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Abstract

A nonlinear finite element model of a triple-bay prestressed stayed column is developed
within the commercial package ABAQUS. A linearly obtained ‘optimal prestressing force’
that maximizes the critical buckling load is investigated since this quantity has been demon-
strated in previous work on single-bay prestressed columns to provide a lower bound to the
actual maximum load carrying capacity when compared to experimental results and non-
linear modelling. The ratio of the crossarm to the overall column length, the diameter of
the cable stays, the relative lengths of the individual crossarms and the ratio of the initial
prestressing force to the aforementioned linear optimal prestress are varied. Measures for
the relative efficiency of the main column and the stays are defined and the objective of the
optimization study is for the efficiency to be maximized. It is found that the true optimal
prestress is generally higher than the equivalent, linearly obtained, quantity but by a sig-
nificantly reduced factor when compared to an equivalent study for single-bay prestressed
stayed columns.

Keywords: Finite element modelling; Stability; Post-buckling; Prestress; Interactive
buckling; Optimization

1. Introduction

Prestressed stayed columns, which are usually made from tubular steel elements that are
reinforced by external cable stays, as represented in Figure 1, are being increasingly used in
the construction industry. With the introduction of the crossarms and prestressed cables,
stayed columns possess significant extra axial strength when compared with conventional
columns without necessarily a commensurate increase in self-weight. This type of structure
offers an innovative, aesthetic and practical solution to the problem of low critical buckling
load capacities in highly slender columns. For example, during the construction of the Rock
in Rio III stadium in Brazil [1, 2], such columns were used as a lightweight solution to prop
the incomplete stadium roof while the construction was completed. The columns were
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Figure 1: Columns reinforced by cable stays with different crossarm systems.

constructed and prestressed on site such that they eliminated the need for using expensive
shoring systems that would have increased the time and cost of construction significantly.
Figure 2 shows some other real-world applications of prestressed stayed columns with
multiple bays.

Research on such structural components can be dated from the 1960s. The initial
research focus mainly concerned the evaluation of the critical buckling load [3, 4, 5, 6,
7, 8, 9]. Effects of different levels of prestress [10] and initial imperfections were then
studied [11, 12]. The nonlinear behaviour of prestressed stayed columns has only been
studied extensively relatively recently [13, 14]. This more recent work has demonstrated
that although for each configuration of crossarm length, main column length and stay
diameter there exists a so-called ‘optimal prestressing force’ that maximizes the critical
buckling load [10], the behaviour of the columns in the post-buckling range is considerably
more complex and affects the ultimate load carrying capacity [15, 16, 17, 18, 19]. The
work has resulted in recommendations for the actual optimal initial prestress accounting
for the post-buckling behaviour and the development of a detailed procedure for the design
of such single-bay column systems [20, 21].

Most existing studies have been focused on single-bay stayed columns while multiple
crossarm cases have only been recently investigated in terms of nonlinear behaviour [19]. It
has been shown that there is a great deal of advantage to be gained from the introduction
of crossarms. However, the benefits can be outweighed by the increased cost by demanding
higher structural strengths from the individual elements of the system. Saito and Wadee
presented a study of the optimal prestress in terms of the ultimate strength and cost
effectiveness for the single-bay column [20] and determined the recommended prestress
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Figure 2: Applications of prestressed stayed columns in the construction industry; photographs (a) and
(b) were taken by Daisuke Saito; photograph (c) was taken by the lead author.

values. Unlike earlier research on the magnitude of the prestress [22], the maximum load
carrying capacity is not necessarily the only indicator for choosing the preferred level of
prestress. The required resistances of the column and the stays need also to be taken into
consideration. This allows the designer to choose the appropriate prestress level more wisely
when designing the stayed column, since the strength of the materials and their relative
costs are also important factors. A similar approach is also used in the current study
to investigate the actual optimal prestress for the triple-bay prestressed stayed column.
Recommendations for the actual optimal prestress are provided for the structures with
different geometric arrangements.

2. Model formulation

The model of the triple-bay prestressed stayed column is formulated by using the com-
mercial finite element (FE) software ABAQUS [23]. It comprises a main column element,
three pairs of crossarms and a series of prestressed cable stays. Since the main column
element is very slender, it is modelled using ‘B23’ cubic Euler–Bernoulli beam elements,
whereas the generally shorter crossarms are modelled using the ‘B22’ quadratic Timo-
shenko beam elements such that the effects of flexural shear may be captured. The stays
are modelled with the ‘T2D2’ truss elements with the ‘no compression’ option enabled to
ensure the stays only resist tension [24]. Moreover, the stay components are modelled as
separate finite elements to enable each component to carry different forces, which has been
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demonsrated to simulate the mechanical problem accurately [14, 25]. As shown in Figure
3(a), the stayed column is simply-supported and loaded axially. Three pairs of crossarms
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Figure 3: (a) The simply-supported triple-bay prestressed stayed column with geometric and stay compo-
nent number definitions (1–8 inclusive); (b) symmetric buckling Mode 1; (c) antisymmetric buckling Mode
2; (d) interactive post-buckling profile.

are rigidly connected to the one-quarter, one-half and three quarter length points of the
main column. Prestressed cable stays are assumed to be pinned to the ends of the column
and the tips of the crossarms. The length ratio of the edge crossarm to the middle crossarm
is defined as γ = ae/am and is one of the key parameters varied in the current study since
it has been shown to have a significant impact on the effectiveness of the system [26].

