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HOMOLOGICAL STABILITY FOR MODULI SPACES OF HIGH
DIMENSIONAL MANIFOLDS. I

SOREN GALATIUS AND OSCAR RANDAL-WILLIAMS

ABSTRACT. We prove a homological stability theorem for moduli spaces of
simply-connected manifolds of dimension 2n > 4, with respect to forming
connected sum with S™ x S™. This is analogous to Harer’s stability theorem
for the homology of mapping class groups. Combined with previous work of
the authors, it gives a calculation of the homology of the moduli spaces of
manifolds diffeomorphic to connected sums of S™ x S™ in a range of degrees.

1. INTRODUCTION AND STATEMENT OF RESULTS

A famous result of Harer ([Har85]) established homological stability for mapping
class groups of oriented surfaces. For example, if I'y ; denotes the group of isotopy
classes of diffeomorphisms of an oriented connected surface of genus g with one
boundary component, then the natural homomorphism I'g; — I'g11,1, given by
gluing on a genus one surface with two boundary components, induces an isomor-
phism in group homology Hy(T'y1) = Hi(I'g41,1) as long as k < (2¢g —2)/3. (Harer
proved this for k£ < (g + 1)/3, but the range was later improved by Ivanov ([Iva93])
and Boldsen ([Bol12]), see also [RW16].) This result can be interpreted in terms of
moduli spaces of Riemann surfaces, and has lead to a wealth of research in topology
and algebraic geometry. In this paper we will prove an analogous homological
stability result for moduli spaces of manifolds of higher (even) dimension.

Definition 1.1. For a compact smooth manifold W, let Diff5(1W) denote the
topological group of diffeomorphisms of W restricting to the identity near its
boundary. The moduli space of manifolds of type W is defined as the classifying
space .# (W) = BDiff5(W).

If we are given another compact smooth manifold W’ and a codimension zero
embedding W — W/\OW’ then we obtain a continuous homomorphism Diff5(W) —
Diff(W') by extending diffeomorphisms of W by the identity diffeomorphism on
the cobordism K = W'\ int(W). The induced map of classifying spaces shall be
denoted

(1.1) —UK : (W) — MW Upy K).

We shall give point-set models for .# (W) and the map (1.1) in Section 6.

When W is an orientable surface of genus g with one boundary component, and
W' = W Ugw K is also orientable of genus g + 1 with one boundary component,
it can be shown that the map (1.1) is equivalent to the map studied by Harer,
and hence it induces an isomorphism on homology in a range of degrees which
increases with the genus of the surface. Our main result is analogous to this, but
for simply-connected manifolds of higher even dimension (although we exclude the
case 2n = 4 for the usual reason: we shall need to use the Whitney trick). We must
first describe the analogue of genus which we will use.
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In each dimension 2n we define manifolds
Wg71 — W2n D2nﬁg(sn X Sn)’

the connected sum of g copies of S™ x S™ with an open disc removed, and if W is a
compact path-connected 2n-manifold we define the number

g(W) = max{g € N | there exists an embedding W1 — W},

which we call the genus of W. Let S be a manifold obtained by forming the
connected sum of [0,1] x W with S™ x S™. The corresponding gluing map shall
be denoted

s=—=US: (W) — A4 (W Usw S).

(If OW is not path-connected then the diffeomorphism type of S relative to {0} x OW,
and hence the homotopy class of s, will depend on which path component the
connected sum is formed in. The following theorem holds for any such choice.)

Theorem 1.2. For a simply-connected manifold W of dimension 2n > 6, the
stabilisation map

is an isomorphism if 2k < g(W) — 3 and an epimorphism if 2k < g(W) — 1.
P f g(W) pimorp f g(W)

Our methods are similar to those used to prove many homological stability results
for homology of discrete groups, namely to use a suitable action of the group on a
simplicial complex. For example, Harer used the action of the mapping class group
on the arc complex to prove his homological stability result. In our case the relevant
groups are not discrete, so we use a simplicial space instead.

1.1. Tangential structures and abelian coefficients. In Section 7 we shall
generalise Theorem 1.2 in two directions. Firstly, we shall establish a version of
Theorem 1.2 where .# (W) is replaced by a space of manifolds equipped with certain
tangential structures; secondly, we shall allow certain non-trivial systems of local
coefficients.

Let 2, — BO(2n) denote the universal vector bundle. A tangential structure
for 2n-dimensional manifolds is a fibration 6 : B — BO(2n) with B path-connected,
classifying a vector bundle 6*v,, over B. Examples include B = EO(2n)/G —
BO(2n) for G = SO(2n), corresponding to an orientation, G = U(n), corresponding
to an almost complex structure, or G = {1}, corresponding to a framing. A 6-
structure on a 2n-dimensional manifold is a map of vector bundles (:TW — 0*van,
and we then write £ : W — B for the underlying map of spaces. If @aW TWlow —
0*~a,, is a given f-structure, then we write Bun% (W law) for the space of bundle
maps extending faW. The group Diff5(W) acts on this space, and we write

MOW: Loy ) = Bund (W; Loy ) JDiffo(W)

for the Borel construction. This space need not be path-connected, but if by €
Bung(W; Low ), then we write .#%(W, fy,) for the path component of y .

Our generalisation of Theorem 1.2 to manifolds with tangential structures will
replace the spaces .# (W) by .#°(W,ly ). Before stating the theorem, we must
explain the corresponding notion of genus and the analogue of the cobordism S.

Definition 1.3. Let us say that a #-structure 7 TWi,1 — 0%vya, is admissible if
there is a pair of orientation-preserving embeddings e, f : S" x D" — Wy ; C S"xS"
whose cores e(S™ x {0}) and f(S™ x {0}) intersect transversely in a smgle point,
such that each of the #-structures e*¢ and f* 7 on S™ x D" extend to R2" for some
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orientation-preserving embeddings S™ x D™ — R?". We then define the #-genus of
a compact path-connected §-manifold (W, fy) to be

¢’ (W, b)) = max {g eN

there are g disjoint copies of Wy 1 in (W, EW),} )
each with admissible #-structure

If W contains a copy of W, such that KW\WN : W41 — B is nullhomotopic,
then in Proposition 7.12 we show that ¢?(W, KAW) > g—1, and if n # 3,7 this
can be strengthened to g?(W, éw) > g. When B is simply-connected, the number
g’ (W, KAW) may be estimated in terms of characteristic numbers, with a constant
error term depending only on n and H,,(B;Z), cf. Remark 7.16.

In order to define the stabilisation map, we say that a #-structure ls on S is
admissible if it is admissible in the sense above when restricted to W; 1 C S. Suppose
furthermore that it restricts to £aw on {0} x W, and write £,y for its restriction
to {1} x OW. Then there is an induced stabilisation map

s=—U(S,ls) : MW, bw) — A (W Upw S, b Uls)

given by gluing on S to W and extending #-structures using ls.

We require two additional terms to describe our result. We say that 6 is spherical
if 52" admits a f-structure, and we say that a local coefficient system is abelian if it
has trivial monodromy along all nullhomologous loops.

Theorem 1.4. For a simply-connected mamfold W of dimension 2n > 6, a 6-
structure EW on W, an admissible 0-structure ES on S, and an abelian local coefficient
system L on ///0(W Usw S, éWUS); the stabilisation map

st Hi (MO (W, by ); s*L) — Hy (Al (W Uaw S, bwus); L)
18
(i) an epimorphism for 3k < gg(I/V,fW) — 1 and an isomorphism for 3k <
9" (W, bw) — X
(ii) an epimorphism for 2k < ¢°(W,lw) — 1 and an isomorphism for 2k <
g’ (W, EW) — 3, if 0 is spherical and L 1is constant.

For example, consider the tangential structure 6 : BU(3) — BO(6). If (W, ) is
an almost complex 6-manifold (with non-empty boundary), and e : W, 1 — W is an
embedding, then fy oe: W, 1 — BU(3) is nullhomotopic because Wy 1 ~ V2983
and 73(BU(3)) = 0. Thus ¢?(W, ¢w) > g — 1. Furthermore, S° admits an almost
complex structure so 6 is spherical. So for any admissible #-structure {5 on S, the
stabilisation map

s MW, by) — O (W U S, bwus)
induces an isomorphism on integral homology in degrees up to 95—4.

In the sequel [GRW16b] to this paper we prove an analogue of Theorem 1.4 where
the manifold S is replaced by a more general cobordism K, satisfying that (K, 0W)
is (n — 1)-connected. The theorem proved there includes the case where W Ugyy K
is a closed manifold.

1.2. Stable homology. If we have a sequence gsl , fsw ... of admissible #-structures
on S such that lg, |{O}><6W = lw|ow and Lg, |{1}><0W = £S7+1 |{0}><6W for all 4, then
the manifold W U gS given by the composmon of W and g copies of the cobordlsm
S has a #-structure KWUQS =y U 851 -U ES , and there are maps

—U(S,ls,,,) : (W UGS, bwigs) — AP (W U (g+1)S, bwiigrnys)-
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In this situation the homology of the limiting space

hocolim 2% (W U ¢S, éWUgS)

g—0o0

can be described in homotopy-theoretic terms for any W and any 6, from which
explicit calculations are quite feasible. In many cases this description is given in
[GRW14b], and we shall describe the general case in [GRW16b, Sections 1.2 and 7).
Here we shall focus on the interesting special case W = D?" and § = Idpo(2n), in
which case .#°%(W U ¢S, bwiys) = 4 (W, 1) = BDiffg(W,1).

The boundary of W, 1 is a sphere, so S = ([0,1] x $2"~1)#(S™ x S™) and hence
there is a diffeomorphism Wy 1 Usw, , S = W11 relative to their already identified
boundaries. Theorem 1.2 (or Theorem 1.4 for abelian coefficients) therefore implies
the following.

Corollary 1.5. For 2n > 6 and an abelian coefficient system L on M (Wgy1,1),
the stabilisation map

Su s Hu(M (W, )i 8" L) — Hu(M (Wyi,1); £)

is an epimorphism for 3k < g—1 and an isomorphism for 3k < g—4. If L is constant,
then it is an epimorphism for 2k < g — 1 and an isomorphism for 2k < g — 3.

It is an immediate consequence of this corollary and [RW13, §3] that the mapping
class group i (#(Wy,1)) has perfect commutator subgroup as long as g > 7.

Remark 1.6. Independently, Berglund and Madsen ([BM13]) have obtained a result
similar to this corollary, for rational cohomology in the range 2k < min(2n—6,g—6).

Remark 1.7. In the earlier preprint [GRW12] we considered only the manifolds W, 1,
rather than the more general manifolds of Theorem 1.2. Although the present paper
entirely subsumes [GRW12], the reader mainly interested in Corollary 1.5 may want
to consult the preprint for a streamlined text adapted to that special case (at least
if they are only concerned with constant coefficients).

By the universal coefficient theorem, stability for homology implies stability
for cohomology; in the surface case, Mumford ([Mum83]) conjectured an explicit
formula for the stable rational cohomology, which in our notation asserts that a
certain ring homomorphism

Q[k1, Koy ...] — H*(f///(ng)a Q)

is an isomorphism for g > *. Mumford’s conjecture was proved in a strengthened
form by Madsen and Weiss ([MWOT]).

Corollary 1.5 and our previous paper [GRW14b] allow us to prove results analogous
to Mumford’s conjecture and the Madsen—Weiss theorem for the moduli spaces
M (Wy 1) with 2n > 6. The analogue of the Madsen—Weiss theorem for these spaces
concerns the homology of the limiting space .# (W) = hocolimg_,oc A (W 1).
There is a certain infinite loop space Q°° MT0" associated to the tangential structure
0" : BO(2n)(ny — BO(2n) given by the n-connected cover, and a map

a: M (Wy) — QCMTH"

given by a parametrised form of the Pontryagin—Thom construction, and in [GRW14b,
Theorem 1.1] we proved that « induces an isomorphism between the homology of
M (W) and the homology of the basepoint component of Q*°MTH". In [GRW16a]
we used this to compute Hy (A4 (Wy1);Z) for g > 5.

It is easy to calculate the rational cohomology ring of a component of Q> MT9™,
and hence of .# (W, 1) in the range of degrees given by Corollary 1.5. The result is
Corollary 1.8 below, which is a higher-dimensional analogue of Mumford’s conjecture.
Recall that for each ¢ € H*2"(BSO(2n)) there is an associated cohomology
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class k. € H¥(Q®MT6"™). Pulling it back via o and all the stabilisation maps
M(Wy1) = M (Ws) defines classes k. € H¥(#/ (W, 1)) for all g, sometimes
called “generalised Mumford-Morita—Miller classes”. These can also be described in
terms of fibrewise integration, see e.g. [GRW14a, §1.1]. The following result is our
higher-dimensional analogue of Mumford’s conjecture.

Corollary 1.8. Let 2n > 6 and let B C H*(BSO(2n); Q) be the set of monomials
in the classes e,pp_1,... sProgiy, of degree greater than 2n. Then the induced map

Qlke | ce Bl — H* (A (Wy1);Q)
is an isomorphism in degrees satisfying 2% < g — 3.

For example, if 2n = 6, the set B consists of monomials in e, p; and ps, and
therefore H* (A (Wg6,1)§ Q) agrees for x < 9773 with a polynomial ring in variables
of degrees 2, 2, 4, 6, 6, 6, 8, 8, 10, 10, 10, 10, 12, 12, ....
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Michael Weiss for useful comments on a draft of this paper. S. Galatius was partially
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supported by EPSRC grant EP/M027783/1 and the Herchel Smith Fund, and both
authors were supported by ERC Advanced Grant No. 228082, and the Danish
National Research Foundation through the Centre for Symmetry and Deformation.

2. TECHNIQUES

In this section we collect the technical results needed to establish high connectivity
of certain simplicial spaces which will be relevant for the proof of Theorem 1.2. The
main results are Theorem 2.4 and Corollary 2.9.

2.1. Cohen—Macaulay complexes. Recall from [HW10, Definition 3.4] that a
simplicial complex X is called weakly Cohen—Macaulay of dimension n if it is (n—1)-
connected and the link of any p-simplex is (n — p — 2)-connected. In this case, we
write wCM(X) > n. We shall also say that X is locally weakly Cohen—Macaulay
of dimension 7 if the link of any p-simplex is (n — p — 2)-connected (but no global
connectivity is required on X itself). In this case we shall write ICM(X) > n.

Lemma 2.1. If ICM(X) > n and 0 < X is a p-simplex, then wCM(Lk(o)) >
n—p—1.

Proof. By assumption, Lk(o) is ((n — p — 1) — 1)-connected. If 7 < Lk(o) is a
g-simplex, then

LkLk(a) (T) = ka(CT * 7')
is ((n —p—1) — g — 2)-connected, since ¢ * 7 is a (p + ¢ + 1)-simplex, and hence its
link in X is (n — (p + g + 1) — 2)-connected. O

Definition 2.2. Let us say that a simplicial map f : X — Y of simplicial complexes
is simplexwise injective if its restriction to each simplex of X is injective, i.e. the
image of any p-simplex of X is a (non-degenerate) p-simplex of Y.

Lemma 2.3. Let f : X — Y be a simplicial map between simplicial complezes.
Then the following conditions are equivalent.

(i) [ is simplexwise injective,

(i1) f(Lk(o)) C Lk(f (o)) for all simplices 0 < X,

(i1i) f(Lk(v)) C Lk(f(v)) for all vertices v € X,
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(iv) The image of any I1-simplex in X is a (non-degenerate) 1-simplex in'Y .

Proof.

(i) = (ii). If o = {vo,...,vp} and v € Lk(o), then {v,vg,...,vp} < X is a simplex,
and therefore {f(v), f(vo),..., f(vp)} <Y is a simplex. Since f is simplexwise
injective, we must have f(v) & f(o), so f(v) € Lk(f(o)).

(i) = (iii). Trivial.

(iii) = (iv). If 0 = {vp,v1} is a 1-simplex, then v; € Lk(vg) so f(v1) € Lk(f(vo)),
but then {f(vo), f(v1)} is a 1-simplex.

(iv) = (i). Let 0 = {vg,...,vp} < X be a p-simplex and assume for contradiction
that f|, is not injective. This means that f(v;) = f(v;) for some i # j, but then
the restriction of f to the 1-simplex {v;,v;} is not injective. t

The following theorem generalises the “colouring lemma” of Hatcher and Wahl
([HW10, Lemma 3.1]), which is the special case where X is a simplex. The proof
given below is an adaptation of theirs.

Theorem 2.4. Let X be a simplicial complex with ICM(X) > n, f: 0I™ — |X|
be a map and h : I™ — | X| be a nullhomotopy. If f is simplicial with respect to a
PL triangulation 0I™ =~ |L|, then this triangulation extends to a PL triangulation
I" = |K| and h is homotopic relative to OI™ to a simplicial map g : | K| — | X| such
that

(i) for each vertex v € K\ L, the star v Lkg (v) intersects L in a single (possibly

empty) simplex, and
(i) for each vertexv € K\ L, g(Lkg(v)) C Lkx(g(v)).

In particular, g is simplexwise injective if f is.

Proof. We proceed by induction on n, the case n = 0 being clear. By the simplicial
approximation theorem we may change the map h by a homotopy relative to the
boundary, after which h : I — |X| is simplicial with respect to some PL triangu-
lation I™ = |K| extending the given triangulation on 9I™. After barycentrically
subdividing K relative to L twice, (i) is satisfied.

Let us say that a simplex ¢ < K is bad if every vertex v € o is contained in a
1-simplex (v,v") C o with h(v) = h(v"). If all bad simplices are contained in 91",
we are done. If not, let 0 < K be a bad simplex not contained in 9I™, of maximal
dimension p. We may then write I™ = AU B for subsets

A=ocxLkg(o)
B=1T1"\int(A)
AN B = (Jo) * Lk (o),

which are also subcomplexes with respect to the triangulation I"™ = |K|. We shall
describe a procedure which changes the triangulation of A as well as the map h|a
in a way that strictly decreases the number of bad simplices of dimension p and not
contained in 91", creates no bad simplices of higher dimension, and preserves the
property (i). This will complete the proof, since we may eliminate all bad simplices
not contained in 0I™ in finitely many steps.

Badness of ¢ implies p > 0, and we must also have h(Lkg (o)) C Lkx(h(0)),
since otherwise we could join a vertex of Lky (o) to o and get a bad simplex of
strictly larger dimension. Now |o| C | K| ~ I"™, so h restricts to a map

OI" P ~ |Lkg (o) — |Lkx (h(o))].

