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D-MODULES ON RIGID ANALYTIC SPACES II: KASHIWARA'’S
EQUIVALENCE

KONSTANTIN ARDAKOV AND SIMON WADSLEY

ABSTRACT. Let X be a smooth rigid analytic space. We prove that the cate-
gory of co-admissible 5X—modules supported on a closed smooth subvariety Y
of X is naturally equivalent to the category of co-admissible ﬁy-modules, and
use this result to construct a large family of pairwise non-isomorphic simple
co-admissible ﬁx-modules.
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1. INTRODUCTION

1.1. Modules over rings of infinite-order differential operators. In our ear-
lier work [2] we introduced a sheaf of infinite-order differential operators D on every
smooth rigid analytic space X. We regard D asa “rigid analytic quantisation” of
the cotangent bundle of X: by construction, the set of sections of D over any suffi-
ciently small admissible open subset of X is naturally in bijection with the algebra
of rigid analytic functions on the entire cotangent bundle of that open subset.
There are two main motivations for studying D-modules. The sheaf D> of
infinite-order differential operators on complex manifolds was introduced by Sato’s
school in the early 70s as part of their microlocal approach to the theory linear par-
tial differential equations [24]. It plays an important role in the classical Riemann-
Hilbert correspondence [16], [20]: regular holonomic D-modules are derived equiv-
alent not only to constructible sheaves, but also to holonomic D*°-modules [17],
[21]. The reader can find a modern treatment of the sheaf D> as well as its role in
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the Riemann-Hilbert correspondence in Chapters IIT and VIII of Bjork’s book [7].
It has recently become apparent that our sheaf D in the p-adic setting is analogous
in more than one way to the complex analytic D*°: for example, in a forthcoming
publication [I] it will be shown that if the ground field K is algebraically closed then
D is naturally isomorphic to the sheaf of continuous K-linear endomorphisms of
the structure sheaf @. This p-adic analogue of a result of Ishimura [I5] encourages
us to hope that some p-adic analogue of the Riemann-Hilbert correspondence can
be established for an appropriate derived category of D-modules. A more modest
goal would be to establish a version of the Biduality /Reconstruction Theorem of
[I7] and [21], perhaps following the approach of [22] and [4].

However, our main motivation for introducing and studying D on rigid analytic
spaces is the belief that a detailed understanding of co-admissible D-modules will
lead to significant progress in the theory of locally analytic representations of p-
adic analytic groups. The category of admissible locally analytic representations
of a p-adic analytic group G is by definition anti-equivalent to the category of
co-admissible modules over the locally analytic distribution algebra D(G, K) of G.

e

This distribution algebra naturally contains the Arens—Michael envelope U(g) of the
universal enveloping algebra of the Lie algebra g of G as the algebra of locally ana-
lytic distributions on G supported at the identity. In [2], we introduced the category
of co-admissible D-modules on X and showed that it shares many of the features
of the classical category of coherent D-modules on a complex analytic manifold.
In future work, we will establish an analogue of the Beilinson-Bernstein Locali-

—

sation Theorem for co-admissible U(g)-modules by relating them to co-admissible
D-modules on an appropriate rigid analytic flag variety; the main results of the
present paper, for example, Theorem C below, will then be used to give a geo-
metric construction of a large class of new examples of irreducible co-admissible

—

U(g)-modules.

1.2. Main results. An early fundamental result in the classical theory of D-
modules due to Kashiwara says that if Y — X is a closed embedding of smooth
algebraic varieties then there is a natural equivalence of categories between the
category of (coherent) D-modules on X that are supported on Y and the category
of (coherent) D-modules on Y. In this paper we prove a version of this as follows.

Theorem A. Let X be a smooth rigid analytic variety over a complete discretely
valued field K of characteristic zero. Let Y be a smooth closed analytic subset of
X. There is a natural equivalence of categories

(/:gfadmissible ~ ) co—admissible Dx—modules

Dy —modules o supported on'Y '

We should note in passing that there is a theory of arithemetic differential oper-
ators on formal schemes developed by Berthelot and that is being used by Huyghe,
Patel, Schmidt and Strauch (see [I4] for example) as alternative to our approach to
the study of locally analytic representations of p-adic analytic groups. In [0, §5.3.1]
Berthelot observes that, for a fixed finite level m, the analogue of Theorem [A] is
false for his sheaves of rings Q(ém] and closed embeddings of smooth formal schemes.

In [6, Theorem 5.3.3] he states a version for his sheaves of rings 92(&, the proof of
this result is yet to appear.
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Our next result forms a link between co-admissible ’ZSX-modules and the more
classical theory of p-adic differential equations.

Theorem B. Let X be a smooth rigid analytic space. Then the forgetful functor
{ Ox — coherent } { Ox — coherent }
—

co—admissible Dx —modules Dx—modules
is an equivalence of categories.

Using Theorems [A] and we can construct a large family of pairwise non-
isomorphic simple objects in the category of co-admissible D x-modules.

Theorem C. Let X be a smooth rigid analytic variety over a complete discretely
valued field K of characteristic zero.

(a) 14Oy is a simple co-admissible D -module whenever . : Y — X is the inclusion
of a smooth, connected, closed subvariety Y .
b) If / 1Y — X is another such inclusion and 14Oy = ! Oy as co-admissible
+ +

Dx -modules, then Y =Y.

1.3. Structure of this paper. As in our previous paper [2] we work in a more
general framework than that described above: for each Lie algebroid .Z on a rigid

analytic space X we have a sheaf of rings % (¢) that we call the completed en-

veloping algebra. When X is smooth and ¥ = Tx, % (¥) = Dy. Our main results
in the general framework depend on the normal sheaf /\fy/ x being locally free on Y
and on the surjectivity of the natural map t*.# — Ny,x. When X and Y are both
smooth and .2 = Tx these conditions are automatically satisfied. As we outline
the structure of the paper we will suppress mention of these and similar technical
global conditions on these sheaves that we need to impose for intermediate steps.
Full details may be found in the body of the paper.

In sectionwe review material from [2], restating results that we will use in this
paper, for the convenience of the reader.

In section [3] we establish an equivalence of categories between the category of
co-admissible left modules and the category of co-admissible right modules for any
completed enveloping algebra. This equivalence is entirely analogous to the classical
equivalence for D-modules and depends on the existence of a line bundle Q& on
X that may be equipped with a right action of the sheaf of completed enveloping
algebras. This line bundle plays the role of {2 x in the classical setting.

Section [d may be viewed as the heart of the paper with Theorem [£.10] providing
a purely algebraic (right-module) version of Theorem |A| for Banach completions of

U (ZL)(X) when X = Sp(A) is affinoid and Y = Sp(A4/(F)). Most of the rest of
the paper is concerned with proving that this result localises correctly.

In section [5] we consider the case that Y — X is a closed embedding of affi-
noid varieties. First we define the pullback Ly of a (K, O(X))-Lie algebra L to
a (K,0(Y))-Lie algebra. When X and Y are both smooth and L = 7(X) this
pullback is T(Y). After this we construct pushforward and pullback functors i,

and 7% between co-admissible right @-modules and co-admissible right U(Ly)-
modules. These definitions follow the classical D-module construction of pushfor-
ward and pullback via a ‘transfer bimodule’ but some care is needed to ensure that
i% preserves co-admissibility — in fact some care is also needed for i, but the key
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results for that were established in [2] and so that is less transparent in this paper.
Section concludes with Theorem which is a (right-module) version of Theorem
[A] for affinoids that is global on the base but ‘local along fibres’ of the vector bundle
underlying L.

In Section [6] we verify that the results and constructions of the previous sections
localise correctly on the base, culminating in Theorem that provides a right-
module version of Theorem [A]in our fuller generality.

Finally Section [7] brings all the above together to establish versions of Theorems
[Al[C] for general Lie algebroids. We also give some examples of Lie algebroids on
X other than Tx to which our results might be applied. The example of Atiyah
algebras is especially pertinent for our representation theoretic applications since
for these we will want to consider twisted versions of D that will arise as quotients
of completed enveloping algebras of Atiyah algebras.

It may be helpful at this point to trace different ways of interpreting the condition

that a co-admissible % (.£) module .# is supported on Y that appear at various
points of the paper.

In Theorem M it is established that when X is affinoid, a co-admissible % (.£)-
module .# is supported on Y precisely if every element of O(X) that vanishes
on Y acts locally topologically nilpotently on . (X). This result is a key step in
the proof of Theorem [A] and is analogous to the familiar statement in algebraic
geometry that, for X affine, a quasi-coherent O x-module .# is supported on V(I)
precisely if each element of I acts locally nilpotently on .Z(X).

In Corollary we are able to show that for every co-admissible % (.£)(X)-
module M there is a natural co-admissible submodule M, (I) that consists of ‘sec-
tions supported on Y’; that is, those elements m € M with the property that every
element f of O(X) that vanishes on Y satisfies lim,, oo mf™ = 0.

Propositionprovides slightly more precise information about My, () in that it
decribes the various Banach completions of M., (I) that realise it as a co-admissible
module. This information is phrased in terms that enable us to apply Theorem [£.10]
to these completions. In particular we see that the condition M = M (I) corre-
sponds precisely to each of these Banach completions M satisfying the condition
M = M\dp(F ) found in the statement of that Theorem (for a suitable choice of F'
depending on the completion). This last condition is precisely what we need to
construct the ’smoothing’ maps e; in in order to show that the module M is
generated by its elements that are annihilated by F'.

1.4. Acknowledgements. The authors would like to thank Kobi Kremnizer for
pointing out the analogy between D and D>°. They would also like to thank Oren
Ben-Bassat and Joseph Bernstein for their interest in this work.

1.5. Conventions. Throughout the paper K will denote a complete discrete valu-
ation field of characteristic zero with valuation ring R. We fix a non-zero non-unit
7 € R. Throughout Sections[d] [5land [6] we work with right modules unless explicitly
stated otherwise.

2. REVIEW OF THE BASIC THEORY OF D-MODULES

In this section we review some of the notation and other material from [2] that
we will use in the remainder of the paper.
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2.1. Lie-Rinehart algebras and lattices. Suppose that R is a commutative ring
and that A is a commutative R-algebra. Recall that an (R, A)-Lie algebra is a pair
(L, p) where

e [ is an R-Lie algebra and an A-module, and
o p: L — Derp(A) is an A-linear R-Lie algebra homomorphism

such that [z, ay] = a[z,y] + p(z)(a)y for all x,y € L and a € A.

An (R, A)-Lie algebra L is said to be coherent if L is coherent as an A-module
and L is said to be smooth if it is both coherent and projective as an A-module.

Recall that a Tate algebra is the subalgebra K (z1,. .., z,) of K[[z1,...,%,]] con-
sisting of those power series ), cnn AaZ® with the property that lim, o Ao = 0.
It is a commutative Noetherian Banach algebra equipped with the Gauss norm
given by | > enn Aa®| = supgenn |Aal- The unit ball of K(z1,...,z,) with re-
spect to the Gauss norm is the algebra R{x1,...,z,) consisting of power series in
K({xy,...,2,) with all coefficients lying in R.

A K-affinoid algebra is any homomorphic image of a Tate algebra, and an admis-
sible R-algebra is any homomorphic image of R{z1, ..., z,) which has no R-torsion.
We say that an admissible R-algebra A is an affine formal model in the K-affinoid
algebra A if A is a subalgebra of A which spans it as a K-vector space.

Definition (|2} Definition 6.1]). Let A be an affine formal model in a K-affinoid
algebra A, let L be a coherent (K, A)-Lie algebra and suppose that £ is an A-
submodule of L.

(a) L is an A-lattice in L if it is finitely generated as an .A-module and KL = L.
(b) L is an A-Lie lattice if in addition it is a sub-(R,.A)-Lie algebra of L.

2.2. Completions of enveloping algebras of Lie—Rinehart algebras. Given
an (R, A)-Lie algebra L there is an associative R-algebra U (L) called the enveloping
algebra of L with the property that to give an A-module M the structure of a left
U(L)-module is equivalent to giving M the structure of a left module for the R-Lie
algebra L such that fora € A, x € L and m € M

(1) (az)m = a(zm), and z(am) = ax(m)+ p(z)(a)m.

Similarly, to give a left A-module M the structure of a right U(L)-module is
equivalent to giving M the structure of a right module for the R-Lie algebra L such
that fora € A, x € Land m € M

(2) m(azx) = a(mz) — p(x)(a)m and (am)x = a(mzx) — p(x)(a)m.

Let A be an affine formal model in a K-affinoid algebra A.

Notation. If £ is an (R, .A)-Lie algebra we write U(L) to denote the m-adic com-
pletion of U(L) and we write U(L)k to denote the Noetherian K-Banach algebra
Kor UL).

Definition ([2, Definition 6.2]). Let L be a coherent (K, A)-Lie algebra. The
Fréchet completion of U(L) is

U(L) = lmU(m L)k

for any choice of A-Lie lattice £ in L.
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As explained in [2] §6.2], U(L) is a K-Fréchet-algebra that does not depend on
the choice of affine formal model A nor on the choice of A-Lie lattice £. A key

—

property of U(L) used in our work is that it is frequently a Fréchet-Stein algebra
in the sense of [25].

Theorem (|2, Theorem 6.4]). Let A be a K -affinoid algebra and let L be a coherent
(K, A)-Lie algebra. Suppose L has a smooth A-Lie lattice L for some affine formal

—

model A in A. Then U(L) is a two-sided Fréchet-Stein algebra.
2.3. The functor ®.

Definition (|2, Definition 7.3]). Let U and V be left Fréchet—Stein algebras, and
let P be a co-admissible left U-module. We say that P is a U-co-admissible (U,V')-
bimodule if there is a continuous homomorphism V°P — Endy (P) with respect to
a natural Fréchet structure on Endy (P) defined in [2), §7.2].

The reason that U-co-admissible (U, V')-bimodules are useful is that they enable
us to base-change co-admissible left V-modules to co-admissible left U-modules.

Lemma ([2, Lemma 7.3]). Suppose that P is a U-co-admissible (U, V')-bimodule.
Then for every co-admissible V -module M, there is a co-admissible U-module

PRy M
and a V-balanced U -linear map
v: P x M — PRy M

satisfying the following universal property: if f: P x M — N is a V-balanced U -
linear map with N a co-admissible U-module then there is a unique U -linear map
g: PQyM — N such that go = f. Moreover, PRy M is determined by its universal
property up to canonical isomorphism.

The base-change functor defined by the Lemma turns out to be associative:
PRy (QRwM) = (PRyQ)®wM

as left U-modules, for appropriate choices of U, V, W, P, and M. By considering
opposite algebras we see that there are also right module versions of all these
statements.