Different arrangements of crossarms along the length in the yz-plane may be used, as
shown in Figure 4 with (a) showing the simplest one-dimensional system with both (b)
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Figure 4: Different numbers of branches in each crossarm system along the length. Case (a) is only
practical if buckling displacements are constrained to be purely in the y-direction; cases (b) and (c) would
work if the column displaces anywhere in the yz-plane.
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and (c) showing two-dimensional systems. Note that the column in practice should be
supported by at least three crossarms in the yz-plane. This would ensure that it would
benefit from the increased load carrying capacity by avoiding an obviously weaker buckling
axis, assuming that the main column element is either a circular or square hollow section.
The single-bay case with a three crossarm rosette, as represented in Figure 4(b), was
studied recently in [27] and as a potential unit cell in a lattice material [28]. Currently, the
triple-bay system is assumed to have either the case shown in Figure 4(a) with deflections in
the z-direction completely restrained or, effectively, the case shown in Figure 4(c) where it
has been demonstrated previously that the system has no preferred buckling direction [29].
These two respective cases are also represented in the photographs shown in Figures 2(b)
and 2(c) in turn. Hence, a two-dimensional model in the xy-plane, as depicted in Figure
3(a), is studied currently since it is simple yet practical. Finally, it should be noted that
the FE model implemented currently has been validated both for the linear and nonlinear
ranges in a recent study [19].

2.1. Benchmark prestress

An initial prestressing force is applied to the cable stays in order to increase the load
carrying capacity. The optimal initial prestressing force Topt that maximizes the critical
buckling load (PC

max) for the single-bay stayed column was presented by Hafez et al [10],
as shown in Figure 5, which shows a representation of the relationship between the critical
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Figure 5: Critical buckling load PC versus initial prestressing force T with (left) the zone distinction
determined by Hafez et al [10] and (right) the actual ultimate strengths of single-bay stayed columns from
experiments superimposed on the same graph determined by Temple [12].

buckling load and the initial prestress in the column. Zone 1 represents a very small
prestress that would completely disappear under increasing axial loading before or at the
instant when the classical Euler buckling load of the unstayed column is reached; effectively
that structure would be identical to the unstayed column. The prestress in Zone 2 is
sufficiently large to make the buckling load of the column larger than the Euler load, but
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the column buckles immediately once the prestress disappears from the stays. The prestress
in Zone 3 is even larger, as a result there are residual forces in the stays when the column
buckles. The vertical components of the residual force in the stays effectively become a
part of the applied force, which leads to a decrease in the buckling load with the increase
of the initial prestress. Hafez et al. indicated that the prestress at the intersection of Zones
2 and 3 were the desired optimal prestress, the objective of their study being to maximize
the linear critical buckling load with respect to the initially introduced prestressing force
within the stays. By a similar, but slightly extended, calculation for the triple-bay stayed
column, an expression for the optimal initial prestressing force Topt can be expressed thus
[19, 24]:

Topt = PCC11

C22

, (1)

where:

C11 =
cos βm

2Kc

[

2

Ks2

+
cos2 βm

Kc

+
4 sin2 βm + 2γ(sin βe sin βm − sin2 βm)

Km

] ,

C22 = 1 +
cos βe cos βm

2Kc

[

1

Ks2

+
2 sin2 βm + γ(sin βe sin βm − sin2 βm)

Km

] , (2)

where Kc, Km and Ks2 are the axial stiffnesses of the main column, the middle crossarm
and stay number 2 respectively, thus:

Kc =
EcAc

L
, Km =

EaAa

am
, Ks2 =

EsAs

l2
, (3)

with Ec, Ea and Es being the Young’s Moduli alongside Ac, Aa and As being the cross-
sectional areas of the main column, the crossarm and the stays respectively. The length of
stay 2, l2, is

√

(am − ae)2 + L2/16. The critical buckling load PC is evaluated from linear
eigenvalue analysis without the consideration of the initial prestressing force, a procedure
that has been successfully applied previously [15]. Note that the optimal initial prestressing
force Topt is used as a benchmark in the current study since it is derived from a model that
does not take any geometrically nonlinear behaviour into account. It has also been found
previously that the ultimate response of the stayed column system is more complex and that
the actual failure loads of such systems are in fact maximized at initial prestressing levels
that are above and beyond T = Topt [12], as represented in the right-hand graph of Figure
5. Indeed, a previous study on the actual optimal initial prestressing force for the single-
bay column case [20] confirmed that the initial prestressing force should be considerably
larger than the value obtained by linear analysis (Topt). Therefore, the determination of
the level of the actual optimal initial prestressing force for the triple-bay column is the
primary concern in the current work.
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2.2. Geometric imperfections

Geometric imperfections in the structure of course exist in reality and they are thus
taken into consideration presently. As stated earlier, the symmetric and the anti-symmetric
buckling modes of the column and their combinations, the latter modelling the asymmetric
interactive post-buckling profile, are considered in this study, as shown in Figure 3(b–d).
Therefore, a combination of the expressions for Modes 1 and 2, with corresponding scale
factors, should be used to ensure interactive buckling is also included. To ensure that
imperfections of commensurate magnitude may be compared regardless of the detailed
shape of the initial imperfections the induced main column end-shortening E0 from the
imposed imperfection is fixed [30, 31, 32]. The leading order approximation for E0 is given
by the following expression:

E0 =

∫ L

0

1

2

[

W ′2
1 (x) +W ′2

2 (x)
]

dx, (4)

where:

W1(x) = δLµ1 sin
πx

L
, W2(x) = δLµ2 sin

2πx

L
. (5)

In the expression for E0, W1(x) and W2(x) are shape functions affine to the symmetric
mode (Mode 1) and the anti-symmetric mode (Mode 2) of the column, δ is the normalized
amplitude of the initial out-of-straightness of the column. Moreover, µ1 and µ2 are the
scale factors for the imperfection comprising two modes, representing the contribution of
the two distinct modes to the overall buckling shape. To ensure a fair comparison between
the results, the end-shortening of the main column element introduced by the imperfection
shape is defined to be the same when triggering pure Mode 1, pure Mode 2 or interactive
buckling. This procedure ensures that a unique length scale is utilized as the measure of the
imperfection size that accounts for both wavelength and amplitude; the common practice
of using purely a lateral displacement amplitude tends to bias the results to modes with
smaller wavelengths. By substituting W1 and W2 into Equation (4), the following condition
is obtained in terms of the scale factors µi that would ensure a combination of W1 and W2

that would give a constant value of E0 for a given value of δ [15]:

µ2
1 + 4µ2

2 = 1. (6)

The selection of µ1 and µ2 shown in Table 1 represents the contribution that each distinct

Table 1: Selected combinations of scale factors µ1 and µ2.

