|,

(2.18) |1 K (2) — K(2)| < Ckl2]°,

(2.19) JM(OK () — K()]| < Clkfal2 + ).

Proof. We first show (2.16). It is sufficient to show
(2.20) we ™) —1=0w"), asw — 0.

By Lemma 2.5, we have

_ 1/
ple) — 1= (1 —wolite™) ) (1 - e ) 1
~—w\\ "l —w L
_ (1 — wo(w(‘l3 - i)_w (I—e )) (wa + ' 4 w2 4 ”)‘* 1,
and
1-— wo(ﬁ)(e_w))_l(l —e ) =1+ cw® +cow .
Hence

Q=

N(eiw)—lz(1+Clwa+62w1+a+-.. (1 w_ )<1+clw+02w1+°‘+...> -1
—e w

1
(1—|—clwa—|—czwl"’0‘—|—...)<$>(1—&—6110—1—02101"’0‘—}—...)a -1
= (1+clwa+02w1+a+...>

1
-[1+a(c1w+cQw1+a+...)—s—L)(clw—&-csza—i-...)Q—i-...} -1
=14+0w*) —1=0(w"), asw —0,

which shows (2.20).
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Next we show (2.17). Note that

Tl lel |k
el ~ [en]  T

To show (2.17), it suffices to prove % has limit as |zk| — 0, which follows from,
noting that §(¢) = (1 — {)w(¢) 1,

w . w w

hmoﬁ = llmo T = hmo i 112 T
w— e~ w w— _ = w— « « o =
((l—e_w)(u?(e—“’)) 1) (W + w4 cqw +...)
. 1
= lim - =1
w20 (1 4+ cqw + cow'te 4+ ..)a

Hence we have proved, for any fixed constant M > 0, there exists a constant C' such
that

Bl e v ek <
|2k |

Similarly we may show ‘%“Il < C, V|zk| < M. Thus we get (2.17).

We now show (2.18). Note that

Q=

LMy s — sk (= e (e ) )T 2k
T _ . _ a
(R Fer(zR) T+ ..)é —zk  (2k)(1+c1(2k) +. ..)% —zk
- - _ )
(zk:)(1+ %(Zk)JF) — zk

= z = O0(kz?), askz— 0.

Thus we have, following the proof of [17, (4.6)] and noting ||K’(2)| < Cz|~2 in
[17, (3.2)],
| K (2) — K(2)|| < Clz|"2k|2|* = Ck.

Finally we show (2.19). Following the same proof as in the proof of [17, Lemma
4.3], we have, noting that |K(zx)| < C|z|71,

(O (z1) = K(2)|| < [[(1(¢) = 1)K (20)]| + || K (20) = K (2)]|
< Clzk|¥z| 7t + k|2]° < Ck*|z|*" ! 4 Ck.

Together these estimates complete the proof of Lemma 2.6. O

2.2. A piecewise constant discontinuous Galerkin method with the con-
vergence rate O(k). We note that the convergence rate of the time stepping method
(2.3) isonly O(k%),0 < a < 1 with nonsmooth data. To derive a time stepping method
for solving (1.5) with the convergence rate O(k) for nonsmooth initial data ug, we
will approximate {*D}~“Au(t,) by

(DI Au(ty) = k7Y " w,_jAu(t;),

=1
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where we ignore the term Au(tp) in (2.1). More precisely, we choose w,, = 0 in the
summation Z;;o wp—;Au(t;) in (2.1). It is easy to show that

(2.21) ¢DI Au(tn) = k71> w,_jAu(t;) + O(k), as k — 0.
j=1
To see this, by (2.1), it suffices to show that, for the fixed ¢,, = nk = constant,
(2.22) ko rw, =t1O(k), ask — 0.
In fact, let ¢, be fixed, for example, assume that ¢, = 1,n = 1/k, we have, by (2.2),
D1+ )k tw, =k* Han® '+ (n—1)* —n®) = a2 ' + (n — )%k —nk* !

:t%‘l(owr (n—17 7 )ztg—l(a+w_l>

nafl no—1 (1/k)0471 k
ety U=R) =N (I—ka+O(k?) —1
o O o Ot

=t2710(k), as k — 0,

which implies (2.22) and therefore (2.21) follows.