2.4. Localisation on affinoid spaces. Suppose that X is a K-affinoid variety,
A is an affine formal model in O(X), £ is a smooth (R, .A)-Lie algebra, and L =
K®r L.

Definition (|2, Definition 8.1]). For each affinoid subdomain Y of X, define
e —
% (L)(Y) = UO) @owx) L)

This defines a presheaf of rings on the weak G-topology X,, on X, and in fact
we have the following

Theorem ([2, Theorem 8.1|). % (L) extends to a sheaf of rings on Xiig.

This sheaf of rings can be used to define a localisation functor

co—admissible sheaves of
Loc: ¢ —— -9 —
U(L) —modules % (L) — modules
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whose values on every affinoid subdomain Y of X are given by
Loc(M)(Y) =% (L)(Y) @ M.
(L)
Theorem (|2, Theorem 8.2]). Loc defines a full exact embedding of abelian cate-
gories from the category of co-admissible U(L)-modules to the category of sheaves

of % (L)-modules with vanishing higher Cech cohomology groups.

2.5. Lie algebroids. Suppose that X is any rigid K-analytic space. We recall the
notion of a Lie algebroid on X.

Definition (|2, Definition 9.1]). A Lie algebroid on X is a pair (p,.%) such that
e Z is a locally free sheaf of O-modules of finite rank on X,
e _Z has the structure of a sheaf of K-Lie algebras, and
e p: £ — T is an O-linear map of sheaves of Lie algebras such that

[, ay] = alz,y] + p(z)(a)y
whenever U is an admissible open subset of X, z,y € Z(U) and a € O(U).

Definition (|2, Definition 9.3]). Let .Z be a Lie algebroid on the rigid K-analytic
space X, and let Y be an affinoid subdomain of X. We say that Z(Y) admits a
smooth Lie lattice if there is an affine formal model A in O(Y) and a smooth A-Lie
lattice £ in Z(Y). We let X,,(.%) denote the set of affinoid subdomains Y of X
such that .Z(Y") admits a smooth Lie lattice.

By [2} Lemma 9.3] X, (%) forms a basis for the G-topology on X. It enables us
to define a ‘Fréchet-completion’ of the sheaf % (.£) on X via the following Theorem.
Theorem (|2, Theorem 9.3]). Let X be a rigid K -analytic space. There is a natural

—

functor % (—) from Lie algebroids on X to sheaves of K-algebras on Xig such that
_— —
there is a canonical isomorphism U (L)|ly = % (L (Y)) for every Y € X,,(L).

—

Definition (|2, Definition 9.3]). We call the sheaf % (.Z) defined by the Theorem
the Fréchet completion of % (%). If X is smooth, &£ = T and p = 17, we call

D:=U (T) the Fréchet completion of D.

2.6. Co-admissible sheaves of modules. Suppose that .Z is a Lie algebroid on
a K-analytic space X. The following defines the notion of co-admissible % (£)-
modules that is central to this paper.

—

Definition. A sheaf of % (.£)-modules .# on X,i, is co-admissible if there is an
admissible covering {U; | ¢ € I} of X by affinoids in X,,(.Z) such that for each
e

i eI, #(U;) is a co-admissible % (£ (U;))-module and .# |y, = Loc(# (U;)).

—

Co-admissible % (.Z)-modules behave well on affinoids in the following sense.

Theorem (|2, §9.5|). Suppose that £ is a Lie algebroid on a K-affinoid variety X
such that £ (X) admits a smooth Lie lattice. Then Loc and T'(X,—) are mutually
inverse equivalences of abelian categories

co—admissible | co—admissible sheaves of
U (L) (X) —modules | U (L )—modules on X )
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3. SIDE-SWITCHING OPERATIONS

In this section we explain that, as in the classical theory of D-modules, there is
an equivalence of categories between the categories of (co-admissible) left % (.£)-

modules and of (co-admissible) right % (.£)-modules for any Lie algebroid .Z on a
rigid analytic space X.

3.1. Comparison of left and right modules for Lie—Rinehart algebras.
Suppose that R is a commutative ring and that A is a commutative R-algebra and
(L, p) is an (R, A)-Lie algebra.

We recall some well-known constructions; see, for example, [I3] §2]. Let M and
N Dbe two left U(L)-modules, and fix m € M, n € N,z € L. Analogously to Oda’s
rule for D-modules, using Equation above we can make M ®4 N into a left
U(L)-module via the formula

(3) z(men) = (zm)@n+ mQ (zn)
and Hom 4 (M, N) into a left U(L)-module via the formula
(4) (@f)(m) = zf(m) — f(zm).

Similarly, given two right U(L)-modules M and N we may make Hom 4 (M, N)
into a left U(L)-module via the formula

() (@f)(m) = f(mz) — f(m)z.
Finally, given a left U(L)-module M and a right U(L)-module N we may make
N ®4 M into a right U(L)-module via the formula

(6) (n@m)r=nr®@m-—nxm
and Hom (M, N) into a right U(L)-module via the formula
(7) (fx)(m) = f(m)x + f(zm).

In the last three cases, the given right L-action extends to a right U(L)-module
structure using and the natural left A-module structures on Hom4 (M, N) and
N ®a M.

Proposition. Suppose that P is a right U(L)-module that is projective of constant
rank 1 as an A-module. Then there are mutually inverse equivalences of categories
from left U(L)-modules to right U(L)-modules given by P ®4 — and Hom4 (P, —).

Proof. Using formula @ above, one can check that the natural functor P ® 4 —
on A-modules does indeed induce a functor from left U(L)-modules to right U(L)
modules. Formula shows that Homy (P, —) gives a functor in the opposite
direction. Moreover the usual natural morphisms of A-modules

M — Homy(P,P®4 M) and P ®4Homa(P,N)— N

are morphisms of U(L)-modules when M is a left U(L)-module and N is a right
U(L)-module. The assumption on P implies that they are all isomorphisms. (I

We note that if L is a projective A-module of constant rank d, then by [I3|
Proposition 2.8] the Lie derivative induces the structure of a right U(L)-module on
the left A-module Homa(A® L, A). Since the A-module Homa(A® L, A) is projec-
tive of constant rank 1, by the Proposition this condition on L suffices for there to
be an equivalence of categories between left U(L)-modules and right U(L)-modules.
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Examples.

(a) Suppose that X is a smooth irreducible affine variety of dimension d over a
field k of characteristic zero and A = O(X). The A-module of derivations
L = Dery(A) is projective of constant rank d, and U(L) = D(X) is the usual
ring of global differential operators on X. Then Homa(A% L, A) is the usual
dualising module Q(X), and in this case the Proposition gives the standard
equivalence between left and right D(X)-modules.

(b) Returning to full generality, let L be a projective A-module and let U = U(L)
so that grU = Sym(L) by Rinehart’s Theorem [23, Theorem 3.1]. Suppose
that P is a right U-module with a single free generator e as an A-module and
that I is an ideal in A. Then there is an isomorphism

U/IU = P, U/UI

of right U-modules given by a + IU — (e ® 1)a. This can be seen by giving
both sides their natural filtrations and observing that the induced morphism
between associated graded modules is the isomorphism of symmetric algebras
Sym(L/IL) — Sym(L/IL) given by multiplication by (—1)¢ in degree i.

3.2. An involution on P ®4 U(L). Suppose that P is a projective module of
constant rank 1 with the structure of a right U(L)-module. Then there are two
natural ways to view P ®4 U(L) as a right U(L)-module: one of these comes from
the left action of U(L) on itself and formula (6]) above; the other, which we’ll denote
by o, comes from the right action of U(L) on itself. We’ll write P© 4 U (L) to denote
the left A-module P® 4 U(L) equipped with the o-action of U(L) on the right. The
following Lemma can be viewed as saying that there is an automorphism « of the
A-module P ®4 U(L) that exchanges these two structures.

Lemma. Leta: P U(L) - P4 U(L) be defined by a(p@u) = (p®@1)u. Then
(a) a(tou) = a(t)u for allt € P4 U(L) and v € U(L),

(b) a((p@u)v) = (pv)u for allp € P and u,v € U(L), and

(c) a? =id.

Proof. (a) We may assume that t = p ® v for some p € P and v € U(L). Then
a((p@v)ou) = alp@vu) = (p@vu = a(p@v)u.

(b) There is a natural exhaustive positive filtration Fy on U(L) such that Fy = A
and F,, = L-F,,_1+F,_1 foralln > 1. Proceed by induction on the filtration degree
nofveU(L). Whenn =0,v € A and a((p@u)v) = a(pv @ u) = (pv @ u =
(p ® v)u as claimed. Suppose now that v = zw for some z € L and w € U(L) of
degree strictly less than n; since the statement is linear in v this case suffices. Then

a((p®up) = a(((p ® w)r)w) = a((pr & u - p© zu)w)
which by the inductive hypothesis is equal to
(pz @ w)u— (p@w)(ru) = (PrOw - (PR W)r)u= (p® W)U = (p ® V)U.
(c) From part (b) we have a?(p@u) = a((p® 1)u) = (p@u)l =p @ u. O
It follows immediately that « is invertible and that

aftu) =at)ou forall t€e P4 U(L) and we U(L).
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—

3.3. Comparison of left and right U (L) x-modules. Suppose now that 4 is an
affine formal model in a K-affinoid algebra A and L is a smooth (R, .A)-Lie algebra
of constant rank d. Let 1y := HomA(/\d L, A). This is a projective A-module
of constant rank 1 with the structure of a right U(£)-module by the discussion in
Subsection B.I] above.

Lemma. If M is a w-adically complete A-module then Q& 4M and Hom4(Qp, M)
are also w-adically complete.

Proof. Qp is a direct summand of some free A-module A". Then Q, ® 4 M and
Hom 4 (9, M) may be viewed as direct summands of M". Since finite direct sums
and direct summands of m-adically complete modules are m-adically complete, the
result follows. O

Proposition. There is an equivalence of categories between the category of m-

—

adically complete left U(L)-modules and the category of m-adically complete right

U(L)-modules given by Q@ 4—. Moreover this functor restricts to an equivalence of

—

categories between finitely generated left U(L)-modules and finitely generated right

=

U(L)-modules.

Proof. Tt follows from the Lemma that the equivalence of categories Q0 ® 4 — from
left U(L)-modules to right U(L)-modules given by Proposition restricts to an
equivalence of categories between m-adically complete left U(L)-modules and -
adically complete right U(L£)-modules.

—

We will show that restriction along U(L) — U(L) defines equivalences of cat-

egories from the category of m-adically complete left (respectively, right) U(L)-
modules and m-adically complete left (respectively, right) U(L)-modules. Certainly
the restriction functors are faithful so we must show that they are also full and
essentially surjective on objects. Suppose that f: M — N is a U(L)-linear map

between m-adically complete U(L)-modules. We must show that f is also U(L)-
linear. But f induces U(L)/x"U(L)-linear morphisms f,: M/7m"M — N/7"N

o —

for each n > 0 and we may identify f with lim f,,: M — A which is U(L)-linear as
required. Similarly, if M is any m-adically complete U(L)-module, then M /7" M
is naturally a U(L)/7n"U(L)-module for each n > 0 and so M = 1&1./\/1/71'”./\/1 is a

o —

naturally a U(£)-module as required.
We now see that Q0 ® 4 — is an equivalence of categories between m-adically

—

complete left U(L)-modules and m-adically complete right U/(E\)—modules. Now,

—

every finitely generated U(L)-module is m-adically complete, and Q, ® 4 — pre-
serves inclusions between finitely generated modules. So if M is a Noetherian left

———

lj(z)—module, then an ascending chain of finitely generated right U (L£)-submodules
of Oy ®4 M corresponds to an ascending chain of left submodules of M, which

—

terminates. So Qy ® 4 M is a Noetherian right U(L)-module. O

Let Qp := K ®@% Q. For any A-module M, the natural A-module isomorphism

Q@4 (K@r M) =2 K Qg (2 @4 M)
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induces a left E(E)\K—module structure on Q7 ® 4 (K @r M) whenever M is a left

U(L)-module. Similary, the natural A-module isomorphism

Homu(Qr, K @r M) 2 K @z Hom4(Qz, M)

induces a right U(L)x-module structure on Homy (Qr, K @z M) whenever M is

a right U(L)-module. These constructions are functorial in M.

Theorem. The functors Q;,®a— and Homx(Qr,, —) are a mutually inverse pair of
equivalences of categories between finitely generated left U (L) i -modules and finitely

generated right U (L) i -modules.

Proof. Suppose that M is a finitely generated left U (L) x-module. Then we can find
a finitely generated U(L)-submodule M C M such that K ®x M = M. Therefore

Qs M=K g (Qz®4 M) is a finitely generated right U (L) x-module by the
Proposition. The same argument shows that Hom 4 (21, —) sends finitely generated
right U (L) g-modules to finitely generated left U(L) x-modules.

The functor Q7 ® 4 — is left adjoint to Hom4 (2, —) on A-modules, and the unit
and counit morphisms for this adjunction are isomorphisms on all modules of the
form M ®7/3/I§'\by the Proposition. So the restrictions of these functors to finitely

generated U(L)g-modules are mutually inverse equivalences. O

—

3.4. Comparison of left and right co-admissible U(L)-modules. Suppose
now that A is a K-affinoid algebra and L is a smooth (K, A)-Lie algebra of constant
rank d. Suppose that L admits a smooth A-Lie lattice £ for some affine formal

model A in A, and recall the Fréchet—Stein algebra 5(—L\) from [2, Theorem 6.4].
As in Subsection let Q;, denote HomA(/\d L,A).

Recall the isomorphism a: Qp ®4 U(L) = Qp, @4 U(L) from Lemma that
switches the two natural right U(L)-module structures on 2y, ® 4 U(L).

Lemma. There is a commutative diagram

QLRAUTL)x —= QL @4 U(L)K

| |

QroaU(rL)gk —= QL 0aU(L)k

of right U(wL)k-modules with horizontal arrows given by inclusions and vertical
arrows continuous extensions of .

Proof. By Lemma there is an isomorphism a : Qz @4 U(L) = Qz @04 U(L)
of right U(£)-modules. We may m-adically complete this map and then invert 7 in
order to obtain ag, the unique continuous extension of o to an isomorphism

ar: QL @AUL)k — Q04 U(L)k.

The result follows immediately. [
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Theorem. The pair O ®4 — and Hom 4 (2, —) define mutually inverse equiva-

—

lences of categories between co-admissible left U(L)-modules and co-admissible right
U(L)-modules.

Proof. Let L be a smooth A-Lie lattice in L, and write U,, = U(7"L)g and U =

U(L). Suppose that (M,) is a family of finitely generated left Us-modules and let
Ne := Qp ®4 M. By Theorem (N,) is a family of finitely generated right
U,-modules. We will verify that (N,) is coherent if and only if (M,) is coherent,
that is, that there are isomorphisms Ny,41 ®yu, ., Up = N, for each n > 0 if and
only if there are isomorphisms U, ®v,,,, Mn+1 = M, for each n > 0.