The image h(o) is a simplex of dimension at most p — 1, since otherwise h|, would
be injective (in fact A(o) must have dimension at most (p —1)/2 by badness). Then
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|Lkx (h(o))] is (n — (p — 1) — 2)-connected since we assumed ICM(X) > n, and in
fact Lemma 2.1 gives

wCM(Lkx (h(0))) >n—(p—1)—1=n—p.
Therefore, h||pi, (o) €xtends to a map
h: C(|Lkk (0)]) — [Lkx (h(0))|

and we may apply the induction hypothesis to this map. It follows that there is a
PL triangulation C(|Lkg (c)|) = | K| satisfying (i) and extending the triangulation
of |Lkg(0)|, and a simplicial map § : K — Lkx(h(0)) extending Pk, (o) and
satisfying (ii). In particular, the star of each vertex in K \ Lk (o) intersects Lk (o)
in a single simplex, and all bad simplices of § are in Lky (o) C K (but in fact there
cannot be any, by maximality of ¢). The composition

A= |0 # Lk (0)] & |(90) % (CLkx ()] 2%, 11(00) # Lix (h(e)| C | X]
agrees with h on 0A = (9o) * Lk (o) and may therefore be glued to h|p to obtain
a new map h' : I" — | X| which is simplicial with respect to a new triangulation
I ~ |K'| which on B C I" agrees with the old one and on A comes from the
triangulation |do| * C(|Lkk (o)|) ~ |(do) * K|. In particular all vertices of K are
also vertices of K’ and we call these the “old” vertices.

We claim that this new triangulation of I"™ still satisfies (i). There are two cases
to consider depending on whether v € A\ A or v € B and we first consider the
case where v € A\ OA. Such a vertex is necessarily interior to the triangulation
C(|Lkg(0)]) =~ |K| and hence its star intersects Lkx (o) in a single simplex 7 <
Lkg (o) and hence intersects 0A = AN B = |(Jo) * Lkg(0)| in |(do) * 7|. The
intersection of |L| and |o * Lkg ()| is also a single simplex (since the intersection of
L and the star of a vertex of o is), of the form ¢ * 11 < (90) * Lk (0). Hence the
intersection of L and the star of v € K’ is 1o * (11 N 7) which is again a simplex.

In the second case where v € K' is in B, it was also a vertex in the old triangulation
of I" by K, and its link in K’ consists of old vertices which were in its link in
K, along with some new vertices which are interior to A and hence not in 0I"™,
but no old vertices which were not in the link of v in K (since that would violate
condition (i) for the triangulation C(|Lkg (0)|) ~ |K]|). Hence the star of v € K
will intersect L in a face of its old intersection, which is still a single simplex. [

Proposition 2.5. Let X be a simplicial complex, and Y C X be a full subcomplex.
Let n be an integer with the property that for each p-simplex o < X having no
vertex in 'Y, the complex Y NLkx (o) is (n —p — 1)-connected. Then the inclusion
Y| < |X| is n-connected.

Proof. This is very similar to the proof of Theorem 2.4. Let k < n and consider
amap h : (I*,0I*) — (|X|,|Y]) which is simplicial with respect to some PL
triangulation of I*. Let o < I* be a p-simplex such that h(o) C |X|\ |[Y]. If p
is maximal with this property, we will have h(Lk(c)) C |Y| N Lkx(h(0)), since
otherwise we could make p larger by joining o with a vertex v € Lk(o) such that
h(v) €Y or h(v) € h(o).

Now, Lk(c) ~ S¥=P~1! since o is a p-simplex, and |Y| N Lkx (h(0)) is assumed
(n — p — 1)-connected, so hlp k() extends over the cone of Lk(c). Then modify h on
the ball

o xLk(0) =~ (90) * CLk(0) C I*
by replacing it with the join of h|s, and some map CLk(c) — |Y| N Lkx (h(o))
extending hlp k(). As in the proof of Theorem 2.4, the modified map (I*,01%) —
(IX],1Y]) is homotopic to the old one (on the ball where the modification takes
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place, both maps have image in the contractible set h(o) * Lkx (h(c))), and has
strictly fewer p-simplices mapping to | X| \ |Y]. O

2.2. Serre microfibrations. Let us recall from [Wei05] that a map p: E — B is
called a Serre microfibration if for any k and any commutative diagram

oxph 1 . E

|

0,1] x D — " B

there exists an e > 0 and a map H : [0,¢] x D¥ — E with H(0,z) = f(z) and
po H(t,x) = h(t,z) for all z € D¥ and t € [0, ¢].

Examples of Serre microfibrations include Serre fibrations and submersions of
manifolds; if p : E — B is a Serre microfibration then p|y : U — B is too, for any
open U C FE.

The microfibration condition implies that if (X, A) is a finite CW pair then any
map X — B may be lifted in a neighbourhood of A, extending any prescribed lift
over A. It also implies the following useful observation: suppose (Y, X) is a finite
CW pair and we are given a lifting problem

XLE

(2.1) l l

y L5 B.
If there exists a map G : Y — E lifting F' and so that G|x is fibrewise homotopic to
f, then there is also a lift H of F so that H|x = f. To see this, choose a fibrewise
homotopy ¢ : [0,1]x X — E from G|x to f,let J = ([0, 1]x X)U({0}xY) C [0,1]xY
and write ¢ UG : J — F for the map induced by ¢ and G. The following diagram
is then commutative
pUG

J E

| &
0,1 xYy 25y LB,
and by the microfibration property there is a lift g : U — FE defined on an open
neighbourhood U of J. Let ¢ : Y — [0,1] be a continuous function with graph
inside U and so that X C ¢~1(1). Then we set H(y) = g(¢(y),y); this is a lift of F
as g is a lift of Fomy, and if y € X then ¢(y) = 1 and so H(y) = g(1,y) = f(v), as
required.

Weiss proved in [Wei05, Lemma 2.2] that if f : E — B is a Serre microfibration
with weakly contractible fibres (i.e. f~1(b) is weakly contractible for all b € B), then

f is in fact a Serre fibration and hence a weak homotopy equivalence. We shall need
the following generalisation, whose proof is essentially the same as Weiss’.

Proposition 2.6. Let p : E — B be a Serre microfibration such that p~1(b) is
n-connected for all b € B. Then the homotopy fibres of p are also n-connected, i.e.
the map p is (n + 1)-connected.

Proof. Let us first prove that p! : B — B! is a Serre microfibration with (n — 1)-
connected fibres, where X! = Map([0,1], X) is the space of (unbased) paths in X,
equipped with the compact-open topology. Using the mapping space adjunction,
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it is obvious that p’ is a Serre microfibration, and showing the connectivity of its
fibres amounts to proving that any diagram of the form

[0,1] x 0D jj
0,1] x DF 2 10, 1] B

with k < n admits a diagonal h : [0,1] x D¥ — E. Since fibres of p are (k — 1)-
connected (in fact k-connected), such a diagonal can be found on each {a} x D¥,
and by the microfibration property these lifts extend to a neighbourhood. By
the Lebesgue number lemma we may therefore find an integer N > 0 and lifts
hi : [(i —1)/N,i/N] x D¥ — E for i = 1,...,N. The two restrictions h;, hj.1 :
{i/N} x D¥ — E agree on {i/N} x 0D* and map into the same fibre of p. Since
these fibres are k-connected, the restrictions of h; and h;1 are homotopic relative
to {i/N} x OD* as maps into the fibre, and we may use diagram (2.1) with Y =
[i/N,(i+1)/N]x D* and X = ({i/N} x D*)U([i/N, (i+1)/N] x dD¥) to inductively
replace h;11 with a homotopy which can be concatenated with h;. The concatenation
of the h;’s then gives the required diagonal.
Let us now prove that for all £ < n, any lifting diagram

{o}ka%E

| =)

0,1 x I* "> B

admits a diagonal map H making the diagram commutative. To see this, we
first use that fibres of the map lel BT BIYT are non-empty (in fact
(n—k —1)-connected) to find a diagonal G making the lower triangle commute. The
restriction of G' to {0} x I* need not agree with f, but they lie in the same fiber
of pI" + EI* — BI". Since this map has path-connected fibres, these are fibrewise
homotopic, and hence we may apply (2.1) to replace G with a lift H making both
triangles commute.

By a standard argument (see [Spa66, p. 375]) the above homotopy lifting property
implies that p : E — B has the homotopy lifting property with respect to all CW
complexes of dimension < n. By another standard argument ([Spa66, p. 376]) this
implies that for any e € E with b = p(e) the map p. : m;(E,p~1(b),e) — m;i(B, {b},b)
is surjective for i < n + 1 and injective for i < n. As p~1(b) is n-connected, the
long exact sequence for the pair (E,p~!(b)) shows that 7;(E,e) — m(E,p~1(b),e)
is surjective for i < n + 1 and injective for ¢ < n, so it follows that p, : m;(E,e) —
m;(B,b) is surjective for ¢ < n + 1 and injective for ¢ < n for all basepoints, i.e. p is
(n + 1)-connected. O

2.3. Semisimplicial sets and spaces. Let Ai*nj be the category whose objects
are the ordered sets [p] = (0 < -+ < p) with p > —1, and whose morphisms are
the injective order preserving functions. An augmented semisimplicial set is a
contravariant functor X from Af: to the category of sets. As usual, such a functor
is specified by the sets X, = X([p]) and face maps d; : X, - X,_1 for i =0,...,p.
A (non-augmented) semisimplicial set is a functor defined on the full subcategory
Ajpnj on the objects with p > 0, and is the same thing as is sometimes called a
“A-complex”. Semisimplicial spaces are defined similarly.

Let us briefly discuss the relationship between simplicial complexes and semisim-
plicial sets. To any simplicial complex K there is an associated semisimplicial



10 SOREN GALATIUS AND OSCAR RANDAL-WILLIAMS

set K,, whose p-simplices are the injective simplicial maps AP — K, i.e. ordered

(p + 1)-tuples of distinct vertices in K spanning a p-simplex. There is a natural

surjection |K,| — |K|, and any choice of total order on the set of vertices of K

induces a splitting |K| — |K,e|. In particular, | K| is at least as connected as |K,|.
We shall use the following well known result.

Proposition 2.7. Let fo : Xo — Y, be a map of semisimplicial spaces such that
fp: Xp =Y, is (n— p)-connected for all p. Then |fe| : | Xe| — |Ya| is n-connected.

Proof. We shall use the skeleton filtration of geometric realizations, and recall
that |X,|(9 is homeomorphic to a pushout |X,|¢~Y + X, x 0A? — X, x Al
and similarly for |Y,|. By induction on ¢ we will prove that |X,|(9 — |Y,|(@ is
n-connected for all q. The case ¢ = —1 is vacuous, so we proceed to the induction
step. As fq : Xq = Y, is (n — ¢)-connected, we can find a factorisation

9q hq
Xq Zq Yq

where h, is a weak homotopy equivalence, and the map g, is a relative CW-complex
which only has cells of dimensions strictly greater than n — ¢. Define a new semi-
simplicial space Z, with Z; in degree ¢ and

7, = Y, ifi<gq

and the evident face maps (in particular d? : Z, — Z,_1 = Y, is dY o h,). There
is then a factorisation fo = he 0 ge : Xo — Zo — Y, and the map |hq|(@ : |Z,|(9) —
|Ye \(‘1) is a weak homotopy equivalence because h; is a weak homotopy equivalence
for all i < gq.

By induction, the map |X,|(¢~Y — |Z,|@1) = [v,|(¢~Y is n-connected and
hence the map from |X,|(? to the pushout of |Z,|(~1) + X, x 0A? — X, x A is
also n-connected. Since |Z,|(9) is obtained from this pushout by attaching cells of
dimension strictly greater than n, namely A? times the relative cells of (Z,, X), the
map |ge|(? is the composition of an n-connected map and a relative CW complex
with cells of dimension strictly greater than n, and hence n-connected. O

The following is the main result of this section.

Proposition 2.8. Let Y, be a semisimplicial set, and Z be a Hausdorff space. Let
Xo C Yy X Z be a sub-semisimplicial space which in each degree is an open subset.
Then 7 : | Xo| = Z is a Serre microfibration.

Proof. Let us write p : |Xo| = Yo X Z| = |Ya| for the map induced on geometric
realisations by the inclusion and projection. For o € Y,,, let us write Z, C Z for the
open subset defined by ({c} x Z)N X,, = {o} x Z,. Points in | X,| are described by
data

(UGYn; S ZU; (t07"'atn) EA”)

up to the evident relation when some t; is zero, but we emphasise that the continuous,
injective map ¢ = p X 7 : | Xo| = |Yo| X Z will not generally be a homeomorphism
onto its image, as the quotient of a subspace is not always a subspace of the quotient.
(For example, let Yo = {0,1}, Y1 = {¢}, dot =0, dye = 1, and Y; = () for i > 1,
Z =10,1], Xo = ({0} x (0,1])) U ({1} x [0,1]) and X3 = {¢} x (0,1]. Then the image
of | Xo| = |Ye| x Z 220, 1] x [0,1] is ([0, 1] x (0, 1])U ({1} x [0, 1]) but the inverse map
is not continuous at (1,0). In fact | X,| is not first countable, so not homeomorphic
to any subspace of [0, 1] x [0,1].) This is not a problem: in fact we shall make use
of the topology on | X,| being finer than the subspace topology.
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Suppose now given a lifting problem

{0} x DF —L | x.|

Lo

0,1] x D* —— 7.

The composition D¥ ER | Xo| & |Ya] is continuous, so the image of D* is compact
and hence contained in a finite subcomplex, and it intersects finitely many open
simplices {o;} X int(A") C |Y,|. The sets C,, = (po f)"1({o;} x int(A")) then
cover D¥_ and their closures C,, give a finite cover of D by closed sets. Let us write
fle,, (x) = (045 2(2); t(z)), with 2(x) € Z,, C Z and t(x) = (to(z),...,tn,(2)) €
int(A™).

Certainly 7o f sends the set Cy, into the open set Z,,, but it fact the following
stronger property is true.

Claim. The map 7 o f sends the set C,, into Z,,.

Proof of claim. We consider a sequence (27) € C,., j € N, converging to a point
x € C,, C D* and we shall verify that z = 7o f(z) € Z,,.

As f is continuous, the sequence f(x7) = (0y;2(27);t(27)) € |Xo| converges to
f(x) and, passing to a subsequence, we may assume that the t(27) converge to a
point ¢t € A™. The subset

A={f(’)|jeN}C|X,|
is contained in 7~1(Z,,) and has f(z) as a limit point in | X,|, so if z = 7(f(x)) & Z,,
then the set A is not closed in | X,|.

For a contradiction we will show that A is closed, by proving that its inverse
image in [[ {7} x Z, x Al"l is closed, where the coproduct is over all simplices
7 € [],, Yn- The inverse image in {0} x Z,, x A™ is

B = {(0; 2(a’); t(a7)) | j € N},
which is closed (since Z is Hausdorft, taking the closure in {0;} x Z x A™ adjoins only
the point (oy; z;t), which by assumption is outside {o;} X Z,, x A™). If o; = 0*(7)
for a morphism 6 € Aj,j, we have Z, C Z,, and hence BN ({o;} x Z; x Aleil)
is closed in {o;} x Z; x Al so applying 6, : Al7il — Al7l gives a closed subset
By C {7} x Z. x AlI"l. The inverse image of A in {7} x Z, x Al"l is the union of
the By over the finitely many 6 with 8*(7) = o0, and is hence closed. O

We have a continuous map F; = Flj 1,z +[0,1] X C,, — Z and by the claim

F[l(ZUi) is an open neighbourhood of the compact set {0} x C,,, so there is an

g; > 0 such that F;([0,&;] x Cy,) C Z,,. We set € = min;(e;) and define the lift
Fi(s,x) = (04; Fi(s, ) t(x)) : [0,¢] x Cy, — {0i} X Zy, x A" — | X,],
which is clearly continuous. The functions E and ﬁj agree where they are both
defined, and so these glue to give a continuous lift F' as required. O

Corollary 2.9. Let Z, Y,, and X, be as in Proposition 2.8. For z € Z, let
Xo(z) C Y, be the sub-semisimplicial set defined by Xo N (Yo X {2}) = Xo(2) x {2}
and suppose that | Xe(z)| is n-connected for all z € Z. Then the map 7 : | Xo| = Z
is (n 4 1)-connected.

Proof. This follows by combining Propositions 2.6 and 2.8, once we prove that
| X+(2)| is homeomorphic to m~%(2) (in the subspace topology from |X,|). Since
Xo(2) C Y, the composition |Xe(2)| = |Xe| = |Ye| is a homeomorphism onto its
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image. It follows that | Xe(2)| — | Xe| is a homeomorphism onto its image, which is
easily seen to be m71(2). O

3. ALGEBRA

We fix ¢ = £1 and let A C Z be a subgroup satisfying
{a—eala€eZ}CAC{a€Z]|a+ea=0}.

Following Bak ([Bak69, Bak81]), we call such a pair (e, A) a form parameter. Since
we work over the ground ring Z, there are only three options for (¢, A), namely
(+1,{0}), (—1,2Z) and (—1,Z). An (e, A)-quadratic module is a triple M = (M, X\, u)
where M is a Z-module, A : M ® M — Z is bilinear and satisfies A\(x,y) = eA(y, x),
and p: M — Z/A is a quadratic form whose associated bilinear form is A reduced
modulo A. By this we mean that u is a function such that

(i) pla-z)=a? u(z) fora € Z,

(il) pu(z +y) — @) — ply) = AMz,y) mod A.
We say the quadratic module M = (M, A\, ) is non-degenerate if the map

AV M — MY
x— A=, x)

is an isomorphism. If M = (M, Ay, up) and N = (N, Ay, un) are quadratic
modules with the same form parameter, then their (orthogonal) direct sum is
M@&N = (M ® N, \g, ug) where Ag(m +n,m’ +n’) = Ayy(m,m’) + Any(n +n’)
and pg(m+n) = upyr(m) + py(n). A morphism f: M — N is a homomorphism
f M — N with the properties that Ay o (f ® f) = Ay and pp = pun o f. If M is
non-degenerate, any such morphism is split injective because
ML N 2N N

is an isomorphism, and in fact induces an isomorphism N = M @& (f(M))+ of
(e, A)-quadratic modules.