Based on the approximation (2.21) for the Riemann-Liouville fractional derivative,
we obtain the time stepping method (1.6) which was first introduced in McLean and
Mustapha [19] for solving (1.5) by using the piecewise discontinuous Galerkin method.

THEOREM 2.7. Let the operator A be a closed, densely defined linear operator
satisfying (1.4). Let u(t,) and U™ be the solutions of (1.5) and (1.6), respectively.
Let ug € La(2). Then we have, with 0 < a < 1,

(2.23) lu(tn) — U™ < Ckt*luol.
Proof. The proof is similar as the proof of Theorem 2.1. We shall use the same

notations here as in the proof of Theorem 2.1.
Let v(t) = u(t) — up and V™ = U™ — ug. It suffices to show

[o(ta) = V"Il < Okt |luoll,

which we will prove now.
This time V", n = 1,2,3,... satisfy, by (1.6), with V9 =0,

n n
V’n _ anl + ka an_]AVJ — _ka an_]’AuO7 n 2 1.

j=1 j=1
Thus we have
Z(Vn _ Vn—l)Cn s Z k_a(zwn_]Avj)Cn - _ Z ka(an—jAuo)Cn,
n=1 n=1 Jj=1 n=1 j=1

which implies that

(1— OV () + K*B(O)AT () = —k° (m(g)?cc)Auo = e

&
o
J\r‘
~—
b
e
S
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Denote
(224) n(6) = (152)8(0) = (25) (1 = My
we obtain
(2.25) vn = —ﬁ [0 G ) A

The rest of the proof is to bound ||v(t,,) — V™| which can be done by using (2.27)
below and the arguments for estimating (2.14) in the proof of Theorem 2.1. We omit
the details here.

0

LEMMA 2.8. Let ¢ = e ** and z € T'y. Let p(C) and K(2) be defined as in (2.24)

and (2.15), respectively. We have

(2.26) we %) —1=0(zk), aszk— 0,

(2.27) |4 K (2%) — K (2)]] < CHl= .
Proof. We first show (2.26). It is sufficient to show

(2.28) pwEe ™) —=1=0(w), asw —0,

which follows from, by Lemma 2.5,

pe) 1= (=) (@ —emao ) -1

:e_w<1 w_u))(1+01w+62w1+a+~~) —1:0(’[0), asw — 0.
— €

e—w

1—ew

We next show (2.27). Following the same proof as in the proof of [17, Lemma
4.3], we have, by (2.18), (2.26) and noting again that |K(z;)| < C|z|7t,

[1(Q)K (1) = K (2)|| < [|[((¢) = 1) K (z)]| + || K (1) — K (2)]|
< C|zk||z|™ + K|2]° < Ck.

Together these estimates complete the proof of Lemma 2.8. O

2.3. A new time discretization with the convergence rate O(k'*t%) 0 <
«a < 1. In this subsection, we shall introduce a new time discretization scheme for
solving (1.5) by using the convolution quadrature method. We prove that this method
has the convergence rate O(k'*®) with nonsmooth initial data uy.

Following the idea in Lubich et al. [17], we shall approximate the time derivative
u¢(tn) by using a second order backward difference method

Su(ty) — 2u(t,— Lot
wn(ty) = 224n) = 2ul k1)+2“( 2) L Ok?), ask - 0.

We define the following finite difference method for solving (1.5), with U™ ~ u(t,)
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and ¢y = 1/2,
(2.29) DU™ + ka*(zwn_jAUj n Cown_lAuo) —0,n>2,
j=1
(2.30) DU™ + kafl(zwn_jAUj + cown_lAu0> =0, n=1,
j=1
(2.31) U =wuy, UL =uy,
where
3rn n—1 lyrn—2
_ sU™ —2U sU
DU" = 2 *3 ,n>1,
k
and wj,j = 0,1,2,...,n — 1 are defined by (1.7). Here we use a modification term

cown—1Aug as in Lubich et al. [17, (1.18)].

THEOREM 2.9. Let the operator A be a closed, densely defined linear operator
satisfying (1.4). Let u(t,) and U™ be the solutions of (1.5) and (2.29)-(2.31), respec-
tively. Let ug € La(2). Then we have, with 0 < a < 1,

(2.32) lu(ta) — U™ < CRY2 1 g .