For each finitely generated left U,,;1-module @, define a right U,-linear map

HQ: (QL ®A Q) ®Un+1 Un — QL ®A (Un ®UW,+1 Q)

by setting 0o (w®m) ® 1) = (w® 1 ® m)r. Then @ is a natural transformation
between two right exact functors, and it follows from the Lemma that 0y, ., as an
isomorphism. Hence 6 is an isomorphism for all @) by the Five Lemma. Thus
Npy1 ®u,,, Un = Qp @4 (Uy ®u,.,y, Mpy1). So Ny = Ny ®u,,,, Uy if and only
if M, 22U, ®@u,.s Mpi1.

It now follows from Theorem[3.3|that (M,) ~— (N,) is an equivalence of categories
between coherent sheaves of left Us-modules and coherent sheaves of right U,-
modules. Finally, since €, is a direct summand of a free A-module, for every
co-admissible left U-module M there are canonical isomorphisms

QLA M2Qp 4 QiLnUn ®u M) Z1limQp ®a (U, ®u M)

of left A-modules. Using the composition of these isomorphisms we can define a
right U-module structure on 0 ® 4 M. Similarly, the canonical isomorphisms

Homy (Qr, N) 2 Homy (Qr, N @y Uy,) = U,, @y Homy (Qr, N)

induce a left U-module structure on Hom4(€2r, N) for every co-admissible right
U-module N. The result now follows from [25, Corollary 3.3]. O

—

3.5. Comparison of left and right co-admissible % (.¥)-modules. Suppose
now that X is a rigid analytic space and that .Z is a Lie algebroid on X with
constant rank d. Then we have at our disposal the invertible sheaf
d
Ny = }[omo(/\.,f,@).

Lemma. Suppose that Z CY are open affinoid subvarieties of X such that Z(Y)
admits a smooth Lie lattice L for some affine formal model A in O(Y) and B is
an L-stable affine formal model in O(Z). Then there is a commutative diagram of

U(L)k-modules

o(Y) 0(2)

| |

Qg(Y) O%) U(ﬁ)[{ HQL&(Z) (:)?Z) U(B@A [')K

whose vertical maps are isomorphisms.
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Proof. We construct the vertical arrows by following the proof of Lemma[3.4] The

horizontal arrows are induced by the functoriality of U(—)k. It is straightforward
to use Lemma to verify that the diagram commutes. ([

Recall the sheaf % := % (%) from Subsection
Proposition. Suppose that Y is an open affinoid subvariety of X such that Z(Y)
admits a smooth Lie lattice.
(a) Let M be a co-admissible left U(L(Y))-module. Then there is an isomorphism
of right % |y, -modules

Loc (Qg(Y) Ro(y) M) = Qeoy, oy Loc(M).

—
(b) Let N be a co-admissible right U(Z(Y))-module. Then there is an isomorphism
of left U |y, -modules
Loc (HOmo(y) (Qg(Y), N)) = }[omoy (Qf\Yw s LOC(N)) .
Proof. Let Z be an affinoid subdomain of Y. Consider A an affine formal model in

O(Y) such that .Z(Y") admits a smooth A-Lie lattice £. By rescaling £ if necessary
and applying [2, Lemma 7.6(b)], we may assume that O(Z) admits an L-stable

affine formal model B. Write U, := U(7"L)k and V,, := U(B ®4 7" L)k so that
% (Y)=1lmU, and % (Z) = Jm V;,. For each finitely generated left Up-module @,
define a right V,,-linear map

17Q: (Q2(Y) Qo) Q) ®u, Va — Q2(2) ®o(z) (Vi ®u, Q)

by setting 7q ((w ® m) ® v) = (w|z ® (1®@m))v. Then 7 is a natural transformation
between two right exact functors, and using the Lemma we see that 7y, is an
isomorphism. Hence 7¢ is an isomorphism for all () by the Five Lemma.

Now there is a natural isomorphism

(MY) . M) B () 20.(2) o (%(Z) 3 M)
oY) w(Y) 0(2)
of right % (Z)-modules, and the isomorphism
Loc (22 (Y) ®oy) M) = Qgyy, @0, Loc(M)
follows. This proves part (a), and part (b) has a similar proof. O
Corollary. Keep the notation of the Proposition.
(a) Qgy, @0, Loc(M) is a co-admissible right % |y, -module.
(b) Homo, (Qe)y,Loc(N)) is a co-admissible left U |y, -module.

We are now ready to prove the main Theorem in this section.

Theorem. There is a mutually inverse pair of equivalences of categories Qo Qo —
and Homo, (g, —) between co-admissible left % (£)-modules and co-admissible
right % (X£)-modules.

Proof. The statement is local so by |2, Lemma 9.3] we may reduce to the case where
X is affinoid and Z(X) admits a smooth Lie lattice. This case follows from the
Corollary and Theorem O

Unless explicitly stated otherwise, until the end of Section [6] the term
"module" will mean right module.
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4. KASHIWARA’S EQUIVALENCE FOR U (L)
From now on, we assume that the characteristic of our ground field K is zero.

4.1. Centralisers in L. Let R be a commutative base ring. Suppose that ¢: A —
B is an injective homomorphism of commutative R-algebras, (L, p) is an (R,A)-Lie
algebra, and o: L — Derg(B) is an A-linear Lie algebra homomorphism such that
o(x)op=ypop(x) forall ze€lL.
For every subset F' of B, we define
CL(F):={yeL|o(y)-f=0 forall feF}

to be the centraliser of F in L. Tt is straightforward to verify that Cr(F) is always
an (R,A)-Lie subalgebra of L. We will abuse notation and simply write x - b to
mean o(z)(b) if x € L and b € B.

Lemma. Suppose that f1,...,fr € B are such that L - f; C A for each 1 <i<r
and there exist x1,...x, € L with x; - f; = 6;5. Then

L = (G_? Axi> SCL{f1,---s [r})-

In particular, if L is smooth then Cr({f1,..., fr}) is smooth.

Proof. Write C' = Cr({f1,..., fr}). fu=>"i_, a;z; € C for some a; € A then for
each j we can compute 0 = u- f; =571 a;(z; - f;) = a;. Hence u = >"i_; a;z; =0
and the sum Y ;_; Az; + C is direct. On the other hand, if v € L then

(w=> (ufi)z) fy=w-f; =Y (u- fi)(wi - f;) =0.
i=1 1=1
Hence v =" (u- fi)x; + (u— > (u- fi)z;) € Yoi_y Az + C. O
4.2. The submodules M[F] and Mg, (F). Until the end of Section [4] we fix an

affine formal model A in a K-affinoid algebra A and a smooth (R,.A)-Lie algebra
L.

Definition. Let M be a finitely generated U(L)g-module and F C A.
(a) M[F]:=={meM:mf=0 Vfwe Fj.
(b) Mgp(F):={me M : T}L%m% =0VfeF}.
Let C = C(F). Because the elements of F' are central in @, we see that
MIF] C Mgp(F) are U/(C)\K—submodules of M. We will soon see that if £-F C A

then My, (F) is even a m—submodule of M.

—

Proposition. The functor (—)[F] from U(L)k-modules to U(C)k /(F)-modules is

right adjoint to — ®U/(C)\K U(L)k.

—

Proof. Suppose that M is a U(C) x/(F)-module and N is a U(L) g-module. By the
universal property of ® there is a natural isomorphism

Homm(M ®U(C)K UL)k,N) = Homm(M,N).
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Since M F' = 0 and F'is central in U(C)K7 any U(C) g-linear map from M to N will

have image in N[F]. Thus there is also a natural isomorphism
Hom —— (M, N) 2 Hom——— (M, N[F]).
UC)x U(C)k
Putting these two isomorphisms together we obtain the result. [l

It is clear that (—) ® U(L)k sends finitely generated U(C)x-modules to

U(C)k
finitely generated U(L)x-modules. We'll see that if F = {fy,..., f.} is a finite
subset of A such that £-(fi,...,fr) = A" then (—)[F] also sends finitely gener-
ated modules to finitely generated modules. Moreover we’ll show that under this
hypothesis, when the adjunction is restricted to finitely generated modules, its unit
is an isomorphism and its counit isomorphic to the inclusion My, (F) — M.

If M is any R-module, we’ll write My, := M ®x k for its reduction modulo 7
in what follows.

4.3. Proposition. Let C be a sub-(R, A) Lie algebra of £, and suppose that C has
an A-module complement in £. Then U(E) x is a faithfully flat U (C) x-module.

Proof. The assumptions on C and L force C to be a projective A-module. Now,
with respect to the m-adic filtrations on U (L) and U(C) respectively,

grU(L)x = klt,t 7 @, U(Ly) and  grU(C)x = klt,t '] @4 U(Ch).

These algebras carry a natural positive filtration with ¢ and A in degree zero,
and L, C in degree one. Since L and Cj are smooth, the respective associated
graded rings are k[t, 1~ 1] ®k Sym(Ly) and k[t, t 1] @, Sym(Cy) by [23, Theorem 3.1].

The map U(C)K — U(C)K induces the natural inclusion k[t,t~1] ®x Sym(Cx) —

K[t,t~'] @i Sym(Ly) which is faithfully flat, because C;, has an Ag-module comple-
ment in L by assumption. We can now apply [I9, Chapter II, Proposition 1.2.2]
twice. 0

Corollary. Let F = {f1,...,fr} C A be such that L - (f1,...,fr) = A", and let
C=Cr(F). Then U(L)k is a faithfully flat U(C) x-module.

Proof. This follows from Lemma and the Proposition. (I

4.4. Construction of a lattice that is stzlb’l(gnder dividgd\powers. For the
remainder of this section we’ll write U = U(L)g and Y = U(L). Suppose that
f € Ais such that £ f C A and that M is a finitely generated U-module. Let
N = Mgy (f) - U. Since U is Noetherian, N is also a finitely generated U-module
and we may fix a finite generating set {v1,...,vs} C Map(f) for N as a U-module.
We say that a U-submodule of N is a U-lattice in N if it is finitely generated over
U and generates N as a K-vector space. Thus in particular,

MO = i ’Uju
j=1

is a U-lattice in N.



16 KONSTANTIN ARDAKOV AND SIMON WADSLEY

Lemma. There exists an integer t such that
ai\ A Qm \ Bm
(Y (Y g
041! Oém!
foralla,B e N"™ and all j =1,...,s.

Proof. Since each v; lies in Mqp(f) by assumption, v;f™/n! — 0 as n — oo for
each j. So each of these sequences is bounded in N and is therefore contained in
n "My for some ¢ > 0. Let n = > 7", a;0;. Then

U,(fal)ﬂ{”(fam)ﬁm: n! vl g
J a1! aml Oél!ﬁl “ee am!Bm n' 0

| . . . . . .
because " —7 is a multinomial coefficient and is therefore an integer. O
! B

Proposition. There is at least one U-lattice M in My, (f)-U which is stable under
the action of all of the divided powers f*/i!.

Proof. Let N = Mqap(f) - U and let B be the subalgebra of A generated by A and
{f%/i! :i > 0}. Since L - f C A by assumption, an easy induction on i shows that
y{f, = dc_ill)'(yf) € Bforally € £ and all i > 0. So, as also L - A C B we see
that £-B C B. Thus the action of £ on A lifts to B, so we can form the (R, B)-Lie
algebra B®4 L by [2, Lemma 2.2]. Now T := U(B®4 L) 2 B4 U(L) by [2
Proposition 2.3], so T' is generated as a U(L)-module by all possible monomials

() (£2) " en. aperm

! !

Since My is a U(L)-submodule of N, by the Lemma we can find an integer ¢ such
that

v,TCr "My forall j=1,...,s.
Let M be the closure of Y~%_; v;T in N. Since U is the m-adic completion of the
subalgebra U(L) of T, M is a U-submodule of N containing vy, ...,vs. Thus

Mo C M C a7 "M,

because 7t Mg is closed in N. Since 77t Mg is a finitely generated module over
the Noetherian ring U, M is finitely generated over U. Therefore it is a U-lattice
in N which is stable under all divided powers f*/i! by construction. O

4.5. Proposition. Suppose that F' C A is such that £- F C A, and M is a finitely
generated U-module. Then My, (F) is a U-submodule of M.

Proof. Because Map(F) = NyepMap(f), we may assume that F = {f}. Using
Proposition choose a U-lattice M in Mgy, (f)-U stable under all f?/i! and write
Map(f) = Map(f) N M. Certainly Mg, (f) is an A-submodule of M.

Suppose that € £, m € Mgy (f) and n > 0. Then

f'n B fn fn—l
(mm)m =miu +m(z - f)i(n v

Since m € Mq,(f), and = - f € A and = € L preserve the lattice M of M, we see
that mz € Mgp(f). Thus we may view Mq,(f) as a U(L)-submodule of M.

Next we show that Mqp(f) is m-adically closed. Suppose that m,, is a sequence
in Mgp(f) converging m-adically to m € M. Then for all » > 0 there is ng such
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that m — m,, € 7" M and there is ny > ng such that m,, f"/n! € 7" M for all
n > ny. Thus mf"/n! € 7" M for all n > n; because M is stable under all f?/i!.
So m € Mgp(f) as required.

It follows that Mg, (f) is a U-module, so My, (f) is a U-module as required. O

4.6. Reduction mod w. Suppose now in addition to £ - f C A that there is an
element € £ such that x - f = 1. This is equivalent to assuming that £ - f = A.

Let M be a finitely generated U-module, and write C := C,(f) and V := U(C).

Lemma. Let M be a U-lattice in Map(f) stable under all divided powers in f, and
let T denote the image of x € L in L.
(a) Uy is a free left Vi-module with basis {Z7 : j > 0}.
(b) The natural map M|[f|x @y, Upx — My, is injective.
Proof. (a) By Lemma L = Ax & C. Therefore L = ApZT @ Ci so the powers
of Z in the symmetric algebra Sym(Ly) form a homogeneous basis for Sym(Ly) as
a graded left Sym(Cg)-module. Since Uy = U(Ly) and Vi, = U(Cy), we can apply
[23, Theorem 3.1].