The hyperbolic module H is the non-degenerate (e, A)-quadratic module with
underlying abelian group free of rank 2 on two basis elements e and f, and the
unique quadratic module structure with Au(e, f) =1, Au(e,e) = Aa(f, f) =0, and
pur(e) = pu(f) = 0. We write HY for the orthogonal direct sum of g copies of H and
define the Witt index of an (e, A)-quadratic module M as

g(M) = sup{g € N | there exists a morphism HY — M}.

The Witt index obviously satisfies g(M @ H) > g(M) + 1, and we shall also consider
the stable Witt index defined by

(3.1) G(M) = sup{g(M & H") — & | k > 0}.
This satisfies g(M @& H) = g(M) + 1 for all M.

Definition 3.1. Let (¢,A) be a form parameter. For a quadratic module M, let
K®%(M) be the simplicial complex whose vertices are morphisms h : H — M of
quadratic modules. The set {hq, ..., h,} is a p-simplex if the submodules h;(H) C M
are orthogonal with respect to A (we impose no additional condition on the quadratic
forms).

The complex K%(M) is almost the same as one considered by Charney [Cha87],
which she proves to be highly connected when M = HY. We shall need a connectivity
theorem for more general M, assuming only that g(M) > g. In particular, we do not
wish to assume M is non-degenerate (or even that the underlying Z-module is free).
In Section 4 we shall give a self-contained proof of the following generalisation of
Charney’s result.
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Theorem 3.2. Let g € N and let M be a quadratic module with g(M) > g. Then
the geometric realisation |K*(M)| is L%J -connected, and ICM(K*(M)) > L%J

Before embarking on the proof, let us deduce two consequences of the path-
connectedness of |[K*(M)].

Proposition 3.3 (Transitivity). If |K%(M)| is path-connected and ho,hy : H— M
are morphisms of quadratic modules, then there is an isomorphism of quadratic
modules f: M — M such that hy = f o hg.

Proof. Suppose first that hy and hy are orthogonal. Then there is an orthogonal
decomposition

M = ho(H) ® hi(H) & M’
and so an evident automorphism of quadratic modules which swaps the h;(H). Now,
the relation between morphisms e : H — M of differing by an automorphism is an
equivalence relation, and we have just shown that adjacent vertices in K%(M) are
equivalent. If the complex is path-connected, then all vertices are equivalent. [

Proposition 3.4 (Cancellation). Suppose that M and N are quadratic modules and
there is an isomorphism M@ H = N @ H. If |K*(M @ H)| is path-connected, then
there is also an isomorphism M = N.

Proof. An isomorphism ¢ : M@ H — N @ H gives a morphism ¢|y : H = N® H of
quadratic modules, and we also have the standard inclusion ¢ : H - N & H. By
Proposition 3.3, these differ by an automorphism of N @ H, so in particular their
orthogonal complements are isomorphic. O

By Theorem 3.2, the complex K%(M) is path-connected provided g(M) > 4. As
long as g(M) > 3, Proposition 3.4 therefore gives the implication (M&H 2 N@H) =
(M = N). Tt follows that as long as g(M) > 3 we have g(M @ H) = g(M) + 1 and
hence g(M) = g(M), but for the inductive proof of Theorem 3.2 it is more convenient
to work with g.

4. PROOF OF THEOREM 3.2

Proposition 4.1. Let Aut(H"*1) act on H" ™1, and consider the orbits of elements
of H® 0 C H**1. Then we have

Aut(H™ 1) - (He 0) = H™ .

Proof. We consider the form parameters (+1,{0}) and (—1, 2Z) separately. The case
(—1,2) follows from the case (—1,27Z), as the automorphism group is larger. Recall
that a vector v = (ag, bo, . . ., an, by) € H*™ is called unimodular if its coordinates
have no common divisor. Any v € H"*! can be written as v = dv’ with d € N and
v' € H™*! unimodular, so it suffices to prove that for any unimodular v € H"+!
there exists ¢ € Aut(H" 1) with ¢(v) € HD 0.

In the case of form parameter (+1,{0}), this follows from [Wal62, Theorem
1], which asserts that Aut(H"*!) acts transitively on unimodular vectors of a
given length. Therefore, any unimodular vector v € H**! is in the same orbit as
(1,a,0,...,0) e H® 0 for a = (A(v,v))/2 = p(v) € Z.

The case (—1,2Z) can be proved in a manner similar to [Wal62, Theorem 1].
First, in Aut(H) we have the transformations (a,b) — (b, —a), so any orbit has a
representative with 0 < b < |a|. For 0 < b < a, the transformation (a, b) — (a—2b,b)
will decrease the number max(|al, |b|) and for 0 < b < —a the inverse transformation
will do the same, so inductively we see that any orbit has a representative of the
form (a,0) or (a,a) for some integer a > 0. It follows that under Aut(H) x Aut(H) <
Aut(H?) acting on H?, the orbit of a unimodular vector has a representative of
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the form v = (a,b,¢,d) with b € {0,a}, d € {0,c} and ged(a,c) = 1. On such a
representative we then use the transformation
(a,b,c,d) — (a,b+¢,c,d+ a)

and since ged(a, b+ ¢) = 1 = ged(c,d + a), we can use Aut(H) x Aut(H) to get to a
representative with a = ¢ =1 and b,d € {0,1}. We can act on this representative
(1,b,1,d) by the element of Aut(H?) given by right multiplication by the matrix

1 d —-d 1

0 1 0 0

0 —d 0 -1

0 1 1 0
to get the representative (1,b+ d,0,0) € H@® 0 < H2. This proves the case n = 1,
and the general case follows from this by induction. O

Corollary 4.2. Let M be a quadratic module with g(M) > g and let £ : M — 7Z be
linear. Then the quadratic form K = (Ker(£), M| ker(¢), H|xer(e)) satisfies g(K) > g—1.
Similarly if g(M) > g then g(K) > g — 1.

Proof. We can find a morphism ¢ : HY — M. By non-degeneracy of the form on H9,
the composite £ o ¢ € Hom(HY,Z) is of the form A(x, —). By Proposition 4.1 we can,
after precomposing ¢ with an automorphism, assume + € H®&0 C H@® H9™!, and
hence 0 @ H9~! C Ker(¢), so ¢ restricts to a morphism H9~! — K. The claim about
the stable Witt index follows from the unstable by considering M @ H*. O

We may deduce the first non-trivial cases of Theorem 3.2 from this corollary.

Proposition 4.3. If g(M) > 2, then K*(M) # 0, and if g(M) > 4 then K*(M) is
path-connected.

Proof. We consider the second case first. Let us first make the stronger assumption
that the (unstable) Witt index is g(M) > 4. Then there exists an ho : H — M with
g(ho(H)*) > 3. Any h: H — M then gives rise to a map of Z-modules

ho(H)* — M — h(H)

where the first map is the inclusion and the second is orthogonal projection. The
kernel of this map is ho(H)~ N A(H)L. This is the intersection of the kernels of two
linear maps on ho(H)*, so by Corollary 4.2 we have g(ho(H)* N A(H)L) > 1 and we
can find an hy € K%(ho(H)* Nh(H)*). Then {ho, h1} and {hy,h} are 1-simplices
in K%(M), so there is a path (of length at most 2) from any vertex to hg.

The general case g(M) > 4 can be reduced to this by an argument as in the
last paragraph of Section 3. Indeed, we can write M & H* = N @ H* for some
integer k > 0 and quadratic module N with g(N) > 4 and use the connectivity of
K%(N @ H7) for all j > 0 to inductively deduce from Proposition 3.4 that M = N
and in particular g(M) = g(N) > 4.

Similarly, if g(M) > 2 we can write M @ H* = N @ H* with g(N) > 2, and
inductively use Proposition 3.4 to see M@ H = N @ H. As in the first part of
the proof, M is isomorphic to the intersection of the kernels of two linear maps
N & H — Z. By Corollary 4.2 the Witt index drops by at most one for each linear
map, so the Witt index of M is at least 1. O

Proof of Theorem 3.2. We proceed by induction on g. At each stage of the induction,
the statement ICM(K%(M)) > | 5% | follows easily from the induction hypothesis.
Indeed, a p-simplex o = {hg,...,hy} < K*(M) induces (after choosing an ordering
of its vertices) a canonical splitting M 2 M’ & HP*!, where M’ = (D h,;(H))* C M.
We then have an isomorphism of simplicial complexes Lk(o) = K%(M’) and we have
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g(M") = g(M) — p — 1. By induction, Lk(o) is then LWJ—connected, and by
the inequality
—p—1-4 -5 -1
(=== 5 =[5 -p-2

we see that the link of any p-simplex is (L%J — p — 2)-connected as required.

It remains to prove the statement about connectivity of K*(M). The connectivity
statement is void for g < 1. For g = 2,3 we assert that |[K*(M)| # 0 and for g = 4,5
we assert that |K%(M)| is path-connected; both are covered by Proposition 4.3. For
the induction step, let us assume that Theorem 3.2 holds up to g — 1, and let M be
a quadratic module with g(M) > g. By Proposition 4.3 we have K*(M) # ) so we
may pick some h : H — M. If we write M’ = h(H)* € M, we have M =2 M’ @ H and
h(e)* = M’'@Ze. The inclusion M’ < M may then be factored as M’ < M'@®Ze — M
and we have an induced factorisation

(4.1) |K“(M’)|C£>|K“(M'€BZ€)|&|K“(M)|.

We now wish to show that Proposition 2.5 applies to the maps () and (2), both
of which are inclusions of full subcomplexes, with n = L%J. For (D), we use the
projection 7 : M’ @ Ze — M’. The summand Ze has trivial quadratic structure and
pairs trivially with anything in M’ @ Ze, so 7 is a morphism of quadratic modules
and hence induces a retraction 7 : K*(M' & Ze) — K%(M’). For any p-simplex
o < K*(M’' @ Ze) we have

K*(M') N Lkgamaze)(0) = Lkgam)(m(0)),

and to apply Proposition 2.5 we must show that this simplicial complex is (n—p—1)-
connected. The splitting M = M’ @ H shows that g(M’) > g — 1, so by induction
we have ICM(K®(M’)) > | 452 |, and therefore the link of the p-simplex 7(0) is
(L%ZJ — p — 2)-connected. But Lg%zj —-p—2=n-p-—1L

For (2), we first note that M’ @ Ze C M is exactly the orthogonal comple-
ment h(e)t C M. For a p-simplex o = {hq,...,h,} C K*(M) we write M" =
(3> hi(H))* € M and have

KM’ & Ze) N Lkgawy(0) = K“(M" N h(e)h).

The isomorphism M = M” @ HP*! shows that g(M”) > g — p — 1, and passing to
the kernel of the linear functional A(h(e), —)|ar~ reduces stable Witt index by at
most one by Corollary 4.2, so we have g(M” N h(e)+) > g — p — 2. By induction,
the connectivity of K¢(M” N h(e)*) is therefore at least LWJ >n—p—1.
We have shown that both inclusions (1) and (@) satisfy the hypothesis of Proposi-
tion 2.5 and therefore these maps are n-connected. The composition factors through
the star of the vertex given by h, and is therefore nullhomotopic. This implies that
K%(M) is n-connected, finishing the induction step. O

5. TOPOLOGY

Recall that in Section 1 we defined the manifold Wy 1 = D*"g(S™ x S™) and that
for a path-connected compact 2n-manifold W we defined g(W) to be the maximal
g € N for which there exists an embedding Wy ; — W. In analogy with (3.1) we
define the stable genus of W to be

g(W) = max{g(WHk(S™ x S™)) — k | k € N}.

Notice that k — g(Wk(S™ x S™)) — k is non-decreasing and bounded above by
b, (W) /2. In particular, the maximum is well-defined.

It will be convenient to have available the following small modification of the
manifold Wi ;. Firstly, we may choose an embedding W;; — S™ x S" with
complement an open disc lying in D’ x D}, the product of the two upper hemispheres,
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and from now on we shall implicitly use this embedding identify W; ; with a subset
of S™ x S™. Let H denote the manifold obtained from W ; by gluing [—1,0] x D?"~!
to 0W1 1 along an orientation preserving embedding

{71} X D2n71 — 3W171,

which we also choose once and for all. This gluing of course does not change the
diffeomorphism type (after smoothing corners), so H is diffeomorphic to Wi 1, but
contains a standard embedded [—1,0] x D?>"~! C H. When we discuss embeddings
of H into a manifold with boundary W, we shall always insist that {0} x D?"~! is
sent into W, and that the rest of H is sent into the interior of .

We shall also need a core C C H, defined as follows. Let xg € S™ be a basepoint.
Let S™ Vv S™ = (S™ x {zo}) U ({xo} x S™) C S™ x S™, which we may suppose
is contained in int(Wj 7). Choose an embedded path 7 in H from (x, —x¢) to
(0,0) € [=1,0] x D?"~! whose interior does not intersect S™ V S™, and whose image
agrees with [—1,0] x {0} inside [—~1,0] x D?"~1 and let

C = (58"vS")UIm(y) U ({0} x D>~ 1) c H.
The manifold H is depicted together with C' C H in Figure 1.

FIGURE 1. The manifold H in the case 2n = 2, with the core C
indicated in gray.

Definition 5.1. Let W be a compact manifold, equipped with (the germ of)
an embedding ¢ : (—4,0] x R2"~! — W for some § > 0, such that ¢~ (W) =
{0} x R?"~!. Two embeddings ¢ and ¢’ define the same germ if they agree after
making § smaller.
(i) Let Ko(W) = Ko(W, ¢) be the space of pairs (t, ¢), wheret € Rand ¢ : H — W
is an embedding whose restriction to (—1,0] x D?"~! C H satisfies that there
exists an € € (0,6) such that

#(s,p) = c(s,p +ter)

for all s € (—¢,0] and all p € D?"~1. Here, e; € R*"~! denotes the first basis
vector.

(i) Let K,(W) C (Ko(W))PT! consist of those tuples ((to, ¢o),- -, (tp, dp)) satis-
fying that ¢y < --- < ¢, and that the embeddings ¢; have disjoint cores, i.e.
the sets ¢;(C') are disjoint.

(iii) Topologise K,(W') using the C'*°-topology on the space of embeddings and let
Kg (W) be the same set considered as a discrete topological space.

(iv) The assignments [p] — K, (W) and [p] — K3(W) define semisimplicial spaces,
where the face map d; forgets (¢;, ¢;).

(v) Let K°(W) be the simplicial complex with vertices K3(W), and where the
(unordered) set {(to, o), .., (tp, ®p)} is a p-simplex if, when written with
to < --- < tp, it satisfies ((to, @), ..., (tp, @p)) € Kg(W).
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We shall often denote a vertex (t, ¢) simply by ¢, since t is determined by ¢. Since
a p-simplex of K3(W) is determined by its (unordered) set of vertices, there is a
natural homeomorphism |K3(W)| = |K%(W)|.

We wish to associate to each simply-connected 2n-manifold a quadratic module
with form parameter (1,{0}) if n is even and (—1,2Z) if n is odd. Essentially,
we take the group of immersed framed n-spheres in W, with pairing given by the
intersection form, and quadratic form given by counting self-intersections. We shall
often have to work with framings, and for a d-manifold M we let Fr(M) denote the
frame bundle of M, i.e. the (total space of the) principal GLg(R)-bundle associated
to the tangent bundle T'M.

In the following definition we shall use the standard framing £gny pn of S™ x D™,
induced by the embedding

S x D" — R"+1 X Rn—l — RQn
(5.1) 1
(@391, 42, -, yn) > (267 22592, 43, - Un)-
This standard framing at (0,0,...,0,—1;0) € S™ x D™ gives a point bgnxpn €
Fr(S™ x D™).

Definition 5.2. Let W be a compact manifold of dimension 2n, equipped with a
framed basepoint i.e. a point by € Fr(WW), and an orientation compatible with by .

(i) Let IfF(W) = If'(W,by ) denote the set of regular homotopy classes of im-
mersions ¢ : S™ x D™ & W equipped with a path in Fr(W) from Di(bgny pn)
to by. Smale-Hirsch immersion theory [Hir59, Section 5] identifies this set
with the homotopy group 7, (Fr(W),by ) of the frame bundle of W. The
(abelian) group structure this induces on I (W) corresponds to a connect-sum
operation.

(ii) Let A : IF(W) ® IF(W) — H,(W;Z) ® H,(W;Z) — Z be the map which
applies the homological intersection pairing to the cores of a pair of immersed
framed spheres.

(iii) Let

Z n even

SITW
eI )—>{Z/2 n odd

be the function which counts (signed, if n is even) self-intersections of the core
of a framed immersion (once it is perturbed to be self-transverse).

Lemma 5.3. For any smooth simply-connected 2n-manifold W equipped with a
framed basepoint by the data I'(W) = (IF(W),\, i) is a quadratic module with
form parameter (1,{0}) if n is even and (—1,27Z) if n is odd.

Proof. Let E — W be the nth Stiefel bundle associated to the tangent bundle of W;
there is a map ¢ : Fr(W) — E given by sending a frame to its first n vectors, and this
determines a basepoint ¢(bw ) € E. Choosing a framing & of T(g,....0,—1)5™, Wall
[Wal70, Section 5] uses Smale—Hirsch immersion theory to identify the homotopy
group 7, (E, ¢(bw)) with the set I,,(W) of regular homotopy classes of immersions
1: 5™ % W equipped with a path in E from Di(€) to ¢(bw).

The homomorphism 7, (¢) : m, (Fr(W), by ) — m,(E, ¢(bw)) is thus identified
with the map u : IF(W) — I,(W) which restricts an immersion of S™ x D"
to S™ x {0}. (In Wall’s identification I,(W) = 7, (E) the element 0 € 7,(E)
corresponds to an embedding S™ < R?" C W with trivial normal bundle. Our
choice (5.1) is compatible with this.)

Our functions A and p factor through u, and Wall shows [Wal70, Theorem 5.2]
that (I,(W), A, u) is a quadratic module with the appropriate form parameter. O
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We remark that the bilinear form A can in general be quite far from non-degenerate.
Let us also remark that the basepoint by € Fr(WW) and the paths from Di(bgnx pn)
are used only for defining the addition on the abelian group I'T(W), neither A nor u
depends on this data.

