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*Highlights (for review)

¢ A mathematical model of free drainage of foam is developed.

e Foam is built up by power-law non-Newtonian polymeric solutions.

e The rheological parameters of the polymeric solutions are independently measured.
e The predicted values are in good agreement with the measured experimental data.
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1. Introduction

Foams are multiphase colloidal systems, which are formed by trapping a gas in a
continuous phase (liquid or solid). Foams are widely used in food, pharmacy, personal care
products, flotation and other separation processes, firefighting, petroleum and gas industries
[1-3]. They pop up in lightweight mechanical materials and affect absorbing components in

cars, heat exchangers and textured wallpapers.

A flow of liquid in between the gas bubbles through Plateau borders, nodes and films in
foam driven by capillarity and/or gravity is referred to as drainage. In the case of foams buil
up by Newtonian liquids, equations of drainage were deduced using the combination of the
liquid momentum and mass balance equatidn8]. The drainage equations in the case of
Newtonian liquids have been solved numerically and/or analytically in different prototype
situations including free drainaf#-9], where liquid drains out of a foam due to the influence
of gravity and capillarity; wetting of a dry foam [10, 11], where a dry foam ismtact with
a liquid at its base; forced drainage [8, 9, 12-tvhere liquid is added to the top of foam
column producing a traveling wave; and pulsed drainage [8, 15-17], where a small volume of
liquid is injected to the top of a foam and left to evolve. A new type of these situations is the
case of foam drainage placed on a porous substrate [[L8yHEe foam is deposited @n
porous substrate and the presence of unsaturated pores inside the porous substrate results in

an imbibition of liquid from the foam into the unsaturated pores.

Foams are conventionally stabilised by surfactants; however, polymers (polyelectrolytes)
grow in popularity during the last decade as alternative stabilising additives to foaming
solutions [20]. Polymers can adsorb at the interfaces and stabilize foam films like low-
molecular surfactants. The use of polymers in foaming solutions has found increasing

benefits in different industrial applications. For example, polymer enhanced foams are



increasingly being utilised for reservoir recovery in petroleum industry [2I1P@8/mers are
also used in firefighting foams on polar fuels to prevent the foam from collapkdn24
addition, polymer stabilized hair colouring foams were recently patented in Ref. [25] to

provide improvements in colour delivery.

Understanding the rate of foam drainage/liquid release from foam is of great importance in
various industries because it shows the rate of delivery of active components to the target
places. Incorporating polymers into foaming solutions can affect the rate of drainahesnd
efficiency of the application. Addition of polymers often increases the viscosity of foaming
solutions and therefore it affects the kinetics of foam drainage and the rate of inter-bubble gas
diffusion [26-2§. For example, polymers used in firefighting foaroan significantly
lengthen the drainage time by viscosifying the aqueous phase. In general polymeric additives

make the foaming solution shear thinning non-Newtonian fluids.

To date only a few foam drainage studies have been devoted to non-Newtonian fluids,
such as polymer solutions [29,]3@hile the majority of researels deal with Newtonian
liquids, such as water, glycerin or oil. Despite intensive researtie ifield, to the best of
our knowledge, only semi-empirical approaches have been developed so far and there is no
comprehensive theory of foam drainage of non-Newtonian solutions. In our previous papers
[26, 27, 31}he influence of rheology of commercially available polymers Actllga (A22)
and Aculyd™33 (A33) on the free foam drainage was investigated experimentally and the
results of the properties modification (polymer type, concentration, mixtures, salt and iso-
propanol addition) of A22 and A33 polymeric solutions were presented. Below a theory of
foam drainage is presented for the non-Newtonian polymeric solutions in the case of free

drainage and its results are compared with experimental data.