(b) Let £ € M|[f]r ®y, U map to zero in M. By part (a), we can write &
uniquely in the form § = Y% (7 ® z for some g; € M[f]. Now

n n fn
quxj €M, so quxj—' €M
= = n!
because the lattice 7. M is stable under f™/n! by construction. Now

g2 f = qj[2, f] + qjfa’ = jg;a’™'  for each j
because [z, f] =2 - f =1 and g; f = 0. Therefore

quxj% = Z (i)qjxj_" =g, € tM N M][f].
=0

=0
But 7 M N M[f] = nM]f] because M is m-torsion-free, so g, = 0. Continuing like
this, we see that g; = 0 for all j <n, so §{ =0. (I

—

4.7. The counit €, is an injection. We continue to write V := U(C) and also
write V :=U(C)k.
Proposition. Let f € A be such that L- f = A and let M be a finitely generated

U-module. Then the natural map

ev: M[flov U — M

of U-modules is injective. In particular M|f] is finitely generated as a V-module.

Proof. Using Proposition we see that the image M[f]- U of €)s is contained in
the U-module Mg, (f). Thus we may view ey as a map M[f] @y U — Map(f).
Using Proposition choose a U-lattice M in My,(f) which is stable under all
divided powers in f. Let Ny C Ny C -+ be an ascending chain of Vg-submodules
of M[f]x. Since My is a finitely generated module over the Noetherian ring Uy,
its chain N1U C Noly C --- of submodules must stabilize. It now follows from
Lemma [4.6(b) that the chain

N1 @y, U € No @y, Uy, C -+
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of submodules of M[f]r ®y, Ui also terminates. But Uy is a faithfully flat left
Vi-module by Lemma (a), so the original chain Ny C Ny C --- stops. Therefore
MIf = M[f]/mM]f] is a finitely generated Vi-module.

The m-adic filtration on M is separated by Nakayama’s Lemma, because it is a
finitely generated module over the m-adically complete Noetherian algebra U. So
the m-adic filtration on M[f] is also separated, and hence M|f] is finitely generated
over V by [19, Chapter I, Theorem 5.7|. So M[f] = M[f].K is finitely generated
over V = Vg.

The multiplication map V ®y U — U is bijective, so there is an isomorphism of
U-modules

M[flevU = M[fley (VevU) = M[f]ov U.
Now U is a flat V-module by Lemma a) and [25, Proposition 1.2], which implies
that M[f] ®y U embeds into M[f] @y U = M[f] @y U. We saw above that M][f]
is finitely generated over V, so M|[f] ®y U is a U-lattice in M[f] ®y U. Now

(Mf] @y U)r = M[flr v, Us

embeds into My, by Lemma b). This means that the associated graded of €y,
(with respect to the m-adic filtrations on M[f] ®yv U and Mg, (f) determined by
the U-lattices M[f] ®y U and M respectively) is injective. Therefore €y is also
injective by [I9, Chapter I, Theorem 4.2.4(5)].

That M[f] is finitely generated follows from the facts that U and V are Noe-
therian and that U is a faithfully flat left V-module by Corollary [£.3] (]

Corollary. Let F = {f1,...,f-} C A be such that L - (f1,...,fr) = A" and let
C:=Cr(F). Then for any finitely generated U-module M, the natural map

MF)® U—-M

Uk

is an injection and M[F)] is finitely generated as a U(C) g -module.

Proof. We proceed by induction on r, the case r = 1 being given by the Proposition.

Let V := U(Cr(fr))x and W := U(C)k. Since L - f, = A, the Proposition
implies that M|f,] is finitely generated as a V-module and M[f,| @ U — M
is injective. However, C(f,) is a smooth (R, A)-Lie algebra by Lemma and
Ce(fe) - (fis oy fro1) = A1 because L - (f1,...,fr) = A", so the induction
hypothesis implies that M[F] = M[f:][{f1,-.., fr—1}] is finitely generated as a
W-module and M[F] @w V — M|f,] is injective.

Since U is a flat V-module by Corollary 1.3} (M[F]@w V) @v U — M[f.]@v U
is also injective, and the result follows by the associativity of tensor product. [

It follows immediately from the Corollary that the adjoint pair of functors in
Proposition restricts to an adjoint pair of functors between finitely gener-

ated U(L)g-modules and finitely generated U(C,(F))x/(F)-modules, whenever
L-(fr,oo, fr)=A".

4.8. Constructing maps from Mg, (f) to M[f]. Suppose again that f € A and
x € L are such that x - f = 1. For each j > 0 and v € My, (f), the infinite series

ej(v) = Z vf—n (n) (—z)"I

n!
n=j J
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converges to an element of M because vf"/n! — 0 and because (})(—z)"~7 € U
for all n > j. Thus we have defined an infinite collection of functions

ej: Map(f) = M, 3 =0.

Lemma. (a) e; is continuous.
(b) €;(Map(f)) C MI[f].
(¢) If v e Map(f) then ej(v) =0 as j — oo.
Proof. (a) By Proposition we can find a U-lattice M in M which is stable under
the action of all f?/il. We may view M as the unit ball with respect to a Banach
norm on M. Then Mg, (f) N M is the unit ball in the closed subspace Map(f).
We see by examining the definition of e; that e;(M N Mg, (f)) C M and so e; is
continuous.

(b) Suppose v € Mgy (f). We can rewrite e;j(v) as e;(v) = > 720’
v :=wvfl/j!. Now

fi(—a)

0!

fi(=z)’

- where

I GO

or 1>1
i (i —1)! -
so the expression for ej(v) f telescopes to give zero:

(£

f

e;(v)f zv'f—|—Z1/
i=1

(c) This is clear from the defining formula for e;(v), because vfn—r; —0asn— oo

and because (?) "7 preserves the U-lattice M for all n and j. O

Corollary. Let G C A be such that x - G = 0. Then
ej (Map({f}UG)) C M[flap(G) for all j = 0.

Proof. Part (b) of the Lemma gives the inclusion e; (Map({f} UG)) C M|[f]. Let
v € Map({f} UG) and g € G. Then since g commutes with x and f inside U,

g" 9"
ej(v)ﬁ =¢j (vm) —0

as n — oo by part (a) of the Lemma. O

4.9. The counit ¢); has image Mg, (F). In this Subsection, we will show that
Mgy (F) is generated as a U-module by M[F]. The heart of the proof of this
statement is contained in the following technical

Lemma. Let f € A and x € L be such that - f = 1. Suppose that G C A is such
that © - G =0 and let F = {f} UG. Then

Mdp(F) C M[f]dp(G) U
for every finitely generated U-module M.

—

Proof. Let C = Cr(f) and V = U(C)k, and define
N := M|[flap(G) -V C M[f].

Since V is Noetherian and M|f] is finitely generated over V' by Proposition we
can find a finite generating set ws, ..., Wy, in M|f]ap(G) for N.
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Define e;: Mqp(f) — M as in Subsection Given v € Mg, (F), every e;(v)
lies in M([flap(G) by Corollary so we can choose v;; € V such that

= Zwivij forall j5>0.

Because ej(v) — 0 as j — oo by Lemma [£.§[c) and because the topology on N
can be defined by the V-lattice Z;”zl w;V, we may assume that lim v;; = 0 for
j—}OO

each i. Therefore the series E;?io vijxj converges to an element z; € U for each
i=1,...,m. Now

m
g wiz; = E E w;v; 7 —E ej(v =
i=1

1=1 j=0

- S (1) -

j=0n=j

5> (zw (@)) oL =
n=0 \j=0 J :

’I’L

= Zl—l (—x)" =,

so Mg, (F) is contained in M[f]ap(G) - U as required. 0

Theorem. Let F = {f1,..., fr} C A and suppose that L-(f1,..., fr) =A". Then
MIF] - U = My (F)
for every finitely generated U-module M .

Proof. The forward inclusion follows from Proposition To prove the reverse
inclusion we proceed by induction on r, the base case 7 = 1 being given by the
Lemma with G = 0.

Suppose that r > 1, write f := f,. and G := {f1,..., fr—1}. By the assumption
on L we can find € £ such that - f =1 and - G = 0. Then

Map(F) € M([f]ap(G) - U

by the Lemma. Let C = Cr(f); then C - (fi,...,fr—1) = A""! because L -
(fi,.-.,fr) = A", and C is a smooth (R,.A)-Lie algebra by Lemma More-

over M[f] is a finitely generated V := U(C) g-module by Corollary 4.7, so
M[flap(G) € M[f1IG] -V
by the induction hypothesis. Therefore
Map[F] € M[flap(G) - U C (M[f][G] - V) - U = M[F]-U
because M|[f][G] = M[F]. O
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4.10. Kashiwara’s equivalence for U(L)x. The following elementary result will
be useful on more than one occasion; we could not locate a reference to it in the
literature.

Proposition. Let C and D be two categories, let T : D — C be a functor and let
S :C — D be a left adjoint to T. Suppose that

(a) the counit morphism € : ST — 1p is an isomorphism, and
(b) S reflects isomorphisms.

Then S and T are mutually inverse equivalences of categories.
Proof. Let n : 1¢ — TS be the unit morphism. It will be sufficient to show that
Ny : N — TSN is an isomorphism for any N € C. Now esy o S(ny) = lgn

by a counit-unit equation and egy is an isomorphism by (a), so S(ny) is also an
isomorphism. Hence ny is an isomorphism by (b). O

Here is the main result of Section [

Theorem. Let F = {f1,...,f+} be a subset of A such that L - (f1,...,fr) = A"
and write C = Cp(F). The functors

are mutually inverse equivalences of categories between the category of finitely gen-

erated U(C) g /(F)-modules and the category of finitely generated U (L) -modules
M such that M = Map(F).

—

Proof. Write V.= U(C)k and let S = (—)[F] denote the functor from finitely
generated U-modules to finitely generated V/(F)-modules given by Corollary
and let T := — ®y U denote its left adjoint. If N is a finitely generated V/(F)-
module then (T'N)qp(F) D STN D N ® 1. Now (T'N)gp(F) is a U-submodule of
TN by Proposition [L.5] and it contains N ® 1 which generates TN = N ®y U as a
U-module, so TN = (T'N)qp (F').

If M is a finitely generated U-module such that M = My, (F'), then the counit
morphism €ps: T'SM — M is an isomorphism by Corollary [.7] and Theorem
Since U is a faithfully flat left V-module by Corollary [.3] the functor S reflects
isomorphisms. The result now follows from the Proposition. ([

—

5. KASHIWARA’S EQUIVALENCE FOR U (L)

5.1. Normalisers in L. Suppose that [ is an ideal in a commutative R-algebra A
and L is a (R, A)-Lie algebra.

Definition. The normaliser of I in L, N,(I) :={x € L | p(x)(I) C I}.
We will use the abbreviation N := N (I) in this subsection.

Lemma.

(a) N is an (R, A)-Lie subalgebra of L.

(b) IL is an (R, A)-Lie ideal in N.

(¢) N/IL is naturally an (R, A/I)-Lie algebra.

(d) U(L)/IU(L) is naturally a U(N/IL) — U(L)-bimodule.
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Proof. (a) It suffices to show that N is an A-linear submodule of L and a sub-R-Lie
algebra. Both facts are immediate from the definitions.

(b) Clearly IL is A-submodule of N. Suppose n € N, a € I and € L. Then
[n,ax] = a[n,z] + p(n)(a)x € IL, so [L,IL] C IL.

(c) Certainly N/IL is naturally an A/I-module and an R-Lie algebra. Let the
anchor map py;;r,: N/IL — Derr(A/I) be given by

pn/in(z+IL)(a+1) = p(x)(a) + 1

which is well-defined by the definition of N. The verification that this satisfies the
conditions for an anchor map is routine.

(d) Consider the natural left-action of N on U(L) given by restricting the action
of L. Ifne€ N,a €I and u € U(L), then we can compute

n(au) = p(n)(a)u + a(nu) € IU(L)

by considering the definition of N. Thus the image of U(N) in U(L) is contained
in the idealizer subring of TU(L). Since IL acts trivially on U(L)/IU(L), using
the universal property of enveloping algebras we see that the left-action of U(N)
on U(L) descends to a left-action of U(N/IL) on U(L)/IU(L) that commutes with
the natural right-action of U(L). O

5.2. Standard bases. Suppose that I is an ideal in a commutative R-algebra A
and L is a (R, A)-Lie algebra.

Definition. We say that a subset {x1,...,z4} of L is an I-standard basis if

(a) {x1,...,24} is an A-module basis for L,
(b) there is a generating set {f1,..., f} for I with r < d such that
(c) ;- fj=0dj;foralll<i<dand 1 <j<r.

Under the assumption that L has an I-standard basis, we can explicitly compute
the normaliser Ny, (I) as follows.

Proposition. Suppose that {x1,..., x4} is an I-standard basis for L with corre-
sponding generating set F = {f1,..., fr} for I. Then

(a) C:=CL(F)=Azp11 @+ D Axy,

(b) N = NL(I) :le@-“@.fx,«@C’,

(¢) N/TL = (A/DTrii & - & (A/ )73,

(d) N/IL=C/IC as (R,A/I)-Lie algebras.

Proof. This is routine. O

Until the end of Section |5, we assume that :

e [ is a radical ideal in the K-affinoid algebra A,

e {x1,...,2,} is an I-standard basis for the (K, A)-Lie algebra L.
We also fix an affine formal model A in A. Because (7"xz;) - (f;/7") = ¢;; for all
i,7, we see that {m"xq,..., 7" x4} is again an I-standard basis for L for any integer
n. So by replacing {z1,...,24} by a m-power multiple if necessary and applying [2]
Lemma 6.1(c)|, we will assume that

L:=Ax1 +...+ Axyg

is a free A-Lie lattice in L. We also fix a generating set F' := {f1,..., f»} for I such
that z; - f; = 0;; for all ¢, 5.
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5.3. The transfer-bimodule. With the notation established above, we have a
closed embedding of affinoid varieties

Y :=Sp(A/I) — X :=Sp(A)
defined by the ideal I. We call the (K, A/I)-Lie algebra

_Nuo(d)
Ly := T
the pullback of L to Y. Since L and Ly are free modules of finite rank by Proposition

—

it follows from Theorem that U(L) and U(Ly) are Fréchet-Stein algebras.
We will use this basic fact without further mention in what follows.

—

Definition. The transfer-bimodule U(L)y _, + is defined by

U(L)yx = A/1©a U(L) = U(L)/1U(D).

Proposition. U(L), _, x is a U(L)-co-admissible (U(Ly ), U(L))-bimodule.

Proof. U(L)y _, y is finitely presented as a right U(L)-module, so it is co-admissible
by |25, Corollary 3.4]. Let Z:=INA and N := Né(g). Then N is an (R, A/T)-
Lie algebra by Lemma ¢). Now U(L)/IU(L) is a UN) — U(L)-bimodule by
Lemma ﬂ(d)7 so U(L)k/IU(L)k is a UWN) g — U(L) k-bimodule.