For the manifold H = ([—1,0] x D*"~1) U{_1}x p2n—1 W11 we choose the framed
basepoint by given by the Euclidean framing of T(o)([—1,0] x D?"~1), i.e. the
framing induced by the inclusion [—1,0] x D?"~! C R?". We define canonical
elements e, f € I'"(H) in the following way. There are embeddings

e:8" x D" —>W1’1 C S x 89" CRn—i—l % Rn+1

> () — (w4~ /1~ [3F)

and
f:S"x D" — Wy; C 8" x S™CR"™ x R* !

(5:3) (,y) — (,%’,m;x)

which are orientation preserving. These may be considered as embeddings into H.

The embedding €, together with a choice of path in Fr(H) from Dé(bgnxpn) to
br, defines an element e € If(H) and f similarly defines an element f € I''(H).
These elements satisfy

Ae,e) =Af, /) =0 Ae f)=1  ule)=nu(f) =0,

and so determine a morphism of quadratic modules H — 1 (). (This morphism
depends on the choice of paths in Fr(H) made above and is used to define the
map (5.4) below. Once that map has been used to prove that its domain is highly-
connected, this choice plays no further role. The ambiguity in this choice arises at
the end of the proof of Lemma 5.5.)

Remark 5.4. For use in Section 7, let us point out that there exists a framing of H
which is homotopic to the standard framing on the images of & and f, and extends
the Euclidean framing on {0} x D?"~1 C [-1,0] x D?>"~! C H. To see this, note
that the standard framings on &(S™ x D") and f(S™ x D") are homotopic when
restricted to the (contractible) intersection of these subsets, as both embeddings
are orientation preserving. This allows us to construct the framing on W, ; C H,
and because [—1,0] x D*"~! is glued to W7 ; along an orientation preserving map
this framing may be extended to one of H agreeing with the Euclidean framing on
{0} % D2"_1.

If (Wo,bw,) and (W, bw) are manifolds with framed basepoints, a morphism
(eq,00) : (Wo, bw,) = (W, by) consists of a (codimension 0) embedding eq : Wy <
W and a path o9 : Deg(bw,) ~ by € Fr(W). Such a morphism induces a
homomorphism of quadratic modules (eg, o) : 15 (Wy) — 1E(W), since A and pu
are computed by counting intersections which may be done in either manifold.
Furthermore, if (e1,01) : (W1, bw,) — (W, bw) is another morphism such that e; is
disjoint from eq (up to isotopy), then (eg, 0g)« and (e1,01). have orthogonal images
in 1T(W).

For a manifold W with distinguished chart ¢ : (—1,0] x R?"~1 < W we choose
bw to be induced by D¢ and the Euclidean framing of T(g o) ((—1,0] x R**~1).
Then an embedding ¢ : H < W representing a vertex of K°(WW) has a canonical
homotopy class of path o, from ¢ o by to by (as the manifolds ¢([—1,0] x D?"~1)
and ¢((—1,0] x R2"~1) are both contractible and framed). Thus ¢ gives a hyperbolic
submodule

H— 1 () 28 1)
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and disjoint embeddings give orthogonal hyperbolic submodules, which defines a
map of simplicial complexes

(5.4) K°(W) — K*(IF(W)).

We will use this map to compute the connectivity of |[K(W)| = |K°(W)|. The
proof of the following lemma, and its generalisation in Section 7 to the presence of
tangential structures, make essential use of the Whitney trick.

Lemma 5.5. If (W,by) as in Lemma 5.3 has dimension 2n > 6 and is simply-
connected, then the space |KS(W)| is LWJ -connected.

Proof. For brevity we shall just write K% — K¢ for the map (5.4) and write
g = g(IT(W)). We have g(W) < g, so it suffices to show that |K3(W)]| is L§2;4J—
connected.

Let k < (g — 4)/2 and consider a map h : 9Tt — |K?|, which we may assume
is simplicial with respect to some PL triangulation dI**! ~ |L|. By Theorem 3.2,
the composition 97"+ — |K°| — |K¢| is nullhomotopic and so extends to a map
h: I*+! — |K°|. By Theorem 3.2, we also have ICM(K?) > | 51| > k + 1, so by
Theorem 2.4 we may find a triangulation I**! ~ |K| extending L such that the
star of each vertex v € K \ L intersects L in a single simplex, and change h by a
homotopy relative to dI**1 so that h(Lk(v)) C Lk(h(v)) for each vertex v € K \ L.
We will prove that h : I**! — |K?| lifts to a nullhomotopy F : I**1 — |K?| of h.

Choose an enumeration of the vertices in K as vy, ..., vy such that the vertices in
L come before the vertices in K \ L. For each v; € L the vertex h(v;) = F(v;) € K°
is given by an embedding j; : H — W. For v; € K \ L we shall inductively pick lifts
of h(v;) € K® to a vertex F(v;) € K° given by an embedding j; : H — W satisfying

(i) if v;, vy are adjacent vertices in K with k& < 4 then 7;(C) N jx(C) = 0,

(i) for v; € K\ L the core j;(C) is in general position with j,(C) for k < i.
Suppose h(vy),...,h(v;_1) have been lifted to ji,...,j;_1 satisfying (i) and (ii).
Then v; € K\ L gives a morphism of quadratic modules h(v;) = ¢ : H — 1T(WW)
which we wish to lift to an embedding j; satisfying the two properties. The element
¢(e) is represented by an immersion z : S™ x D™ & W, which has p(z) = 0, along
with a path in Fr(W) from Dz (bgnxpn) to bys. As W is simply-connected and of
dimension at least 6 we may use the Whitney trick as in [Wal70, Theorem 5.2] to
replace x by an embedding j(e) : S™ x D™ < W. Similarly, ¢(f) can be represented
by an embedding j(f) : S™ x D™ < W, along with another path in Fr(W).

As A(é(e), #(f)) = 1, these two embeddings have algebraic intersection number
1. We may again use the Whitney trick to isotope the embeddings j(e) and j(f) so
that their cores S™ x {0} intersect transversely in precisely one point, and so obtain
an embedding of the plumbing of S™ x D™ and D™ x S™, which is diffeomorphic to
W11 C H. We then use the framed path from Dz (bgnxpn) to by to extend to the
remaining [—1,0] x D*"~1 C H, giving an embedding j : H < W. Setting j; = j
may not satisfy (i) and (ii), but after a small perturbation it will satisfy (ii).

It remains to explain how to achieve that ji,...,J; satisfy (i). If vg € Lk(v;) is
an already lifted vertex (i.e. k < 1), we must ensure that j;(C) N jx(C) = 0. Since
they are in general position and have algebraic intersection numbers zero (as h
is simplexwise injective so {v;, vx} maps to a 1-simplex in K%) we may use the
Whitney trick to replace j; by an embedding satisfying 7;(C) N jx(C) = 0. The
necessary Whitney discs may be chosen disjoint from j,,(C), for all m < ¢ such that
m # k and either v,, € Lk(v;) or v, € K \ L, again since all such v,, are in general
position with each other. Then the Whitney trick will not create new intersections
and after finitely many such Whitney tricks we will have j;(C) N ji(C) = 0 whenever
v € Lk(v;) and k < 4, ensuring that the lifts ji, ..., j; satisfy (i) and (ii).
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In finitely many steps, we arrive at a lift of h : I"T* — K@ to a nullhomotopy of
h: oIt — K9 as desired. (Strictly speaking, we may not have lifted the chosen
nullhomotopy & : I**!1 — |K?|. The data of an element in I'"(W) includes a path
in Fr(W). If W is spin, there will be two choices of such paths, related by a “spin
flip”, and we have only lifted the ¢(e) and ¢(f) up to spin flip. Thus instead of
lifting h : I**1 — |K?| we may have lifted another nullhomotopy, related to h by
spin flips on some vertices.) O

Finally, we compare |K¢(W)| and |K4(W)|. The bisemisimplicial space in Defini-
tion 5.7 below will be used to leverage the known connectivity of |K?(W)| to prove
the following theorem, which is the main result of this section.

Theorem 5.6. If W is a compact simply-connected manifold of dimension 2n > 6

equipped with a framed basepoint, then the space |Ko(W)| is LE(Lﬁj—connected.

The semisimplicial space K,(WW) has an analogue in the case 2n = 2, which has
been considered by Hatcher—Vogtmann [HV15] and shown to be highly connected.

Definition 5.7. With W and ¢ as in Definition 5.1, let D, , = Kpyq.41 (W),
topologised as a subspace of K,(W) x Kg(W). This is a bisemisimplicial space,
equipped with augmentations

Dp.qg — Kp(W)
Dpy =55 KS(W).
Lemma 5.8. Let 1 : KS(W) — K (W) denote the identity map. Then
|| 0 [6] = [e] : |De,o| — [Ko(W)].
Proof. For each p and ¢ there is a homotopy
[0,1] x AP x AT x D), , — APTIH 5 K41 (W)
(rys,t,2,y)) — ((rs, (1 = r)t), (z,ty)),

where we write (2,y) € Dpq C Kp(W) x KJ(W) and (z,1y) € Kpyq1(W) C
Kp(W)x Ky(W) and (rs, (1—7)t) = (rso,...,rsp, (L=7)tg, ..., (1—r)t,) € APTITL
These homotopies glue to a homotopy [0,1] X |De.e| = |Ke(WW)| which starts at
|t] o 6] and ends at |e]. O

Proof of Theorem 5.6. Let us write g = g(W) < g(I(W)). We will apply Corollary
2.9 with Z = K,(W), Yo = KJ(W) and Xe = D, 4. For z = ((to, ¢0), - - - , (tp, dp)) €
K,(W), we shall write W, C W for the complement of the ¢;(C). The realisation
of the semisimplicial subset Xo(z) C Yo = K¢(W) is homeomorphic to the full
subcomplex F(z) C K°(W) on those (t,$) such that ¢(C) C W, and t > t,. The
map of simplicial complexes (5.4) restricts to a map

F(z) — K*(IX(W.)).
We have If(W,) @ HPHL = 1f'(W), so g(IF(W,)) = g(1F(W)) — p — 1, and hence by

Theorem 3.2 the target is L%J—Connected. The argument of Lemma 5.5 shows
that F'(z) is also Lgfg;pflj—connected.
By Proposition 2.8, the map || : \D,L | = K,(W) is a Serre microfibration, and

we have just shown that it has | Z2=2 |-connected fibres, so by Proposition 2.6 it

p—
2
-3

is | L2=2 =3 |-connected. Since |Z=2=3| > |52 3| — p, we deduce by Proposition 2.7
that the map |Dee| — |K (W) is ngsj connected. But up to homotopy it
factors through the |Z;* % |-connected space |KZ(W)|, and therefore |Ko(W)] is

L924j connected, too. O
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Finally, we define the semisimplicial space which will shall use in the following
section.

Definition 5.9. Let Ko(W) C Ko(W) denote the sub-semisimplicial space with
p-simplices those tuples of embeddings which are disjoint. (Recall that in K(W)
we only ask for the embeddings to have disjoint cores.)

Corollary 5.10. The space |Ko(W)| is Lg(Lﬁj—connected.

Proof. We may choose an isotopy of embeddings p; : H — H, defined for t € [0, 00),
which starts at the identity, eventually has image inside any given neighbourhood of
C, and which for each ¢ is the identity on some neighbourhood of C. Precomposing
with the isotopy p:, any tuple of embeddings with disjoint cores eventually become
disjoint. It follows that the inclusion is a levelwise weak homotopy equivalence. [J

6. RESOLUTIONS OF MODULI SPACES

In the introduction we defined .# (X) as the classifying space BDiff5(X) of the
group of diffeomorphisms of X fixing its boundary. In this section we will describe
a specific point-set model for this classifying space, together with a simplicial
resolution. We then use the spectral sequence arising from this resolution to prove
Theorem 1.2.

Definition 6.1. For a 2n-manifold X with boundary P and collar ¢ : (—o0, 0] x P —
X, and an ¢ > 0, let Emb, (X, (=00, 0] x R*) denote the space, in the C*°-topology,
of those embeddings e such that e o ¢(t,x) = (¢, z) as long as ¢ € (—¢,0], and let

(6.1) E(X) = COEBH Emb. (X, (—00,0] x R*).

The space £(X) has a (free) action of Diff5(X) by precomposition, and we write
M(X) = E(X)/Diff5(X).
Two elements of £(X) are in the same orbit if and only if they have the same
image, so as a set, M(X) is the set of submanifolds M C (—o0,0] x R*> such that
(i) MN ({0} x R*®) = {0} x P and M contains (—¢,0] x P for some ¢ > 0,
(ii) the boundary of M is precisely {0} x P,
(iii) M is diffeomorphic to X relative to P.
(The underlying set of M(X') depends on the specified identification 0.X = P C R*.)

By [BF81] the quotient map £(X) — £(X)/Diff5(X) has slices and hence is
a principal Diffy(X)-bundle. Since £(X) is weakly contractible by Whitney’s
embedding theorem, the quotient space M(X) is a model for BDiff5(X) = .#(X).
In this model for .#(X), the map (1.1) which glues on a cobordism K is modelled
using a choice of collared embedding K < [—1, 0] x R* such that KN({—1} xR>) =
P. Then the gluing map is

—UK M(X)— M(X Up K)
M — (M — 61) UK,
that is, translation by one unit in the first coordinate direction followed by union of
submanifolds of (—oo, 0] x R*.

Let P be a closed non-empty (2n — 1)-manifold, and let W and M be path-
connected compact 2n-manifolds with identified boundaries OM = P = 0W. We
say that M and W are stably diffeomorphic relative to P if there is a diffeomorphism

WHW, = MW,

relative to P, for some g, h > 0.
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Definition 6.2. Let P C R™ be a closed non-empty (2n — 1)-manifold, and let W
be a compact manifold, with a specified identification OW = P. Let

M= MW = [T M(D),
(7]

where the union is taken over the set of compact manifolds with 97 = P and T
stably diffeomorphic to W relative to P, one in each diffeomorphism class relative
to P. The space M5 depends on P C R* and the stable diffeomorphism class of
W relative to P = 0W, but we shall suppress that from the notation.

In order to formulate the analogue of Theorem 1.2 in this model, we choose
a submanifold S C [—1,0] x R*> with collared boundary 95 = {-1,0} x P =
SN ({—1,0} x R*>), such that S is diffeomorphic to ([—1,0] x P)§W; relative to its
boundary. If P is not path-connected, we also choose in which path component to
perform the connected sum. Gluing K = S then induces the self-map

s=—-US: M — M
M+— (M —e;)US.
(As M Up S = MW relative to P, so M Up S is stably diffeomorphic to W if and
only if M is.)
Let us write Mzt C Mt for the subspace of manifolds of stable genus precisely

g, that is, those manifolds M € M?3' such that g(M) = g. Then (by definition of
the stable genus) s restricts to a map s : M5' — M3Y, .

(6.2)

Theorem 6.3. If 2n > 6 and W is simply-connected then the map
st He(M) — Hp(MGy)
induces an isomorphism for 2k < g — 3 and an epimorphism for 2k < g — 1.

In particular, this theorem implies that for any simply-connected manifold W
with boundary P, the restriction

st M(W) — M(WUpS)

induces an isomorphism on homology for degrees satisfying 2« < g(W) — 3 and an
epimorphism on homology in degrees satisfying 2+« < g(W) — 1, which, along with
the observation that g(W) < g(W), establishes Theorem 1.2.

Let us point out that Theorem 6.3 is slightly stronger than Theorem 1.2, and
in particular includes a non-trivial assertion about Hy: Theorem 6.3 implies that
s induces an isomorphism in Hy when g > 3, which in turn implies the following
cancellation result.

Corollary 6.4. Let P be a (2n — 1)-manifold, 2n > 6, and W and W' be two
simply-connected manifolds with boundary P such that WiW, ~ W/§W, relative to
P, for some g > 0. If g(W) > 3, then W = W' relative to P.

Proof, using Theorem 6.3. Choose an embedding P C R*, and let M** be the space
of manifolds stably diffeomorphic to W as in Definition 6.2. The manifolds W and
W' determine path components [W] and [W'] of M5*. As WEW, ~ W/tW,, W and
W’ have the same stable genus, say g(W) = g(W'’) = h > 3. Thus they represent
classes [W],[W'] € Ho(M5'). Theorem 6.3 implies that the g-fold stabilisation
map s : Mj' — M3, induces an isomorphism Ho(M3') — Ho(Mj5',,), so
sI([W]) = [WHW,] = [W'§W,] = s9([W’]) implies [W] = [W’]. Therefore W and
W' are in the same path component of M3', i.e. they are diffeomorphic relative to
P. O
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Remark 6.5. Kreck ([Kre99, Theorem D]) has proved a cancellation result similar to
Corollary 6.4 with the assumption g(W) > 3 weakened to g(W) > 1 if n is even and
g(W) > 01if n is odd. (The hypotheses of Kreck’s theorem are equivalent to ours, by
[Kre99, Theorem C].) Theorem 6.3 could perhaps be viewed as a “higher-homology
analogue” of Kreck’s cancellation result.

As an immediate consequence of the above cancellation result, we may deduce that
if W is simply-connected and 2n > 6, then g(W) = g(W) as long as g(W) > 3. (The
result of Kreck mentioned in Remark 6.5 implies that, for W simply-connected and
of dimension 2n > 6, g(W) and g(W) are equal without assuming that g(iW) > 3.)

6.1. Graded spaces. In order to prove Theorem 6.3, it is convenient to treat all
genera at once. In order to do so we will work directly with M>' instead of the
individual spaces M;t, and the following language will be convenient to keep track
of things.

Definition 6.6. A graded space is a pair (X, hx) of a space X and a continuous
map hx : X — N. A (degree zero) map f : (X, hx) — (Y, hy) of graded spaces is a
continuous map f : X — Y such that hy o f = hx. Similarly, a degree k map is a
continuous map f : X — Y such that hy o f = hx + k.

The homology of a graded space (X, hx) acquires an extra grading H;(X) =
D,>0 Hi(X)n, where H;(X),, = H;(hy'(n)). Maps of graded spaces respect this
additional grading (a degree k map of graded spaces induces a map with a shift
of k). For a function ¢ : N — N, we say a degree k map f : (X,hx) — (Y, hy) is
c-connected if for every g the map hy'(g) — hy' (g + k) is c(g)-connected.

To put our definitions above in this framework, the stable genus defines a grading
g : M — N on the space M and the stabilisation map (6.2) has degree 1 with
respect to this grading.