2. Materialsand methods

A22 is a hydrophobically-modified alkali soluble emulsion (HASE) and A33 is an anionic
alkali polymer emulsion, water soluble, lightly crosslinked. Polymer emulsions were supplied
by Dow. Both polymers are soluble in water at high pH (~12) and thus aqueous solutions of
them were prepared by neutralising the stock polymer emulsions with a 2% ammonia
solution in ultra-pure water produced by Millipore Q, with ascorbic and citric acids added
(0.2 mass % each). NaCl was added to solutions in the range of 0-1.3 M concentrations. This
composition represents the common system utilised in cosmetic products such as hair
colourants where the ionic strength can be controlled by the added salt. The details about the

preparation of polymeric solutions can be found in Refs. [26, 27].

The rheometer AR 1000-N, TA Instruments with the cone and plate geometry (4 cm
diameter, cone of 89" and truncation of 56 um) was used for the rheology measurements.
Peltier plate was used to keep the temperature constaniCati@@he oscillating mode the
strain sweep measurements have been performed in the rangeldf 8tffrequency 1 Hz
and in the flow mode shear rate measurements have been made at the values highet than 3 s
which corresponds to the local shear rates during the foam drainage [29]. The experimental
error was lower than 5% at measuring probes taken from the same sample; however, the

difference between individual samples of the same composition was, mimlginly 10%.

Surface tension measurements have been performed by the Drop shape analyser DSA100,
Kruss, Germany. Buoyant air bubble was formed at the tip of the hooked capillary immersed

in the cuvette containing a polymer solution in these experiments.

Foaming experiments have been performed in a home-made glass column of 380 mm
height and 43 mm inner diameter. The foaming head, fitted at the bottom of the column,

consisted of 19 capillaries of 0.18 mm inner diameteraigas supply. The foaming gas was



air. To study the kinetics of foam drainage, a foaming liquid was poured into the column to
the height of about #45 mm and bubbling was started at a constant flow rate. Bubbling
was stopped after the foam height increased to about 150 mm. Time evolution of the height
of the foam, H-H; (Fig. 1) and the liquid under the foam, H;HFig. 1) were measured
during the experiments. The average liquid volume fraction inside the foam during the
drainage was calculateds (Ho-(H-H-))/(H2-H1) and results of calculations are reported below.
The produced foam was quite uniform (see Supplementary material Video 1) and the
variation of bubble size due to coarsening was negligible during the drainage (bubble
coarsening parameter C was less than 10% for the solutions used in the experiments) [27].
Accordingly, an average bubble size was determined for each foam drainage experiment by
analysing the pictures taken from the whole column during the drainage. Each experimental
run was repeated at least twice and the average values are reported below. The details of

foam drainage experiments can be found in Refs. [26, 27].

3. Theory

Let us consider foam composed of bubbles of uniform size and produced from polymeric
solutions in a column of height H (Fig. 1). Drainage occurs in the vertical direction along the
co-ordinate axis z directed downward, with z=0 at the top of the column. Time evolutions of
the foam height and free liquid under the foam aig)HH1(t) and H-H(t), respectively (Fig.

1). It is assumed below that the bubble size remains constant during the drainage, the
dissipation occurs in the Plateau borders only and the contribution of the liquid flow in the

films and nodes is neglected.
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Fig. 1 Schematic of free foam drainage experiment

It was determined in Ref. [27] (and shown below) that the polymeric solutions of A22 and
A33 are non-Newtonian power-law liquids, which shavghear-thinning behavior. For a
power-law liquid dependence of the effective viscosity, pn applied shear rate is given

the well-known Ostwaldde Waele relation:

Heff = k}}n—l’ (1)

where K is*‘flow consistency index’’, n is the ‘‘flow behavior index’’ and 7 is the shear rate.

A velocity profile for flow of a power-law fluid in a pipe of radius R with no-slip

boundary condition is given by the following expression [32]:

dpP

1/n
E 1 j (Rl+1/n . rl+1/n)’ (2)

2k

where dP/dz is the pressure gradient and everywhere below we assume that the flow directed
downward along z. According to Eg. 2, the average velocity, V, in a circular tube of cross-

sectional area of A, identical to that of actual Plateau border, is determined as follows:



1/
_ n 1 |dp|i nA1/2+1/(2n) (3)
3n+1 721 || dz| 2k '

According to Wang and Narsimhan, (2006) the average velocity in the actual Plateau border

geometry, v, is related to that given by Eq. 3 as [33]:

v=cV, (4)

where the coefficient is [33]:

c=a(n). (5)
In the above equation a(n) are functions of flow behavior index, n, and their values are
presented in Table 1. Here it is assumed that the interface is completely immobile (i.e. the

Poiseuille flow).

