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ABSTRACT: The geometry of twisted null geodesic congruences in gravitational plane wave
spacetimes is explored, with special focus on homogeneous plane waves. The role of twist
in the relation of the Rosen coordinates adapted to a null congruence with the fundamental
Brinkmann coordinates is explained and a generalised form of the Rosen metric describing
a gravitational plane wave is derived. The Killing vectors and isometry algebra of homoge-
neous plane waves (HPWs) are described in both Brinkmann and twisted Rosen form and
used to demonstrate the coset space structure of HPWs. The van Vleck-Morette determi-
nant for twisted congruences is evaluated in both Brinkmann and Rosen descriptions. The
twisted null congruences of the Ozsvath-Schiicking, ‘anti-Mach’ plane wave are investigated
in detail. These developments provide the necessary geometric toolkit for future investi-
gations of the role of twist in loop effects in quantum field theory in curved spacetime,
where gravitational plane waves arise generically as Penrose limits; in string theory, where
they are important as string backgrounds; and potentially in the detection of gravitational

waves in astronomy.
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1 Introduction

Gravitational plane waves arise generically as the Penrose limits [1, 2] of an arbitrary curved
spacetime and an associated null geodesic . They are a truncation of the full background
spacetime which captures the essential geometry of geodesic deviation around ~. Expressed
in Brinkmann coordinates, the metric is

ds? = 2dudv + hij(u)x's? du® + (dz')?. (1.1)

These Brinkmann coordinates are identified as Fermi normal coordinates associated with
the null geodesic v in the original spacetime [3], while the profile function h;;(u) is given by
the curvature component R,;,; which appears in the Jacobi equation describing geodesic
deviation.

This is precisely the feature of the geometry required to describe vacuum polarisation,
or loop, effects on the propagation of quantum fields in curved spacetime [4-7]. This is
evident in a worldline formalism, or equivalently using the Schwinger-de Witt representa-
tion, where the propagator is expressed in terms of classical trajectories. Loop corrections
are determined by the geometry of the set of geodesics neighbouring the classical path —
that is, by the geodesic congruence in which the classical null geodesic is embedded.

In previous work, quantum loop effects have been shown to lead to a variety of novel
effects related to the induced violation of the strong equivalence principle, including ultra-
high energy scattering [8, 9] and the generation of matter-antimatter asymmetry [10-12],
challenging conventional understanding of how fundamental concepts such as causality,
analyticity and unitarity are realised in quantum field theory in curved spacetime [4-7].

The propagation of quantum fields in a general curved spacetime background is there-
fore determined by the geometry of (null) geodesic congruences in the corresponding grav-
itational plane wave realised in the Penrose limit. This is the central motivation for the
study of plane wave geometry and null congruences presented here, although the novel
geometry we will describe is in principle of much wider relevance. As discussed briefly in
section 7, this could also include potential applications to the detection of astronomical
gravitational waves.

Conventionally, studies of the propagation of, for example, electromagnetic fields in
curved spacetime have centred on electromagnetic plane waves, in a geometric optics de-
scription where the tangent vector fields characterising the null rays are given as the deriva-
tive of the plane-wave phase, k,, = 0,0, the rays being normal to surfaces of constant phase.
Such ‘hypersurface-forming’ rays are therefore by definition a gradient, rotationless, flow.
However, in general, geodesic congruences are described by the Raychoudhuri equations in
terms of three optical scalars 6, o and w, representing expansion, shear, and rotation or
‘twist’. Clearly the twist vanishes for a gradient flow.

In this paper, we establish the mathematical framework to allow a more general analysis
of quantum field propagation in curved spacetime by developing the geometry of twisted
null congruences in gravitational plane wave backgrounds.

An important element is the relation of Brinkmann and Rosen coordinates. Whereas
the original Brinkmann coordinates for the plane wave metric (1.1) are more fundamental,



the Rosen description is tailored to a choice of geodesic congruence. This explains why
many calculations of loop effects in QFT are most simply and elegantly performed in
Rosen coordinates. Here, we introduce the Rosen description appropriate to a twisted null
congruence, in which case the metric takes the novel form,

ds? = 2dudV — 2X “wapd X du + dXC g (u)d X" . (1.2)

Here C;, = (ETE) up Where E',(u) is the zweibein relating the transverse Brinkmann and
Rosen coordinates, z° = E',(u)X?, and the twist enters through w = E'wE. The new
feature is of course the off-diagonal term involving the twist.

The origin of twist and the subtleties of the Brinkmann-Rosen relation are first ex-
plained, then we study the Rosen metric (1.2) in detail in its own right, finding the
geodesics, wave equation solutions, the nature of the isometries and the explicit form of
the van Vleck-Morette matrix.

The van Vleck-Morette (VVM) determinant, or more generally the VVM matrix, is
perhaps the most important geometric quantity influencing quantum field propagation in
curved spacetime. It enters the Schwinger-de Witt representation of the propagator and all
loop effects, including modified dispersion relations, are formally expressed in terms of it [4—
7]. Since it is essentially linked to the geodesic congruence, its evaluation is fundamentally
altered in the presence of twist. Here, we derive the general form of the VVM matrix
related to twisted null congruences, showing the equivalence of the Brinkmann and Rosen
descriptions.

Another important theme of the paper is the analysis of isometries. We first give
an account of the isometry algebra, and its extension for the homogeneous plane waves
discussed below, using the Brinkmann metric (1.1), and show how the gravitational plane
wave spacetime may be represented as a coset space [13, 14]. Then, we reconsider the
isometries from the point of view of the Rosen metric (1.2) and show how the form of the
corresponding Killing vectors and commutation relations depend on the twist, generalising
the analyses of [15-18] for the twist-free case.

A particularly important class of gravitational plane waves are the homogeneous plane
waves (HPWSs). These are of special interest from several points of view, including their
role as exactly solvable, time-dependent string backgrounds (see e.g. [13-15, 19, 20]). Our
discussion of the geometry of twist in these backgrounds may therefore be of relevance
also in string theory. They occur importantly as Penrose limits — in particular, HPWs of
type II (see below) arise in the near-singularity region of a broad class of black hole and
cosmological spacetimes [6, 21, 22].