6.2. A semisimplicial resolution. Recall that S C [—1,0] x R* is a submanfold
with collared boundary 95 = {—1,0} x P which is diffeomorphic to ([—1,0] x P)§W;
relative to its boundary, so we may as well suppose that it is obtained from
[-1,0] x P C [-1,0] x R*™ by forming the ambient connect-sum with a disjoint copy
of Wy along the disc ([~1,0] x dc)(By/4(—1/2,0,...,0)), for some coordinate patch
dc:R™—1— p,

The coordinate patch dc induces for each M € M5 an embedding ¢ : (—4,0] x
R2"—1 < M for some § > 0 using the collar structure of M.

Definition 6.7. We define a semisimplicial space X, = Xo(W,P). Let X, be
the set of pairs (M, ¢) with M € M and ¢ € K,(M) (described in Definition
5.9), topologised as [7(£(T) x K,(T))/Diff(T), where the union is taken over
compact manifolds T' with 9T = P and T stably diffeomorphic to W relative to P,
one in each diffeomorphism class relative to P. The face maps of the semisimplicial
spaces Ko(M) induce face maps d; : Xp — Xp_1, so that X, has the structure of a
semisimplicial space augmented over X_; = M5, By composing the augmentation
map with g : M3 — N, the augmented semisimplicial space X, is a semisimplicial
graded space.

Theorem 6.3 follows by a rather standard spectral sequence argument (see
[Maa79, Theorem IV.3.1] for an early reference) from the following properties of
this resolution.

Proposition 6.8.

(i) If W is simply-connected, then the map | Xo| — M3, considered as a map of

graded spaces, is LQEQJ-connected.
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(ii) For each p > 0 there is a commutative diagram
st 9Ip
M — X,

(6.3) J Jd,,

Mt gp—1 Xp 1
where gp, is a weak homotopy equivalence of degree p+ 1, and gp,—1 is a weak
homotopy equivalence of degree p.
(i1t) The face maps dy,...,dp : X, = X1 are all homotopic when precomposed
with a CW approzimation to X, (i.e. they are equal in the homotopy category).

Proof of Theorem 6.3. The graded augmented semisimplicial space X, — M5t gives
rise to a tri-graded spectral sequence with

El HQ(XP)Q fOI' p Z _17 q Z Oa g Z Oa

P49
where the (p, ¢) grading is as usual, and the g grading comes from the grading of
the spaces. The differential on E! is given by d' = _,(—1)*(d;)«, and in general d"

has degree (—r,r — 1,0). Because the differentials do not change the g grading, this

is in fact just one spectral sequence for each g. The group E;5,  is a subquotient of

Hyy g1 (M, |Xa|)g, and hence (i) implies that EpS, =0 for p+¢ < ";—4.
The map
st Hy(M™)g —> Hy(M™) g1

which we wish to show is an isomorphism for ¢ < % and an epimorphism for

q < 951 is, by (ii), identified with (do). : Hg(Xo0)g+1 — Hg(X_1)g+1, which is the
differential E37q7g+1 — Equ’gH in the spectral sequence. The group £ o /4 is
the cokernel of this differential, and vanishes for —1 < %74, so we deduce that
this differential is surjective for g > 1. This proves the theorem for g < 2, providing
the beginning of an induction argument.

Since all the face maps d; induce the same map in homology by (iii), all but one of
the terms in the alternating sum in the differential d' = 37, (=1)"(d;)« : E3; , 511 —
E3; 1 4.4+1 cancel out, so this differential is (daj)« 1 Hy(X2j)g41 — Hy(X2j-1)g11
which by (ii) is identified with the stabilisation map

St Hy(M) g0 = Hy(M™) g 2j41.

By induction we can assume (for j > 0) that we have already proved the theorem for
this map so fprj > 0, the differential d" : E21j,q,g+1 — E21j_17q7g_|r1 is an epimorphism
for ¢ < % = % — 7 and an isomorphism for g < % — j. In particular, all
the groups E;yq_’gﬂ in degrees where p > 0 and p+¢q < g%l are killed by these
differentials.

The induction hypothesis does not imply anything about E&q’ g+1 and Ezl,q,g 115
but for degree reasons there is no room for a d" differential for r > 2 whose

target £ .1 hasp+q < %. Since E;5, ;11 = 0 for such (p, g, g), we must have
E2

o ag+1 = 0for ptq < 9773 and all p > —1. Tt follows that d* : B, . — ELy , 1y
is an isomorphism if ¢ < % and an epimorphism if g —1 < gT_:S. This provides the
induction step. O

6.3. Proof of Proposition 6.8. Part (i) is proved in Lemma 6.9 below. Lem-
mas 6.12, 6.14 and 6.15 below, the latter two of which rely on Lemma 6.11, will
establish (ii) and (iii).

Lemma 6.9. If W is simply-connected, then the map |e| : | Xo| — M5, considered
as a map of graded spaces, is L%QJ -connected.
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Proof. The quotient map [ [ E(T) — M5t is a locally trivial fibre bundle, so all
of the associated maps X;, = [];1(£(T) x K,(T))/Diffo(T) — M>* are too, and
moreover M** has a cover by open sets on which X, — M>" is locally trivial for
every p. Working in compactly generated spaces, it follows that || is again a locally
trivial fibre bundle, with fibre |K4(M)| over M € M3'. As we have supposed
that W is simply-connected and of dimension 2n > 6, M is too, so this space is
LWJ—connec‘ced. The claim follows from the long exact sequence on homotopy
groups. O

The manifold S C [—1,0] x R* used to define the stabilisation map (6.2) is a
cobordism from P to P, and we shall need to consider its iterates. Let us write

Sp=)(S—i-e) C[—(p+1),0] x R

-

=0

for the (p + 1)-fold iteration, a manifold diffeomorphic to the (ambient) connected
sum of [—(p+ 1),0] x P and p + 1 copies of Wj. In this notation Sy = S, and we
will use these interchangeably.

Definition 6.10. Let Y_;(p) denote the set of submanifolds N C [—(p+1),0] x R*®
such that
(i) ON=NN{—-(p+1),0} xR>®)={—(p+1),0} x P, and the sets (—¢,0] x P
and [—(p+1),—(p+ 1) +¢) x P are contained in N for some ¢ > 0,
(ii) N is diffeomorphic to S, relative to its boundary.

We topologise this space as a quotient space of Emba(Sp, [—(p+1),0] x R*), which
is given the colimit topology analogously to (6.1).

Any element N € Y_1(p) gives rise to a map M5 — M5! defined in analogy with
(6.2), and there is a continuous function h : M5 x Y_1(p) — M5t given by

hWM,N)=(M—(p+1)-e) UN.

The manifold S, itself gives a point in Y_;(p), and h(—, S,) agrees with the (p + 1)-
fold iterate of (6.2), but it will be important to consider stabilisation with other
manifolds.

The coordinate patch ¢ : R?”~! — P induces a coordinate patch R?"~1 —
{0} x P C ON for any N € Y_1(p). We may then define an augmented semisimplicial
space Yo(p) — Y_1(p) in complete analogy with X, — M>": an element of Y, (p)
is a pair (N,z) where N € Y_1(p) and & = (¢o,...,¢4) € K4(N). The map
h: M x Y_1(p) — M5 defined above extends to a map of semisimplicial spaces
h: M5 x Yo(p) — X, defined by

h: M x Y, (p) — X,
(M;N7¢Ov~~'a¢q)’_>((M_(p+1)'el)UNa¢Oa"'7¢q)'

Lemma 6.11. For any y € Y,(p), the map h(—,y) : M — X, is a weak homotopy
equivalence.

Proof. For a point y = (N, ¢g, ..., ¢p) € Y,(p) we consider the space E consisting of
pairs of an M € M®" and an embedding e : N — M sending 0oyt N = {0} x P to P C
M by (0, p) — p. We topologise F as a subspace of M5 x Emb%u (N, (—o0, 0] xR>).
As the inclusion

([-&,0] x P)uU (O gi)l-(H)) — N,
i=0
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which is only defined for small enough ¢, has an inverse up to isotopy through
embeddings, we deduce that the map

E— X,
(Mae) — (M,€O¢)O7...7€O¢p)
is a homotopy equivalence. On the other hand, the map
E — Emb%" (N, (—o0, 0] x R*)
(M,e) — e

is locally trivial (the map is Diff 5((—00, 0] x R*°~1)-equivariant, and by the parametrised
isotopy extension theorem [Cer61, 2.2.1 Théoréme 5] the base is “localement retrac-
tile” [Cer61, p. 239] with respect to this action, so by [Cer61, 0.4.4 Lemme 2] the
map is locally trivial) over a contractible base space. The fibre over the canonical

embedding N C [—(p + 1),0] x R* is the space of those M € M** which contain
N, which is clearly weakly homotopy equivalent to MSt. O

Lemma 6.12. Let ¢g,...,¢p : H = S, be embeddings satisfying that the tuples

zp = (Sp; b0, ..., 0p) and xp—1 = (Sp—1; @0, ..., 0p—1) define elements z, € Y,(p)
and xp—1 € Yp—1(p — 1). Then the diagram

h(—,zp)

Mt X,

(64) SJ/ ldp
h(fvaf 1)

Mt X,
commutes. Embeddings ¢; with this property exist.

Proof. For the commutativity of the diagram, we just calculate

dp(h(M, 2p)) = dp(M — (p+1) - €1) U Sp, b0, ..., dp)
=((M—(p+1)-e1)USy, do,...,0p-1)
=(((M—-e))US—p-e1)US,_1,60,...,Pp-1)
=h(s(M),zp_1).

For the existence, we first note that the canonical embedding ¢’ : W11 — S
induces, for each i =0, ...,p, an embedding

(j);:(j)/fﬁel:WM%Sp

with image in S, N ([—(i + 1), —i] x R>). We extend these to disjoint embeddings
¢; of H by choosing a path from each ¢;(0W 1) to the point ¢(0;33,0,...) in the
coordinate patch ¢ and thickening it up. (Strictly speaking, this may not be possible
if the path component of P is orientable and the orientations induced by ¢’ and ¢
are not compatible. If this is the case we first change ¢’ by precomposing with an
orientation-reversing diffeomorphism of Wi ;.) These paths may clearly be chosen
disjointly, and for ¢ < p they may be chosen with image in S,_i. (|

To establish property (iii) of Proposition 6.8 we must produce a homotopy of
maps into X,_;. The homotopy will be constructed in Lemma 6.14 and 6.15 using
the explicit diffeomorphism provided by the following lemma.

Lemma 6.13. Ifig, i1 : Wi, < Wa 1 are disjoint orientation preserving embeddings
into the interior of Wa 1 then there is a diffeomorphism o of Wa 1 which restricts to
the identity on the boundary and satisfies o oi; =115 for j =0, 1.
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Proof. Let ¥ be the manifold obtained from the ball By2(0) C R*" by cutting out
the interiors of each of By(+3e1) and gluing in copies of W ; along the boundaries
(which are both canonically identified with S?"~1). We will first construct a
diffeomorphism o of ¥ which swaps the two copies of Wi 1, and then show that
there is an embedding e : ¥ < Wj ; restricting to ¢y and ¢; on the two copies of
Wi,1. The required diffeomorphism is obtained by extending o from X to W5 ; by
the identity.

For t € [0,1], let A(t) € SO(2) be the rotation by t -, and let B(t) € SO(2n) be
the block-diagonal matrix diag(A(t), I). Let r : [0,00) — [0, 1] be a smooth function
with r=1(1) = [0,1] and 7=1(0) = [2,00). Then the formula

f(@) = (Bor(|z])(z)

defines a “half Dehn twist” diffeomorphism of R?", supported in 2D?". Inside
D?" it just rotates by 7 in the first two coordinate directions. The function
g(x) = f(x + 3e1) + f(x — 3e1) — x does two of those half Dehn twists, supported
in the balls By(£3e1), and the function h(z) = 6f(z/6) does a half Dehn twist
supported in the ball By2(0). Finally, the map 6 = h~! o g is a diffeomorphism
of R?" supported in Bj3(0) which swaps the two balls By (£3e1): on Bi(—3eq) it
agrees with the map “+6e;” and vice versa. Hence & restricts to a diffeomorphism
o of ¥ which is the identity on the boundary and swaps the two copies of W ;.
The given i and ¢; give an embedding into W5 ; from the subspace Wi  IIW; ; C
Y. To extend to an embedding X «— Wj 1, it suffices to extend to a neighbourhood
of (Wl,l I Wl,l) @] [—261,261] C ¥. The manifold K = Wg’l \szo,lint(ij(Wm))
is path-connected, so an extension over [—2eq, 2e;] exists. This extension may be
thickened to an embedding of a neighbourhood inside ¥ as we have assumed that
the i, are both orientation preserving. O

Lemma 6.14. Let y € Y,(p) be of the form y = (Sp; do, ..., Pp), and be such that
the two elements of Y,—1(p) defined by

dl(y) = (Sp;(b()w"?é’iw" Jd)p)
dip1(y) = (Sp;¢07--~7§£i+17~-~a¢p)

are in the same path component of Y,_1(p). Then the two compositions

d;
h(—.y) —
t
M M e
dit1

are homotopic.

Proof. If we pick a path v : [0,1] = Y,_1(p) with v(0) = d;(y) and (1) = di+1(y),
then a homotopy can be defined as s — h(—,7(s)). O

Lemma 6.15. For each i € {0,...,p — 1}, there exists a y € Y,(p) of the form
y = (Sp; bo, - -, Pp) such that d;(y) and d;y1(y) are in the same path component of
Y,-1(p)-

Proof. Let us first note that for any isotopy of embeddings h; : S, — [-(p+ 1), 0] x
R, constant near 95, starting at the canonical inclusion ¢ and ending at ¢ o 7 for
a diffeomorphism 7 : S, — S, we get a loop ¢t — h(S,) € Y_1(p) covered by the
path

(65) t— (ht(Sp);hto¢07"'7hto¢q)

in Y,(p), starting at any given (Sp;¢o,...,¢,) € Y,(p) and ending at (Sp,;7 o
¢07...,T0¢q).
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For any 7 € Diff5(S,), we may use Whitney’s embedding theorem to choose an
isotopy h¢ from ¢ to ¢ o 7, and this isotopy is unique up to isotopy. It follows that
the path (6.5) depends only on 7, up to homotopy relative to 9I.

We then apply Lemma 6.13 in the following way. The images of the embeddings

i1t Win — S, from the proof of Lemma 6.12 may be enlarged and then
joined by a thickened path to obtain a submanifold B; C S, N ((—i — 2, —14) X
R*°) diffeomorphic to W21 and disjoint from the images of ¢’ for j & {i,i + 1}.
Applying Lemma 6.13 to the embeddings ¢}, ¢}, : W11 — B; = Wy 1, we obtain
a diffeomorphism o; : S, — S, supported in B;, satisfying o; o ¢; = ¢;,; and
0 © ¢§+1 = ¢}

We first choose the ¢; for j # {i,i+1} as in the proof of Lemma 6.12, starting with
¢ : W11 — S, and extending by a thickening of a path to the point ¢(0; 33,0, .. .)
in the coordinate patch c¢. In doing so, we ensure that these paths are disjoint from
each other and from B;. We then extend ¢;,; to ¢;41, disjoint from previously
chosen ¢;. The construction (6.5) now gives a path from (Sp; ¢o, .. b S Op)
to the element (Sp;¢o,...,¢i—1,0; © Pit1, Pit2,...,Pp). We can then choose an
extension ¢; of ¢, which is isotopic to o; o ¢;41, by an isotopy g¢; disjoint from
previously chosen ¢;.

For y = (Sp; o, - - -, ¢p), the path (6.5) concatenated with the path arising from
the isotopy g; starts at d;(y) and ends at d;+1(y). O

Proof of Proposition 6.8. Lemma 6.9 proves (i). For (ii), we apply Lemma 6.12 and
define the maps g, and g,—1 of (6.3) as the maps h(—,z,) and h(—,z,_1) of (6.4).
These are weak homotopy equivalences by Lemma 6.11.
Finally, for each ¢ € {0,...,p — 1} Lemmas 6.14 and 6.15 imply the existence of
a diagram
d;

4 M=) —
t
Mt Ty
dit1

where the first map is a weak homotopy equivalence by Lemma 6.11, and the two
compositions d;oh(—,y) and d;10h(—,y) are homotopic. As any CW approximation
of X, may be lifted up to homotopy through the weak homotopy equivalence
h(—,y) : M — X, it follows that the face maps d;,d;i+1 : X, — X,—1 become
homotopic when precomposed with a CW approximation of X, establishing (iii). O

7. TANGENTIAL STRUCTURES AND ABELIAN COEFFICIENT SYSTEMS

In this section we shall improve Theorem 6.3 in two ways. Firstly we shall
consider moduli spaces of manifolds equipped with extra structure, and secondly we
shall consider homology with coefficients in certain local coefficient systems.

Recall that a tangential structure is a map ¢ : B — BO(2n) with B path-
connected, and a 6-structure on a 2n-manifold W is a bundle map (fiberwise
linear isomorphism) EW : TW — 0*v2y,, with underlying map ¢y : W — B.
We shall write Bun’ (W) for the space of all such maps. If W has boundary P
equipped with a collar (—¢,0] x P — W, then the collar induces an isomorphism
el@®TP = TW|p. If we fix a f-structure ZP :e'@TP — 0%y, then we may consider
the subspace Bun® (W;p) C Bun’(W) consisting of bundle maps fyy : TW — 6*ya,,
which restrict to ¢p over the boundary. Precomposition with the derivative of a
diffeomorphism induces an action of the group Diff5(W) on the space Bun%(W;{p).

In Section 6, we considered W = P C R* and used the model EDifty(W) =
E(W), defined as the embedding space (6.1), to construct the point set model
M(W) ~ # (W) = BDiff5(W). In this section, we shall need a similar model for the
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homotopy quotient (alias Borel construction) . (W; p) = Bund(W; {p) JDiffo(W).
We let

MO (W3 ip) = (E(W) x Buny(W; Lp))/Diffs (W).

As a set this may be described as pairs (M, ¢) where M € M(W), and hence in
particular OM = 0W = {0} x P, and {:TM — 0*~o, is a bundle map with
Ligm = Up.

Just as in Section 6, it is convenient in this section to consider all manifolds
stably diffeomorphic to W in one go, so in analogy with Definition 6.2 we define the
following larger moduli space of #-manifolds.