Table. 1. The values of velocity coefficient in Eq. 5 for different values of flow behaviour

index [33].
n 1 0.8 0.6865 0.6 0.5 0.35
a(n) 0.5169 0.4851 0.459 0.434 0.3922 0.2942

Substitution of Eg. 3 into Eq. 4 results in

1/n
_~_ N 1 dP| 1 1/2+1/(2n)
V= C3n+17z1/2+1/(2”) (E Ej A : (6)
Hence, the flow rate,sg in a Plateau border is as follows:
1/n
n 1 |dP| 1 3/2+1/(2n)
=C — A . 7
o= 311 7777 (I dz| ZkJ ()



The quantity P in Egs. 2-7 is referremimodified pressure anitl is an abbreviation for the
sum of the capillary pressure and gravitational contributions. Accordingly, the driving force

for Plateau border drainage dPistz

dPl_ g+ 9
‘dz "R ®)

wherey is the liquid-air interfacial tension s the radius of curvature of Plateau borger;

and g are the liquid density and the gravity acceleration, respectively. According to [34]:

Vi @ @
A=C°R},=—2 * =CR'—"—, 9
pb npl 1—¢ (1_¢)2/3 ()

whereg is liquid volume fraction, Ms the volume of a bubble of radius, Ris the length of
the Plateau border,,ns the number of plateau borders per bupllé~0.161, G a
geometrical coefficient, £4n/(3n,0)~0.378-0.972 for a foam with structures between bcc
(body-centred cubic) and fcc (face-centred cubic) and bubbles of the same 8R€1{p)

13 $=0.718-1.108, p=6-10) [34]. Substituting Egs. 9 and 8 into Eq. 7 results in the following

equation for the flow rate iaPlateau border:

1/n
n 1 1 (09 payorz Cy pay210A
qu:C3n+1ﬂ_1/2+1/(2n) ol/n (?A : _EA 5 . (10)
If we define
1 n 1 1"
f_nz[c3n+1ﬂ-1’2+1’(2”) 21an ’ (11)

then Eq. 10 can be rewritten as

1/n
(P9 azverniz . Cy a2 0A
= =A -—— A — . 12
e [ kf, 2kf. oz (12)

According to Eq. 11 and Table 1;-#9 for a Newtonian liquid (n=1) and immobile interface

which is in complete agreement with the values reported earlier [8, 18, 35].



The total volumetric flux through the Plateau bordetberefore calculateds[36, 37:

1/n
_ PY p3V2:1/2 Cy jay210A
=g AL 13
715 pr( okf. oz (13)

n

where N=(1¢)/Vpis the number of bubbles per unit volume.

The mass conservation law for liquid inside Plateau border chaspg

99 R _y.

ot oz (14)

Substituting Eq. 13 into Eg. 14 and replacing A with expression 9 results in the following

equation for the liquid volume fractiom;

n
Cll/ng R pIFY2  cy R? A 2 8(p =0, (15)
at az an -9 2ka, o) 2
where
n
1 n 1 1
a [C 3n+12Y"-%3%2%5 np]/253’27z1/(2”)] . >

Let us introduce the following dimensionless variable and co-ordinate:

$—zlzy, 7otlty, a7)
where
1/n
Zy = \% o = Hzank | - (18)
Cy 2 R(p9) 2

Substitution of these variables into Eqg. 15 results in

1/n
a¢ \/_ ¢31/2+:|_/2 31/271(1_¢/3) a¢
- =0, 19
ot ( @)% d-9) og (19)

where



Cl/Z
-1
:Apgrav:pg C Rb:&pgpﬁ
APcap 4 c? oy’ (20)

C11/2 R
C

Bo

is a corresponding Bond number.