Buckling type µ1 µ2

Mode 1 1.000 0.000

Interactive 0.500 0.433

Mode 2 0.000 0.500

mode makes to the initial imperfection used to trigger each type of post-buckling profile.
Apart from pure Modes 1 and 2 where µ2 = 0 and µ1 = 0 respectively, µ1 = 0.5 is used
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to represent interactive buckling, the specified combination of the two pure modes. Unless
stated otherwise, the generic imperfection size δ is 1/300, which represents the EC3 design
value for hot rolled sections [33], is used throughout the current work. This value effectively
accounts for both initial geometric deformations and residual stresses.

2.3. Efficiency indicators for the main column and the stays

It has been observed on several occasions that a larger load carrying capacity of the
triple-bay prestressed stayed column can be achieved by increasing the initial prestressing
force in the stays from the linearly obtained benchmark level Topt [19, 26]. However,
the benefit in the increasing load carrying capacity cannot be obtained in perpetuity by
continuing to raise the initial level of the prestress. The larger the prestress in the stays,
the larger would be the induced axial stress within the column before external loading is
commenced. In cases that have been studied hitherto, although the prestress introduces
an extra axial component to the column stress, which very slightly reduces the external
load carrying capacity, the extra lateral stiffness that is introduced to the system plays
a significantly more important role in resisting the buckling deformation—this essentially
neutralizes the potential disadvantage. Therefore, an increase in the load carrying capacity
is usually observed. However, if the prestress in the stays is sufficiently large, the effect
of the initial axial stress in the column may in fact neutralize the benefit of the extra
stiffness in the stays instead—if this were to be the case, the load carrying capacity would
begin to decrease for larger initial prestressing forces. Figure 6 shows the relationship of

Load capacity decreasing

Figure 6: Relationship of the load carrying capacity Pmax obtained from the FE model versus the normal-
ized initial prestressing force in the stays T/Topt for the triple-bay prestressed stayed column with the stay
diameter φs = 4.8 mm, the column aspect ratio 2am/L = 0.2 and the crossarm ratio γ = ae/am = 0.8.

the load carrying capacity Pmax obtained from the FE model versus the normalized initial
prestressing force in the stays T/Topt for the triple-bay prestressed stayed column described
in Table 2. The normalized slenderness of the main column element λ̄ is defined by the
well known expression [34]:

λ̄ =
√

Py/PE, (7)
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Table 2: Material properties and structural dimensions of the triple-bay prestressed stayed columns in the
numerical study.

Young’s moduli of the main column and crossarms Ec = Ea = 201 kN/mm
2

Young’s modulus of the stays Es = 202 kN/mm
2

Outside diameters of the main column and crossarms φco = φao = 38.1 mm

Inside diameters of the main column and crossarms φci = φai = 25.4 mm

Length of the main column L = 5080 mm

Yield stress of the main column and crossarm fy = 355 N/mm
2

Euler buckling load of the main column PE = 6.38 kN

Squash load of the main column Py = 225 kN

Normalized slenderness of the main column λ̄ = 5.94

with Py being the squash load and PE being the Euler buckling load of the main column
element, where:

Py = Acfy, PE =
π2EcIc
L2

, (8)

and Ic is the second moment of area of the main column element about the axis of buckling.
It can be seen that the load carrying capacity reaches a plateau when the initial prestressing
force is approximately 2Topt. As expected, by increasing the initial prestressing force
further from approximately 2.5Topt, a reduction in the load carrying capacity is observed.
It would therefore be unwise to use a very large prestress without further investigation. In
addition, an excessive initial prestress may also result in the stress in the main column or
the stays exceeding the yield stress of those elements. In an imperfect system, particularly
with a realistic column initial out-of-straightness value, geometric nonlinearity becomes
important at the instant the column is loaded axially. Owing to the lateral deflection of
the column, the stays on the convex side of the column will be stretched further. Therefore,
before, or at the point of maximum load, the stresses in these stays may already be larger
than the material yield stress. If this were to be the case, material damage in the stays
would occur and may compromise the stability of the entire system, which implies that the
desired design capacity probably would not be achieved. Therefore, apart from the load
carrying capacity, the required stay resistance is also an essential factor when investigating
an optimal prestress level. It is worth emphasizing that the size of the crossarm element
cross-section is currently taken as being identical to the main column element cross-section.
This is to simplify the optimization study and to take any potential overstressing of the
crossarms out of the current consideration. Of course, smaller crossarm cross-sections are
frequently used (see Figure 2) and the inclusion of their consideration and effects on the
optimal prestress is left for future work.

The stresses within the column also need to be monitored. As presented in Figure
7, the total stress in the main column element is a combination of the stress from axial
compression and from induced bending; the latter being derived from so-called second order
effects, the sources of which are the initial imperfections within the main column being
amplified under external loading. Although it has been demonstrated that the maximum
load carrying capacity is always less than one-half of the column squash load, the effect of
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Figure 7: Components of the total direct stresses in the main column element while in the elastic range.

the bending stress has not been studied explicitly. Therefore the effect of both the axial
and the bending stresses are investigated currently to ensure that the total direct stress
remains within the elastic range throughout the main column cross-section.