Homogeneous plane waves (HPWs) have been classified by Blau and O’Loughlin [15]
in a paper which is key to the present work. They fall into two types, generalising the
symmetric plane waves (Cahen-Wallach spacetime [23]) and singular homogeneous plane
waves, respectively. The corresponding metrics are, in Brinkmann coordinates,

ds* = 2dudv + (e hy e*“)ij z'ed du® + (da:i)2 : (type I) (1.3)



and

ds® = 2dudv + (edog“ % e_dog“> il du® + (dwi)2 ) (type II) (1.4)

ij

for a constant 2 x 2 matrix (hg);;, where €;; is the usual antisymmetric symbol. Compared
to the general plane wave metric (1.1), whose isometries satisfy a Heisenberg algebra (see
section 3), these HPWs are characterised by an additional symmetry related to translations
in the lightcone coordinate u. This extra degree of symmetry underlies their importance
in many applications, especially in string theory.

In this paper, we focus on the geometry of twisted null congruences and the Rosen
description for metrics of type I, though our methods and conclusions will carry over more
or less directly to type II metrics as well.

A special place in classical general relativity belongs to the Ricci-flat HPW metric
of type I. This is known as Ozsvéath-Schiicking spacetime [24], originally presented in the
literature in the form (our notation, see appendix A.1)

ds® = 2dUdW — 2V2 2'dz2 dU + (2")? dU? + (d=')? (1.5)

Clearly, while making obvious three of the isometries (translations in U, W and z?) associ-
ated with the extended Heisenberg algebra, this choice of coordinates disguises the fact that
this is a gravitational radiation metric. This becomes manifest only after evaluating the
Newman-Penrose curvature scalars and noting that it is indeed a Petrov type N spacetime.
Its interest in general relativity is due to the fact that it is a vacuum (Ricci-flat) solution
of Einstein’s field equations which is geodesically complete and singularity free, yet is non-
trivial in the sense that it is not simply flat, Minkowski spacetime. In this sense, it violates
Mach’s principle and we follow [15, 24] in referring to it as an “anti-Mach” spacetime.

As we shall see, this type of spacetime very naturally contains geodesics which fall
into twisted null congruences, and we study their geometry in considerable detail in ap-
pendix A. The property of twist automatically leads to null geodesics which are periodic in
u, and this underlies the suggestion that the metric (1.5) allows the existence of closed null
geodesics [25] (see also [26]). Our analysis does not confirm this, however, and we find, as
expected on general grounds [27], that these type N homogeneous plane wave spacetimes
are indeed causal.

The paper is organised as follows. In section 2, we introduce the essential geometry
and geodesics for a general gravitational plane wave metric in Brinkmann form, explain
the origin of twist, and derive the new Rosen metric (1.2). Homogeneous plane waves are
introduced in section 3 and their isometries and coset structure are explored. We return to
the twisted Rosen metric in section 4 and, taking it on its own merits, discuss the geodesic
equations and solutions of the wave equation in this background. The Rosen isometries
are described at length from different points of view in section 5. Section 6 contains the
evaluation of the VVM matrix in both Brinkmann and twisted Rosen coordinates and
the demonstration of their equivalence. Some concluding remarks are given in section 7.
Finally, in an extensive appendix, we give a detailed account of twisted null congruences
in the generalised Ozsvath-Schiicking model, introducing co-rotating coordinates and a
Newman-Penrose basis adapted to the null geodesics.



2 Plane waves, twisted null congruences and optical scalars

We begin by studying the geometry of a general gravitational plane wave and its null
geodesics in the Brinkmann description, extending the conventional description to allow the
possibility of twisted congruences.! The optical scalars and their Raychoudhuri equations
are introduced, and the metric is rewitten in a novel Rosen form appropriate to twisted

null congruences.

2.1 Brinkmann coordinates

The starting point is the gravitational plane wave metric in four dimensions in Brinkmann
coordinates z# = (u,v,z"),

ds? = 2dudv + h;(u)z'2? du® + (dz")? (2.1)

where the Riemann curvature tensor R;; = —h;; is determined directly by the profile
function. The corresponding null geodesic equations are,

i —hial =0,
1. . . o
U+ 5h¢j$z$j + thjizl‘j =0. (2.2)
Here, we have immediately taken u as the affine parameter, the overdot denotes differenti-
ation with respect to u, and the transverse indices are i = 1,2. The solutions to (2.2) can
be written in terms of a zweibein E',(u), with a = 1,2, as follows:
' = Fl(u)X?,
1
v=V — 5Qab(u)wa, (2.3)
where we define the key quantity €2;;(u) by

Qj = (EE”) : (2.4)
ij
and Q. = (ETQE) b The zweibein F’, and (2;; are related to the profile function h;; in
the metric by

hij = Qi + (2°),; - (2.5)

Notice that nowhere in this construction have we assumed that €2;; is symmetric.
Now consider the null congruence of geodesics labelled by X%, V', centred on a reference
geodesic v, with tangent vectors k* = dx* /du. Evaluating the first integrals of the geodesic

equations, we find
1

=it = | Ly (Q +O2 QTQ) x (2.6)
(Qu)’

!There is an extensive literature in general relativity on gravitational plane waves and their symme-
tries and geodesic structure. Some classic references on exact solutions of Einstein’s equations including
gravitational plane waves are [28-30], while a comprehensive set of references may also be found in [18].
See also [31] for an early discussion of quantum field theory effects and [32, 33] for recent studies of null
geodesics and gravitational lensing in gravitational wave backgrounds.



Now let z* be the connecting vector between v and other elements of the congruence. By
definition, the Lie derivative of z# along ~ vanishes, i.e.

Lzt = k"D, 2zt — (D kM) 27 (2.7)
where D, is the ordinary covariant derivative, and so
kYD, zt = QF, 2" (2.8)

where we define?
QMV = Dl/kp, . (29)

It is then clear that with this definition, €2;; = Djk; coincides with the form (2.4) above.
This shows very directly how €2;; determines how the transverse connecting vector is parallel
transported along the reference geodesic and therefore characterises the null congruence.
Note that the order of indices is important in (2.9) since €;; is not necessarily symmetric.

The optical scalars for this congruence are defined from €);; as
1
Qij = 5952‘3‘ + i + Wij (2.10)

where 6 is the expansion, the symmetric trace-free tensor o;; is the shear and the antisym-
metric tensor wj; is the rotation or twist.