For a fresh foam produced in the foam column, the liquid volume fraction profile is initially

uniform, that isp(¢, 7 =0) = ¢, [38, 39.

3.1 Boundary conditions

During the drainage the liquid from the top of the foam drains to the lower parts. Therefore,
the liquid volume fraction at the top decreases with time. There is a critical liquid volume
fraction, ¢, below which the coalescence/bubble burst begins [40]. The value of this critical
liquid volume fraction is a function of the nature of the surface active substances (polymer
and/or surfactant) and their concentratioheTritical liquid volume fraction is determined

by a disjoining pressure action [36, 41].420wever, in Ref. [40] a mechanism based on a
critical film dilatation is proposed for the onset of coalescence and critical liquid content in
draining foams. Based on the theory of critical liquid volume fraction, there are two possible
scenarios for the boundary condition at the top of the foam (i.e(@=dd{= {i(t)): (i) If the

liquid volume fraction at z=His higher thanp, then there is no bubble collapsing at the top

of the foam (i.edH,/dt=0) and the top boundary condition is zero liquid flux:

Q(H,,t) =0, (21)

or in dimensionless form:

Q(¢1,7) =0, (22)



(i) If the foam continues to dry and the liquid volume fraction at zzeidps to the value of
oo, then the bubbles at the top of the foam start to rupture and the height of the foam
decreases from the top (i.e. d#t>0). In this case the boundary condition at the top of the

foam is a constant liquid volume fraction:

(D(Hl(t)’t) = @cr (23)
or
@(4/1(7)1 T)= Der (24)

and the rate of foam collapse, ditt, can be expressed according to the following equation

[36]:

dH, () _ 1
dt

Q(H,(t),1), (29)

?Pc

or in dimensionless form:

4@ _ 1 o)), (26)
d Dcr

After the onset of the drainage, the boundary condition at the bottom of the foam is a constant
liquid volume fraction,pmax~0.36, which corresponds to random packing limit for spherical
particles in three dimensions [43]. However, as we consider a uniform initial liquid volume
fraction along the foam height (i@, <<¢({,7=0)=¢ <@,.,), the boundary condition at

the bottom of the foam should be zero liquid flux during a very early stage of the drainage

until the liquid volume fraction at the bottom of the foam reachgs

As the foam drains the polymeric solution accumulates under the foam and the interface

between the foam and polymeric solution, khoves up. The rate of this movement can be



found using a mass conservation law of the polymeric solution within the whole column (see

Supplementary material S1):

dH, () 1
= — H,(t),t
ot - maxQ( 2(1),1) (27)
or in dimensionless form:
A0 _ 1 0.0 @®)
dr 1— @ ax '

The above equations could be easily deduced from the fact that the product of the front

velocity with the density difference of the two sides of the front is equal to the flux.

The equilibrium profile for liquid content inside the foam is reached when the gravity and
capillary gradient forces equilibrate each other inside the foam. The equilibrium profile can

be found by assuming zero liquid flux across the foam height. Integration of Eq. 15 in this

case using the boundary condition at the bottom of the faair, (t),t) = @4, results
in:

2C,""?pgR, M max 032 -2/3
———=2 | 0z= 1- 1-¢/3)0p,
Cy ! %q 1-9) " 1-9/3)0p (29)

and

1/2
0= 0e() 2022 = - o) i + - LT (Hae 2. (30)

Eg. 30 can be rewritten as the following dimensionless form:

Q- 2N 20e(£) ™2 = U D) Prma? +BO ({56 — ) - (31)

Eq. 31 shows that as expected, the equilibrium profile does not depend on flow behavior

index, n, and it is identical to foams produced from Newtonian liquids. The calculated profile



of the equilibrium liquid volume fraction is in good agreement with the results presented in

Ref. [44] using the concept of an osmotic pressure (see Supplementary material Figure S1).