Definition 7.1. Let P C R* be a (2n — 1)-manifold, equipped with a #-structure
{p, and let W be a manifold with boundary P. Let

MSt’e(éP> _ Mst,H(W;tZP) _ HMO(T; ép),
(7]

where the union is taken over the set of compact manifolds with 0T = P and T
stably diffeomorphic to W, one in each diffeomorphism class relative to P. As a set
this may be described as pairs of a 2n-dimensional submanifold M C (—o0, 0] x R
and a #-structure £p; : TM — 6%, such that

(i) M e MY (W),

(ii) lp|p = Lp.

The first difference which arises in the presence on #-structures is that there

are potentially many 6-structures on the cobordism S 2 ([—1,0] x P)§W;, and

furthermore these may restrict to different -structures on {—1} x P and {0} x P.
We therefore require a discussion of the types of #-structure that S should be allowed.

Definition 7.2. Choose once and for all a bundle map 7 : R?" — 0*yy, from
the trivial 2n-dimensional vector bundle over a point, or what is the same thing a
basepoint 7 € Fr(6*~s,,). This determines a canonical @-structure on any framed 2n-
manifold (or (2n— 1)-manifold); if X is a framed manifold we denote this f-structure
by [7}

In (5.1) we have defined a specific embedding S™ x D™ < R?*", and hence obtained
a framing gn  pn of S™ x D™. We will say that a 8-structure on S™ x D™ is standard
if it is homotopic to égnx D

In (5.2) and (5.3) we defined embeddings e, f : S™ x D™ — W 1, and hence we
obtain embeddings

€1, f1ys€g, [yt ST X D" — Wy 1.

Let us say that a -structure 0 TW, 1 — 0%ya, on Wy is standard if all the
pulled-back structures €; ¢ and f: ¢ on S™ x D™ are standard.

Remark 7.3. In Definition 1.3 we said that a f-structure ¢ on Wi 1 was admissible
if there are orientation-preserving embeddings e, f : S™ x D" — Wj ; with cores
intersecting transversely in one point, such that each of the f-structures e*¢ and f*¢
on S™ x D™ extend to R?" for some orientation-preserving embeddings S™ x D™ —
R?". We will now explain that if { is admissible then in fact there is an embedding
¢ : Wi, — Wi 1 such that gb*é is standard.

This is a consequence of the following claim: if a @-structure ¢ on S™ x D™
extends to R?™ for some orientation-preserving embedding i : S™ x D" — R2",
then there is a diffeomorphism ¢ of S™ x D™ such that go*@ extends to R?" for the
embedding (5.1).
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We may isotope i to have image disjoint from {0} x R*~! C R**! x R*~! = R?"
by general position, and we may further ensure that ¢ has linking number 1 with
this submanifold, by connect-summing the core of ¢ with a sphere isotopic to
S™ x {0} € R**! x R*~!, Then we may isotope i to an embedding into the image
A of (5.1) and i : S™ x D™ — A will be a homotopy equivalence. The region
A\ int i(S™ x D™) will therefore be a simply-connected h-cobordism, and hence i is
further isotopic to a diffeomorphism onto A. This proves the claim.

We now choose a #-structure g on the cobordism S 2 ([—1,0] x P)#W; which is
standard when pulled back along the canonical embedding ¢’ : W11 — S. Let us

write £p for its restriction to {0} x P C S, and £, for its restriction to {—1} x P C S.

We therefore obtain a map
1) s=—U(S,lg): MO W;lp) — MO (W ip)
' (M, 0rr) — (M = e) US, Iy Uls).

Before stating our main result, we must define the analogue of the function g
for -manifolds. The naive definition, to define g(M, ¢r) as G(M), is not as well
behaved as the following: first define the #-genus to be

ge(M,éM) = max{g eN

there are g disjoint copies of W; 1 in M,
each with standard @-structure ’

(by Remark 7.3 this agrees with the definition in the introduction) and then define
the stable 0-genus to be

ge(Ma EJVI) = max{go((Ma éM)hk(Wl,17gW1,l)) -k ‘ ke N}v

where the boundary connect-sum is formed with & copies of Wi ; each equipped
with a standard #-structure EWI,I' We use the function g7 is used to grade the spaces
MO (W £p) and M (W; '), so that the stabilisation map s : M9(W;0p) —
MSt’e(W;é}) has degree 1. Our main theorem about this map is completely

analogous to Theorem 6.3, but has a strong and a weak form, depending on whether
0 has the following property.

Definition 7.4. A tangential structure 6 : B — BO(2n) is spherical if any 6-
structure on D?" extends to S?".

This is a condition that we introduced in [GRW14b, §5.1], and we will refer
there for some of its basic properties. Many tangential structures of interest satisfy
this condition, including all of those which are pulled back from a fibration over
BO(2n + 1), such as orientations and spin structures. Another example is BU(3) —
BO(6), as S® admits an almost-complex structure, but in higher dimensions almost-
complex structures are not spherical. A notable tangential structure which is not
spherical is that of a framing (corresponding to EO(2n) — BO(2n)).

Finally, let us introduce a class of local coefficient systems. The spaces we consider
are usually disconnected and have no preferred basepoint, so local coefficients are best
defined as functors from the fundamental groupoid to the category of abelian groups
(or as bundles of abelian groups). Then an abelian coefficient system is a coefficient
system which has trivial monodromy along all commutators: in other words it has
trivial monodromy along all nullhomologous loops. Given a local coefficient system
L on MW, ép), we can define twisted homology with coefficients in £, and s
induces a map

(7.2) Se 0 Hy(MPSO (W 0p); L) g — Hi (MO (W;0p); £) 441
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of twisted homology groups, where the subscripts denote the extra grading (as
in Section 6.1) on the homology of the graded spaces (M (W;#,),g%) and
(MO (W Lp), g°).

Theorem 7.5. Suppose that 2n > 6, and that W is simply-connected.
(i) If L is abelian then the stabilisation map (7.2) is an epimorphism for 3k < g—1
and an isomorphism for 3k < g — 4.
(ii) If 0 is spherical and L is constant, then the stabilisation map (7.2) is an
epimorphism for 2k < g — 1 and an isomorphism for 2k < g — 3.

In particular, if fy € Bun(W;£}) and we write M?(W, ly) € MO (W;0,) C
M58 (W £,) for the path component containing (W, fyy/), then (7.1) restricts to a
map

S: M"(W, éw) — MQ(W Up S,EW Ués)
and it follows from Theorem 7.5 that this is an epimorphism or isomorphism on
homology with (abelian) coefficients in a range of degrees depending on g (W, ).
This, and the fact that g (W, Zy) < §°(W, fw ), proves Theorem 1.4.

‘We shall describe those aspects of the proof of Theorem 7.5 which differ from
the proof of Theorem 6.3. There are two main differences. Firstly a slightly
more elaborate analogue of K4(M) is required to incorporate information about
f-structures, and we must also develop some basic tools for dealing with 8-structures
on the manifolds Wy 1. Secondly, we must take care that loops swept out by certain
homotopies which we construct are nullhomologous.

7.1. f-structures on W, ; and H. Recall that H is the manifold obtained from
W11 by gluing on [—~1,0] x D?"~1 along an orientation preserving embedding
{~1} x D*"=! < W, ;. In Remark 5.4 we have explained that there is a framing
of H which is standard on the image of & and f and extends the Euclidean framing
on {0} x D?>"~! C H. We choose such a framing, and call it £5. The associated
f-structure (7, is therefore standard (in the sense of Definition 7.2) when restricted
to W11 C H. Welet &w, , be the framing on W13 C H induced by £g, and &w, | be
the framing on Wy 1 induced by boundary connect sum of g copies of (W11, £W1,1)~

Lemma 7.6. The space of standard 8-structures on Wy 1 (not fived on the boundary)
18 path-connected.

Proof. Let ¢ and ¢ be two standard 6-structures on Wi 1. Writing E = €(S™ x D")
and F = f(S"™ x D"), the inclusion EU F < Wi,1 is an isotopy equivalence, so it
is enough to verify that they are homotopic when restricted to this subspace. The
restrictions ¢ | and /| are both standard, so in particular are homotopic: choosing
such a homotopy and extending to F U F', we see that we may change ¢ and ' by
homotopies so as to suppose that they are equal on F.

Now the restrictions ¢/ | and 1 | are equal on the contractible subspace ENF C F,
and as they are standard they both extend over the contractible space R?" under
the embedding (5.1) (precomposed with f~!). Hence they are homotopic relative
to ENF. O

Lemma 7.7. The space of 0-structures on H which are standard on Wy ;1 C H and
induced by the framing on {0} x D®*"~1 C H is path-connected.

Proof. Let ? be a f-structure on H which is standard on Wi,1 and restricts to

e TD* 1 — R 15 0%y,
on {0} x D*~1 C H. Tt is enough to show that there is a path of bundle maps
from ¢ to ¢%; which is constant over {0} x D?"~1.
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As the inclusion Wi ; — H is an isotopy equivalence, by the previous lemma
the f-structures ¢ and é}l are homotopic, and all that remains is to show that this
homotopy may be taken to be constant over {0} x D?"~1. To do this, we first choose
any path p of #-structures from 7 to E 77, and denote by « the loop in Fr(0*vs,)
(based at 7) obtained by restriction to (0,0) € {0} x D?"~1. If this loop were
nullhomotopic then by homotopy lifting along the restriction map we could modify
p to a path which is constant over {0} x D**~1.

As « is not in general nullhomotopic, we compose p with the loop based at @}I
given by the framing ¢ and the loop of #-structures =1 (which determines a loop
of §-structures for any framed manifold) to obtain a new path p’. The loop given
by restricting this path to (0,0) € {0} x D?"~! is now 7 - vy~!, so nullhomotopic,
and the construction described above now applies. O

Corollary 7.8. The space of standard 0-structures on Wy 1 (not fized on the
boundary) is path-connected.

Proof. Wy, is diffeomorphic to a manifold obtained from D?" by gluing g copies
of H to its boundary along {0} x D?"~! and rounding corners. Hence this claim
follows from the previous lemma, by first making any two standard #-structures be
equal on the D?". O

Lemma 7.9. If 0 is spherical, any standard 0-structure on Wy 1 extends to the
closed manifold W11 Usw, , D ~ W;.

Proof. By Lemma 7.6 it is enough to construct any #-structure on W; which restricts
to a standard @-structure on Wi 1. Let £ denote the framing of Wy 1 C H constructed
above, and ET . the f-structure associated to it.

Any frammg Cof et @ TW1 1 induces over the boundary a framing (s of the
bundle e' & TW|ow,, = e* @ TS**~1. If the framing ¢ is changed by a map
P : Wi — SO(2n + 1) corresponding to elements a, § € m,(SO(2n + 1)) then (p
is changed by [«, 8] € m2,—1(SO(2n + 1)), which is trivial as Whitehead products
vanish in the homotopy groups of any H-space. Thus up to homotopy the framing
Cp of €2 @ T'S?"~! is independent of ¢, and hence extends over D?" for all ( if it
does for one. As e! ®TW; admits a framing, (s must extend over D?” and it follows
that any framing ¢ of el @ TWj 1 extends over Wi. In particular the framing e! @ ¢
of el @ TWi,1 extends to a framing & of et @ TW;.

In [GRW14b, Lemma 5.6] we have shown that if 6 is spherical then there is a
commutative diagram

B— B

| |
BO(2n) —— BO(2n + 1)

which is 2n-cartesian i.e. the induced map from B to the homotopy pullback is
2n-connected. Hence every f-structure on e' @ TW; arises up to homotopy from
a O-structure on TW;. In particular, the f-structure on ! @& TW; associated to
(the stabilisation of) 7 and the framing & gives a 6-structure fy, on Wi. The
f-structures ZWl lw,, and E;Vm become homotopic as #-structures (they are both
associated to the framing ! @ £), but W 1 only has cells of dimension < n and the
diagram is 2n-cartesian, so they are also homotopic as #-structures: thus yy, lw .
is standard. O

Recall that in the proof of Lemma 6.13 we constructed a particular manifold 3
diffeomorphic to W5 ; containing two canonical copies of W 1, and we constructed
a diffeomorphism o € Diff (X, 9) interchanging these two copies.
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Lemma 7.10. If 0 is spherical then any standard 6-structure {ony satisfies
o*l ~ ¢ relative to 0.

Proof. We shall use some basic properties of spherical §-structures which we have
developed in [GRW14b, §5.1]. Let us first prove the lemma for a special, highly
symmetric, standard 6-structure 7 on %, which we shall construct using the special
properties of spherical tangential structures.

Recall from the proof of Lemma 6.13 that we constructed X by starting with
B12(0) € R?", forming A = Bi2(0) \ int(B;(43e1)), and gluing in copies of W1 1
along each dBj(+3e;). The manifold A has a canonical Euclidean framing, and
we let l@ be the #-structure associated with this framing; it restricts to the same
f-structure on each of 9By(£3e;). The f-structure ff4|631(3el) on S~ = oW,
extends to a #-structure EABZ,,L on D" (as the framing extends), and by Lemma
7.9 there exists a -structure éWl on Wi which is standard on Wi ;. By [GRW14b,
Proposition 5.8] we can connect-sum (D?", EATDZ,,L) and (W, fy,) as 6-manifolds to
obtain a f-structure ZAWM on Wi, which is both standard and agrees with éf4|a B1(3e1)
on Sl = OW1 1. Taking ZAWLI on both of the glued in copies of W; ; we obtain a
g-structure ¢’ on ¥ which is standard.

By construction, ol agrees with # on 9% and on both copies of Wj ;1. Thus we
must show that o*/7, ~ (7 relative to dA. This will be the case if o preserves the
Euclidean framing of A up to homotopy relative to JA: it does, and we now describe
an explicit homotopy. It is convenient to first work with the diffeomorphism & of
R?" constructed in Lemma 6.13. We can define an isotopy of diffeomorphisms &
for s € [0, 1] by replacing A(t) by A(st) in the definition of f, g, h, and 6. Then
60 =1d, 61 = 6, and 6, always restricts to a parallel translation on each Bj(+3e;).
Then, for each x € R?", we get a path s — (Dé)(z) € GL(R?*") from the identity
matrix to (D&)(z). This path of matrices gives a path from the Euclidean framing
of R2" to the pullback of the Euclidean framing along &, and is constant outside
int(A).

The following argument was suggested to us by Michael Weiss. By Corollary 7.8
there is a homotopy 0~ E’ not fixed on the boundary, between the given standard
f-structure and the one we have constructed. Let us write 7 : [0, 1] — Bun’(X) for
this path from / to #/, and 4" : [0,1] — Bun% () for the path from ¢ to o*#' relative
to the boundary constructed above. The concatenated path

~ N ’ w1 R
(50 ot " ot
maps under the restriction map p : Bun’(X) — Bun’(8%) to a loop based at |5
which is nullhomotopic. As the restriction map p is a Serre fibration we may lift

this nullhomotopy, and hence obtain a path from ? to o*/ relative to the boundary,
as required. O

It remains to describe a version of the construction of o satisfying Lemma 7.10
which is suitable for a general tangential structure, without requiring the assumption
that it is spherical. The following should be considered as a combined analogue
of Lemmas 6.13 and 7.10 in this case. Part (iii) of the lemma is only required for
dealing with abelian local coefficient systems later on.

Lemma 7.11. Let ¢ be a standard 0-structure on Ws1 and i1,12,13 : Wi 1 — W3 1

be disjoint orientation preserving embeddings into the interior of Ws 1 on which 7 is
standard. Then there is a diffeomorphism p of W3 1 which restricts to the identity
on the boundary, and which satisfies

(i) poiz =i,
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(it) p*l ~ I relative to OWs 1,
(ii1) the diffeomorphism p and the homotopy ~ : p*f ~ £ can be chosen so
that the corresponding loop in M®(W31;€|ows, ,) becomes nullhomologous in

MQ(W5,1;é|5W5Y1), where the O-structure ¢ is extended to Ws.1 by forming the
boundary connected sum with Wy 1 with a standard 0-structure.

Proof. By thickening up an embedded path between i1(Wi,1) and io(Wi 1), we
obtain an embedding i1 : ¥ < W3 ; of the model ¥ of Wy 1 constructed in the
proof of Lemma 6.13. Doing the same with i2(W7 1) and i3(W; 1) gives an embedding
i93 : X — W31, and if we choose the thickened paths disjointly we may suppose
that the intersection of the images of 712 and i23 gives a regular neighbourhood of
19 (Wl,l)-

The diffeomorphism o constructed in Lemma 6.13 can thus be extended to a
diffeomorphism o5 of W3 ; using i;2, and to another diffeomorphism oa3 of W3 1
using io3. We then define p = 01_21 ) 02_31 0019 0 093, and observe that (i) is satisfied.

For the remaining properties, just as in the previous lemma we first prove them
for a particular standard 6-structure ¢/. Let us construct a framing £ on W3
such that p*¢ ~ ¢ relative to OW3 1, and such that £ pulls back under each of
€1, 1,83, f3: 8" x D" — W1 to a framing homotopic to {gnyx pn. Taking v
to be the f-structure associated to such a fmmlng7 it will be standard and property
(ii) for ¢' will then be evident; this property for ¢ then follows as in the end of the
proof of Lemma 7.10.

Recall that we have chosen a framing {w, , of Wy 1. We shall take the framing £
on W31 to be given by &, , on each i;(W1 1), and extend by a choice of framing
&o, which we shall be slightly more specific about shortly, on the set

3 3
A= W3,1 \int U Z'j(Wl’l) ~ DQn \ int H DQn

j=1 j=1

The diffeomorphisms o012, 023, and p of W3 ; induce diffeomorphisms 12, G23,
and p of A which permute the boundaries i,;(0W 1) and fix the boundary 0Ws5 1. If
¢ is a framing of A agreeing with & on 9A, we shall write [£] for its class modulo
homotopy of framings fixed on dA. We shall study the effect of the diffeomorphisms
012, 023 and p and their compositions on the set of such [¢]. The framings 6354[&o]
and [&p] differ by the homotopy class of a map

3" (AvaA) — (SO(QTL), *)7

and we similarly define d15. We claim that 23 and d15 are homotopic to maps with
support inside a ball D?" C A. As A may be obtained from A by attaching three
embedded and normally framed 1-cells and a 2n-cell, this is equivalent to saying
that d23 and §15 are nullhomotopic when restricted to each of the three 1-cells. If
we take the 1-cells to be attached to the same point of OW3 ; and equivalent points
of the 7;(0W1 1) as shown in Figure 2, and choose & so that its restrictions to each
of these 1-cells are homotopic relative to the end points of the 1-cells (when the
restrictions of T'A to the 1-cells are identified using the normal framings), then it
is clear that the framings 635&y and &, are homotopic on the 1-cells, because up
to isotopy the diffeomorphism 653 simply permutes these 1-cells and their normal
framings (this is not true for n = 1 where they are “braided”, but we have assumed
2n > 6). This shows that da3 is homotopic to a map supported inside a ball, and
the same argument applies for d1o.