Note immediately that in the case where k* represents a gradient flow, i.e. k, = 0,0,
then €;; is symmetric and the congruence has vanishing twist. Such a congruence is then
said to be “hypersurface-forming”. It is realised in the familiar case where we consider k&,
to be the wave vector of, say, an electromagnetic wave propagating in the spacetime (2.1),
in which case © represents the phase; £, is then normal to the surface of constant phase.
Here, we relax this condition and allow k, to be a general vector field. In this more general
situation, €2;; need not be symmetric and the null congruence may have a non-vanishing
twist, w;; # 0.

The variation of the optical scalars along the congruence is described by the Raychaud-
huri equations. In fact, these can be obtained simply as a rewriting of (2.5) as

Qij = hij — (QQ)ij . (2.11)

2 Although at this point we only require the transverse projection of ..., we will need the full component
form later. This is readily evaluated using the covariant derivatives, with Christoffel symbols

F'Z,u = ihijxlxj ) Iﬂ'liz = hbjxj ) Fjuu = _hljxj
and we find
Qi 0 —(i9);
Q= 0 0 0
—(Q%); 0 Qy

where & = Qx. Note that this is not symmetric unless Q = Q7.



Substituting (2.10), we find after a short calculation the individual variations for the optical
scalars themselves, viz.

. 1
0 = —502 —tro? —trw? — Ry,
0ij = =003 — Cuiuj ,
d)z'j == —Gw,;j, (2.12)

where Cy;y; is the Weyl tensor. Note also the useful formula
W=—0w—wl, (2.13)
which follows directly from (2.11) with the condition that h;; is symmetric.

2.2 Rosen coordinates

An important alternative description of the gravitational plane wave is in terms of Rosen
coordinates. Although the Rosen form of the metric in general has unphysical coordinate
singularities, it is adapted to the nature of the geodesic congruence we wish to consider
and so plays a key role in our discussion. Clearly, since it is tied to a particular choice of
congruence, the Rosen metric is not unique.

To make this coordinate transformation, we take the X V from the geodesic solu-
tions (2.3) and define Rosen coordinates (u, V, X%) as

Xt = (B H"at,
1 . )

Expressing the Brinkmann metric (2.1) in terms of these coordinates, we find after a short
calculation,

ds? = 2dudV — X (Q _EThE - ETE') Xdu?
- [dX (Q - ETE) X+X (Q - ETE) dX} du+ dXETEdX . (2.15)
Then, since from its definition as ., = (ETQE) ab,B we have
Q=F'E+ETQ’E+ ETQE, (2.16)

and using (2.5) for h;;, we see that the coefficient of du? vanishes as in the conventional
construction. As usual, we also identify C;, = (ETE)ab as the transverse Rosen metric.
The novelty comes in the remaining term, where we must distinguish @ = ETE from its
transpose Q7 = ETE when the zweibein is describing a congruence with twist. Defining
Wah = (ETwE) ap We therefore find the Rosen metric

ds® = 2dudV — 2X wapd X du + dXCgp(u)d X" . (2.17)

3 As far as possible, we use boldface notation for quantities such as €, w, C etc. in Rosen coordinates
related in this way to the fundamental definitions in Brinkmann coordinates.



This differs from the usual form of the Rosen metric for a plane wave spacetime due
to the rotation term involving the twist w. Notice immediately that its equivalence to the
Brinkmann metric (2.1) requires w to be constant. This follows from the symmetry of the
profile function, since

wap = ET (0 + Quw+wQ)E=0, (2.18)

using (2.13). We emphasise however that with this proviso, (2.17) still describes the same
spacetime as the Brinkmann metric (2.1) and the equivalent standard Rosen metric. It is
simply expressed in terms of a different choice of the non-unique Rosen coordinates adapted
to the description of twisted null congruences.

The Rosen metric (2.17) will be the basis of many further developments later in the
paper, especially in the context of the special class of homogeneous plane waves. First,
however, we look in more detail at the construction of the zweibeins and the origin of twist

in the corresponding null congruences.

2.3 Origin of twist

In order for (2.3) to be a solution of the geodesic equations, the zweibein E%,(u) must
satisfy the oscillator equation
B, —h'EI, =0. (2.19)

Viewed as a second-order differential equation for vectors labelled by the index i, there are
four linearly independent solutions (therefore a total of 8 solutions for the components)
which we split into two sets f(ir) (u) and gér)(u), r = 1,2, satisfying the canonical boundary

conditions?
Tl (0) = &%, fin(0) =0,
An important role in what follows is played by the Wronskian. For example, choosing two
solutions f(iT) (u) and gfs) (u), their Wronskian is®
Wes = 3 (Foyil = Finlsy) = s (2.21)

i

whereas the Wronskian of two f(ir) or two gér) vanishes.

Tt is interesting to note the correspondence with the quantities A(z,2’) and B(z,«’) introduced, for
example, in (3.18) of ref. [6] to characterise geodesic deviation. Here, A and B satisfy ‘parallel’ and ‘spray’
boundary conditions in correspondence with f and g. Note also that in this paper we have chosen the
opposite sign convention h;; = —Ruyiu; from [6] for the Brinkmann profile function. Also note that our
f(ir) (u), gfr) (u) are the functions denoted bgk)(xa'), b:(k)(:cg') in [15].

5The Wronskian W, is independent of u by virtue of the fact that f(ir) and gés) satisfy the oscillator
equation and that h;; is symmetric, since

W = fiyhijglyy = hiifly9(s) = 0.

Wrs may therefore be evaluated at any value of u, and the result (2.21) follows immediately by using the
boundary conditions (2.20) at u = 0.



The zweibein E?, which determines the geodesics is an arbitrary linear combination of
the f(ir) and gfr), i.e. the zweibeins use half of the complete set of solutions to the oscillator
equation. It follows that the nature of the null congruence depends on the particular linear
combination chosen. This brings us to the key point. The Wronskian associated with a
particular choice E%,(u) for the zweibein is

Wap = (ETE> ab (ETE) ab
- (B" (- 0" B)
= (Q - QT)ab
— 2wy (2.22)

ab

in other words, the twist wy, = (ETwE) . 10 the Rosen metric.