Figure 8 shows the stress distribution along the column length at the point of the max-

(a) Mode 1 buckling (b) Interactive buckling

Figure 8: Direct stress distribution σc within the main column element along its length in the post-buckling
range for (a) pure Mode 1 and (b) asymmetric interactive buckling where φs = 4.8 mm, 2αm = 0.2 and
γ = 0.8.

imum load for Mode 1 and interactive buckling when φs = 4.8 mm, 2αm = 0.2 and γ = 0.8,
where a positive stress value represents tension. As shown in Figure 8(a), in the sym-
metric buckling (Mode 1) case, the maximum total stress in the column is approximately
300 N/mm2, while the component from the axial load is only approximately 130 N/mm2.
This means that the bending stress in this particular location is approximately 170 N/mm2,
which is significantly larger than the axial stress. A similar observation can be made from
Figure 8(b), which represents interactive buckling; the maximum total stress in the col-
umn is approximately 340 N/mm2 while the axial stress is only approximately 115 N/mm2.
Again, the bending stress, which is approximately 225 N/mm2, is significantly larger than
the axial stress. Therefore, judging whether the column strength is sufficient cannot be
accomplished simply by only comparing the axial load capacity with the column squash
load [29].
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A higher load carrying capacity is almost always preferable. However, extra caution
needs to be exercised such that material failure does not occur prior to the failure due to
the geometry. Therefore, ‘efficiency indicators’, first adopted in the study of the single-bay
column [20], are used in the current study. Firstly, the efficiency indicator for the main
column element is defined thus:

ηc =
Pmax

Acfy,req
, (9)

where Pmax is the maximum load carrying capacity with fy,req being the required column
resistance at the point of maximum load. A high value of this indicator ηc means a relatively
high load carrying capacity with an intrinsically low column resistance requirement, which
represents a more efficient system. Similarly, the efficiency indicator for the stays is defined
thus:

ηs =
Pmax

Asfs,req

(

L

4l1

)

, (10)

where fs,req is the required stay resistance at the point of the maximum load; the ratio
L/(4l1) is a correction factor, since l1 changes with different values of the column aspect
ratio 2αm and the crossarm length ratio γ, as shown in Figure 3(a). Again, a high value
of this indicator ηs implies a relatively high load carrying capacity with the stays hav-
ing a relatively low strength requirement, which represents a more efficient stay system.
Therefore, aiming for large values of the two efficiency indicators, ηc and ηs for the column
and the stays respectively, is the objective when investigating the actual optimal prestress
currently.

3. Results and discussion

To conduct the parametric study, the material and geometric properties that are fixed
are presented in Table 2, the numerical values of which are primarily based on previous
studies [10, 13, 26, 19]. The study focuses on three parameters: the stay diameter φs, the
column aspect ratio 2αm, where αm = am/L, and the length ratio of the edge to the middle
crossarm γ = ae/am. When the model is investigated with φs varying, 2αm is fixed to 0.2
and γ is fixed to 0.8. Conversely, when varying 2αm, φs is fixed to 4.8 mm and γ is fixed to
0.8; when varying γ, φs is fixed to 4.8 mm and 2αm is fixed to 0.2. The numerical values
of the different cases varying φs, 2αm and γ are listed in Table 3.

3.1. Linear buckling analysis

Buckling analysis in Abaqus determines the linear eigenvalues and eigenvectors of
critical equilibrium modes. The stays are modelled and taken into consideration in the
buckling analysis although the prestress T is not introduced at that stage. The buckling
loads obtained can then be used to calculate the theoretical optimal prestress using Equa-
tion (1), while the eigenvectors are used as the initial imperfections in the main column
geometry for the post-buckling analysis, as described in §2.2.

Figure 9 shows the buckling loads from linear eigenvalue analysis of the stayed column
with the stay diameter φs, the column aspect ratio 2αm and the crossarm length ratio
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Figure 9: Buckling loads of the stayed column with variation of (a) stay diameter φs (cases F1–F6), (b)
column aspect ratio 2αm (cases a1–a6) and (c) crossarm length ratio γ (cases G1–G6); (d) shows how
stayed column geometry changes with γ.
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Table 3: Cases from varying stay diameter φs (where 2αm = 0.2 and γ = 0.8), column aspect ratio 2αm

(where φs = 4.8 mm and γ = 0.8) and crossarm length ratio γ (where φs = 4.8 mm and 2αm = 0.2).

Case F1 F2 F3 F4 F5 F6
φs (mm) 1.6 3.2 4.8 6.4 8.0 10.0

Case a1 a2 a3 a4 a5 a6
2αm 0.05 0.10 0.15 0.20 0.25 0.30

Case G1 G2 G3 G4 G5 G6
γ 0.5 0.6 0.7 0.8 0.9 1.0

γ varying. First of all, it should be noted that in almost all the cases considered, the
critical buckling loads obtained are an order of magnitude higher than the buckling load
of the unstayed column PE, demonstrating the effectiveness of the stayed column system.
Moreover, it can be seen in Figure 9(a) that, when the stay diameter φs is relatively small,
Mode 1 is critical. Along with the increase of the stay diameter, the buckling loads of
Modes 1 and 2 become closer together. Mode 2 becomes critical when the stay diameter
φs is increased to 3.2 mm and keeps governing until the stay diameter is 6.4 mm, when
Mode 1 becomes critical once again. Similarly, Figure 9(b) indicates that when the column
aspect ratio, which is represented by 2αm, is relatively small, Mode 1 is critical. Mode 2
becomes critical when 2αm is increased to 0.1 and continues to govern beyond that point.
Figure 9(c) shows the critical buckling loads of the column with γ varying. The value
γ = 0.5 indicates that the edge crossarms are exactly half of the length of the middle
crossarm, while γ = 1.0 indicates that all the crossarms have the same length. For the
initial case, when the edge crossarm length is shorter, Mode 2 is critical. Along with the
increase in γ, the buckling load of Mode 2 keeps increasing, while the buckling load of
Mode 1 increases to a maximum value when γ = 0.7 and then begins to decrease again. As
a result, Mode 1 governs again when γ > 0.8. It is also important to note that the lowest
critical buckling loads occur when γ = 0.5 and 1.0, indicating that the edge crossarms and
the middle crossarm are less effective in those respective cases. The largest critical buckling
load can be found when γ = 0.8, which is the reason why this γ value is selected as the
benchmark while varying the other parameters. This situation may change if additional
stays connected the main column to the midspan crossarm, as shown in the practical case
of Figure 2(a), but this consideration is left for future work.