If & =¢is substituted in the above equation (we supposedthas the dimensionless

position of the top of the foam at equilibrium), then the equilibrium liquid volume fraction at

the top of the foam can be deduced. The latter is a function of the foam height at equilibrium,

¢, — ¢ and can be calculated as

- 0e(C1e) Y3 0e(C1e) ™2 = L Pma) 2P +VBO (¢ 26 — 1) . (32)

The dependency of the equilibrium liquid volume fraction at the top of the foam on the foam
height (according to Eqg. 32) is schematically illustrated in Fig. 2. As shown in Fig. 2,

9.(£1e) INCreases ta,,, as the final foam heightd,, — ¢ , decreases. Substituting
?.(S1e) = @ In EQ. 32 allows determining a criticabain height, A This critical foam

height is shown in Fig. 2 whege(¢.) = @, -

If the initial foam height,(zr =0) - &, (r =0) = ¢, — &3 is less than A then over duration
of the whole process the liquid volume fraction at the top of the foam remains abaxg the
and the top part of the foam does not move, that(s) = £;; . However, if{, —¢;; is bigger

than A¢ then two possibilities can be predicted: (1) over duration of the whole drainage

process the liquid volume fraction at the top of the foam remains abovg,thevhich is
exactly the samas before, (2) at some moment in timg, ¢(¢;,7.) =@, - After that

momentthe apparent boundary of the foam at the top starts to decrease according to Eq. 26.
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Fig. 2 The dependency of the equilibrium liquid volume fraction at the top of the foam on the

foam height.

Therefore, the foam height will decrease from both top and bottom boundaries while
@($1,7) =@, . This reduction in foam height continues until the time when it reaches
equilibrium. According to Eqg. 32 and Fig. 2, the final height of the foam in this case is fixed
and equal to the critical foam heigldt,, — ;. = 4., - Considering a mass conservation of the
polymeric solution within the whole column at initial and final state of the process, it is
possible to predict which of the two above mentioned possibilities will occur:

HZE
@ (Hy —Hy)+H-Hy = [ g(H)dH+H—-Hj. 33
H (33)

le

The left hand side of the equation shows the initial amount of the liquid presented within the
whole column while the right hand side of the equation determines the final liquid content at

equilibrium. Eq. 33 can be rewritten as the following dimensionless form:



¢ (C2 —C1) = ¢ :ife¢e(§)d§—42e. (34)

If we suppose that during the drainage the liquid volume fraction at the top of the foam drops

to the value ofp, (i.e. the second possibility occurs), then as mentioned above

C e = C1e + Ao - Substituting this expression into Eq. 34 results in

ACn =) ~Cn =1 o)A (Gt Aer). )

le

From the above equation

$1e =1 =(82 —Cu) —n (S _gﬁ)+§lﬁ%r 0(£)AS = A (36)

le

Since the foam height decreases from the top in this ¢gse¢; >0 and the right hand
side of Eq. 36 should be also a positive value:

Ca=Co)-0(Ca—Co)+ T g QYA — gy >0 @)

le

According to the above equation the condition for the movement of the top of the foam

during the drainage can be written as:

Cret Ao
(ﬂ‘cr - ¢e(§)d§j

le

(¢ — &) ’

(38)

¢ <1-

or



(ﬂcr o ’1(];' (pe(§2e - é’)dgj
G-t

(39)

o <1-

A comparison between the valuesgpfand ¢ for each foaming solution can predict the state

of the top of the foam during the drainage. The integral in Eqg. 39 (to find the valpg¢sarh

be calculated numerically using Eq. 31 for different values of Bo number and it is identical to
the area under the equilibrium curve fra@fy, — . =0 to {5 — e = 4, In Fig. 2. Therefore,

in the case in which the initial foam heiglat; — 3, is bigger than A the foam height
decreases from the top boundary only if the condition specified in Eqg. 39 is satisfied for the
value of initial liquid volume fraction. Otherwise the liquid volume fraction at the topeof th

foam remains above thg,, and the top boundary of the foam does not move.