This identification of the twist with the Wronskian of the zweibeins explains how the
formalism developed here generalises the corresponding discussion in [15], especially in the
appendix where the transformation between Brinkmann and Rosen coordinates and the
link with Killing vectors was explored in detail. In particular, the ‘somewhat mysterious’
symmetry condition EET = EET, already associated in [15] with the vanishing of the
Wronskian (corresponding to choosing the zweibeins using oscillator solutions generating a
maximal set of commuting Killing vectors) is now seen to be the restriction to congruences
with vanishing twist. Indeed, the symmetry condition must hold for consistency in passing
from the usual form of the Rosen metric to Brinkmann since the twist term involving w,;
in the generalised Rosen metric is omitted, thereby assuming vanishing twist a priori.

As anticipated above, the oscillator equation solutions f(ir) and gér) also play a key
role in constructing the Killing vectors characterising the extended Heisenberg isometry
algebra of the special class of homogeneous plane waves, which we discuss in section 3.

2.4 Newman-Penrose tetrad and the Penrose limit

The standard Newman-Penrose basis for a plane wave spacetime is the null tetrad ¢*, n*,
m#, mt satisfying £.n = —1, m.m = 1, built around ¢, = d,u, i.e. the normal to the null
hypersurfaces u = const. In terms of this basis, the metric may be written

G = Ly, — by + My, + My, . (2.23)

A straightforward construction then gives,

~1 0
S 1
t=111, nt = | Lathad |, mt = 7 0 : (2.24)
0 0 2\ g1 4 isi2

The only non-vanishing NP curvature scalars (see, e.g. [34]) are

1 1 1
@22 = —iRuyTL’unV = —§Ruu = itr hij’ (2'25)

and 1
Uy = —Clypontm?nPm’ = —Clym'm! = §(h11 — ha2) —ihi2, (2.26)



where notably both ®¢y and W, vanish. This characterises a Petrov type N spacetime.
In previous work [6], it proved useful to construct a Newman-Penrose basis adapted

to the geodesic y. Here, taking k* from (2.6), we may define the basis vectors as®

1 0 0
F=kt=|-lao(h+QTQ)z|, N:=[-1], M= \}i — () — i (Qa)?
Q) 0 e
(2.27)
and check explicitly that they satisfy the metric conditions L.N = —1, M.M = 1. Impor-

tantly, we also impose that they are parallel-transported along the geodesic, i.e.
L'D,L" =0, LFD,N" =0, L'D,M" =0. (2.28)
The first merits further comment. From its definition in (2.9), it follows that
1
T 2
L'DyL, = (Q-Q7), LM+ S DL (2.29)

where the final term vanishes since L* is null. Normally this would immediately imply
the vanishing of L*D,, L, , which (in affine parametrisation) is the geodesic equation for ~.
However, if we allow congruences with twist, €2, is not symmetric and this is no longer
obvious. Nevertheless, using the results quoted in footnote 2 we can check explicitly that

0 0 —(iw); 1
(@-af), L'= 0 0 0 o | =0, (2.30)
—(wa’c)i 0 Wij i’j

confirming the direct calculation of LD, L, using the covariant derivative.

Although much of this work centred on exploiting plane wave geometries as the Penrose
limits associated with wave propagation along null geodesics in a more general spacetime,
it is clearly of interest to consider the plane wave in its own right and ask what is its
Penrose limit given a particular geodesic . In particular, we will allow for « to be a null
geodesic in a twisted congruence.

In [6] we introduced an elegant method of determining Penrose limits based on the
Newman-Penrose tetrad formalism. The method relies on the correspondence of the NP
tetrad associated with the chosen geodesic ~, with the basis vectors parallel-transported
along v, and Fermi null coordinates (FNCs). The construction in terms of FNCs [3] gives
perhaps the best insight into the nature and properties of the Penrose limit, making clear
how it captures the geometry of geodesic deviation. In particular, as shown in [3], the
Brinkmann coordinates describing the Penrose limit plane wave are identified as FNCs.

SFor reference,

Ly =k = (2 (h—Q7Q) z, 1, (Q2),) | N, =(-1,0,0),
1

M, = —
V2

(— (Qx), —i(Qx),, 0, 6 +7;5i2) .

,10,



The upshot is that the profile function izij of the Penrose limit metric is given in terms of
the components of the Weyl and Ricci tensors in the NP basis associated with ~ as:

) 2 (Comm + Cryppir) + 3Rir — L (Crmrm — Cryrran)
iy = — . (2.31)
—5 (Covrnve — Cryrrar) _%(CLMLM"FCLMLM)-F%RLL

The next step is to write the NP basis L*, N#, M*, M* in terms of the standard basis
introduced above. We find,

1 1

NH = —¢#
1
MY = —— ((Qx), +1i(Qx),) F +mH. 2.32
7 (), +i(Q),) (2.32)
Then, recalling that only the curvatures ®99 = —%Rm and ¥V, = —Cpmnm are non-
vanishing in this type N spacetime, we can evaluate (2.31). We find the elegant general
result
Re U, + Poyo —Im Wy
hij = , (2.33)
—Im¥; —ReWy+ Py
that is,

hij = hij . (2.34)

This shows the satisfying result that the Penrose limit metric is the same as for the original
plane wave.

An important point is that this construction of the Penrose limit does not appear to in-
volve the twist directly. This is to be expected. The Penrose limit encodes the geometry of
geodesic deviation around a chosen geodesic v and so depends on the background spacetime
and the geodesic v. On the other hand, twist is a property of the congruence, not an individ-
ual geodesic. So while the Penrose limit may depend on ~, twist itself should play no role.

3 Homogeneous plane waves and isometries I — Brinkmann

As described in section 1, homogeneous plane waves fall into two classes [15] specified by
particular forms for the profile function h;;(u). Here, we focus on the first, for which the
metric is

ds® = 2dudv + (e ho e_gu)z.j ztad du® + (al;zci)2 , (3.1)

. . . 0 . .
where ¢;; is the usual antisymmetric symbol, €;; = Lol and hg is a constant symmetric

2 x 2 matrix, which we may take to be diagonal. Notice immediately that with this form,

h(u) = [e, h(u)] . (3.2)
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The special case where tr hg = 0 is Ricci-flat and is known in the literature as Ozsvath-
Schiicking spacetime. It is “anti-Machian” in the sense that it is a geodesically com-
plete, singularity-free, vacuum solution of Einstein’s equations which nevertheless is not
Minkowski spacetime [24].