With the derivation of the critical loads for different cases, the theoretical optimal initial
prestressing force Topt can be calculated by using the expressions stated earlier. Tables 4, 5
and 6 show the values of the calculated values of Topt for the triple-bay prestressed stayed
column with the stay diameter φs (cases F1–F6), the column aspect ratio 2αm (cases a1–a6)
and the crossarm length ratio γ (cases G1–G6) varying respectively.
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Table 4: Optimal initial prestressing force Topt obtained with stay diameter φs varying.

Case φs (mm) PC
1 (kN) PC

2 (kN) Critical mode PC (kN) Topt (kN)
F1 1.6 46.93 66.24 1 46.93 0.15
F2 3.2 99.85 91.24 2 91.24 1.10
F3 4.8 102.02 99.87 2 99.87 2.56
F4 6.4 103.31 103.88 1 103.31 4.36
F5 8.0 104.44 106.38 1 104.44 6.25
F6 10.0 105.81 108.70 1 105.81 8.58

Table 5: Optimal initial prestressing force Topt obtained with column aspect ratio 2αm varying.

Case 2αm PC
1 (kN) PC

2 (kN) Critical mode PC (kN) Topt (kN)
a1 0.05 31.71 61.68 1 31.71 0.81
a2 0.10 98.01 93.05 2 93.05 2.39
a3 0.15 103.51 100.76 2 100.76 2.59
a4 0.20 102.02 99.87 2 99.87 2.56
a5 0.25 100.09 96.45 2 96.45 2.48
a6 0.30 98.08 92.41 2 92.41 2.37

Table 6: Optimal initial prestressing force Topt obtained with crossarm length ratio γ varying.

Case γ PC
1 (kN) PC

2 (kN) Critical mode PC (kN) Topt (kN)
G1 0.5 84.05 74.11 2 74.11 1.85
G2 0.6 98.94 82.55 2 82.55 2.09
G3 0.7 104.93 91.12 2 91.12 2.32
G4 0.8 102.02 99.87 2 99.87 2.56
G5 0.9 94.57 108.73 1 94.57 2.44
G6 1.0 86.08 117.51 1 86.08 2.22
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3.2. Levels of initial prestressing force

Post-buckling analysis is also conducted within ABAQUS with the consideration of
initial imperfections and the prestress within the eight stay components defined in Figure
3(a). As described in Figure 5, which indicates that when a very small prestress is applied
to the stays, owing to the axial shortening of the main column, all the stay components
go slack before the Euler load is reached. In this particular case, the system is effectively
identical to the unstayed column with the buckling load being the Euler load. In order to
mimic the behaviour of the perfect case, a very small column initial out-of-straightness,
δ = 1/10000, is used to represent a nearly perfect system. A small prestress, where
σs = 5 N/mm2, such that the stayed column resides within Zone 1, is applied for the
case with the stay diameter, the column aspect ratio and the crossarm length ratio being
φs = 4.8 mm, 2αm = 0.2 and γ = 0.8 respectively.

Figure 10, shows the equilibrium paths of the stay component stresses σs and the
column axial load P versus the column mid-span lateral displacement δm simultaneously
for the nonlinear buckling response. It can be seen that initially the stresses in all eight
stay components drop dramatically from 5 N/mm2 to approximately 0.7 N/mm2 and the
axial force in the column increases from zero to approximately 3 kN with the mid-span
deflection remaining at almost zero. This indicates that at the very early loading stage,
the axial compression of the column is dominant while the lateral deflection is negligible.

Along with the increase of the external axial load, the mid-span deflection of the col-
umn begins to increase gradually, which means that the lateral deflection of the column
becomes increasingly important. However, it can be seen that the stresses in all eight stay
components are still decreasing, indicating that the axial shortening of the column still
dominates. This is the stage when all stay components are de-stressing until a temporary
buckling load, which is practically equal to the Euler load of the unstayed main column
element, is observed while only one of the stay components is marginally active. However,
this approximate Euler load does not become the eventual ultimate load of the stayed
column system, as predicted for the theoretically perfect case. While the mid-span deflec-
tion of the column increases further, stay component 3, which is on the convex side of the
slightly asymmetric column, almost goes slack but subsequently its tensile force begins to
increase gradually. This is followed by the stay 2 component reactivating from slack and
the stayed column axial force begins to increase at a larger rate with δm.

As expected, along with the increase of the column mid-span deflection, the stay com-
ponents on the convex side of the column regain their tensile force one by one. Therefore
the axial force in the column also keeps increasing until the actual load carrying capacity
is eventually reached. It can be seen that owing to the mechanism of de-stressing and re-
stressing of the stay components, the Euler load is not in fact practically applicable for the
imperfect system within Zone 1. Even with such a small imperfection that aims to mimic
the perfect case, the actual Euler instability can only be observed for a very small defor-
mation range while the effect of the stay components re-stressing dominates the behaviour
and the axial load increases. Indeed, in more realistic cases, for example when the initial
out-of-straightness δ of the column is 1/300, which is the EC3 design value for hot rolled
sections [33], the lateral deflection of the column dominates over the axial compression
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Figure 10: Equilibrium paths of the stresses σs within the eight stay components defined in Figure 3(a)
and the column axial load P versus the column mid-span lateral displacement δm for interactive buckling
when σs = 5 N/mm

2 initially. In this case, φs = 4.8 mm, 2αm = 0.2 and γ = 0.8.
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much earlier than the nearly perfect case presented above. None of the stay components
on the convex side of the column go slack; the stresses in these stay components decrease
by a small amount at the very early loading stage and immediately begin to increase when
the previously slack stay components reactivate. Therefore, the loss of stiffness at, or near
the Euler buckling load, cannot be practically observed in these more realistic cases. Sim-
ilarly, for Zone 2 prestress levels, even if a nearly perfect case is investigated, owing to the
fact that the lateral deflection is sufficiently large to dominate over the axial displacement
of the column, the situation where the prestress in the stay disappears at the instant when
the column buckles cannot be practically observed either. The stay components on the
convex side of the column would already be in the re-stressing stage before the buckling
load is reached. Therefore, the prediction of the relationship between the Zone 2 initial
prestressing force and the buckling load is also not suitable for the imperfect cases.