In particular the support of §12 can be made disjoint from the support of 693,
from which it follows that the homotopy classes of framings §35675[¢0] and [£o] differ



HOMOLOGICAL STABILITY I 35

FIGURE 2. The manifold A, obtained from dA by attaching three
1-cells and a 2n-cell.

by the product [da3] - [012] of the commuting elements
[(523}7 [512] S [(A, 0A), (30(2’17,), *)]

Continuing in this way, we find that p*[¢o] and [&] differ by [0a3] - [012] - [623] 71 -
[012] 71 = 0 € [(A,0A), (SO(2n), x)]. Therefore there is a homotopy of framings
A1 prEy ~ & relative to OA, and gluing in three copies of (W1 1,&w, ,) gives a
homotopy v : p*¢ ~ ¢ relative to OWs 1, as required.

To establish property (iii), let A’ = D?"\int (H?Zl D2”> be given a cell structure
relative to A’ analogous to that of Figure 2, with five normally framed 1-cells and
a 2n-cell. Let it be given a framing & which agrees with &w, | |ow, , on each of the
boundaries of the small discs, and such that the framings induced on each of the five
1-cells are homotopic as before. For each triple a,b,c € {1,2,3,4,5} we obtain an
embedding i4. : A — A’ sending the boundaries labeled 1, 2, 3 to those labeled a, b, ¢
respectively, and sending the three 1-cells of A to the three corresponding 1-cells.
Under this embedding, the diffeomorphism p of A constructed above extends to a
diffeomorphism pape of A’, and there is a corresponding homotopy Yape : p,.£0 = &0-

In the symmetric group X5 we have

(123) = (253) 71 (412)7*(253)(412)

and hence the diffeomorphism of A’ defined as

U = (PiiaPassParziass) prs

restricts to the identity on dA’. The corresponding paths of framings 945, may be
glued to induce a path of framings 7 : 1/}*5(’) ~ &(, which together defines a loop
(1, %) the space MT(A';€}|aar), where fr : EO(2n) — BO(2n) corresponds to the
structure of a framing. The loop is based at a point determined by the framing
&, on A’. Now the five 1-cells of A’ must be fixed up to isotopy by v, under our
assumption 2n > 6, so we may isotope ’(/AJ (and homotope %) so that they are fixed.
Furthermore, the path 4 gives a trivialisation of the differential D’Q/AJ along each 1-cell,
SO we may isotope 1/; so that it is the identity on the normal bundle of each of the
1-cells, and homotope 4 so that it is constant over each 1-cell. We have therefore
changed the loop (t,4) by a homotopy so that it gives a loop in MT(A’;&}|aar)
which is supported in a disc, which we may take to be inside i123(A) but disjoint
from its 1-cells. Gluing five copies of (W1 1,&w, ;) in to form (W5 1,¢’), we obtain
loops Zape = (Pabe, Yabe) N Mfr(W571;§'|aW511) based at &', and hence elements
ZTabe = [(Pabe, Yabe)] € 7T1(./\/lfr(W5,1;£’|3W5’1),§’). We find that the commutator
[xo53, 412] satisfies

[(p123,7123)] = [w253, Ta12] - [(¥, )] € T (MT (W51 |ows ), &)
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Hence we may re-choose (p123,7y123) homotopic to the concatenation (pia3, Y123) -
(1,7)~! representing an element of m (M™ (W3 1;€|aws, , ), €) which becomes a com-
mutator in 71 (M® (W55 [ow; , ), €') and hence nullhomologous. As usual, property
(iii) for the standard #-structure v coming from taking the f-structure induced by
the framing follows.

To deduce property (iii) for £, note that a choice of homotopy ¢ ~ ¢’ restricted to
the boundary gives a f-structure on the cylinder $2"~1 x [0, 1] restricting to £ lows .
and ¢/ lows, - Gluing on this cylinder to W3 1, and identifying the resulting manifold
with W3 1 again, gives a homotopy equivalence

MG(W3,1§£|BW3,1) — MG(W3,1;5/|8W3,1)7

and by the same method a compatible homotopy equivalence for W5 ;, from which
property (iii) for ¢ follows from that of ¢’ proved above. O

Finally, we give a result which is not logically necessary for the results of this
paper, but which may clarify the notion of standardness of a #-structure on W, ;.

Proposition 7.12. Let 2n > 6, and U be a O-structure on Wy such that the
underlying map £ : Wy 1 — B is nullhomotopic.

(i) For any n there is an embedding ¢ : Wy_11 — Wy 1 such that qﬁ*f is standard,
(i) If n # 3,7 then there is an embedding ¢ : Wy 1 — Wy 1 such that 0 is
standard.

Proof. As the underlying maps ¢ and E{,Vg , are homotopic, there is a path of bundle

maps from 7 to an ¢ whose underlying map is equal to E;Vq .- There is therefore a
bundle isomorphism p : TW, 1 — TW, 1, with underlying map the identity, such
that ¢/ = lfa,g,l o p. Thus £ is also a f-structure associated to a framing of W, 1,
namely the framing £’ = {w, , o p. To establish the lemma it is therefore enough to
show that there is a framed embedding ¢ : (Wh 1, 8w, ) < (Wy,1,£’), with h being
either g — 1 or g depending on the case.

In order to do so it is convenient to work with a variation of the quadratic module
described in Definition 5.2. Namely, the framing £’ is a section &' : Wy 1 — Fr(W, 1)
of the frame bundle, and hence gives an injective homomorphism m, (W, 1,w) —
T (Fr(Wy 1), &' (w)) = IF(W,1), where w € Wy 1 is any chosen basepoint. Since
W1 is simply-connected, any two choices of w will give canonically isomorphic
groups and henceforth we shall omit w and £’'(w) from the notation. In this proof
(only) we shall write If(W, 1, &) for the quadratic module given by m, (W, 1) with
the bilinear form A and quadratic function p induced from If(W, ;). By Smale-
Hirsch theory, m,(Wy,1) is interpreted as the set of regular homotopy classes of
compatibly framed immersions of (S™ x D™, €gnypn) into (Wy1,£).

Now, if H®" — I(W, 1,¢’) is a morphism of quadratic modules, then just as in
the proof of Lemma 5.5 we may use Smale—Hirsch theory and the Whitney trick
to find embeddings e;, f; : S x D™ — Wy, for i = 1,2,..., h, which pull back
&' to Esnxpn, and so that the cores of the e; and f; intersect as they do in W}, 1.
By plumbing these together we obtain an embedding ¢ : W}, 1 — Wy 1 such that
¢*£, = gWh,l'

It therefore remains to show that the quadratic module If(W, 1,¢’) admits a
morphism from H®9~1, and from H®9 if n # 3,7. This will use the classification
of quadratic modules with form parameter either (1,{0}) or (—1,2Z). First note
that the bilinear form (7, (Wy 1), A) is (—1)"-symmetric, and non-degenerate by the
Hurewicz theorem and Poincaré duality.
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If n is even, the quadratic function p satisfies 2u(x) = A(z, x) so is determined
by A, and it is enough to work with A\. The symmetric form A is the intersection
form of W, 1, so is isomorphic to H®9, which establishes the lemma in this case.

If n is odd then the skew-symmetric form (7, (W, 1), A) must be isomorphic to
H®9 as a bilinear form, but u is a potentially non-standard quadratic structure.
However, such quadratic refinements of a skew-symmetric form are classified by their
Arf invariant, which may be supported inside a single copy of H, leaving a morphism
of quadratic forms H®9~1 — IT(W, 1,¢’). Finally, we claim that if n # 3,7 then the
Arf invariant of 1T (W, 1, &) is zero, so that it is indeed H®9. Let us write W =p
for the quadratic function constructed using the framing &', and uéwg,l for the
quadratic function constructed using the standard framing. The Arf invariant of
ugwgvl is certainly zero, and {’ is obtained from &, , by reframing using p, which
is the same as a map p : Wy 1 — O(2n). Jones—Rees have studied the effect of
reframing on the Arf invariant, and in our setting their result [JR78, p. 144] says

that Arf(ué) + Arf(u"er) = 1€ (y) € Z/2 where y € H*(W, 1;7/2) is the class

Wy1 25 0(2n) 8 0 =5 0 %' K(2/2,n),
and v, 11 € H" 1(BO;Z/2) is the (n + 1)st Wu class. Finally, y = 0 for n # 3,7,
as the Hurewicz map m,41(BO) = Hy,41(BO;Z/2) is zero for n+1 # 1,2,4,8 by
[AH61, Theorem 1]. O

Un

Remark 7.13. If (M, {5;) is a f-manifold containing a submanifold diffeomorphic to
Wy,1 on which the underlying map £3s : M — B is nullhomotopic, then it follows
from Proposition 7.12 that g% (M, EM) > g —1, and that g°(M, g[v[) >gifn#3,7.
In particular, if a noncompact manifold (M, 1 M) contains infinitely many copies of
Wi1,1 on which £, is nullhomotopic, then it also contains infinitely many copies of
W1,1 with standard §-structure.

This allows us to correct a minor omission in the proof of Proposition 7.8 in
[GRW14b]. Indeed, assumption (iii) of [GRW14b, Proposition 7.8] now implies that
K}i,») contains infinitely many disjoint copies of W ; with standard 6-structure,
and the copies of Wy ; used in the proof of Proposition 7.8 should be taken to have
standard #-structure.

7.2. A semisimplicial resolution. We now return to the proof of Theorem 7.5.
We shall first define an analogue of the resolution X, — M5* from Section 6.2.
Recall that as part of the data in Theorem 7.5 we have specified a @-structure
(s on the cobordism S ~ ([-1,0] x P)W; which becomes standard when pulled
back along ¢’ : W11 — S and induces the #-structure ip on {0} x P and é’P on
{—1} x P. The coordinate patch dc : R?*~! — P determines a coordinate patch
c=1d x dc: (=§,0] x R?"~1 < G near {0} x P C S. We shall make the following
assumptions on dc and /g:
e The embeddings ¢ : (—6,0] x R*"~! < S and ¢/ : Wi ; < S have image in
the same path component.
e The #-structure on (—d,0] x R?"~! obtained by pulling back s along ¢
is equal to the structure determined (according to Definition 7.2) by the
canonical framing of (—6,0] x R?"~1 C R?".

After possibly changing lg (and therefore 1 p) by a small homotopy, it is always
possible to choose dc : R?"~! — P with these two properties.

For a compact manifold X equipped with a chart d : (—¢,0] x R?"~1 — X for
some ¢ > 0 such that d=1(0X) = {0} x R?"~1, in Definition 5.1 we have defined a
semisimplicial space Ko(X) = Ko(X,d). We now want to define an analogue of this
semi-simplicial space for #-manifolds.
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There is a (0,¢e9) € Ko(S) = Ko(S5, ¢), where the embedding ey : H < S given
by choosing an embedded path from Wi 1 C S to (0,¢(0)) € (—6,0] x ¢(R?"71)
and thickening it up. We may do this so that there is an € > 0 such that on
(—¢,0] x D*"~1 C H the embedding eq is given by eq(s,p) = c(s,p). We can extend
this to a 1-parameter family of embeddings e¢; : H — S for t € R such that on
(—¢,0] x D?"=1 C H it is given by e;(s,p) = c(s,p + te1), and hence define a
1-parameter family {5 (t) = e} lg of f-structures on H.

Recall that we write M%¢({p) for the space from Definition 7.1. This space
depends on the manifold W, but since W shall stay fixed for a while we omit this
dependence from the notation.

Definition 7.14. Let (M, () € M*-9(p) and & > 0 be such that (—¢,0]x P C M.
Then dc : R~ — P induces a chart (—¢, 0] x R?"~! — M, and so we have K,(M).

(i) Let Ko(M, EM) be the space of tuples (¢, ¢, v), where (¢, ¢) € Ko(M) and v is a
path in Bun® (H) from ¢*Z5; to £(t) which is constant over {0} x D2"~' c H.

(it) Let K,(M, ) C (Ko(M, pr))PH consist of those tuples which give an element
of K,(M) after forgetting the paths v.

(iii) Topologise K,(M, /x;) as a subspace of K,(M) x (Bun®(H)?)?P*!, and write
Kg(M ,£ar) for the same set considered as a discrete space. The collection
Ko(M, ly) forms a semisimplicial space.

(iv) Let Ko(M,lp) C Ko(M,E5) be the sub-semisimplicial space consisting of
those tuples ((¢o, ¢o, 10), - - - s (tp, $p, Vp)) Where the ¢; are disjoint.

(v) Let K°(M,#5;) be the simplicial complex with vertices K3 (M, fyr), and where
the set {(to, ®0,0),- .., (tp, dp, Vp)} is a p-simplex if {(to, ¢0), ..., (tp, ®p)} is
a p-simplex of K%(M).

The main result concerning this modified semisimplicial space is the following
analogue of Corollary 5.10. Note that g(M, ;) < g(M), so the connectivity range
in the following proposition is potentially smaller than that of Corollary 5.10.

Proposition 7.15. If 2n > 6 and M is simply-connected then |Ko(M, 0y )| is
LMWJ -connected.
Proof. We will explain the analogue of Lemma 5.5, that [K®(M, f,)| is \_WJ—
connected: passing from this to the claim in the proposition is exactly as in Theorem
5.6 and Corollary 5.10.

Recall from Definition 5.2 that for a manifold M, with framed basepoint by,
Iff(M) = Iff(M,by) denotes the group of regular homotopy classes of framed
immersions i : S™ x D™ & M equipped with a path in Fr(M) from Di(bgnxpn)
to bys. In this proof we shall write I (M, y;) C I (M) be the subgroup of those
regular homotopy classes of immersions i : S™ x D™ & M (together with paths
in Fr(W)) such that the f-structure f3; o Di on S™ x D™ is standard. As we
explained in Definition 5.2, Smale-Hirsch theory identifies /(M) with the group
T (Fr(M)); under this identification I (M, ¢y) corresponds to the kernel of the
homomorphism 7, (Fr(M)) — 7, (Fr(6*2,)) induced by ¢3;. The bilinear form
A and quadratic function p restrict to this subgroup giving a quadratic module
(M, Opr) = (IF(M, £pr), A, 1), and as in the proof of Lemma 5.5 we have a map of
simplicial complexes

KO(M,lp) — KT (M, yp)).

An embedding j : W, 1 < M gives rise to elements ey, fi,...,e4, f; € IF(M)

determining g hyperbolic summands. If in addition j *0ar is standard, these elements
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lie in the subgroup I (M, Z5). Hence we have g(IT(M, 0y;)) > G(M,{5s), and so
ICM(K (I (M, ) > | 235071 |y Theorem 3.2.

We now proceed precisely as in the proof of Lemma 5.5. The procedure explained
there gives a lift f : IF+1 — |K%(M)| of I*+! EN |Ko(1f (M, E3p))| — |[K(1EF(M))].
To upgrade this to a lift 751 — |K9(M, {);)| we use Lemma 7.7 to choose for each
internal vertex v of I*+! with f(v) = (¢, #) a path v : I — Bun’(H) making (¢, ¢, v)
a vertex of K%(M,{y;). Whether or not an unordered (p + 1)-tuple of elements
(ti, disvi) € K§(M, EM) forms an element of KS(M, éM) does not depend on the v;,

so we have produced a lift I¥*1 — |K%(M, {5/)|. O

Remark 7.16. The Smale—Hirsch lifting argument in the proof above shows that
g(M, lr) = (I (M, £r)). When the structure map £y : M — B is n-connected (see
[GRW16b, Section 9] for a discussion of how the general situation may be reduced to
this case by a Moore—Postnikov argument), the genus of (M, éM) may be effectively
estimated in the following way. If we write 7,41 (Fr(60*y2,), Fr(M)) for the relative
homotopy groups of the mapping cylinder of Fr(M) — Fr(6*v2, ) relative to Fr(M),
then I (M, 1) is the image of T 41 (Fr(0*y2y, ), Fr(M)) — m, (Fr(M)) and the group
41 (Fr(6*y2,), Fr(M)) becomes a quadratic module by composing with the map to
I (M, £);). The Hurewicz theorem gives an isomorphism 7,41 (Fr(0*7a,,), Fr(M)) =
H, 1(B, M) and hence there is an exact sequence

Tt (Fr(0% 7o, ), Fr(M)) —s Ho (M) 207 B, (B) — 0,

where the first map preserves intersection pairing. If the bilinear form (H,(M;Z), \)
contains g = g(H,(M),\) orthogonal hyperbolic forms, and the abelian group
H, (B;Z) is generated by e elements, then the kernel of (£57). contains at least
g — e orthogonal hyperbolic forms. Therefore 7,1 (Fr(6*ya,), Fr(M)) and hence
Ifr (M, / ) contains at least g — e orthogonal hyperbolic forms when disregarding the
quadratic form p. It follows that the quadratic module contains at least g —e — 1
orthogonal hyperbolic forms. We obtain the estimate

g(M, 0y > g(Hp(M;Z),\) —e — 1,

whose right hand side can be expressed as a constant depending only on n and B plus
a term depending on M only through characteristic numbers (Euler characteristic
and when n is even also signature). If n is even then A determines p and the
estimate can be improved to g(H,(M;Z),\) —e. If n =3 or n = 7 then the kernel
of I'"(M, 0;) — H,(M;Z) contains an element with ;2 = 1 whence we also obtain
g(M,lr) > g(Hp(M;Z), M) — e.