Compared with the symmetric space plane wave, or Cahen-Wallach space, for which
hij = const., the metric (3.1) has an extra isometry. We therefore begin with a discussion
of the Killing vectors and isometry algebra for this metric.

3.1 Killing vectors and the isometry algebra

The isometries of a Riemannian manifold are generated by Killing vector fields K, which
are defined such that the Lie derivative of the metric g,,, with respect to K vanishes, i.e.

Lrguw = K guvp + K ygov + K 1 9up
= D,K, + DK,
~0. (3.3)

It follows that the quantity K*dx,/d\ is conserved along a geodesic x# (), where X is the

d dx

The commutators of the Killing vectors define the isometry algebra of the spacetime. In

affine parameter, i.e.

the case of a general plane wave, with arbitrary profile function A(u), this is the Heisenberg
algebra for generators Q,, P, and Z:

[Qers]:Oa [PT,PS}:O, [QT7P8]25T827
[Z?Q’/‘] =0, [var} =0, (35)

while for the homogeneous plane wave (3.1) this is extended with a further generator X,
related to u-translations, satisfying

[X, Q’I‘] - Erst + hrs(O)Ps ,
[X,Pr] = Qr + 5P,
X,2] = 0. (3.6)

Clearly, omitting the €,; terms recovers the isometry algebra for the Cahen-Wallach space-
time with h,¢(0) identified as the constant profile function h;;.

To see how this arises, consider the coordinate transformations which leave the
Brinkmann plane wave metric invariant. First, the metric is evidently invariant under
translations in v, with corresponding Killing vector Kz = 0,, i.e.

0
v+ a, Kz =0,, Ky=1|1]. (3.7)
0
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We can also check that for arbitrary hi;(u), there is an invariance under
u—u, v—v—aFly;, ' — ' 4+ aF", (3.8)

provided F is a solution of the oscillator equation, F = hijF 7. A convenient choice is to
use the canonical solutions f(iT), gér) given above to define the generators Q),., P, respectively,
with corresponding Killing vectors:

0
Kq = —f{yzi0 + [{10i Kf=|- fér)xz :
fin
0
Kp = —g(,y%i0s + g(y0i , Kg = —gér)a?i . (3.9)
9tr)

The corresponding conserved quantities are easily identified. For example, taking u as the
affine paramter, we have

Ky = gu Khi" = — fgr)xi + f()x (3.10)
and clearly,
d [ Fi i s

using the oscillator equation for f(ir) and the geodesic equation (2.2) for z%(u).
Finally, for the homogeneous plane wave (3.1), there is a further invariance involving
translations in u, viz.

u—u+a, v, :ci—>xi—|—aeij:cj, (3.12)

which is easily checked using the relation (3.2) for /;;(u). The corresponding Killing vector
is

1
Kx = 0y + (ex)" 8; K= 0 |. (3.13)
(ex)
The conserved quantity here is
1
=S (h- Q' —2¢0) z, (3.14)

and it can easily be checked using the formulae in section 2 that this is conserved along the
geodesic. The invariance of the metric under the associated Lie derivative is also readily
confirmed, for example:

Lxy Gun = K% Guuw + K guui = vha + (ex)' (hija? + 27hy;)
:x(h+[h,e]>x - 0. (3.15)
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The commutation relations follow directly from the form of the Killing vectors. For
example,

(Kau Kp) = findi (—3ly25) 00 = gl 85 (—Fiywi) 00
N N BT
— —513 (f(r)g(s) f(r)g(s)> av
=Wy (ﬂg) K. (316)

Since the Wronskian is u-independent, it may be evaluated at u = 0 where we may use
the canonical boundary conditions (2.20) for the solutions f(ir), gés) specifying the Killing
vectors K¢, and Kp, respectively. This gives W;.s(f, g) = d;s, as given in (3.5).

Next, we readily find

[Kx, KQT] = —3’2('74)%'8@ -+ 3@)8@‘ s (3.17)

where

Sy = firy — €30 - (3.18)
The r.h.s. is clearly of the same form as the Killing vectors K and Kp and can be written
as a linear combination of them [15]. To determine this, note that since %{T) satisfies the

oscillator equation,’ it can be written as a linear combination of the basis set f(ir), gér) as
8{7{7') = arsf(is) =+ stgEs) . (319)

The constant coefficients a,s and b, are determined by evaluating Sér) and Sér) atu=20

and using the boundary conditions for f(ir) and gér). This gives

Sl = €rs sy + hrs(0)g(y) (3.20)

and so we find
[Kx, KQT‘] = ersKQS + hrs(O)KPS s (3.21)

as shown in (3.6). The corresponding result for [Kx, Kp,| follows similarly.

Notice for future use that the form of (3.16) involving the Wronskian of the two solu-
tions characterising the @ or P type Killing vectors, and the form of the solution § in their
commutator with Kx in (3.17), did not depend at that stage on the specific choice of the
functions f(ir) and gér), but would hold for Killing vectors defined with any solutions of the
oscillator equation. Later, we will consider the commutation relations of Killing vectors
with other choices of these solutions, particularly with the related construction based on
the Rosen metric (2.17).

"From the definition (3.18),
Sy = h'sfly = €fiy
and so, using (3.2),
Sy = [67h]ij f(Jr) +h jf(]r) — ¢ jh]kf(r)
- hij (f‘(jr) - Ejkf(kT)) = hi]' {T) :
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3.2 Homogeneous plane wave as a coset space

As the name indicates, homogeneous plane waves are example of homogeneous spaces and
as such can be described as a coset space G/H, where G is the isometry group and H is the
isotropy subgroup. In the model considered here, the isometry group G is generated by the
set {X,Z,Qy, P;} describing the extended Heisenberg algebra (3.5), (3.6). The isotropy
group may be taken as H = {P,}. The elements of the coset space G/H are then in one-
to-one correspondence with the four-dimensional manifold described by the metric (3.1).