Figure 11 shows the comparison of the relationships of the load carrying capacity and

Nonlinear FE

T/Topt =0.0676.38

Linear theory

Figure 11: Comparison of relationships of load carrying capacity versus initial prestressing force from
the nonlinear FE and the linear theoretical models for the triple-bay stayed column where φs = 4.8 mm,
2αm = 0.2 and γ = 0.8. Note that the FE results show that prestress levels where T/Topt > 1 would be
advantageous in terms of ultimate capacity.

the initial prestressing force from the FE and the linear theoretical models. It can be
seen that there are highly significant differences when comparing Zones 1 and 2 between
the FE and the theoretical results from the linear model, even though the initial out-of-
straightness of the column δ = 1/10000 is adopted. The FE relationship is qualitatively in
accordance with experimental data obtained for the single-bay prestressed stayed column
[14]. It can also be seen that increasing the initial prestressing force from Topt could still
provide benefit in terms of the load carrying capacity, which was also observed previously
[15, 26]. Therefore, initial prestressing forces larger than or equal to Topt are investigated
to find the actual optimal initial prestressing force of the triple-bay prestressed stayed
column.
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3.3. Ultimate load carrying capacities with varying initial prestress

Nine different levels of the initial prestressing force, with an increment of 0.25Topt rang-
ing from Topt to 3Topt, are studied for each case while focusing on the efficiency indicators
for the column ηc and for the stays ηs. Therefore, 162 separate cases in total are studied.

3.3.1. Stay diameter φs variation

Figure 12 shows the relationships of the maximum load capacities Pmax versus the

F1


�


�

F4-F6

Figure 12: Relationships of maximum load capacities Pmax versus normalized initial prestressing forces in
the stays T/Topt with the stay diameter φs varying (cases F1–F6).

normalized initial prestressing forces in the stays T/Topt with the stay diameter φs varying.
Owing to the very small stay diameter (1.6 mm) adopted in case F1, its load carrying
capacities are much lower than the other cases. It can be seen that for all six cases,
increasing the initial prestressing force from Topt provides additional load carrying capacity.
However, for cases F2–F6, this benefit is not obvious once the initial prestressing force
reaches beyond approximately 2Topt. It can also be seen that the load carrying capacity
stops rising if the initial prestressing force is increased further for cases F3–F6.

Figure 13 shows the relationships of the required column resistance fy,req and the cor-
responding efficiency indicator ηc versus the normalized initial prestressing forces in the
stays T/Topt with the stay diameter φs varying at the point of maximum load. As shown in
Figure 13(a), the required resistance of the column for case F1 is basically constant, while
for cases F2–F6 the required resistance decreases first and then increases once the initial
prestressing force reaches 1.5Topt (F2–F5) or 1.75Topt (F6). It can also be seen that if the
yield stress of the column is initially set to a nominal 355 N/mm2, the required resistance
for cases with large stay diameters requires a higher grade of steel for the column, which
would put it in the range of what is popularly known as ‘high strength steel’ (or HSS) [35],
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Figure 13: Relationships of required column resistance fy,req and corresponding efficiency indicator ηc
versus normalized initial prestressing forces in the stays T/Topt with the stay diameter φs varying (cases
F1–F6).

where fy > 460 N/mm2. This is particularly obvious when adopting a very small or a very
large prestress. As stated earlier, higher values of the efficiency indicator for the column
are preferred. It can be seen in Figure 13(b) that for cases F2–F6, the highest indicator
values are found when the initial prestressing force T = 1.5Topt (F2–F5) or T = 1.75Topt

(F6). It is very important to note that this is just the range where the required column
resistance is found to be a minimum.

Similarly, Figure 14 shows the relationships of the required stay resistance fs,req and
the corresponding efficiency indicator ηs versus the normalized initial prestressing forces in
the stays T/Topt with the stay diameter φs varying at the point of maximum load. Again,
the best values of the efficiency indicator are found mostly when the initial prestressing
force T = 1.5Topt and 1.75Topt, as shown in Figure 14(b). This range is in accordance with
the finding obtained in the cases studying the efficiency indicator for the column ηc. The
actual optimal prestress selected on the basis of the efficiency indicators of the column and
the stays are presented in Table 7.

3.3.2. Column aspect ratio 2αm variation

Figure 15 shows the relationships of the maximum load capacities Pmax versus the
normalized initial prestressing forces in the stays T/Topt with the column aspect ratio 2αm

varying. It can be seen again that additional load carrying capacities can be obtained
by increasing the initial prestressing force from Topt. However, the load carrying capacity
trends again become rather flat when the initial prestressing force reaches approximately
2Topt, indicating that not too much additional benefit is obtained by increasing the initial
prestressing force further. It can also be seen that cases a3–a6 provide higher load carrying
capacities.
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Figure 14: Relationships of required stay resistance fs,req and corresponding efficiency indicator ηs versus
normalized initial prestressing forces in the stays T/Topt with the stay diameter φs varying (cases F1–F6).

Table 7: Actual optimal initial prestressing force obtained from the column indicator Topt,c and from the
stay indicator Topt,s with the stay diameter φs varying.