Using the semisimplicial space K o(M, 1 M), we may define an augmented semisim-
plicial space X{ — M"“?({p) analogous to X, — M>* from Section 6.2. We let
XJ be the set of tuples (M, {s;x) where (M, l) € M%(¢p) and z € K, (M, {xy).
We topologise Xg as a quotient space of a subspace of

[TE@) x Bund(T;4p) x K,(T) x (Bun’ (H)")P*,
(7]

where the union is taken over the set of compact manifolds with boundary P stably
diffeomorphic to W, one in each diffeomorphism class. Again £(T') is the embedding
space model (6.1) for EDiff3(T"). This forms an augmented semisimplicial space
e 1 X0 — M0 (ip), as before.

We now wish to construct augmented semisimplicial spaces analogous to the
Yo(p) — Y_1(p) from Definition 6.10. First, choose a @-structure l%‘f on the
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manifold S, C [—(p 4 1),0] x R™ which agrees with /p on {0} x P, and which on
the (p + 1) copies of W1 ; is standard. Let us write fgf) for the induced f-structure
on {—(p+ 1)} x P. Choosing these inductively, we may suppose that

(i) 2 =ls, so0 0} = 9 and

(ii) (Spjsst;i) C (Sp+1,£5§:+1), so their difference is a cobordism from (P, lfgfﬂ)) to
(P, ER),

We then construct Y (p) — Y?(p) completely analogously to Ys(p) — Y_1(p)
from Definition 6.10, but where all manifolds N are equipped with #-structures
¢ which make them cobordisms from (P, ng)) to (P,¢p), and the data (¢;, ¢;) are
equipped with paths of bundle maps from ¢ /y to 5 (t;).

We shall establish the analogues of the properties given in Proposition 6.8 for
ef 1 X9 — MsH9(Ip), by proving analogues of Lemmas 6.9, 6.11, 6.12, and 6.15.

Lemma 7.17. If W is simply-connected, then the map | XZ| — MSt’e(Zp), consid-

ered as a map of graded spaces, is L%;Qj—connected.

Proof. Tt is probably no longer the case that the maps Xg — MSt’G(ép) are lo-
cally trivial. However, the geometric fibre of |X0| — M50 (0p) over (M, {y) is
|Ko(M, 0py)|, which is LMWJ—connected by Proposition 7.15, so it will be
enough to show that |X?| — M*9(/p) is a quasifibration.
For an augmented semisimplicial space Xo — X_;1 and a point x € X_;, the map
[hofib, (Xe — X _1)| — hofib, (| Xe| — X _1)

is a weak homotopy equivalence. (Supposing that all constructions are formed in
the category of k-spaces, and that X_; is weak Hausdorff, this follows from the
fact that the functor p* : Top/X_; — Top/P,X_1 induced by the path fibration
p: P, X_1 — X_; admits a right adjoint, cf. [MS06, Proposition 2.1.3].) If each
X, — X_1 is a quasifibration, it therefore follows that |Xo| — X_; is too.

We must therefore show that each X/ — M0(0p) is a quasifibration. Tt is
enough to show this when restricted to individual path components of the base, so
consider the space Z defined by the pullback square

0
Z X4

| |

Embg (M, (—o0, 0] x R®) x Bun(TM;ip) — M*40((p).

The bottom map is a principal Diff 5(M )-bundle onto the path components which it
hits. In particular it is a fibration so this square is also a homotopy pullback, and
hence the map between the vertical homotopy fibres is a weak homotopy equivalence.
Therefore the right-hand vertical map is a quasifibration if and only if the left-hand
vertical map is.

We may identify Z as the space of tuples (e,fM, x), where e : M — (—o0, 0] x R*®
is an embedding; ZM is a f-structure on M extending fp; and x € ?p(M7 ZM) From
this point of view, we see that the left-hand vertical map is the pullback of the map

72 Z' — Bund(TM; lp)
where Z’ is the space of pairs (lﬁM7 x), where (ar is a B-structure on M extending
lp and x € K,(M,{y;). Tt is therefore enough to show that 7 is a Serre fibration.

But this is clear, as 7 has canonical path-lifting. Concretely, to lift a path A
of -structures on M starting at (o; (to, o, %0); - - -, (tp, Pp, Vp)) € Z' we let Vi(s)
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denote the concatenation

~ il

iy Tl B U (L)

5 and the last portion takes time 1 — 3.

Then s — (@s;to,co,VO(s), st ep, V() lifts /s, and is continuous in all the
data. [l

rescaled so that the first portion takes time

The map h from Section 6 now takes the form
B MESO(ED)) % Y (p) — X2,

but is given by the analogous formula, accounting for #-structures and paths of
f-structures.

Lemma 7.18. For anyy € Ype(p), the map h(—,y) : MSt’G(fgf)) — Xg s a weak
homotopy equivalence.

Proof. Let y = (N, In: (G0, 0)s - -+, (dp,1p)). Let E? denote the space consisting of
tuples (M, lyr;e,v) where (M, 0y) € MP(ip), e: N < M is an embedding, and v
is a path from e*lp to Uy through bundle maps which are fixed over {0} x P C N.
We topologise E? as a subspace of M*%¢(Zp) x Emb(N, (—o0, 0] x R>) x Bun? (N)’.
The proof is then concluded in the same way as the proof of Lemma 6.11, using E?
instead of E. O

Lemma 7.19. Let ¢g,...,¢p : H — S be embeddings and vy, ... v, € Bung(H)I
be paths satisfying that the tuples

Tp = (Spaésp; (¢Oa V0)7 LR} (¢pa Vp)) Tp—1 = (Sp—laésp,l; (djOa V0)7 LN} (¢p—17 Vp—l))

define elements x, € Y, (p) and x,_1 € Y | (p— 1). Then the diagram

5 o h(*,zp)
MO (R X!
SJ/ J{dp

) (p— h(—zp—1)
M) — Xp_,

commutes. Embeddings ¢; and paths v; with this property exist.

Proof. Commutativity of the diagram in the lemma is proved in the same way as
Lemma 6.12. For existence, we construct the embeddings ¢; in exactly the same
way as Lemma 6.12 and then appeal to Lemma 7.7 for the existence of the v;. [

The step corresponding to Lemma 6.15 now has two versions, depending on
whether 6 is spherical or not, given in Lemmas 7.20 and 7.21. It is the one step in
the argument where the presence of #-structures adds more than bookkeeping.

Lemma 7.20. Suppose that 0 is spherical. For each i € {0,...,p — 1} there exists
an element y € Y, (p) of the form y = (Sp.ls,; (¢o,10), - -, (¢p,1p)), such that the
two elements

dl(y) = (Spagsp;(¢07V0)7"'7(@)7"'5(@51771/}?))
di+1(y) = (S]mgsp; (¢07V0)7 ceey (¢i4r/177i+1)7 ceey (¢p7yp))

are in the same path component of }/;;971(17).
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Proof. For any choice of y, the construction in the proof of Lemma 6.15 gives a
path starting at d;(y) and ending at

(7.3) (Sp, (Ui_l)*ESP; (0i0¢o,10),-., (050 Gisvi), ..., (050 ¢p,1p)).

Recall that in the proof of Lemma 6.15 we constructed a certain submanifold
B; € S, N ((—t—2,—1) x R>) which is diffeomorphic to W5 1, and which contains
the images of the embeddings ¢}, ¢;,, : W11 — S, and is disjoint from the images
of the remaining ¢;. We also constructed a diffeomorphism o; of S, supported in
the interior of B;, which interchanges ¢} and ¢ ;.

By Lemma 7.10, and our assumption that 6 is spherical, there is a homotopy
ol ~ { relative to dB;. Gluing ((o;1)* applied to) this into S, gives a path of
f-structures kg, constant over the complement of B;, starting at ésp and ending at
(0;1)*ésp. This gives rise to a path from (7.3) to

(7.4) (Sp,ls,; (i 0 G0, 1), -5 (050 G4, 1)), ..., (G0 0 P, 1)),
where v/} is the concatenation (t — (0 0 ¢;)*k;) - v;.

We have constructed for any y a loop in Y?;(p), covered by a path in Yp@_l(p)7
starting at d;(y) and ending at (7.4). If we choose the ¢; as in the proof of
Lemma 6.15, we will have (o; 0 ¢;, V;) = (¢;,v;) for j & {i,i+ 1}, since the supports
of o; and k; are disjoint from the image of these ¢;. The isotopy g: from the proof
of Lemma 6.15 gives a path from (7.4) to

(Sp7ésp; (¢07 VO)? R (¢’L‘71) Vifl>7 ((b’u V£/)7 (¢i+2a Z/i+2)a ey (¢pﬂ V;D)>7

where v/ = (t — gZ‘ESP) -vj,,. If we choose v; arbitrarily for j # 4, and define
v; = v}, then we have constructed a path from d;(y) to d;y1(y). O

The following plays the role of Lemma 7.20 in the case of tangential structures
which are not necessarily spherical. The additional property will be used for dealing
with abelian coefficient systems.

Lemma 7.21. For each i € {0,...,p — 1} there exists an element z € Y, (p+1)
of the form z = (Sp41, égp+1; (00,10), -+, (Pp+1,Vpt1)), such that the two elements

didy41(2) = (Spr1, £, 0 (60, %0) - (G0, 0) <, (8, 1))
dis1dpi1(2) = (Spi1,Ls, 1 (G0, 0) - ., (¢z’+/1»7i+1) s (Ppy p))

are connected by a path ~v: 1 — Ype_l(p + 1), with the additional property that the
loopeoy:I =YY (p+1)— Y’ (p+1) is such that under each map

~ s A h . ~
(M, Dary % Y2 (p 4 1) — (MM (EE)) s x Y0 (04 1) = (M ()
it 1s nullhomologous as long as g > 5.

Proof. Recall from the proof of Lemma 6.12 that the canonical embedding ¢’ :
W11 = S induces embeddings ¢ : Wi 1 < Sp4q for j =0,1,...,p+1. In particular
we have the three disjoint embeddings ¢;, ¢}, 1, #,1 : W11 < Spy1, whose images
can be thickened and joined by thickened arcs to obtain a submanifold C; C Sp4+1
diffeomorphic to W3 ; and disjoint from the remaining ¢;(W1,1). Applying Lemma
7.11 to the standard -structure ésp|ci and the embeddings ¢;, ¢} 1, ¢,1 : W11 =
C; =2 W31 we obtain a diffeomorphism p; : S,41 — Sp41 supported in Cj, satisfying
pio ¢ = ¢;,+1, pi © ¢;+1 = ¢;, and p; o ¢;Io+1 = ¢;+1-

For any choice of z € Y/, (p + 1), the construction described in the proof of
Lemma 6.15 applied to the diffeomorphism p; gives a path starting at d;dp+1(2)
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and ending at

(7.5) (Sps1s (07 L1 (0 © B0y 1), -+ (P50 Gir Vi) -+ (pi © By 1))

By Lemma 7.11 (ii), there is a homotopy p;‘ESPH o, =~ éSP+1 ¢, relative to 9C;.
Gluing in ((pi_l)* applied to) this homotopy shows that there is a path of 6-
structures k¢, constant over the complement of C, starting at £s,,, and ending at

(p{l)*l?spﬂ. This gives rise to a path from (7.5) to

(76) (Sp-&-lyZSerl; (pl o ¢07V6)7 LRI (pl o (biayrg)a LRI (pl o ¢p?1/1/)))

where v = ((p; © ¢j)"k¢) - vj. We have therefore constructed a path in VP (p+1)
from d;dp+1(2) to (7.6), covering a loop in Y (p + 1).

We now make a particular choice of z. Choose the ¢; for j ¢ {i,i+ 1,p+ 1}
starting with the ¢9 : Wi1 — Sp4+1 and extending by a thickening of a path to the
point ¢(0;37,0,...) in the coordinate patch ¢, ensuring that these paths are disjoint
from each other and from C;. For j & {4,714 1,p+ 1}, since the supports of p; and k;
are disjoint from the image of ¢;, we have p; o ¢; = ¢;, and V;— is the concatenation
of v; with a constant path, so is homotopic to v;. We then extend ¢}, ; to ¢it1
and QS; 11 t0 ¢py1, disjointly from each other and the previously chosen ¢;. Finally,
we choose an extension ¢; of ¢, so that it is isotopic to p; o ¢;11 by an isotopy g:
disjoint from the remaining ¢;. This gives a path from (7.6) to

(Sp+17 éspﬂ; (¢07 1/0), ceey (¢5i71, l/i71)» ((251', Vz”)? (¢i+27 Vi+2)7 ceey (¢pa Vp))»

where v}/ = (gz‘ésp) - Viy1. If we choose v; arbitrarily for j # 4, and set v; =
(gfgsp“) - v},,, we have constructed a path in Y, |(p + 1) from d;dpi1(2) to
di+1dpy1(2).

The loop e oy : I — Y% (p + 1) we have constructed is supported inside
W31 = C; C Spy1 and here is given by the diffeomorphism p; : C; — C; and the
homotopy pffsp+l o~ EASPH\(;i provided by Lemma 7.11 (ii). Lemma 7.11 (iii)
shows that this data may be chosen so that this loop becomes nullhomologous when
included into any 6-manifold having two additional copies of W; ; with standard
f-structure. This establishes the additional property of this loop. O

Proof of Theorem 7.5. We will follow a similar strategy to the proof of Theorem

6.3, but using the augmented semisimplicial space €’ : X¢ — MSt’e(ép) =X,
We first treat case (ii), where 6 is spherical. For an element y € Ype (p) provided

by Lemma 7.20, the argument of Lemma 6.14 shows that the two compositions

d;
A h(—1
(7.7) Moo O o — yo |
dit1

are homotopic. We may then conclude that the graded augmented semisimplicial
space X! — Msw(@ p) satisfies the same properties as established for X, — M® in
Proposition 6.8 and therefore induces a spectral sequence satisfying the same formal
properties as the spectral sequence we used in the proof of Theorem 6.3. The proof
given there applies here word for word.

Let us now treat case (i), so suppose that we are given an abelian local coefficient
system £ on M*%¢({p). This may be pulled back via the augmentation to a
coefficient system on each Xg , which by abuse of notation we also call £. There is
a trigraded augmented spectral sequence

E;,tbg = H‘I(Xg;'c)g = Hpgn1(X?,, X1 L),
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with differential d' = Y. (—1)*(d;)«, and E°, s =0ifp+¢<(g9—4)/2. By Lemma

7.18, for y = (S, ls; (¢0,0)) in Y£(0) the map
h( ) Mst 0( ) _> X@

is a weak homotopy equivalence, which identifies the differential d' : Ej, ,., —
E', . ;41 with the map

(7.8) Se 0 Hy(MH0(00); 8" L) g — Hy(MS90(0p); £) 41

we are studying (as we arranged that Z/ = E(O))

Attempting the same induction argument as before, we may again conclude from
the spectral sequence that the map (7.8) is surjective for k =0 and g > 1, proving
the stated theorem for g < 3. We therefore suppose that g > 4, and so g +1 > 5.
Proceeding again by induction, we assume that theorem is proved up to g — 1. As
before, we wish to identify the differential

2j
(7.9) d' = Z(_l)l(di)* : E21j,q,g+1 — E2lj—1,q,g+1
i=0
with a previously determined stabilisation map
(7.10) (Mst G(E(ZJ ) s *»C)g 2 — H, (Mbt G(K(QJ 1)) £)g 2j41

for 5 > 0. As before this will follow if we can show that all of the face maps
(di)«: H, (ng,ﬁ) — Hy(XY; 1; L)y are equal, since all but one term then cancel,
and the remaining term is identified with s, by Lemma 7.19.

Before continuing, let us discuss what would go wrong if we just repeat the earlier
argument for the d; to induce equal maps, but carry the coefficient systems along. A

homotopy between the two compositions in (7.7) gives a self-homotopy of the map
MO Y 0 =, X0

and so a map H : (I/@I) X MSte(é(p)) — X% = M*((p). For each z =

(W, bw) € M 6’( ) the loop s — H(s,z) € M*?({p) has a potentially non-

trivial monodromy in the coefficient system £. These monodromies assemble to an

automorphism of the coefficient system h(—,%)*£ on MH? (655)), and hence (since

h(—,y) is a weak homotopy equivalence) an automorphism of the coefficient system

L on Xg . If we denote the induced automorphism of H, (Xg ; L) by 1., the correct
consequence of the homotopy between d; and d;; is the equation

(di)s = (dig1)w 0 s Ho(XJ: L) — H (XD 3 L).

p— 13
If 1, acts non-trivially on H,(X/; L), the terms in the sum (7.9) no longer cancel
out in pairs.
To deal with this issue, and simultaneously with non-spherical tangential struc-
tures, we shall replace the diagram (7.7) by

d;
5 h(—,z P £
M Ko e x| e,
dit1

where z € Y/, | (p+ 1) is an element provided by Lemma 7.21. The path v : [ —
Y9 1(p+1) provided by the lemma then gives a homotopy H' : I x M™% (¢ erl)) —
XG ; and in turn € o H' : (I/9I) X ./\/lSte(ng—H)) — X0 = MO(lp). Tf n,
denotes the automorphism of H, (Xp +1;£) induced by monodromy along the loops
s+ H'(s,x), we now have

(didp+1)* = (di+1dp+1)* 077; iH*(X3+1;£) — H, (Xp 15

£).
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By the choice made in Lemma 7.21, the loops s +— € o H'(s,x) = h(z,e 0 y(s)) are
all nullhomologous, as long as h(x,e o v(s)) lies in grading at least 5. Thus when
L has trivial monodromy along nullhomologous loops, the automorphism 7, is the
identity. It follows that the two maps (d;)«, (di+1)« : Ha (ng; L) — H, (ngfl; L)
do agree when restricted to the image of

(7.11) (dpt1)« Hq(XZGj+1§£)g+1 — Hq(ng§£)g+la

and g + 1 > 5. We have already established the theorem for ¢ < 3, so need not
worry about this restriction. By Lemma 7.19 the map (7.11) is identified with
Su t Hq(MSt’o(fgj+l));s*ﬁ)g,gj,l — Hq(MSt’e(ggj));ﬁ)g,gj which by inductive
hypothesis is an epimorphism for ¢ < %. Hence (7.9) and (7.10) agree in
degrees ¢ < %. Using the inductive hypothesis again, it follows that (7.9) is
an epimorphism for g < % and an isomorphism for ¢ < gfzgﬂ. This means in
particular that Eg%g 41 =0forp>0and q< g_%il, from which it follows that
d':Ej,
q < 97;74' This provides the inductive step. O

g1 Ell)q)g_H is an epimorphism for g < % and an isomorphism for
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