The metric for the homogeneous plane wave of Ozsvéath-Schiicking type (3.1) may be
constructed from a knowledge of the isometry algebra g of (3.5), (3.6) in a standard way.
(See [13, 14] for an analysis of the singular homogeneous plane wave (1) and [35, 36] for
discussions of the general formalism.) The starting point is to regard the isometry group
G as a principal H-fibre bundle over the coset manifold G/H and define a section ¢(z) € G
in terms of the ‘broken’ generators (i.e. those generators in G but not in H) as follows:

U(z) = e"XerZey@ (3.22)

where o = (u,v,%') are coordinates on G/H and we abbreviate 3.Q = y'Q,.0";. Notice
that the choice of section is not unique — different choices, for example in the ordering of
the factors in (3.22), correspond to different coordinate choices.

We then construct the Maurer-Cartan 1-form ¢~1d¢ € g and expand in terms of the

generators of G as
('l =eXX +e?Z 4 e Q.+ w'P,, (3.23)

where e = e/, dz# are the frame 1-forms on G/H (e, are the corresponding vielbeins)
and w'’ is a local H-connection. The metric for the coset space G/H is then

ds® = gABeAueBl,dx“dx”, (3.24)

where g4p is a G-invariant metric, which may be chosen to reflect the Minkowski light-cone
coordinates, gxz = gzx = 1, grs = 0.
Following through this construction for the algebra (3.5), (3.6), we first write

(7l = e VX eV Qdu + Zdv + Q.dy, (3.25)

where we have used the commutators [Z, X] = 0 and [Z, Q,] = 0. Now we need the general
result

e VXV = X + [X,y.Q) + % [X,4.Q],4.Q + ... (3.26)

and find, using the commutators

(X, y.Q] = —y.e.Q + y.h(0).P
[X,y.Q,y.Q] = y.h(0).yZ, (3.27)

that the series then terminates since [Z, Q)] = 0. This leaves

1
e = (X —y..Q +y.h(0).P — 2y.h(0).yZ> du + Zdv + Q.dy . (3.28)
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We therefore identify the frame and connection 1-forms as

eX = du

1 . ,
e? iyzhij (0)y’ du + dv
e = (eijyjdu + dyi) 5ri

The metric is then given by (3.24) as
ds?® = 2dudv + y'hi; (0)y’ du® + (dyi + eijyjdu) (dyi + eikykdu) . (3.30)

The final step to recover the Brinkmann metric in standard form is to make the change of
variable y = e~z such that dy = —eydu+e~““dz. The metric (3.30) then becomes simply

ds?* = 2dudv + re“h;(0)e” “zdu® + (dz)? (3.31)
recovering the Oszvath-Schiicking metric in Brinkmann form (3.1). This confirms that this

spacetime is indeed a homogeneous space G/H defined by the extended Heisenberg algebra.

4 Twisted Rosen metric for plane waves

We now return to the discussion of twisted null congruences in general plane wave space-
times in section 2 and focus here on their description in terms of Rosen coordinates. Our
starting point is therefore the plane wave Rosen metric (2.17) in the form adapted to
twisted congruences:

ds® = 2dudV — 2Xwpd X du + dXC g (u)d X" . (4.1)

First, taking the metric (4.1) on its own merits, we derive the corresponding null
geodesics and optical scalars. This discussion will apply to any plane wave, not necessarily
homogeneous. As in section 3, we then specialise to homogeneous plane waves and describe
the Rosen form of the Killing vectors and isometry algebra.

4.1 Rosen metric and geodesics

The null geodesic equations following from the Rosen metric (4.1) are®

X+cCct (C’+2w>X+C—1wX:0,

V- SXOX 4 Xwo™ (€4 2w) X + XwC oX =0, (4.2)
8The non-vanishing Christoffel symbols for the metric (4.1) are
e, = XwC'wX, ', = XwC 'w+ %Xw(flc, vy = f%(:,
re, =clex, Yy =C'w+ %C‘IC.

where for generality we have quoted the results including a u dependence for w.
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We immediately restrict to the case w = 0 so that the Rosen and Brinkmann metrics are
equivalent. Then, noting that C + 2w = 2, these may be written in compact form as

CX +20X =0, (4.3)
V-XOQX - XwX =0.

The geodesic equation for the transverse coordinates can be written in the convenient

form,
% (CX + 2wX) —0. (4.5)
The first integrals of the geodesic equations (4.3), (4.4) are therefore,
X+2c7\wx =C k¢ (4.6)
V=n-— %gX (4.7)

with integration constants 1 and &,, the latter equation following from
. 1. .. 1 .

Substituting back into the metric, we see that for a null geodesic we require 1 = 0.
To solve (4.6), we introduce the path-ordered exponential P(u,a) defined by

P(u,a) = T- exp /“ dt2C7 (t)w, (4.9)

a

with @ arbitrary, where 7_ denotes anti-u ordering.? Its derivative has the key property,
P(u,a) = P(u,a)2C(u)w. (4.10)
This is the required integrating factor for (4.6). Writing
PX+PX =PC ¢, (4.11)

and integrating, we therefore find

u

Plu,a) X (u) — P(u',a) X (u') = // duy P(uy,a) C~ (up) €. (4.12)

u

This simplifies if we set a = u, since P(u,u) = 1 and we find

X(u) = /it duy P(ui,u) C Huy) € + P/, u) X (). (4.13)

9Note that the corresponding u ordered exponential P, defined with 73 would satisfy
Pi(u,a) =2C " (w)wPy (u,a).

We will also use the relation,

P(u,a) = T- exp /u dt2C ' (H)w = T;exp {— /a dt 20_1(t)w} .
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Now, recalling its definition in (4.6), the constant £ may be evaluated for any value of u,

so in particular we may write
E=CW)XW)+2wX ). (4.14)

Substituting into (4.13) we then have
X(u) = / duy Py, u) O uy) C(u) X ()
+ [P(u', u) + / duy P(ui,u) 2C (uy)w | X (). (4.15)

Finally, using the relation (4.10) to simplify the integral in square brackets, we find the
elegant result,

u

X() = [ du Plur,) €4 u) CWHXW) + X(). (4.16)
o

We can of course now check by explicit differentiation that (4.16) does indeed satisfy the

geodesic equation.