To prove Theorem 2.9, we need to show that 2z} € 3y for some 6 € (7/2, 1) where
21, is defined in (2.36) below.

LEMMA 2.10. Let § > ©/2 be close to w/2. Let z € T'y, with Ty, = {z : z €
T, |Sz| < w/k} where T = {z: |argz| = 0} (with Sz running from —oo to oo). Let
2k = 8(C) /k with = e~** be defined by (2.36), where

(233 500" = (5 20+ 5¢)a0 ™,

and w(¢) = Z;io w;i¢7 with wj,j = 0,1,2,... defined by (2.5). Then there exists
0o € (7/2,7) such that

zy € Xgy, forallz eTy.

Proof. The proof is similar as the proof of Lemma 2.4. We omit the proof here. O
Proof. [Proof of Theorem 2.9] Let v(t) = u(t) — up and V™ = U™ — ug. It suffices
to show

l(tn) = V™ < CEF4 luo,

which we will prove now.
This time V™, n = 1,2,3,... satisfy, by (2.29)-(2.31), with ¢ = 1/2,

j=1

(2.34) = —k° ( Z wn_jAuo + cown_lAuo), n>1,

j=1

(2.35) Vi=0, V=0
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Thus we have

i (gV" —2ynTt 4 %V"‘Q)Q" - i k“(zn:wn_jAVj + cOwn—1AUO)C"
n=1 n=1 J=1
oo

= - Z E“ ( Z Wy —jAug + Cown—1AU0)Cn,
j=1

n=1
which implies that

(g -2 + %CQ)V(Q + k0 (Q)AV(C) = —k*w(C) (1 + co)¢ + 2+ 3 +... ) Aug

= —k%w({) (L + CoC) Aug.

1-¢
Hence
5(6)\5 ey
<T) V(¢ +AV(() = —(1 e + COC)Aum
where the generating function §(¢)® is defined by (2.33), see also [17].
Denote
(2.36) o = %.

By Lemma 2.10, we see that (2% + A)~! exists and hence we have

V() = ~(af + 4 (7o + ac) A

Denote
237) 10 = (755 +06)30) = (1 +ead) (5 — 26+ 5¢2) (e
we get

(2.38) Vn = ,i e u(Q)zy 2 + A) 7 Aug dz.
27t Jp, ’

The rest of the proof is to bound ||v(¢,) — V™|| which can be done by using (2.42)
below and the arguments for estimating (2.14) in the proof of Theorem 2.1. We omit
the details here.

0

LEMMA 2.11. Let w;,j =0,1,2,...,n,... be defined as in (2.5). Then we have
the following singularity expansion, with ¢ = e™**,

(% Cac - %g?)w(g)*l = (2k)® + e (2k) T2 4 oy (k)2

for some suitable constants cq,ca,. ...
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Proof. We have, by the expansion of w(z) in (2.8),
§ 1 2\~ -1 __ § —zk 1 —2zk ~ i —zky\) 1
(2 2¢ ¢ )w(() —( 2e 26 )(w(e ))

2 2
2k)3 —1

= ((zk) _ (#R) ++.. .)((zk)lfo‘ + c1(2k)® + ea(2k)* ™ +...)

= (2k)* + c1(2k) T2 4 cp(2k)2 T L.

3

Together these estimates complete the proof of Lemma 2.11. O
LEMMA 2.12. Let ( = e=** and z € Ty,. Let u(¢) and zy, be defined as in (2.37)
and (2.36), respectively. We have

(2.39) (e ) —1=0((zk)'*t*), aszk — 0,
(2.40) clz| < lzi| < Clzl,

(2.41) |1 K (2) — K(2)| < CE'Yo[2],

(2.42) 14K () — K ()] < CRFlzje.