Since L is a flat R-module, multiplication by 7™ induces an isomorphism

Ne(I) = Nyog(Z)

L I(mL)

Hence U(m"L) i /IU(7" L)k is a U(7"N) g — U(7"L) k-bimodule and the homo-
morphism U(7"N) g — EndU( 5 (U L)k /IU(m L) k)P is continuous.
T L)k

Finally, Nz (Z)NIL = ZL because LNIL =TL as L is a free A-module. Hence
N embeds naturally into Np(I)/IL = Ly and its image is an .4/Z-Lie lattice in

—

Ly. Hence U(Ly) = Jim U(m™N) g by Definition and therefore

U0y oy = lim U(m L)/ 1U(x"L)
is a U(L)-co-admissible (U(Ly ), U(L))-bimodule by [2 Definition 7.3]. O
5.4. The functors ¢, and :%. By Proposition the bimodule U (L), _, y satisfies
the conditions for the right-module version of Lemma [2.3] Thus

—_

N B Uy
U(Ly)

is a co-admissible U(L)-module whenever N is a co-admissible U(Ly )-module.

—

Definition. Let M be a co-admissible U(L)-module and let N be a co-admissible

U(Ly )-module.

(a) The pushforward of N to X is the co-admissible U(L)-module
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—

(b) The pullback of M to Y is the U(Ly)-module

h = —_—
M = Hom — (U@)yxoM).

Note the right action of U(Ly) on (M comes from its left action on U(L)y _, y

given in Proposition That ¢! defines a functor from U(L)-modules to U(Ly)-
modules is clear, and the universal property of ® shows that t4 is also a functor.

5.5. Vectors where S C A acts topologically nilpotently. Before we can prove
the main theorem of Section [6l we will need some more definitions.

Definition. Let M be a co-admissible U-module and let S be a subset of A. Define
Moo (S) :== {m € M | ms® = 0 as k — oo for all s € S}.

We say that S acts topologically nilpotently on m € M precisely when m € M (S).
We say that S acts locally topologically nilpotently on M if M = My, (S).

We begin our study of M (S) by doing some analysis. We will write

—

U:=U(L) and U, :=U(m"L)g forany n >0.
If M is a co-admissible U-module, then M,, will always mean the finitely generated
U,-module M ®¢y U,.
Lemma. Let M be a co-admissible U-module. Then
(a) Moo(f) C Moo(af) for any f € A and a € A, and
(b) Moo (K f) N Muo(Kg) C Moo(K(f +g)) for any f,g € A.

Proof. Note that M is the inverse limit of the K-Banach spaces M, so a sequence
in M converges to an element z of M if and only if the image of this sequence in
each M, converges to the image of z in M,,. Fix n > 0 and a U,-lattice M,, in M,,.
(a) Since a € A preserves M,,, mf* — 0 in M,, forces mf*a* — 0 in M,,.
(b) Suppose that m € My (K f) N My (Kg); it will be enough to show that
m(f +g)* = 0as k — oo in M,,. Choose 7 > 0 such that 7" f and 7"g both lie in
A. Now since m € Moo (f/7") N My (g/7"),

m(f/7")* =0 and m(g/7")* -0 as k— oo
in M, so for every s > 0 there exists an integer T > 0 such that
m(f/m")F € n*M,, and m(g/x")* € °M,, whenever k>T.

Now suppose that ¢,j > 0 are such that ¢ + 7 > 27. Then either ¢ < j in which
case j > T and

mflg) =m(g/x") (7" f)'mVD € 75 M,
or ¢ > j in which case ¢ > T and

mflg’ =m(f/x") (@ gy 7D € 1M,
because (7" f)* and (7"g)? preserve m°M,, by construction. Therefore for all s > 0
there exists T > 0 such that

k _ 17 k s
m(f +g) H;kmfgj(i)éﬂ M,

whenever k > 2T, and hence m(f + g)¥ — 0 in M,, as k — oo as required. O
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It is interesting to note here that the fact that f and g commute is crucial, since

. 1
for example the sum of the two non-commuting square-zero elements (8 O) and

<(1) 8) in the matrix ring M>(K) is a unit.

Corollary. Let M be a co-admissible U-module. Then
Moo (W) = Moo (AW)
for any K -vector subspace W of A.

Proof. Note that AW = AKW = AW, and that the inclusion M (AW) C
Mo (W) is trivial. Let m € My (W) and suppose that wi,...,w; € W and
ai,...,a; € A. Then m € My (Kw;) for each i and hence m € My (Ka;w;)
for each i by part (a) of the Lemma. Hence m € My, (K - S a;w;) by part (b)
of the Lemma, so m € M (w) for all w € AW. O

5.6. Proposition. Let M be a co-admissible U-module. Then
Mo (KCS) = (M, )ap(S/7")
for any subset S of A.

Proof. Let m,, denote the image of m € M in M, and recall from Subsection [4.2]
that m,, lies in N,, := (M,,)ap(S/7™) if and only if

klim mp(s/m™)¥ /Kl =0 forall seS.
—00

Since the map M,,+1 — M, is continuous, (V,,) forms an inverse system.
Choose an integer r > 0 such that ﬂ""k/k! — 0 as k — oo. Now if m €
Mo (KS) and s € S then klim m(s/m" TR — 0, so
—00

) (S /W")k ] s k er
i m e = i (5 )
in M. Thus m, € N, for each n > 0 because the map M — M, is continu-
ous. Conversely, suppose that m, € N, for all n. Let s € S and fix n,t > 0.
Now M,y ¢(s/m"t)*/k! — 0 in M,,,; by assumption and the map M, ¢ — M, is
continuous, so

=0

ﬂ-n—i-r

. HE _ (s/7" )"
SR

Hence klim m(s/m)k — 0in M for all t > 0 and m € M (KS). O
—00

7"kl =0 forall n>0.

Corollary. M (I) is a co-admissible U-module whenever M is a co-admissible
U-module.

Proof. Recall from Subsection [5.2|that F' = {f1,..., f»} generates the ideal I of A.
Note that for any n > 0, 7" L is again a free A-Lie lattice in L such that

e (L ) -

T ™

so (My)ap(F/7™) is a closed U,-submodule of M,, = M ®y U, by Proposition
By Corollary [5.5 and Proposition [5.6]

Moo(l) = Moo(A : KF) = Moo(KF) = 1Ln(zwn)dp(F/ﬂ-n)
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Hence My (1) is a closed U-submodule of M. Now apply [25, Lemma 3.6]. O

5.7. The module M[F] is co-admissible. It follows from Lemma [1.2] that C :=
Cr(F) is a smooth A-Lie lattice in C' := Cpr(F'), so the Banach algebras V,, :=

U(m"C) give a presentation Jm V,, of V := U(C) as a Fréchet-Stein algebra by
Theorem [2.2] There is a natural continuous map of Fréchet-Stein algebras

—

V=UC)—U=U(L).

Theorem. Let M be a co-admissible U-module. Then M[F] is a co-admissible
V-module.

Proof. By Corollary My (I) is a co-admissible U-submodule of M. Since
M[F] = Mo (I)[F]
we may assume that M = My (I). Let M,, := M ®y U,, and F,, := F/x"™, and
note that M, [F,] = M,[F] for all n > 0. Now the image of M generates M,, as a
Up-module, and this image is contained in N,, := (My,)qp(Fy) by Proposition
since M = M, (AF). It follows from Proposition that N, = M,,, and therefore
the counit morphism
€n ! Mn[Fn] v, Uy, — M,

is an isomorphism for all n > 0 by Theorem

The U, 11-linear map M, 1 — M, induces a V,i-linear map M, 11[Fyy1] —
M, [F,] and therefore a V,,-linear map

Pn - Mn+1[Fn+1] ®Vn+1 Vo — Mn[Fn]

which features in the following commutative diagram:

(Mn—&-l[Fn—&-l} ® Vn)®Uni(Mn+l[Fn+1] ® Un+1) ® Un

Vit Va Vit Uni1

i€n+1®1

Pn®1 Mn+1 X U’I’L

Un+1

lan

M,.

My[Fy] ® Uy
Va

€n

The map «,, is an isomorphism because M is a co-admissible U-module, so ¢, ® 1
is also an isomorphism since €, and €,41 are isomorphisms. But U, is a faithfully
flat V,,-module by Corollary SO @, is also an isomorphism. Since each M, [F},]
is a finitely generated V,,-module by Corollary (M, [F,])n is a coherent sheaf
for Vs, so lim M,,[F,] is a co-admissible V-module.

Finally, since M, [F,] = M,[F], the sequence of V,,-modules

0 = Mu[F,] — M, 2 M"
is exact, where 1,(m) = (mfi1,...,mf,) for all m € M,,. Hence the sequence
. P r
0—>h<LnMn[Fn] - M =M

of V-modules is also exact, where ¢(m) = (mf1,...,mf,) for all m € M. Hence
M[F] = lim M, [Fy,] is a co-admissible V-module as required. O
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Corollary. Let M be a co-admissible U-module such that M = My, (I). Then the
natural map By, : M[F] ®y V,, — M,[F] is an isomorphism of V,,-modules for all
n > 0.

Proof. The maps 3,, assemble to give a morphism 3 : (M[F] @y Vi)n = (Mp[F))n
in Coh(V,), and T'(B) : M[F] — Wim M, [F] is an isomorphism by the proof of the
Theorem. Therefore g is an isomorphism in Coh(Vs) by [25, Corollary 3.3]. O

5.8. The algebra U(Ly). We are now close to the proof of Theorem

—

Lemma. There is a natural isomorphism of Fréchet-Stein algebras V/FV = U(Ly).

Proof. Let C = Cr(F), let g1,...,gs generate the ideal TN A in A and let B :=
A/I'NA. The exact sequence C* — C — B®4 C — 0 of A-modules induces a
complex of U(C)-modules

UC) —=UC)=UBx4C)—0.

Note that C := C@r K = C(F) is a free (K, A)-Lie algebra by Proposition
so U(A/JTA®4 C) 2 A/TA®4 U(C) by |2, Proposition 2.3]. Hence this complex
becomes exact after inverting . Since U(C) is Noetherian, its cohomology modules
are killed by a power of 7, so [B, §3.2.3(ii)] implies that the complex

__— s

UC)x = U)Kk - UB@AC)K —0

is exact. Recalling that V,, = U(7"C) i, we see similarly that

Ve =V =2 UB@Ag7mC)g — 0

is exact for any n > 0. Now C/IC = Ly by Proposition and the image D of
B®4Cin C/IC is a B-Lie lattice, so that

—

U(Ly) = @U(W"D)K
by Definition Since Y77 ;A =1 = FA, we see that

Ur"D)g 2UB R4 C)g 2V, /FV,
by |2, Lemma 2.5]. Since I' is exact on Coh(V4), the sequence
VeV = @VH/FVH -0

is exact, and hence U(Ly) = lim U(7"D)k = im V,,/FV, = V/FV. O
Here is the main result of Section [l

5.9. Theorem. Let I be an ideal in the K-affinoid algebra A, and let L be a
(K, A)-Lie algebra which admits an I-standard basis.

) The functor (% preserves co-admissibility.

(a
(b) The restriction of ¢ to co-admissible U(L)-modules is right adjoint to ¢ .
(c) These functors induce an equivalence of categories between the category of co-

—

admissible m—modules and the category of co-admissible U(L)-modules M
such that I acts locally topologically nilpotently on M.
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Proof. (a) Using the notation from Subsection we have

—

UlLy)y_,x =U/IU=U/FU.
Hence for any U-module M, the rule § — 6(1 + FU) gives a natural bijection
M = Homy (U/FU, M) —» MI[F)

which sends the U(Ly)-module structure on 1M to the V/FV-module structure

on M[F] under the identification of U(Ly ) with V/FV given by Lemmaa Hence

"M is a co-admissible U(Ly )-module by Theorem
(b) For any co-admissible U-module M and co-admissible V/FV-module N, the
restriction map

Homy(N ® U/FU,M)— Homy(N ® U/FU,M)
V/EV V/FV

is a bijection by the universal property of ®, leading to natural isomorphisms
Homy (¢4 N, M) = Homy, gy (N, Homy (U/FU, M)) = Homy gy (N, M.

(c) Let M be a co-admissible U-module such that I acts locally topologically
nilpotently on M and let n > 0. Then M = My (I) by definition, and M [I]|®y V,, =
M, [I] by Corollary Therefore the natural map

MI] @y U, = (M[I| @y V,) @y, Up = M,[I] @y, U, — M,

is an isomorphism by Theorem Since M[I] @y U, = M[I] @y, py Un/FU,,
passing to the limit shows that the counit of the adjunction

1y lPM = M[I] ® U/FU — M
V/FV

is an isomorphism. Next, let N be a co-admissible V/FV-module and let N,, =
N ®v V,,. Then

N=N ® U/FU=lim|( N, U,/FU, | 2limN, ® U, = NQU,
N =N D U =i (N G/FUL) S o U G

so we may apply Corollary 5.5 and Proposition [5.6] to obtain
(L+N)OO(I) = (L+N)(KF) = 1&1(]\['” ‘(§> Un)dp(Fn)'

Hence (14 N)oo(I) = ¢+ N by Theorem so I acts locally topologically nilpo-
tently on ¢4 N. Finally, Corollaryand the right-module version of [2, Proposition
7.5(c)] show that U is a faithfully c-flat right V-module. Since ¢; N = N@U for

any co-admissible V/FV-module N, ¢ reflects isomorphisms.
Now apply Proposition O

—

6. KASHIWARA’S EQUIVALENCE FOR % (%)

Throughout this section, we assume that ¢: Y — X is a closed embedding of
rigid K-analytic spaces defined by the radical, coherent Ox-ideal Z.
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6.1. Restriction of Zx to Y. See Appendix A below for a discussion of the
pushforward functor ¢, from abelian sheaves on Y to abelian sheaves on X, and the
pullback functor ! in the opposite direction. We define the conormal sheaf on Y

Ny o= 7T/ T?)
and the normal sheaf on' Y
Ny, x := Homo, (Ny) x, Oy)

is its dual. Taking the dual of the second fundamental exact sequence [9, Proposi-
tion 1.2] gives an exact sequence of coherent sheaves on Y’

0— Ty — L*TX ﬁ)/\[y/x.

For any Lie algebroid .Zx on X, there is a commutative diagram of coherent sheaves
on Y with exact rows

OHXYHL*D%X

-l

0 TY L*TX P) Ny/x

where 2y := ker(6 o v*p : 1* Lx — Ny/x). We can compute the local sections of
these sheaves as follows.

Lemma. Let U be an open affinoid subvariety of X. Write I = Z(U), L = £x(U)
and V.=UNY. Then there are natural isomorphisms of Oy (V')-modules

(a) Ny, (V) = I/I?, and

(b) 2y (V)= Np(I)/IL.