Case φs (mm) Topt,c/Topt Topt,s/Topt Buckling mode
F1 1.6 – – Mode 1
F2 3.2 1.50 1.50 Interactive
F3 4.8 1.50 1.50 Interactive
F4 6.4 1.50 1.50 Interactive
F5 8.0 1.50 1.75 Interactive
F6 10.0 1.75 1.75 Interactive

Figure 16 shows the relationships of the required column resistance fy,req and the cor-
responding efficiency indicator ηc versus the normalized initial prestressing forces in the
stays T/Topt with the column aspect ratio 2αm varying at the point of maximum load. It
can be seen in Figure 16 that for cases a1 and a2, the respective required column resis-
tances increase with the initial prestressing force, with the latter possessing a higher rate
of increase with T/Topt. For cases a3–a6, the required column resistances decrease first and
then increase. The minimum required column resistance can be found when T = 1.5Topt.
Note that for larger values of the column aspect ratio, such as a4–a6, the required re-
spective column resistances, only within the range from 1.25Topt to 2.5Topt, are less than
the assumed column yield stress (355 N/mm2); otherwise higher strength steels, including
those classified specifically as HSS, would tend to be required.

Similarly, Figure 17 shows the relationships of the required stay resistance fs,req and
the corresponding efficiency indicator ηs versus the normalized initial prestressing forces
in the stays T/Topt with the column aspect ratio 2αm varying at the point of maximum
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Figure 15: Relationships of maximum load capacities Pmax versus normalized initial prestressing forces in
the stays T/Topt with the column aspect ratio 2αm varying (cases a1–a6).

load. As shown in Figure 17(a), the minimum required stay resistances can be found when
T = 1.5Topt for cases a3–a6, while they are 1.25Topt for case a1 and Topt for case a2. Again,
as can be seen in Figure 17(b), the preferred efficiency indicator values are mostly found
when T = 1.5Topt. The actual optimal prestress selected on the basis of the efficiency
indicators of the column and the stays are presented in Table 8.

Table 8: Actual optimal initial prestressing force obtained from the column indicator Topt,c and from the
stay indicator Topt,s with the column aspect ratio 2αm varying.

Case 2αm Topt,c/Topt Topt,s/Topt Buckling mode
a1 0.05 1.50 1.25 Mode 1
a2 0.10 1.00 1.00 Interactive
a3 0.15 1.50 1.50 Interactive
a4 0.20 1.50 1.50 Interactive
a5 0.25 1.50 1.50 Interactive
a6 0.30 1.50 1.50 Interactive

3.3.3. Crossarm length ratio γ variation

Figure 18 shows the relationships of the maximum load capacities Pmax versus the
normalized initial prestressing forces in the stays T/Topt with the crossarm length ratio γ
varying. It can be seen that the additional load carrying capacities can be obtained by
increasing the initial prestressing force from Topt, but this benefit is, again, not so obvious
when the initial prestressing force is set to a level significantly above 2Topt. It can also
be seen that increasing γ values from 0.5 to 0.8 significantly increases the load carrying
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Figure 16: Relationships of required column resistance fy,req and corresponding efficiency indicator ηc
versus normalized initial prestressing forces in the stays T/Topt with the column aspect ratio 2αm varying
(cases a1–a6).

capacity of the column. However, when γ is increased further to 0.9 and 1.0, a decrease
in the load carrying capacity can be observed when the initial prestressing force is larger
than 1.75Topt, owing to the fact that the middle crossarm becomes inherently less effective.

Figure 19 shows the relationships of the required column resistance fy,req and the cor-
responding efficiency indicator ηc versus the normalized initial prestressing forces in the
stays T/Topt with the crossarm length ratio γ varying at the point of maximum load. As
shown in Figure 19(a), the required column resistances decrease first and then increase
with the initial prestressing force. The lowest required column resistance can be found
when T = 1.5Topt for cases G2–G6 and T = 1.75Topt for case G1. As expected, it can be
seen in Figure 19(b) that the preferred efficiency indicator values of the column can be
mostly found when T = 1.5Topt.

Similarly, Figure 20 shows the relationships of the required stay resistance fs,req and
the corresponding efficiency indicator ηs versus the normalized initial prestressing forces in
the stays T/Topt with the crossarm length ratio γ varying at the point of maximum load.
It can be seen in Figure 20(a) that the required stay resistances decrease initially and
then increase with the initial prestressing force. The lowest required stay resistance can be
found when the initial prestressing force is 1.5Topt and 1.75Topt. As shown in Figure 20(b),
the highest values of the efficiency indicator for the stays can be found when the initial
prestressing force ranges from 1.5Topt to 1.75Topt. Therefore, the actual optimal prestress
may be selected on the basis of the efficiency indicators of the column and the stays are
presented in Table 9.
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Figure 17: Relationships of required stay resistance fs,req and corresponding efficiency indicator ηs versus
normalized initial prestressing forces in the stays T/Topt with the column aspect ratio 2αm varying (cases
a1–a6).

Table 9: Actual optimal initial prestressing force obtained from the column indicator Topt,c and from the
stay indicator Topt,s with the crossarm length ratio γ varying.

Case γ Topt,c/Topt Topt,s/Topt Buckling mode
G1 0.5 1.75 1.75 Interactive
G2 0.6 1.50 1.75 Interactive
G3 0.7 1.50 1.50 Interactive
G4 0.8 1.50 1.50 Interactive
G5 0.9 1.50 1.50 Mode 1
G6 1.0 1.50 1.50 Mode 1

3.4. Further parametric studies

In the current section, the actual optimal initial prestressing force is investigated over a
wider range of the geometric configurations. It can be seen in Figure 18 that the crossarm
length ratio γ = 0.8 provides the highest load carrying capacity, which indicates that both
the middle and the edge crossarms are sufficiently effective in this ratio. Therefore, a series
of cases where the stay diameter and the column aspect ratio are varied simultaneously with
the crossarm length ratio γ being fixed to 0.8 are studied. Nine different levels of initial
prestressing force ranging from Topt to 3Topt with an increment of 0.25Topt are adopted for
six different stay diameters and six different column aspect ratios. In total, a further 324
cases are investigated currently.