Proof. We first show (2.39). It is sufficient to show
(2.43) pe™™) —1=0w'™), asw —0,

which follows from, by Lemma 2.11,

e—w

e 1= () (-2 o )aa)

—w 1
- (1 - — T coefw> (U’O‘ + w2 4wt 4 ) T -1=0w'?), asw — 0.
— e

Next we show (2.40). Note that

Tl lel _lzK]
al ~ [0 el

To show (2.40), it suffices to prove % has limit as |zk| — 0, which follows from,
noting that §(¢) = (g T %@)w(g)*l,

w

Q=

lim —— li

im —— = lim

w—0 d(e—w w—0

—040(e7)  w ((g 9w _ %e—2w)w(e—w)—1)

li v

= lim
w=0 (o + crwlt2e + cow?te + ... )5

1

= lim - =L

w=0 (1 4+ cqwte® 4+ cqw? + ... )=

Hence we have proved, for any fixed constant M > 0, there exists a constant C' such
that

|2

< C, V|zk| < M.
|2k
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Similarly we may show % < C, V|zk| < M. Thus we get (2.40).
We now show (2.41). Note that

2 — 2 = ((% —2eF — 5672Zk)w(67Zk)71)2 — zk
k k
(=) + en(zh) 2 ep (k)T L) 2k
- k
R (Lt () epleh) )k
o k
E)(1 E)lte k)+...)—zk
_ (2k) (1 + c1(zk) 2‘02(2 ) +e) =z = O(k* 22 ) ) as zk — 0.

Thus we have, following the proof of [17, (4.6)] and noting ||K’(z2)|| < C|z|72 in
[17, (3.12)],

1K (21) = K(2)]| < Cla| 2B+ [277 = CRIT 2|

Finally we show (2.42). Following the same proof as in the proof of [17, Lemma
4.3], we have, noting that |K(zz)| < C|z| 71,

(O K (1) = K(2)|| < [[((6) = ) K (z)]| + [ K (1) — K (2)]|
< Ok 2|7t + B 2|> < Ok 2]

Together these estimates complete the proof of Lemma 2.12. O

REMARK 2.13. We remark that assuming that ug € D(A) rather than ug € Lo(£2)
reduces the singular behavior of the error bound at t = 0. We can also prove the
convergence rates O(k™) with r = a,1 and 1 + a for 0 < a < 1, respectively as in the
Theorems 2.1, 2.7, 2.9, see Lubich et al. [17, p.16]

3. Inhomogeneous problem. In this section we will consider the time stepping
method for solving the inhomogeneous problem (1.1) based on the time stepping
method introduced in Section 2 for the homogeneous problem.

Let u(t) — ug = v(t). Then (1.1) is equivalent to

(3.1) SDfv(t) + Av(t) = —Aug + f(t), 0 <t < T, with v(0) = 0.

With V" ~ v(t,),n =0,1,2,..., N, we define the following time stepping method for
solving (3.1), with V° =0 and ¢y = 1/2,

(3.2) k=N 0 VI 4 AV = — Aug + f(tn) + co(—Aug + £(0)), n =1,
j=1

(3.3) kN 0 VI 4 AV = —Aug + f(ta), n=2,3,..., N,
j=1

where 6j(-a),j =0,1,2,... are generated by 6(¢)* = Z;io 5](-a)§j. Here 6(¢) is defined
by (2.33).

THEOREM 3.1. Let the operator A be a closed, densely defined linear operator
satisfying (1.4). Let u(t,) and U™ be the solutions of (3.1) and (3.2)-(3.3), respec-
tively. Let ug € L2(Q) and f € H?(0,T; L2(Q)). Then we have, with 0 < o < 1,
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tn
34) lu(ta) V"] < OKF (5 ol + 6 O+ 17O+ [ 186w

To prove Theorem 3.1, we need the following lemma.
LEMMA 3.2. Let z be defined as in (2.36). We have

H(z“JrA)*lz — (2 + A)” ( Ztngn)

‘<C’k1+°‘|z| 1

Proof. We have

H(z +A) T (2 A)” (thnC”>

<N+ AT = G+ AT+ ) -2(1—zkkztn<“)

It is easy to show that

< C|zk|Te.

H1 ~ 2% i taC"
n=1

The rest of the proof of Lemma 3.2 follows from the arguments in the proof of (2.27).
]

Proof. [Proof of Theorem 3.1] The proof is similar to the arguments in [11] and
[12] for the error estimates of the inhomogeneous problem.

Denote

f(t) = f0)+ R(t), R(t) =tf(0) + (t= f")(t).

Here f x g denotes the convolution of f and g.
Taking the Laplace transform in (3.1), we have

299(2) + Ad(2) = —Aupz "' + f(2) = —Augz"! + £(0)27 + R(2),

which implies that

u(t) = L /1“ et ((za + A) e (= Aug + £(0) + (2* + A)_lfz(z)) dz.