Proof. (a) Since Z/Z? is supported on Y, it is naturally isomorphic to L*N;;/X by
Theoremﬂ so (U NY, Ny, ) = I'(U,Z/7%). Since U is affinoid and 0 — 7% —
Z — Z/Z¢ — 0 is an exact sequence of coherent sheaves on X, Kiehl’s Theorem
[8, Theorem 9.4.3/3] implies that T'(U,Z/Z?) 2 Z(U)/Z*(U). Similarly, the natural
map (Z ®p Z)(U) — Z?(U) is surjective, so the image of Z2(U) in I equals I?.

(b) Let A = O(U) so that Oy (V) = A/I. In view of part (a), there is a
commutative diagram of A/I-modules

(B p) (V.
_—

L% (V) ) Ny x (V)
L/IL ——=Homa(I/I2, A/I)

where the bottom map o« : L/IL — Homy4(I/1%, A/I) is given by
alz+IL)(f+I1)=p)(f)+1I forall ze€L and fe€A.
Thus the kernel of (8 o t*p)(V) is isomorphic to ker o« = N (I)/IL as claimed. O

Corollary. If %y is locally free, then %y is a Lie algebroid on'Y .
Proof. This follows from Lemma c) and Lemma [6.1|(b). O

From now on, . = %#x is a Lie algebroid on X.
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6.2. The existence of local standard bases. Our next result is a rigid analytic
version of [II, Theorem A.5.3], which follows from the well-known fact from alge-
braic geometry that a smooth subvariety of a smooth variety is locally a complete
intersection. First, a preliminary

Proposition. Let A be an affinoid K-algebra with an ideal I such that I?> # I.
Let L be a (K, A)-Lie algebra which is free as an A-module of rank d. Suppose
that I/1? and Np(I)/IL are free as A/I-modules, and that the map L/IL —
Homy,(I/1%, A/1) is surjective. Then there exists g € A such that A(1/g) @4 L
has an A{1/g) ® 4 I-standard basis, and I - A{g) = A(g).

Proof. Since L/IL is a free A/I-module of rank d and the sequence
0— Np(I)/IL — L/IL — Homy,(I/1?,A/I) =0

is exact by assumption, the ranks of N (I)/IL and Homu,;(I/1?, A/I) as free A/I-
modules add up to d. Choose an A/I-module basis {f; + I2,..., f. + I?} for I/I?
then we can find y1,...,yq € L such that y;- f; € d;; +1 whenever 1 < 4,5 < r, and
such that the images of yr41,...,y4 € Np(I) in Np(I)/IL form an A/I-module
basis for Np(I)/IL. Now I/>7i_; Af; is killed by some element a € 1+ I by
Nakayama’s Lemma. By construction, the image of {y1,...,y4} in L/IL generates
L/IL as an A/I-module, so L/ S %, Ay, is killed by some element b € 1+ I, again
by Nakayama’s Lemma. Finally, the determinant ¢ of the matrix M := (y; - f;)rxr
lies in 1 + I because M is congruent to the identity matrix modulo I.

Let g := abe/m € K and let B := A(1/g). Since a € B*, the images of f1,..., f
in B generate I - B. Let y; :=1®y; € B®a L; since b € B, the set {y1,...,y;}
in B®a L generates B ® 4 L as a B-module. Since ¢ € B*, the matrix M has an
inverse with entries in B. Define

x; ::ZMily; €EB®yu L for i=1,...,r.
k=1

Then z; - f; = 22:1 Mz;ly;C - fi = (M’lM)Z-j = 0;; for any 1 < 4,5 < r by
construction. Now, define

T =y — Z(y; < fo)xy for i>r.
(=1

Then z; - f; = 0 for all ¢ > r and all j < r. Clearly {z1,...,24} still generates
B® 4 L as a B-module; but B® 4 L is a free B-module of rank d by assumption, and
this forces {z1,...,24} to be a B-module basis. Thus {z1,...,z4} is the required
I - B-standard basis for B ®4 L.

Finally, since a,b,c € 1+ I we see that 1 — abc € I. Hence I - A{g) contains
1 — abc = 1 — mg which is invertible in A(g), so I - A{g) = A{g). O

Theorem. Suppose that § o *p : 1* £ — Ny,x is surjective, and that Ny/X 18
locally free. Then there is an admissible affinoid covering {X;} of X such that for
all j, either £ (X;) has an I(X;)-standard basis or (X;)? = Z(X;).

Proof. Since the problem is local on X and since % is locally free, we may assume

that X is affinoid and that Z(X) is a free O(X)-module of rank d say. Now by
assumption, we have a short exact sequence of Oy -modules

Oﬁfy%ﬁf‘%—ﬁf)/\/y/xﬂo
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with the second and third term locally free. Hence N5 /X and %y are both locally
free. Therefore there is a Zariski covering {D(h1),...,D(hy)} of Y such that
L(D(h;), Ny, ) and T'(D(h;), Zy) are free O(D(h;))-modules of finite rank for
all j = 1,...,m. Choose a preimage g; € O(X) for h; € O(Y); then Z(X) +
Yt O(X)g; = O(X) so we can find go € Z(X) such that {D(go), .., D(gm)}
is a Zariski covering of X. By [8, Corollary 9.1.4/7|, this covering has a finite
affinoid refinement X. For every U € X, N;/X(U NY) and % (UNY) are free
O(U N'Y)-modules of finite rank by construction.

Let U € X be such that Z(U) # Z(U)?. Since t*£ — Ny, x is a surjective mor-
phism between two coherent sheaves, Kiehl’s Theorem [8, Theorem 9.4.3/3] implies
that (U NY,.*.Z) — T(U NY,Ny,x) is surjective. Hence .Z(U)/Z(U)Z(U) —
Homo 1) /2wy (Z(U)/Z(U)?, O(U)/Z(U)) is surjective by Lemma a) so by the
Proposition there is an admissible covering {Uy,Us} of U where £ (U;) has an
Z(Uy)-standard basis, and U NY is empty. Since Z(Us) = O(Us) = Z(Us)?,

{U,:UeX}u{U,:UeXYu{Uecx: :Z(U)=1I(U)?*}
is an admissible affinoid covering of X with the required properties. [l

6.3. The basis B. We will henceforth assume that
o fou p:*Z — Ny x is surjective,
o Ny/x is locally free,
e Bis the set of affinoid subdomains U of X such that £ (U) has a smooth Lie
lattice and moreover it has an Z(U)-standard basis whenever Z(U) # Z(U)?.

Note that B is closed under passing to smaller affinoid subdomains, and that under
the first two assumptions Theorem[6.2)implies that X has an admissible covering by
objects in B. Note also that the Oy-module %y is then locally free and is therefore
a Lie algebroid on Y by Corollary Regarding the condition Z(U) = Z(U)? in
the definition, we remind the reader of the following elementary

Lemma. Let X be a connected affinoid variety. Then O(X) contains no non-trivial
idempotent ideals.

Proof. Since O(X) is Noetherian, if I is an idempotent ideal in O(X) then it is
finitely generated and Nakayama’s Lemma implies that I(1 — e) = 0 for some
e € I. But then e(1 —e) = 0 so e is an idempotent in I. Since X is connected by
assumption, e = 0 or e = 1. In the first case, I = I(1 — 0) = 0 and in the second
case, 1 € I so I = O(X). O

Thus if U is a connected affinoid subdomain of X then Z(U) = Z(U)? if and only
if either U CY or UNY = 0.

6.4. The pushforward functor .. We have at our disposal the sheaves % :=

L —

—_— —_—
U(L)Yon X and W =U(Ly)onY. IfU € Bthen #(UNY)=U(LL (UNY))
by Theorem [2.5] and
~ Nzw) (Z(U))
- IU)Z(W)
b . " o ww) . .

vy Lemma Hence Prop051t10n1mphes that 7o) 82  (U)-co-admissible
# (UNY)— % (U)-bimodule. For every co-admissible #'-module .4#" on Y, we can

A(UNY)
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therefore form the co-admissible % (U)-module

— % (U)

Lo N)NU) =4/ (UNY ® —_—
(4 A)U) ( ) iy TOVZ0)

by the right-module version of Lemma [2.3] Because of the functorial nature of this

construction, this defines a presheaf ¢4 on B.

Lemma. Let A be a co-admissible # -module on'Y .

(a) For every V. C U in B, there is a natural isomorphism of % (V')-modules
(e M)V) B U (V) = (14 H)(V).
2% (U)

(b) 14N is a sheaf on B.

Proof. Since A is co-admissible, by the right-module version of [2, Theorem 9.4]
there is a natural isomorphism

HUNY) & #(VNY)—4(VAY)
w(UNY)

of #(V NY)-modules. The associativity of ® given by the right-module version of
[2, Proposition 7.4] induces an isomorphism

W) - W)
vz VO S T vy

Since 7 is coherent and ® is right exact, there is an isomorphism of left # (U NY)-
modules

N(UNY)

L)% (U)u ) IWV)# (V)
Substituting this expression for % (V))/Z(V)% (V) into the previous isomorphism
and applying [2, Proposition 7.4] again gives part (a). Now (t4.4)|v,, is isomorphic
to Loc((t4.47)(U)) for every U € B by part (a), which is a sheaf on U,, by Theorem
and part (b) follows. O

Definition. Let .4 be a co-admissible 7 -module on Y. We call the canonical
extension of t1.4" to a sheaf 114" on X, given by [2, Theorem 9.1] the push-
forward of A along ¢.

Proposition. ¢ is a functor from co-admissible # -modules on'Y to co-admissible
U -modules on X.

Proof. The functorial nature of ¢y is clear, and ¢4 .4 is a co-admissible % -module
by [2, Theorem 9.4] and part (a) of the Lemma. O

6.5. The pullback functor f. Let U € B and let L = Z(U). Recall from
Subsection [5.3] the pullback Ly of L to Y. Then % (UNY) = Ly by Lemmal6.1]
SO

—

YU)=U(L) and (u.#)U)=#{UNY)=U(Ly).
For any sheaf of %-modules # on Xz, #(U) is a % (U)-module and
(a)(U) = 2 (U)[Z(U)]
is a (1x#)(U)-module as we saw in Subsection This construction defines a
presheaf Li/// of v, # -modules on B.
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Lemma. 2.7 is a sheaf of L« W -modules on B.

Proof. Let {U;} be an admissible affinoid covering of U € B, and let {W; i} be
an admissible affinoid covering of U; NU; for each 4, j. Since .# is a sheaf on X,jg,
the sequence

0= #U) = [[.2WU) =[] #Wir)
is exact, by |2, Definition 9.1]. Therefore
0— . #U)[1) = [[-#W) 1 = [ -#Wis)l1]

is also exact, where I := Z(U). But I generates Z(V') as an O(V)-module for all
V e U, because T is coherent. Therefore

0= A U)ZW)] = [[-#U)ZW:)] = []-#Wis) Z(Win.)]
is exact and hence Lli/// is a sheaf on B. O
By [2, Theorem 9.1], /1.4 extends to a sheaf 12.# of 1, -modules on Xirig-
Definition. Let .# be a % -module on X. The pull-back of 4 along v is
Sl =),
This is a sheaf of % -modules on Y.

Since ¢, # is supported on Y, B s also supported on Y, so Theorem [A.1
implies that there is a natural isomorphism

L (B = L.
In particular, we see that (.2)(UNY) = (L4)(U) = 4 (U)Z(U)) for every
open affinoid subvariety U of X.

6.6. Locally topologically nilpotent actions. In this Subsection, we explain
what it means for a local section of O to act locally topologically nilpotently on
local sections of co-admissible Z (£)-modules in geometric terms.

We suppose that X is affinoid, A is an affine formal model in O(X), L is a
smooth (R,.A)-Lie algebra and that ¢ € O(X) is a non-zero element such that

L-g C A. Recall the sheaf § := % (L) on the L-admissible G-topology X,,(£) on

X from [2] §3.2]. The rational subdomain X (1/g) is L-accessible by [2] Definition
4.6] and is therefore £-admissible by [2] Proposition 4.6].

Proposition. Let M be a finitely generated S(X)-module, and let My, be a gen-
erating set for M as an S(X)-module. Then the following are equivalent:
(a) M ®s(x)S(X(1/g)) =0,
(b) M(t)(1 —gt) = M(t),
(c) klim vg* =0 for all v € M.
—00

Proof. Let Lg := A(t)®4 L. In [2, Proposition 4.2] we constructed an (R, A(t))-Lie
algebra structure (L2, 02). By [2, Proposition 4.3(c)], there is an isomorphism of

left U(L3) x-modules

U(Ls)k

S(X(1/g) = ==K
U(L2)rc (1 - gt)
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(a) & (b). Letting N := M ®s(x) U(L2) K, we see that M ®gx) S(X(1/g)) =
N/N(1 — gt) by the above. Now N = M (t) as an A(t)-module by [2, Lemma 4.4].

(b) = (c). Fix an element v € M. Since M(t)(1 — gt) = M(t), there is an
element $°7° t‘m; € M(t) such that

o0

Ztimi (1 —gt) =v.

=0

Then, comparing the coefficients of !, we see that mg = v and m; = m;_g for
each i > 1. Thus my, = vg® for each k& > 0. Since S 2o t'm; € M (t) we must have
vg* = 0 as k — oo.

(c) = (b) By assumption, Y52 t'g’v lies in M (t) and

Ztigiv (1 —gt) =,
i=0

sov € M(t)(1—gt) for any v € M. It follows from [2, Proposition 4.3(c)] that the

element 1 — gt is normal in U(L2) k. Hence M (t)(1 — gt) is an U(L2) x-submodule
of M(t) which contains a generating set for M. Since M generates M (t) as an

U(L2) k-module, we see that M (t)(1 — gt) = M(t). g

Corollary. Suppose that X is affinoid, g € O(X) is non-zero and £(X) has a

smooth (R, A)-Lie lattice. The following are equivalent for a co-admissible % (£)-
module A on X:

(a) A (X(1/g)) =0,
(b) g acts locally topologically nilpotently on #(X).

Proof. By [2, Lemma 7.6(a)] there is a smooth (R, .A)-Lie lattice £ in .Z(X) such

—

that £L-g C A. Let X' = X (1/g), and write U := % (ZL)(X) and U’ := % (L) (X).
Let M = .4 (X) and M’ = .#(X') so that M’ = M®yU’ by [2, Theorem 9.4]. Let
Sp be the sheaf U(m" L)k on X,.(n"L) and note that X’ lies in X,.(7"L) for all
n = 0. Write U,, = §,,(X) and U] = §,,(X'); then

U%@Un and U'%l'&nUfm

give presentations of the Fréchet-Stein algebras U and U’, respectively. In the
language of [25] §3], (M ®y U),)., is a coherent sheaf for U’ whose module of global
sections lim M ®y U’ is isomorphic to M’ by the definition of M®yU’. Now

M @u U, 2 M@y U, forall n>0

by [25], Corollary 3.1], so M’ = 0 if and only if M ®y U/, =0 for all n > 0.