3.2 Model calculation

The model of foam drainage described by dimensionless Eq. 19 has been solved using
finite element method on one dimensional regular grid with 800-1200 elements
corresponding to the foam height. A backward differentiation formula was used to solve
time-dependent variables and time stepping was free taken by solver with initial step size of
10%°. Relative tolerance was set t0®lGvhereas absolute tolerance was set t0°.10he
boundary conditions at the top and bottom of the foam and their locations were imposed and
updated as described in the previous section to obtain the evolution of liquid volume fraction
inside the foam. The values of &, Bo A, flow behavior index, n, and flow consistency
index, k, are obtained for different polymeric solutions based on the experimental data shown

in the next section.



4. Reaultsand discussion

4.1 Rheology and surface tension measurements of polymeric solutions

The rheology of polymeric solution is an important parameter in the kinetic of the foam
drainage. Fig. 3 shows the dependency of the measured effective viscosity of different
polymeric solutions on shear rate. The dependencies are fitted according to Eq. 1. The
obtained values of k and n for different polymeric solutions are listed in Table 2 and are used
in calculations below. The shear thinning character of the polymeric solutions was found, as
expected. Fig. 3(a) shows that the solutions viscosity decreases with increasing of the salt
concentration. Fig. 3(b) also indicates that solution viscosity increases with the increase of
the polymer concentration. The values of surface tension for different polymeric solutions are

given in Table 2 and they are used in calculations.

1.2 1.2
- -0.546 - -0.465
. Y= 184815 o 153 1% 0.3M ¥=03761 " o A33 1% OM
1t R?=0.9956 1 F R? =0.9975
woog | y =0.7102x95% mA22 1% 1.3M - i y=1.7246x%°% @ r33 1 59 OM
o 0. 0.8 R? = 0.9984
a R?=0.9717 a '
206 Zo6 |
7] @
=] [=)
3 9
204 <04 |
0.2 02 |
0 0
0 20 40 60 0 20 40 60
shear rate, 1/s shear rate, 1/s
a) b)

Fig. 3 The dependency of the measured effective viscosity of a) A22 and b) A33 solutions on

shear rate. The dependencies are fitted according to Eq. 1. Fitted values are given in Table 2.



4.2 Foam drainage of polymeric solutions

Drainage of foams produced from power-law non Newtonian liquids of three comp®sition
of A22 and A33 polymers have been chosen for investigation as shown in Table 2. The
density of all solutions was around 1000 ky/rEach foam drainage experiment was
performed for 120 minutes. The average bubble size reported in Table 2 indicates that the
foams formed from the more viscous solutions had larger bubbles. Based on the four obtained
experimental data, k, p,and R, we calculatedo, ¢, an, 2, to andi according to Egs. 20, 5,
16, 18, 18 and 32 respectively, and their values for each foaming solutions are reported in
Table 2. The values of velocity coefficient,were found according to Eg. 5 and Table 1. To
find the critical foam height}.,, (according to Eq. 32) the values of critical liquid volume
fraction ¢, are required. In Ref. [4@] narrow field of liquid fraction ranging from 0.0005 to
0.0007 was found as the critical liquid volume fraction in foam stabilised by mixture of
surfactants. As a rough estimate, this range was used below to calculate the critical foam
height. As can be seen in Table 2, the initial foam height (~0.15 m) is higher than the
estimated critical values for different polymeric solutions. The valuegsiofEq. 39 are also
calculated for each foaming solution and their values are reported in Table 2. The initial
liquid volume fraction,p (~0.25-0.30) is lower than the calculated valuespofthus, the
condition specified in Eq. 39 is satisfied. Although this suggests that the liquid volume
fraction at the top of the foam drops to the valuegfand the foam height decreases from
the top boundary, the measured experimental data showed that the change of the location of
the top of the foam, H was negligible compared to the change of the foam heighti; Hor
all polymeric solutions during the drainage (maximum 7.4 %). Foams produced from
polymeric solutions are more stable than foams build up by surfactant sqlttiosg.; is