27

Taking the discrete Laplace transform in (3.2)-(3.3), we have

> (k= > SV + i(Avnx

n=1 j=1

= > (—Aug+ f(0 <"+ZR )C" + co(— Aug + £(0)),
n=1
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which implies that

1
V" = — eZtn (ZI(: + A)_lzlzlu(e_Zk)(—AuO + f(O)) dz
2mi Jr,
1 2ty [ O -1 - n
o . A k(;mn)c ) dz,

where p(¢) and z;, are defined by (2.37) and (2.36), respectively.

The rest of the proof may be completed by using Lemma 3.2 and the arguments
in Jin et al. [11], [12].

Together these estimates complete the proof of Theorem 3.1.
0

4. Numerical examples. In this section, we will consider the numerical simu-
lations of the different time discretization schemes discussed in Section 2 for solving
(1.5). We only consider the homogeneous problem and illustrate the experimentally
determined convergence rates with nonsmooth data. Similarly we may illustrate the
inhomogeneous problem with some sufficiently smooth source term f.

Let us consider the following time fractional partial differential equation in one
dimensional case.

SDfu(x,t) —uge =0, O<z<1, 0<t<T,
u(0,t) = u(1,t) =0,

u(x,0) = ug(x).

Let 0 < tg <1 <--- <ty =T be the time partition of [0,T] with "= 1 and k the
time step size. Let NV}, be a positive integer. Let 0 = 2o < 21 < z2 < -+ - <2apn, =1
be the space partition and h the space step size. The space is discretized by using the
standard linear finite element method.

a k=21 k=25 (=26 k=27 =238

0.1 1.57e-01 1.27¢-01 9.84e-02 7.13e-02  4.59¢-02
0.308 0.370 0.464 0.635

0.3 1.64e-01 1.21e-01 8.62e-02 5.76e-02  3.43e-02
0.434 0.492 0.581 0.747

0.8 1.90e-02  1.06e-02 5.75e-03  2.99¢-03  1.42¢-03
0.848 0.877 0.939 1.076

0.9 7.73e-03  3.99e-03  2.04e-03  1.00e-03  4.52e-04
0.953 0.970 1.023 1.151

TABLE 1
Time convergence rates with the different oo € (0,1) for the numerical method (2.3)

We first consider the scheme (2.3) and the convergence rate was proved to be
O(k®) for both smooth and nonsmooth data in Theorem 2.1. To observe this conver-
gence rate, we first calculate the reference solution uref(t) at T =1 with hy.p = 276
and Ky = 2710 We then use h = 27% and k = kappa * krey with kappa =
[22,23 24 25 26] to obtain the approximate solution at u(7T) with T = 1. Let ey
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denote the error of u(T') at T = 1 with the time step size k and the fixed space step
size h = 275. By Theorem 2.1, we have

llex]] < CE=.

Thus the convergence rate « is determined experimentally by

a%10g2(”62k“>.

llexl

Choosing the nonsmooth initial data ugp = x[o,1/2], we observe, in Table 1, that the
experimentally determined convergence rate is indeed almost O(k%) for the different
a € (0,1) with the nonsmooth initial data.

We next consider the numerical method (1.6) proposed by McLean and Mustapha
[18] which has the convergence rate O(k) for both smooth and nonsmooth initial
data. Using the same notations and the same initial data as in Table 1, we found,
in Table 2, that the experimentally determined convergence rate of this method is
indeed approximately 1.

a k=2"% k=25 (=2%6 k=27 =278

0.1 1.20e-04 6.53e-05 3.43e-05 1.71e-05 7.73e-06
0.876 0.929 1.01 1.14

0.3 6.99¢-04 3.57e-04 1.77e-04 8.46e-05 3.69¢-05
0.972 1.01 1.07 1.19

0.8 1.29e-03  6.01e-04 2.83e-04 1.30e-04 5.54e-05
1.103 1.088 1.120 1.233

0.9 9.66e-04 4.35e-04 2.02e-04 9.22e-05 3.91e-05
1.151 1.109 1.130 1.238

TABLE 2
Time convergence rates with the different o € (0,1) for the numerical method (1.6)

In Figure 1, by using the time discretization method (1.6), we show how the error
varies with t, = 0.01,0.1,0.2,0.4,0.6,0.8,1.0 by choosing a = 0.3 and the time step
size k = 276 and the space step size h = 276. Here the reference solution is calculated
by using ke = 2719 and hy..p = 276.