Now M ®y U, is a finitely generated U,-module since M is a co-admissible
U-module, and the image of M in M ®y U, is a U,-generating set. Hence for
any n > 0, (M @y Uy,) ®u, U], = 0 if and only if g acts locally topologically
nilpotently on the image of M in M ®y U, by the Proposition. Since the topology
on M = lim M ®y U, is the inverse limit topology, this is in turn equivalent to g
acting locally topologically nilpotently on M. ([
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6.7. Support and M. (I). Armed with Corollary we can now explain the
geometric meaning of the submodule M, (I) that featured in Theorem [5.9

Theorem. Suppose that X is affinoid and that £(X) has an Z(X)-standard basis.

e

The following are equivalent for a co-admissible % (£)-module A on X :
(a) A is supported on'Y,
(b) M(X) = M (X)oo(Z(X)).

Proof. Write A = O(X), M = .#(X) and choose a generating set fi,..., f, for
I =Z(X). The complement of Y in X is an admissible open subset which admits
a Zariski covering
X\Y =D(f1)uU---UD(f)
It follows from [8, Corollary 9.1.4/7| that this covering is admissible, so .# is
supported on Y if and only if it is supported on the closed analytic subset V(f;)
foralli=1,...,r. Now
D(f;) = U X(m"/fi)
n>=0
is an admissible covering of the Zariski open subset D(f;) of X, so .# is sup-
ported on Y if and only if its restriction to X (7™ /f;) is zero for all n > 0 and all
i =1,...,r. Since . is co-admissible, by [2, Theorem 9.4] this is equivalent to
A(X(m™/fi)) = 0 for all n > 0 and all 4, which is in turn equivalent to f;/7"
acting locally topologically nilpotently on M for all n > 0 and all ¢ by Corollary
This is the same as M = M (K f;) for all i =1,...,r. But

Mo (I) = Moo (Af1) NN Moo (Afy)

by Lemma[5.5|b), and Mu (K f;) = Moo (Af;) by Corollary 5.5} So M = M (K f;)
for all 4 if and only if M = M (I). O

6.8. The algebra #. Suppose that X is affinoid and £ (X) has an Z(X)-standard
basis. Choose a generating set F' = {fi,..., f.} for Z(X) satisfying Definition
Recall that the centraliser C'¢(x)(F) of F in Z(X) is a free (K, O(X))-Lie algebra

by Proposition [5.2}

Proposition. Let C = Cy(x)(F) and ¥V := % (C). Then there is an isomorphism
VIFYV 2, W

of sheaves of K-algebras on X.

Proof. Let U be an affinoid subdomain of X and let V = U NY. By Theorem
—_—
there is an isomorphism # (V) = U (% (V)), and
Negw) (Z(U))
(U)Z(U)
by Lemmal6.1] Since .Z is a coherent O-module, Proposition [5.2] implies that there
is a natural isomorphism
O(U) ®o(x) Cr(x)(F) — Cpv(F),
—_—
so there is a natural isomorphism #(U) = U(C»y)(F)). Now Lemma 5.8 implies
that the sequence of ¥ (U)-modules
YU -¥YU)-#{UNY)—0

zy(V) =
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where the first arrow sends (vi,...,v,) to > i fivs, is exact. The result now
follows from [2, Theorem 9.1]. O

6.9. Theorem. Suppose that X is affinoid and that .Z(X) has an Z(X)-standard
basis. Let .# be a co-admissible % -module supported on Y and let X’ be an
affinoid subdomain of X. Then the natural map

V%QWﬂXﬂj5W@@—%wﬂXﬂﬂXﬂ
)

is an isomorphism, where Y/ =Y N X',

Proof. By Proposition [6.8] it is enough to show that

—_

o AX)IX) B S X) — (X)X
(X)

is an isomorphism. Write M = #(X), M' = #(X"), U = % (X), U’ = % (X'),
V=7X),V =¥%(X'"), =I(X) and I' = Z(X’). Note that with this notation
M’ = M@yU' by [2, Theorem 9.4], because .# is co-admissible. Now there is a
natural commutative diagram

(MIRV)RU sl M'[IN3U
1% 1% 1%
El SV
M[IQU)&U’ M (I
( HV )U S (I)
EM@ll
Mo (IQU' MU’ _ M’
U U =

Since .# is supported on Y by assumption, Theorem implies that
M =M (I) and M’ = M. (I').

Hence the unmarked arrows in the above diagram are equalities. Also, €p; and €,
are isomorphisms by Theorem so the diagram shows that a®1 is an isomor-
phism. But U’ is a faithfully c-flat V/-module by Corollary[4.3]and the right-module
version of [2, Proposition 7.5(c)], so « is an isomorphism as required. O

We conjecture that this result also holds when the condition that .# is supported
on Y is removed, but are unable to prove this at present.

—

6.10. Kashiwara’s Theorem for right % () modules. We can now state and
prove our version of Kashiwara’s equivalence for right modules.

Theorem. Let X be a rigid analytic variety and let Lx be a Lie algebroid on
X. Let 1t :Y <= X be the inclusion of a closed, analytic subvariety such that
Qo p: 1" ¥ — Ny/X 1s surjective, and such that Ny/X 18 locally free.

(a) If M is a co-admissible right % (£x)-module supported on'Y, then (" is a

—

co-admissible right % (Ly)-module.

e —
(b) The restriction of i* to co-admissible right % (£Lx)-modules supported on'Y is
right adjoint to v .
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(c) These functors induce an equivalence of abelian categories
{ co—admissible right } N { co—admissible right }

U (L) —modules U (Lx)—modules supported on'Y

Proof. Let Z be the radical coherent ideal of Ox consisting of functions vanishing
on Y, and let B be the set of open affinoid subvarieties U of X such that either
Z(U) =Z(U)? or £(U) has an Z(U)-standard basis. By Theorem B is a basis
for the strong G-topology on X.

(a) Pick an admissible covering {U;} of X with each U; € B. By passing to
a finite refinement of each U;, we may assume that each U; is connected. Then
{U; NY} is an admissible affinoid covering of Y, so it is enough to show that
(B )|u;ny is a co-admissible /|7, ny-module for each j. If 1; denotes the inclusion
U; NY < Uj, then it follows from Theorem and [2, Theorem 9.1] that

(8l ),y 22 (M |,

We may thus assume that X € B and that X is connected; Lemma[6.3| then implies
that either Y =0, or Y = X or £(X) has an Z(X)-standard basis. When Y is
empty, Z(X) = O(X) and the definition of (f.# shows that :%.# = 0, which is
co-admissible. When Y = X, the Lie algebroid %y is equal to Zx, # = % and
8.4 = M is co-admissible. Suppose that .Z(X) has an Z(X)-standard basis. Now
(5. 4)(X) = #(X)[Z(X)] is a co-admissible # (X)-module by Theorem a),
and Theorem [6.9) implies that the natural map
Ly Loc (A (X)[I(X)]) — L
of 1,/ -modules is an isomorphism. Now Theorem implies that
Loc (A (X)[L(X)]) — 5t

is an isomorphism, so 1%/ is a co-admissible #-module by [2, Definition 8.3].

(b) Let A4 be a co-admissible #-module on Y and let .# be a co-admissible
% -module on X which is supported on Y. By [2] Theorem 9.1] there is a natural
isomorphism

Homay (1 A, t) — Homay |, (1445, 4 |5).
and by [2, Theorem 9.1] and Theorem there is a natural isomorphism
Homy (AN, i5tt) — Hom, |, (x4 )5, (12| 5).
For any morphism « : (14.4)|g — #|p of % |p-modules and any U € B, let
pU): A UNY) = .4 U)ZU)]

be given by B(U)(x) = a(U)(x®1). This is a map of #/(U N'Y)-modules. Since o
is a morphism of % |z-modules, the diagram

~ . )
N UNY) & 24U _ 224U
( )W(Umy)I(UW(U) [ )

AN Y)W(\?QY)I(V)%(V) av) A V)
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commutes, so the diagram

vuny) 2L gz

l l

NV NY) o A (VEZV)]

also commutes because
BU) (@)l = aU)(@@1)|y = a(V)((@®1)|v) = a(V)(zlvy&1) = B(V)(z|v).

Thus 8 : (t.¥)|s — (14)|p is a morphism of (1, % )|g-modules, and applying
Theorem b) we obtain a bi-functorial injection
®(N ) : Homoy | (11N )|, A |15) — Hom, | (1) 5, (34 ) |5)
by setting ® (A", #)(«) := B. Since a % (U)-linear morphism
—~ w(U)
ANUNY) @ T = MU
( )W(Uny)I(U)%(U) @)

is determined by its restriction to the image of A (UNY), &(A, #) is actually a
bijection. Putting everything together gives an adjunction

Home, (14N, M) — Homy (N, °4).

(¢) Note that the definition of ¢4 for a co-admissible # -module .4/ on Y
shows that ¢, .4 is supported on Y. By part (b) we have an adjunction (¢, ()
between the categories of interest. Let .# be a co-admissible % -module supported
on Y and consider the local sections of the co-unit morphism

ea(U): (il tt)(U) = 4 (U)
for some connected U € B. If UNY is empty then .Z (U) = 0 since .4 is supported
onY. f UNY = U then (1;15.4)(U) = #(U) and € 4(U) is the identity map.
By Lemma we can therefore assume that .£(U) has an Z(U)-standard basis.
Then Z(U) acts locally topologically nilpotently on .# (U) by Theorem [6.7| because
M |y is supported on U NY. Hence €4 (U) is an isomorphism by Theorem [5.9c)

for all U € B and hence €_4 is an isomorphism. A similar argument shows that ¢4
reflects isomorphisms. So ¢4 and % are mutually inverse equivalences of categories

by Proposition [£.10] O

7. MAIN RESULTS
7.1. Kashiwara’s Theorem for left 7/ () modules. In the setting of Theorem
recall from Section [3] the invertible sheaves
rk gx rk fy
ng = .‘]{am@X( /\ fx,OX) and ng = ﬂomoy( /\ fy,@y)
that implement the side-switching operations on X and Y respectively. We obtain
Kashiwara’s equivalence for left @/(fx)—modules by combining the equivalence

for right % (%x )-modules given by Theorem together with appropriate side-
switching operations.
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Theorem. Let X be a rigid analytic variety and let Lx be a Lie algebroid on X.
Let v : Y < X be the inclusion of a closed, analytic subset such that Qo p : 1*L —
J\fy/X is surjective, and such that Ny/X is locally free. Then the functors vy and
& given by

Ly N = Homo, Qo 1+ (e oy A))  and
S = Homo, (ng, (e, Doy ///))
are mutually inverse equivalences of abelian categories
co—admissible le ft N co—admissible left
{ m —modules } - { @—modules supported on'Y } '

Proof. This follows immediately from Theorems [3.5 and [6.10} once it is observed
that the side-switching functors preserve the support condition: Q¢ ®o, # and

Homeo . (s, M) are supported on Y whenever ./ is supported on Y. (]
Just like in the classical case — see, for example, [I1, Definition 1.3.3] — it is
=

possible to realise the push-forward functor ¢ for left % (Zx )-modules as tensoring

—

on the left with an appropriate bimodule % (.Z), -, but we do not give these
details here.

Theorem[A]from the Introduction follows immediately from Theorem [7.1|because
if X and Y are both smooth then the second fundamental sequence is exact by [9,
Proposition 2.5], so the normal bundle Ny/X is locally free and 6 : t*T — Ny/X
is surjective. More generally, for X and Y still both smooth, the conditions of the
Theorem hold whenever the anchor map Zx — T is surjective, such as when Ly
is an Atiyah algebra in the sense of [3]. There are also interesting cases where the
Theorem applies but the anchor map is not surjective as illustrated in the following
example.

Example (cf [12]). Suppose that X is a smooth rigid analytic variety with simple
normal crossings divisor D. There is a stratification of X defined as follows: Xy =
X\D; X is the non-singular part of D; and X1 the non-singular part of X3\ Xy
for each k > 1.

We say a smooth closed analytic subvariety Y of X meets D transversely if Y
meets each stratum Xy, transversely; i.e. if T,Y +T, Xy, = T, X for eachp € YNXj.

The conditions of Theorem hold for the logarithmic tangent sheaf Lx =
Tx(—log D) whenever Y meets D transversely.

—

7.2. A special class of U(L)-modules. From now on, all modules will be left
modules, unless explicitly stated otherwise.

Lemma. Let A be an admissible R-algebra and let L be a coherent (R,.A)-Lie
algebra. Suppose that the U(L)-module M is finitely generated as an A-module.

——

Then the natural map M — U(L) @y gy M is an isomorphism.

Proof. The algebra A is m-adically complete, so the finitely generated .4-module
M is also m-adically complete by [5, §3.2.3(v)]: the canonical map M — M is
an isomorphism. But this map factorises as M — U(L) @y ) M — M and the

second map is an isomorphism by [5, §3.2.3(iii)] because M is a finitely generated
module over the Noetherian ring U(L). The result follows. O
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Proposition. Let A be a K-affinoid algebra and let L be a (K, A)-Lie algebra which
admits a smooth Lie lattice. Suppose that the U(L)-module M s finitely generated
as an A-module. Then

(a) M is a co-admissible U(L)-module, and

(b) the natural map M — U(L) ®y )y M is a U(L)-linear isomorphism.

Proof. (a) Let £ be a smooth A-Lie lattice in L for some affine formal model A
in A. Let S be a finite generating set for M as an A-module and let X be a
finite generating set for £ as an A-module. Then M := AS generates M as a

K-vector space and XS is finite, so 7t XS C M for some integer t. Fix n > t;
then (7"L)M C M so M is a U(n"L)-module which is finitely generated as an

A-module. Hence M — U(7"L) @y (znrz)y M is an isomorphism by the Lemma.

But U(L) 2 K @ U(r"L) and M = K @r M so M — U(nm"L)x Quy M is
an isomorphism whenever n > t. In particular, by transport of structure M is

naturally a U,, := U(7"L) g-module whenever n > t.
Now, consider the commutative diagram of U := U(L)-modules

M U, Qu M

| |

Un ®Un+1 M—-U, ®Un+1 (Un+1 Qu M)

The horizontal arrows are isomorphisms whenever n > t by the above, and the
vertical arrow on the right is an isomorphism by the associativity of tensor product.
Hence U,, ®u, ., M — M is a bijection with inverse m — 1 ® m whenever n > t.
So (M) is a coherent sheaf for U, and M = lim M is a co-admissible U-module.
(b) If N is a finitely generated U-module then (U, ®y N) is a coherent sheaf for
U,, and it follows from [25, Theorem B] that the functor N — @ U, ®y N is right
exact on finitely generated U-modules. There is a natural map 7y : U Qu N —
lim U,,®y N which is an isomorphism when N = U. So 7y is always an isomorphism
by the Five Lemma. Now consider the natural commutative triangle of U-modules:

M —limU, @y M

S

ﬁ@U M.