This form of the solution is particularly useful since it isolates the dependence on
the twist entirely in the path-ordered exponential. It is also convenient at this point to
introduce some simplified notation, which will also make the Rosen description of the
Killing vectors and isometries in the following section more transparent.! We therefore
define the key function H(u) as

H(u) = /7 duy P(uy,u) CHuy), (4.17)

or equivalently,

H(u) = /u 7du1fr+exp [— /u udtw—l(t)w} : (4.18)

1
By construction, this satisfies
CH +20H =0, (4.19)

together with the important identity,
CH+2wH=1. (4.20)

We also denote the integration constants representing the Rosen position and velocity
at the reference point u’ by

pa = Cop(u) X)), a® = X%u'). (4.21)
Note though that for non-vanishing twist, the conserved integral of motion is actually

£=CX 4 2wX =p+2wa. (4.22)

9The notation here is chosen to be as close as possible to refs. [16-18] to allow an easy comparison with
the corresponding results for zero twist. The zero-twist analogue of the function pH(u)p was denoted by
¥ (u) in [5, 31].
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The geodesic solution (4.16) is then written in compact form as
X(u)=Hup+a. (4.23)

Now return to the geodesic equations (4.4) and (4.7) for V. Integrating (4.7) and fixing
the integration constant at v = v/, immediately gives

1
V(u) = —§§(X(u) — X)) +n(u—u)+ V(). (4.24)
Rewriting in the simplified notation above, and with d = V' ('), we may then show
1
V(u) = —ipH(u)p — pHT (w)wa + n(u —u') +d. (4.25)

Compared with the twist-free case [16-18], the twist w therefore enters the geodesic solution
for V' explicitly as well as implicitly through the form of H(u).

4.2 Twisted null congruences and optical scalars

The simplest null congruence to consider is the original one described in Brinkmann coor-
dinates in section 2, where V', X are constant. The corresponding tangent vector k" and
covariant vector k, = gw,ky are then

1
E'=1o0], k.= 1 |. (4.26)
0

Defining QW = D,,I::M, we find all the components vanish except for

Qab - ab’;a_ ga’;v

1.
= wab+50ab = Qu. (4.27)

For this congruence, therefore, we recover the natural relation for the twist, @ = w.

It is interesting to compare this with the null congruence defined with the more general
solutions to the Rosen geodesic equations described above. These solutions (for n = 0)
define a null congruence with tangent vector

i 1
= v = |-lecct(e-2wx)]. (4.28)
X C (€ - 2wX)
and
V- XwX — 1 (€ +2Xw)C7 (¢ — 2wX)
k, = 1 = 1 : (4.29)
CX 4+ wX £ —wX

and we readily check IAcQ = 0.
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The optical scalars for this congruence, defined entirely within the Rosen metric frame-
work, are constructed as above. Specifically, we have!!

Qab = Db’%a - ab’%a — Fga’%v
1. T
= —wat5C00 = (27), (4.30)
With the usual decomposition into optical scalars, Q= %él + 6 + w, we find that the
twist for this congruence is given by w = —w. In section 5, we see how these two different

congruences are related to the ) and P generators of the isometry algebra, and how this
different result for the Rosen twists @ and w is reflected in the commutation relations.

4.3 Wave equation and twist

We now consider solutions of the wave equation in the gravitational plane wave background
described by the twisted Rosen metric (4.1). The d’Alembertian in this metric is

1
O=—0,(v/—9g¢g""d,) , 4.31
where
0 1 —Xw 0 1 0
gw=1| 1 0 0 , g =11 —XwClwX XwC |, (432
wX 0 C 0 -—-Clwx c!

and /—g = det C. It follows that
Oylog\/—g = %tr ciC = %tr (Q+0") =9, (4.33)
where 6 is the expansion scalar (2.10). Collecting terms, we find the following elegant form,
0 = 20,0y + (0x + Xwdy)C ' (0x —wX dy) + 00y . (4.34)
Generalising from the twist-free case, we look for solutions ¢(x) of the form
p(z) = A(u) F(u, X) e, (4.35)

where V' is the usual phase and the amplitude factor A(u) satisfies

Oylog A = —%9. (4.36)

HThe complete result for QW = DVI%“ can be written analogously to footnote 2 in section 2 as
XQ'x 0 -xQF
Q. = Dok, = 0 0 0
-0’x o QF
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This shows how the amplitude reflects the overall expansion of the null congruence, in the
way familiar from conventional geometric optics. We then have

06 = A(uw) eV [2i0, + (9x +iXw)C ™ (0x —iwX)| F(u, X).  (437)
Clearly, ¢(z) is a solution of the wave equation if F(u, X) solves
[2¢au + (9x +iXw) C_l(ﬁxfin)]F(u,X) -0, (4.38)
which we can write as
[%au + Da(C*l)abDb] Flu,X) = 0, (4.39)
with Dy = 9y — iwgX?. These D, are in essence covariant derivatives with abelian

connection wgX?. Provided that & = 0, this corresponds to a constant field strength
Fop = —2wgp.

We see immediately that this takes the form of a heat equation (for v imaginary) and
so may readily be solved using techniques from the heat kernel or Schwinger proper-time
formalisms. We can therefore write a standard form of solution as

Fu,X) = ®(X,Y) exp [;(X —Y) %A (u)(X —Y)° + B(u)] , (4.40)
where ®(X,Y) is the path-dependent phase factor,
X
®(X,Y) = exp [z / dZ“wabe} : (4.41)
Y

The role of the phase factor in this type of solution (see, e.g. ref. [37]) is to convert the
covariant derivatives to ordinary derivatives and field strengths as they act through @ to
the exponential term in (4.40). This follows from the key property (for the special case of
constant field strength),

D®(X,Y) = —i®(X,Y)wa (X —Y)°, (4.42)

where we have taken the path from Y to X at constant u.

In the present case with w = 0, however, this geometrically natural construction is not
needed in its full generality, since choosing ¥ = 0 we can show that the phase factor is
trivial, ®(X,0) = 1. Our ansatz for the solution to (4.39) is then simply,'?