expected to be lower arid, should be higher for foams stabilized by polymers than by



surfactants only. It confirms that the liquid volume fraction at the top of the fe{&in,t)

does not decrease to the valuepgfduring the draining and, hence, zero liquid flux boundary
condition (Egs. 21-22) was used in the simulations below. Accordingly, the vajgeioket

so low that there is no collapse for the foams examined here. Our calculations according to
Eqg. 39 suggest a value of roughly 0.0001 for the critical liquid volume fraggiomithin the

foams produced from the polymeric solutions used in our experiments.

Table 2. Characteristic values of polymeric solutions and their foam drainage. The first
four values, k, ny and R are extracted from the experimental data. The second seven values,
Bo, ¢, an, %, 1o, Acr @ndp are calculated according to Egs. 20, 5, 16, 18, 18, 323and

respectively.

Foaming k n Y Ro Bo c On Zo to Aer o

solutions | (Pa.§) | () | (N/m)| (m) ©) ¢ ¢ (m) (s) (), (m) ¢

20.976-24.973
A22_1.0%1.3M| 0.7102| 0.402| 0.038 | 0.00139| 3.003| 0.334| 20.575| 0.00197| 38.449 0.67-0.72
0.041-0.049

19.837-23.617
A33_1.0%0M | 0.3761| 0.535| 0.030 | 0.00131| 3.358| 0.408| 31.033| 0.00175| 13.115 0.73-0.78
0.035-0.041

15.593-18.564
A33_1.5%0M | 1.7246| 0.437| 0.027 | 0.00158| 5.435| 0.358| 22.916| 0.00166| 316.148 0.80-0.83
0.026-0.031

Figure 4 shows calculated results on tinge evolutionof liquid volume fractionp, over the

foam height,{, for “A33_1.0%0M” solution. In this figure{=0 is the top of the foam and
9i=0.2939, according to the experimental data. In the very beginning of the drainage the
liquid volume fraction varies only at the top and bottom of the foam, whereas in the middle
part of the foam the initial value is retained. The interface between the foam and polymeric

solution at the bottom is moving up during the drainage. This decrease of the foam height is




very fast in the early stage of the drainage; however, reduction of the foam helgtitea

profile of the liquid volume fraction approach a steady state over time.
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Fig. 4 Time evolution of the predicted results of liquid volume fractignover the foam

height,, for “A33_1.0%0M” solution ({=0 corresponds to the top of the foam).

Comparison of the predicted and experimental time evolution of the height of thelfaam,

and average liquid volume fractiop, is shown in Figs. 5 and 6, respectively for different
polymeric solutions. As expected, for all polymeric solutions the foam height and the average
liquid volume fraction decrease dramatically in the beginning of the drainage and after some
time they reach a plateau. As can be seen in Figs. 5 and 6, the predicted values are in a

quantitative agreement with the measured experimenta(&t8.85). According to Ref. [29]



elongational properties of the polymeric solution can also affect the foam drainage. It was

found that the rate of the drainage increases by increasing the elongational viscosity of the
solutions. This influence can be important at higher contractions of the polymeric solutions

and with larger polymer molecular weighi#®, 30, this phenomenon could account for the

small deviations between predicted results and experimental data presented below.
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Fig. 5 Comparison of the predicted time evolution of the height of the fdad, with

experimental data for a) A22_1.0% 1.3M, b) A33_1.0% OM and c) A33_1.5% OM.
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Fig. 6 Comparison of the predicted time evolution of the average liquid volume fraction
along the foam heighs, with experimental data for a) A22_1.0% 1.3M, b) A33_1.0% OM

and c¢) A33_1.5% OM.