Finally we consider the improved numerical method (2.29)-(2.31) which has the
convergence rate O(k'*®) for both smooth and nonsmooth data. Using the same
notations and the same initial data as in Tables 1 and 2, we found, in Table 3, that
the experimentally determined convergence rate is approximately k7@ ( actually the
experimentally determined convergence rate is better than 1 + «) as we expected.
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5. Appendix. In this Appendix, we will give the proof of Lemma 2.4. To do
this, we need to introduce the polylogarithm function

i
Liy(z) = -

=

The polynomial function Li,(z) is well defined for |z|] < 1 and p € C. It can be
analytically continued to the split complex plane C\[1, +00); see Flajolet [6]. With z =
1, it recovers the Riemann zeta function ¢(p) = Li,(1). We also recall an important
singular expansion of the function Li,(e~*) (Flajolet [6, Theorem 1]).

LEMMA 5.1. ({10, Lemma 3.2]) For p # 1,2,..., the function Li,(e™?) satisfies
the singular expansion

oo 1
L, _ z
Liy(e7*) ~T(1 —p)2P~ ! + Z(—l)lg(p - l)ﬁ’ as z — 0,
1=0
where ¢(z) denotes the Riemann zeta function.
LEMMA 5.2. ([10, Lemma 8.4]) Let |z| < J2 with 6 € (3,5%) and =1 <p < 0.
Then

Lip(e™®) =T(1—p)2" "+ > (-D's(p -7
1=0 ’

converges absolutely.
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Proof. [Proof of Lemma, 2.4] We have, by the weights in (2.5), with ( = e=**,

Zw](JZ (¢t =240 50
1+a)

j=1
L “1 9y *Z’“)Ll_ ©),

(5.1) = m((eﬁk)

where, by Lemma 5.2,

(5.2) Li_o(¢) =Li_a(e™**) =T(1+a)(zk) "'+ > (-D's(a - 1) 0
1=0 ’

By (2.11), we have

where
1

m(ezk — 1)Li_g(e™%).

P(zk) =

= T
sin(ma)

Using [19, Lemma 1] we may write, with C,, and zk = pe'? = r + i¢,

1 1 00 —a 1— e 5
k)= —— Li_q(e ") d
w(z) F(].+O[)< )l ( Oa o ]_*GZkS S
1 /oo Cl 1—e 1 /°° s« 1765d
_ = s
Ca 0 1_e—zk—s Ca o 1 — e T—ip—s s
1 /°° 5 1—e®
- — ds
CoJo 1—e73(cosp—ising) s
1 /°° (s 1 —e*)(1—e " cosg)) — (s 1l —e%)(e " *sing))i J
- Ca )y 1—2e " Scos¢p+ e 2r—2s *
which implies that
o Co 1 Cy A+Bi
M kY A-Bi k> A2+ B%
where
A:/"O s (1 —e®)(1—e " "cosg)) ds.
0 1 —2e""%cos¢p 4 e~ 2r—2s
o (g—a— 1 1 _ =S rT—S
B :/ e *)(e7"*sing)) ds.
0 1—2e " Scos¢p+e2r—2s
Therefore
C, A o C, B
%(Zk) ]CO‘ A2 +BQ7 %(’zk) = kTAg —|—B2

Let us first consider the case for § = 7. In this case, we have, with r = pcosf =
0,6 = psinf = p,

R(zp) =

Co /°° s77 M1 —e %) (1 — e *cosp) ds
k*(A2 + B2?) 1—2e$cosp+e 28 '



22

Note that
1 -2 %cospte > >1—-2+e = (1-e*?2>0,
and
1—ePcosp>1—e*®>0,
we get J(zjY) > 0 which implies that 2} € Xy, for any 6y € (5, 7). Now let us choose
6 close to 3, 6 > 5. By the continuity of zj} with respect to 0, [10, Proof of Lemma
3.6], there exists 6y € (7, 7) such that

zi € X, for all z € T'y.

Together these estimates complete the proof of Lemma 2.4.
|