The horizontal map is an isomorphism by the discussion in the proof of part (a),
and M is a finitely generated U-module, so 7, is an isomorphism. Hence « is an
isomorphism. Let (3 : U Qu M — M be the action map; then ﬂ oa =1j 80 fBis
also an isomorphism. So « is U-linear because its inverse B is U-linear. (]

7.3. O-coherent co-admissible % (f )-modules. It turns out that all O-coherent
co-admissible 7 (.£)-modules are algebraic in the following precise sense.

Theorem. Let £ be a Lie algebroid on the rigid analytic space X. Then the
forgetful functor

O — coherent . { O — coherent }
co—admissible % (£) —modules U(ZL)—modules
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is an equivalence of categories.

Proof. The forgetful functor is faithful, so it will be enough to show that is (a)
essentially surjective on objects and (b) full.

(a) Suppose that .# is an O-coherent U(.%)-module and that Z C Y are affinoid
subdomains of X such that .Z(Y) admits a smooth Lie lattice.

Let % := % (%), U =U(L(Y)), U =U(Z(Z)), A:=0Y), A :=0(2),
M :=.#(Y) and M' := .#(Z), so that % (Y) =U and % (Z) = U’. Then M is a
U-module which is finitely generated as an A-module, and M’ = A’ ® 4 M because
M is O-coherent. Because U’ = A’ ® 4 U, the functors U’ @y — and A’ ® 4 — are
isomorphic on finitely presented U-modules by the Five Lemma. Hence the natural
map U’ @y M — M’ is an isomorphism. Now M is a co-admissible U-module and

M’ is a co-admissible U’-module by Proposition a), and the maps
M—->UeyM and M —U @u M

are isomorphisms by Proposition b). Hence there are isomorphisms

@@Mg@®<ﬁ®M) =T eM=U ® (U’®M) >~ M’
o o U U U’ U

because ® is right exact by |2, Proposition 7.5(a)] and because M is a finitely
presented U-module. Therefore .# is a co-admissible %/-module as required.

(b) We have to show that every U(.Z)-linear morphism between two O-coherent
U(Z)-modules is % -linear. This is a local problem, so we may assume that X is
affinoid and L := Z(X) admits a smooth Lie lattice. Now if f : M — N is a
U := U(L)-linear map between two finitely generated O(X)-modules, then there is
a commutative diagram of U-modules

!

M — N

l |

It follows that f is U-linear because the vertical arrows are U-linear isomorphisms
by Proposition |7.2(b) and the bottom arrow is U-linear. O

—

Corollary. With the notation of the Theorem, a co-admissible % (£)-submodule

of an O-coherent co-admissible % (£)-module is O-coherent.

Proof. This is a local problem, so we may assume that X is a K-affinoid variety and
that .Z(X) admits a smooth Lie lattice. Let .# be the co-admissible % := % (£)-
submodule; then M := .Z(X) is an O(X)-submodule of a finitely generated O(X)-
module by assumption and is therefore itself finitely generated over O(X) because
O(X) is Noetherian.

Consider the coherent O-module M associated to M. Since M is an Z(X)-
module and Z(U) = O(U) ®ox) £ (X) for every affinoid subdomain U of X,
we see that M is naturally an O-coherent U(%)-module. So M = ¥ as U(Z)-
modules for some O-coherent co-admissible %/-module .4 by the Theorem. In
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particular, M = ]\AJ(X) >~ 4 (X) as U(Z(X))-modules. Because the restriction
functor is full, M = 4(X) also as % (X)-modules by the Theorem. Therefore

M = Loc(M) = Loc(AN (X)) =2 N

as % -modules by [2, Theorem 9.5]. It follows that .#Z = A4 = M as O-modules,
so . is O-coherent as required. O

7.4. Construction of simple @/(ﬁx)-modules. We finish this paper by present-
ing a representation-theoretic application of our Kashiwara equivalence. Given a
K-affinoid algebra A, let X = Sp(A) and let An := Ox , be the stalk of the struc-
ture sheaf Ox at the point z € X defined by a maximal ideal m of A. Thus A, is
the direct limit the affinoid algebras O(Y') running over all affinoid subdomains Y
of X containing z.

Lemma. Let A be a K-affinoid algebra and let m be a mazximal ideal of A such
that Ay is a regular local ring. Let L be a (K, A)-Lie algebra which admits an
m-standard basis. Then Ly = Ay @4 L is naturally a (K, Aw)-Lie algebra and the
U(Lw)-module Aw is simple.

Proof. We first note that for each affinoid subdomain Y of Sp(A4), O(Y) ® 4 L has
a canonical (K, O(Y))-Lie algebra structure determined by the (K, A)-Lie algebra
structure on L by [2, Corollary 2.4]. By considering the affinoid neighbourhoods of
2 and using |2, Lemma 2.2] we can thus deduce that Ly, is a (K, Ay )-Lie algebra.

Let {z1,...,z4} be the m-standard basis for L and let fi,..., f,. be the corre-
sponding generating set for m. Since Ay, is a regular local ring by assumption, the
associated graded ring gr,, A of A with respect to the m-adic filtration is isomorphic
to the polynomial ring F[yi,...,y,] where F = A/m and y; = f; + m?. The deriva-
tions p(z;) of A send m™ to m"~! for all n > 1 and induce the F-linear derivations
0/0y; on gr,, A. Since A/m is a field of characteristic zero, it is well-known that
Fly1,...,y-] has no non-trivial ideals stable under all these derivations. Now if .J
is a U(Ly)-submodule of Ay, then gr,, J is an ideal of gr(Ay,) = gr,,, A stable under
all 9/0y;. So gr, J is either zero or all of gr Ay, and the result follows because the
mpy-adic filtration on A, is Zariskian. O

Proposition. Let Y be a smooth, connected rigid analytic variety and let Ly be
a Lie algebroid on Y with surjective anchor map py : Ly — Ty. Then Oy is a

simple co-admissible % (ZLy)-module.

Proof. We suppose that Y is not a single point as the statement is trivially true in

this case. Since Oy is an Oy-coherent %y -module, it is a co-admissible % (Zy )-

—

module by Theorem Let J be a co-admissible % (% )-submodule of Oy. Then
J is a coherent ideal of Oy by Corollary and J is stable under p(%y) = Ty.
We will show that Supp(J) N Supp(Oy /J) is empty. Because J is coherent, these
supports are closed analytic subspaces of Y, so the connectedness of Y will then
imply that one of them is empty and thus either 7 =0 or J = Oy.

Suppose for a contradiction that y € Supp(J) N Supp(Oy /J). Choose a con-
nected affinoid subdomain U of Y containing y and let m be the ideal of functions
in O(U) vanishing at y. If m = m? then m = 0 by Lemma [6.3{so U = {y}. The
connectedness of Y then forces Y = {y} which we assumed not to be the case at
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the outset. So m # m?, and after shrinking U and applying Propositionwe may
assume that 23 (U) has an m-standard basis.

Now because y € Supp(Oy /J) N Supp(J) and because Y is smooth, the stalk
Jy of J at y is a proper, non-zero ideal of the regular local ring Oy, = O(U)n.
Because it is %y, = %y (U)m-stable by construction we obtain a contradiction
after applying the Lemma. O

Theorem. Let X be a smooth rigid analytic variety and let £Lx be a Lie algebroid
on X with surjective anchor map px : Lx — Tx.

(a) 14Oy is a simple co-admissible % (Lx)-module whenever 1 : Y — X is the
inclusion of a smooth, connected, closed subvariety Y .

(b) If V' - Y — X is another such inclusion and 14Oy = 1/ Oy as co-admissible
U (Lx)-modules, then Y =Y.

Proof. (a) Since px : Lx — Tx is surjective, sois t*px : 1*Lx — 1*Tx. Because Y

is smooth, the normal sheaf NY/X is locally free and 6 : *Tx — NY/X is surjective

by [9, Proposition 2.5]. Thus the hypotheses of Theorem are satisfied, so by

e
the equivalence of categories the co-admissible % (£ )-submodules of ¢ Oy are in
bijective correspondence with the co-admissible % (% )-submodules of Oy. But
py : Ly — Ty is surjective because t*px : 1" Lx — 1*Tx is surjective, so that Oy

is a simple co-admissible % (% )-module by the Proposition.
(b) It will be enough to show that Supp(t4+Oy) =Y. We recall the basis B from

o —

the proof of Theorem m Now if ./ is a co-admissible % (.Zx )-module then for
any U € B, #(U) =0 if and only if .#|y = 0. Hence Supp .# is the complement
of the union of all U € B such that .#(U) = 0. The definition of ¢y Oy, Corollary
and [2, Proposition 7.5(c)] now show if U € B then (.4 Oy )(U) = 0 if and only
ifUNY = 0. Thus

Supp(t4+O0y) = X\U{U eEB:UNY=0}=Y
because X\Y is an admissible open subset of X. (]

APPENDIX A. PULLBACK AND PUSHFORWARD OF ABELIAN SHEAVES

A.1. Closed embeddings. Suppose that ¢: Y — X is a closed embedding of rigid
K-analytic spaces defined by the radical, coherent Ox-ideal Z. We will frequently
identify Y with its image in X. By [8, Definition 9.3.1/4] and [26, Proposition
00X6|, there is a morphism of sites ¢ : Y;ig — Xiig given by the continuous functor
which sends an admissible open subset U of X to :=1(U) = UNY. It induces a
pair of adjoint functors between categories of abelian sheaves

171 Ab(Xoig) = Ab(Yrig) and . Ab(Yiig) — Ab(Xiig)

by [26], Lemma 00WX]. We recall the explicit definitions of these functors, following
the discussion in [26], Section 00VC|. Let F € Ab(Y}ie) and G € Ab(X,ig), and let
admissible open V C Y and U C X be given. Then

(7'G)(V) =limG(W) and . F(U)=F(UNY)

where the direct limit is taken over all admissible open W C X such that V' C WnNY'.
We define the support of the abelian sheaf G on X4, as follows:

Supp G = X\ U{U C X : U is an admissible open and G|y = 0}


http://stacks.math.columbia.edu/tag/00X6
http://stacks.math.columbia.edu/tag/00X6
http://stacks.math.columbia.edu/tag/00WX
http://stacks.math.columbia.edu/tag/00VC
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and we say that G is supported on Y if SuppG C Y, or equivalently, if G|y = 0 for
every admissible open U C X such that UNY = ().

Theorem. Lett:Y — X be a closed embedding of rigid K -analytic spaces. Then
the functor v, induces an equivalence of categories between Ab(Yiig) and the full
subcategory Ab(Xr}i/g) consisting of sheaves supported on Y .

The corresponding result for ordinary topological spaces is completely standard,
and Theorem is presumably well-known, but we were unable to locate a com-
plete proof in the literature. Since our proof involves some non-trivial ideas, we
have decided to give the details here for the convenience of the reader.

A.2. Two useful results on affinoid varieties. Suppose now that X is affinoid,
so that Y is a closed analytic subset defined by the ideal Z(X) of O(X). Let

fi,---, fr generate Z(X) as an ideal. For every n > 0, we call
Y, ::X(f—i,...,f—;>
mn mn

of X a tubular neighbourhood of Y. Clearly Y,, is an affinoid subdomain of X
containing Y.

Proposition. LetY be a closed analytic subset of the K -affinoid variety X. Every
admissible open subset U of X containing Y also contains Y, for some n > 0.

Proof. See [10, p.52] or [I8, Lemma 2.3]. O

The other ingredient in our proof of Theorem [A1]is the following

Lemma. Let Y be a closed analytic subset of the K -affinoid variety X, and let V'
be a rational subdomain of Y. Then there is a rational subdomain U of X such that
V=UnY.

Proof. Note that Y is itself affinoid by [8, Proposition 9.4.4/1], and that O(Y) =
O(X)/Z(X). By [8, Proposition 7.2.4/1], there is a factorisation

V=V,—>Vau1—---—>Vi=Y

such that Vi1 = Vi(gk) or Vip1 = Vi(1/g) for some gr € O(Vy). By induction
on m we can therefore assume that V = Y (g) or V = Y (1/g) for some g € Y.
Suppose first that V' = Y (g). Since the map O(X) — O(Y) is surjective, we can
find some preimage h € O(X) of g € O(Y) and define U := X (h). Now applying
the Sp functor to the natural isomorphism

OX)) _ OX) = OM)H)
E—h) oo I(X)  {t—g)

of K-Banach algebras shows that
UNnY=Xh)NY=Y(g) =V

as required. The case where V =Y (1/g) is entirely similar. O
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A.3. Proof of Theorem Let F be an abelian sheaf on Y. Then ¢, F is
supported on Y. We will show that the counit morphism

er: VW F = F

is an isomorphism. By [2 Lemma A.1] we can assume that X is affinoid. Let
Y’ C Y be an admissible open subset, and choose an admissible covering of Y’
consisting of rational subdomains in Y. By appealing to [2, Lemma A.1] again, it
is enough to show that
(TrLF)(V) = F(V)

is an isomorphism for every rational subdomain V of Y. Now (:=1¢, F)(V) is the
direct limit of the F(W NY’) where W ranges over all open subdomains of X such
that V. C WNY. By Lemma we can find a rational subdomain U of X such
that V = U NY, and the result follows.

Now let G be an abelian sheaf on X which is supported on Y; we will show
that the unit morphism 7g : G — t,¢~'G is an isomorphism. By [2, Lemma A.1],
it is enough to show that 7g(X) is an isomorphism whenever X is affinoid. Let
fi,..., fr generate Z(X). By Proposition there is an isomorphism

lim G(Y,) = (:7'G)(Y) = 1" G(X)

so it will be sufficient to show that the restriction morphism G(X) — G(Y;,) is an
isomorphism for any n > 0. Let f,.,1 = n". Since the elements fi,..., f,, fr41 €
O(X) have no common zero on X, we may consider the rational covering U of X
generated by these elements in the sense of [8, §8.2.2]:

U={Uy,...,Ur41} where U; =X (%,..., f}+1> )
Thus U,y1 =Y, and U; NY =@ for all s = 1,...,r. Since G is supported on YV
by assumption, we see that G(U;) = 0 for all ¢ < r, and now the sheaf condition
satisfied by G shows that the restriction map G(X) — G(U,41) = G(Y,) is an
isomorphism. O
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