5. Conclusions

A model for free drainage of foams produced from power-law non-Newtonian shear thinning
liquids is presented and compared with experimental data for the drainage of foams formed
by A22 and A33 polymeric solutions. Equatioasdeduced, which describes the drainage of
foam build up bya power-law non-Newtonian liquid. The boundary condition at foam/liquid

interfaceis a constant liquid volume fraction corresponding to the maximum liquid volume



fraction inside the foam. There are two possible boundary conditions at the top of the foam
which depends on the initial foam height and initial liquid content within the :fGah the

liquid content at the top is higher than a critical liquid volume fraction, there is no collapsing
of bubbles at the top of the foam and boundary condition is zero liquid flux; (ii) If the liquid
volume fraction at the top of the foam drops to a criticabeathe height of the foam
decreases from the top by collapsing of the bubbles at the top of the foam. The predicted
values showed that in the early stage of the drainage the liquid content varies only at the top
and bottom of the foam, whereas in the middle section of the foam the initial value is retained.
The interface between the foam and polymeric solution was moving up during the drainage
and the kinetics of this motion is predicted. This decreatiee foam height was very fast in

the very beginning of the drainage; howevierreached a steady state over time. The
equilibrium profile of the liquid volume fraction is predicted and shown that it does not
depend on power law index, n, of non-Newtonian liquid. The predicted values of the time
evolution of the foam height and liquid content were in good agreement with the

experimental data.
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Nomenclature


http://gow.epsrc.ac.uk/NGBOViewGrant.aspx?GrantRef=EP/J010596/1

a velocity coefficient

A Plateau border cross-sectional area, m

Bo Bond number

C velocity coefficient

C geometrical coefficient

C geometrical coefficient

Tn drag coefficient

g gravity acceleration, mfs

H column height, m

Ho initial height of the liquid before producing the foam, m
Hy position of the top of the foam, m

Hie position of the top of the foam at equilibrium, m

Hyj initial position of the top of the foam, m

H, position of the foam/polymeric solution boundary, m

Hae position of the foam/polymeric solution boundary at equilibrium, m
Hyi initial position of the foam/polymeric solution boundary, m
k flow consistency index, Pd s

I length of the Plateau border, m



n flow behavior index

Np number of plateau borders per bubble
N number of bubbles per unit volume, £/m
p pressure, Pa

P modified pressure, Pa

Oeb flow rate in Plateau border,*s

Q total volumetric flux through the Plateau borders, m/s
r radial co-ordinate, m

R radius, m

Ry radius of bubbles, m

Rep curvature radius of Plateau border, m

t time, s

to characteristic time scale, s

u velocity, m/s

\% average velocity in a circular tube, m/s
V bubble volume, rh

z co-ordinate axis, m

Z characteristic length scale, m

Greek Symbol



Ohn

a

Cle

Qi

&)

CZe

(i

Acr

Meff

coefficient in Eq. 15

surface tension, N/m

shear rate,’s

geometrical coefficient

dimensionless vertical co-ordinate

dimensionless position of the top of the foam

dimensionless position of the top of the foam at equilibrium
dimensionless initial position of the top of the foam
dimensionless position of the foam/polymeric solution boundary

dimensionless position of the foam/polymeric solution boundan

equilibrium

dimensionless initial position of the foam/polymeric solution boundary
dimensionless critical foam height

effective viscosity, Pa s

average velocity in actual Plateau border geometry, m/s

liquid density, kg/m

dimensionless time

liquid volume fraction



o initial liquid volume fraction

Qcr critical liquid volume fraction

Qe equilibrium liquid volume fraction

Pmax maximum liquid volume fraction
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*Abstract

A mathematical model of free drainage of foam built up by a power-law non-Newtonian
liquid is developed. The theory predictions are compared with the experimental data on the
drainage of foams formed using commercially available Adllga and AculyA¥33
polymeric solutions. The rheological parameters of the polymeric solutions were
independently measured and used in the calculations. The deduced dimensionless equations
were solved using finite element method with appropriate boundary conditions. The
numerical simulations show that the decrease in the foam height and liquid content is very
fast in the very beginning of the drainage; however, it reaches a steady state at longer time.
The predicted values of the time evolution of the foam height and liquid content are in good

agreement with the measured experimental data.