The buckling analysis of the 36 cases with the different stay diameters and the column
aspect ratios is first conducted. With the obtained buckling loads, the theoretical optimal
prestress Topt can be calculated for each case. Similar to the aforementioned method, non-
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Figure 18: Relationships of maximum load capacities Pmax versus normalized initial prestressing forces in
the stays T/Topt with the crossarm length ratio γ varying (cases G1–G6).

linear post-buckling analysis is then conducted with the adoption of nine different levels of
initial prestressing force and corresponding imperfection profiles. The results of the column
load carrying capacity and the required resistances of the column and the stays can then be
obtained. The values of the two efficiency indicators can therefore be calculated. Tables
10 and 11 summarize the levels of the actual optimal initial prestressing force obtained

Table 10: Actual optimal initial prestressing force based on the efficiency indicator of the column ηc with
the stay diameter φs and the column aspect ratio 2αm varying simultaneously while γ = 0.8.

Case a1 a2 a3 a4 a5 a6

F1 – – – – – 1.25Topt

F2 – – – 1.5Topt 1.5Topt 1.5Topt

F3 – – 1.5Topt 1.5Topt 1.5Topt 1.5Topt

F4 – 1.25Topt 1.5Topt 1.5Topt 1.5Topt 1.5Topt

F5 1.0Topt* 1.5Topt 1.5Topt 1.5Topt 1.5Topt 1.5Topt

F6 1.0Topt 1.75Topt 1.75Topt 1.75Topt 1.75Topt 1.75Topt

based on the efficiency indicators of the column ηc and the stays ηs respectively. Note that
the ‘*’ symbol after the force value indicates that Mode 1 governs the respective post-
buckling behaviour, while the others are governed by nonlinear interactive post-buckling
behaviour. It can be seen that for most of the cases in both tables, the actual optimal
initial prestressing force is 1.5Topt, while for cases with larger stay diameters the optimal
initial prestressing force becomes 1.75Topt. This is significantly different from the results
for the single-bay prestressed stay column, where the actual optimal initial prestressing
force mostly ranged between 2Topt and 3Topt [20]. Note that the actual optimal prestress
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Figure 19: Relationships of required column resistance fy,req and corresponding efficiency indicator ηc
versus normalized initial prestressing forces in the stays T/Topt with the crossarm length ratio γ varying
(cases G1–G6).

Table 11: Similar to Table 10, the optimal initial prestressing force based on the efficiency indicator of the
stay ηs again while γ = 0.8.

Case a1 a2 a3 a4 a5 a6

F1 – – – – – –

F2 – – – 1.5Topt 1.5Topt 1.5Topt

F3 – – 1.5Topt 1.5Topt 1.5Topt 1.5Topt

F4 – 1.5Topt 1.5Topt 1.5Topt 1.5Topt 1.5Topt

F5 1.0Topt* 1.5Topt 1.75Topt 1.75Topt 1.5Topt 1.5Topt

F6 1.5Topt 1.75Topt 1.75Topt 1.75Topt 1.75Topt 1.75Topt

in terms of the efficiency indicators cannot satisfactorily be found for configurations with
both a very small stay diameter and a small column aspect ratio. This is not entirely
surprising nor problematic since in those configurations the stayed column would, in any
case, approximately behave as an unstayed column. Nevertheless, a suitable prestress may
still be selected by checking the column load carrying capacity and the required resistances
of the column and the stays when designing structures with the configurations within those
ranges.

4. Concluding remarks

A nonlinear FE model has been developed to investigate the actual optimal prestress
for the triple-bay prestressed stayed column the objective of which was to maximize the
overall system efficiency. It was shown that although extra load carrying capacity can be
obtained by increasing the initial prestressing force from the linearly obtained benchmark
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Figure 20: Relationships of required stay resistance fs,req and corresponding efficiency indicator ηs versus
normalized initial prestressing forces in the stays T/Topt with the crossarm length ratio γ varying (cases
G1–G6).

level Topt, introducing excessively large prestress levels can decrease the ultimate load
carrying capacity of the column. In addition, once the column begins to deflect laterally,
the stress within the stays on the convex side of the column may exceed the material
strength. Therefore, nominating an optimal prestress by only considering the load carrying
capacity is neither necessarily efficient nor safe. As a result, a pair of efficiency indicators,
which take into account the load carrying capacity together with the required resistances
of the column and the stays simultaneously, are used to guide the determination of the
actual optimal initial prestress.

The actual optimal initial prestress values were presented while varying the stay diam-
eter, the column aspect ratio and the crossarm ratio while other parameters were fixed.
The corresponding values were also presented for cases where the stay diameter and the
column aspect ratio were varied simultaneously, while the crossarm ratio was fixed to its
most advantageous value. It was demonstrated that in most cases, for the chosen example
configuration, the actual optimal initial prestressing force is 1.5Topt, while for cases with
larger stay diameters the initial force level may become 1.75Topt, which is considerably
smaller than the levels found for the single-bay column case of similar properties. It is
worth noting that the determination of the optimal initial prestressing force is based on
the preferred values of the aforementioned efficiency indicators that also reflect the general
cost effectiveness. So long as the required resistances of the column and the stays are within
the elastic range and are examined with due care, the load carrying capacity of the main
column element may also be the single factor in determining the actual optimal prestress.
This would be particularly important if a high load carrying capacity is of paramount
importance for a specific column arrangement.

Although a reasonably limited set of numerical cases were presented, the current work
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provides a rational methodology for optimising the prestress within a given stayed column
configuration. In future work, more geometric parameters of the structure could be varied,
such as the position and size of the intermediate crossarms along the length and the main
column slenderness. Moreover, the inclusion of additional stay cables may also improve
the performance and this is currently being investigated. Experimental studies are also
desirable to validate the observations from the current modelling. In addition, the actual
cost of different grades of steel for the column and the stays could also be included within
the cost effectiveness calculation explicitly. Hence, enhanced efficiency indicators that
include costs of materials and fabrication would therefore provide more precise optimal
initial prestress levels but, again, this consideration is left for future studies.
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