F(u,X) = exp %X“Aab(u)Xb+B(u) : (4.43)

where, after equating real and imaginary terms, the u-dependent functions Agp(u) and
B(u) satisfy

d

@A+(A+w)0_1(A—w) =0
ey (4.44)
du 2 - '

2Note that while a linear term in X may in principle be included in this ansatz, the wave equation
requires it to vanish provided B is real.
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The terms involving A and B therefore modify the phase and amplitude of ¢(x) respectively.
Equation (4.44) is a non-linear, first order ODE for the symmetric matrix Agp(u), which
we recognise as a Riccati equation. This motivates converting it into a linear, second order
ODE with an appropriate change of variables. We therefore introduce the matrix M (u)
such that
M=C'(A-w) M. (4.45)
Differentiating, and using C' = 2( — w) and & = 0, we find

M=[2C"'"Q-w)-C'A+w)+C ' (A-w)] M
= —207'QM, (4.46)

with the term of O(A?) vanishing by construction. That is, M is the solution of
M+2C07'QM = 0. (4.47)

We recognise this as the defining equation (4.19) for the key function H(u) given
in (4.17). Inverting (4.45), we therefore solve for A, in the form,

A=CHH '4+w = H'-w, (4.48)

using (4.20). The final solution for the wave equation is then,

o(x) = A(u) exp [z <V + ;X’l—l_l(u)Xﬂ : (4.49)

with amplitude
A(u) = exp {—; /dutr(@ +He)! )] : (4.50)

It is interesting to consider this solution in the special case of zero twist, where a
geodesic with tangent vector k* can be given in terms of the derivative of the phase of a
solution of the wave equation, i.e. k, = 9,,0. Of course this is not possible for a congruence
with non-vanishing twist, which cannot be described as a gradient flow. Here, taking © as
the phase in (4.49), this would give

%X?-'FlX —%pC’_lp
k, = 1 = 1 : (4.51)
HIX P

since with w = 0, we have H = C~! and we have set X = H(w)p. This reproduces the
zero-twist limit of the expression found in (4.29) directly from the geodesic equations.

5 Homogeneous plane waves and isometries II — Rosen

In this section, we reconsider the symmetries of gravitational plane waves, and the extended
symmetries of homogeneous plane waves, this time from the point of view of the twisted
Rosen metric (2.17). We derive the explicit Rosen forms of the isometries and Killing
vectors and show how the extended Heisenberg algebra of section 3 arises entirely within
the framework of Rosen coordinates.

— 922 —



5.1 Killing vectors

The first isometry of the Rosen metric (2.17), which we display here again for ease of

reference,

ds® = 2dudV — 2X wpd X du + dXC g (u)d X", (5.1)
is of course invariance under translations of V', with generator Z and Killing vector Kz, i.e.
u—u, V-V+a, X = X; Kz =0y. (52)

The basic Heisenberg algebra is completed by the generators @), P, which involve a
choice of independent solutions F i(,,), Gi(r) respectively of the oscillator equation. Unlike
section 3, however, we will not immediately commit to the choice f, g satisfying the canon-
ical boundary conditions (2.20). Focusing now on @,, and converting from the Brinkmann
transformation (3.8), we expect the Rosen metric to be invariant under the transformations

u—u, VoV-a FTE—FTET_I(Q—QJ)]X, X 5 X+aFTET1. (5.3)

Here,'? we use an abbreviated matrix notation F = FZ'(,,) and parameters a = o', so
that written in full the X transformation, for example, is X¢ — ofF(r)i(E_l)ﬂ. The
corresponding Killing vector is therefore

Kq, = FTET 195 — [FTE _FTET (@ —w)| X oy, (5.4)
with the analogous form for Kp,, viz.

X oy, (5.5)

Kp, =GTET 1oy — [GTE ~GTET(Q — w)

The direct proof that (5.3) leaves the Rosen metric invariant requires some calculation.
Useful intermediate results include
dX = dX +a (FTE - FTET—lnT) C'du, (5.6)
and
AV — dV — [FTE ~FTET-1(Q - w)} dX

—a [(FTE _ FTET—19T> C'w

+ETE — FTET-10 ¢ FTET*QTC*Q} X du, (5.7)
13The conversion from Brinkmann to Rosen coordinates,
u=u, ’U:V—%XQX, r=FX,
suppressing indices, implies
Ou = Ou, dv = 0v, de = E"T (0x + (2 —w) X dv) .
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provided w = 0, as required for the equivalence of the Brinkmann and Rosen metrics. Then
using the fact that F is an oscillator solution to write FTE = FTET—1h, together with
the analogue of (2.11),

h=0-QTc'q, (5.8)

we can verify that the variation of the Rosen metric indeed vanishes under (5.3).

This general form of the @), and P, isometries is not at all evident from inspection of
the Rosen metric. However, we can make particular choices of the oscillator solutions F(ir)
and G%r) which correspond more directly to the natural invariances of the metric.

First, we define the generator @), by taking Fi(r) = FE',, since by construction the
zweibein E‘, is itself a solution of the oscillator equation. The corresponding isometry,
with parameter ¢, is then simply

u—u, V-oV4+ecwX, X = X+ec, (5.9)
since in this case FTE = Q7 with Killing vector
KQ =0x +wX dy . (5.10)

The transformation (5.9) is manifestly a symmetry of the twisted Rosen metric. Notice
the key point that a simple X translation is not an isometry, but must be accompanied by
a twist-dependent transformation of V.
Next, note that a further oscillator solution is given by G’@ = B, H® provided H®(u)
satisfies the equation,
H+2C'QH =0. (5.11)

This follows immediately from

G=FEH+2EH + EH
=hG+ E(H +2C 'QH). (5.12)

We then look for a corresonding isometry of the form,

1
u—u, V=V~ XNb— JbMb, X — X + Hb, (5.13)

with parameter b,, for functions H%(u), N,*(u) and M®(u) to be determined. Here, we
have included a term of O(b?) to identify a finite transformation, although this will not be
present in the infinitesimal transformations defining the Killing vectors. To check that this
is indeed an invariance of the metric, we substitute (5.13) together with

dX — dX + Hbdu, (5.14)

and
. 1 .
dV—)dV—dXNb—XNbdu—ngbdu, (5.15)
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into the Rosen metric. A short calculation shows that the metric is invariant provided
H (u) satisfies (5.11) and

N =CH +wH , (5.16)
M =H"(CH +2wH). (5.17)

Notice now that the equation (5.11) for H®(u) is precisely the same as that satisfied
by the function H(u) involving the path-ordered integrating factor introduced in (4.17)
in the discussion of Rosen geodesics. We therefore choose H = H and, using the further
identity (4.20), define the P* isometry to be,

1 .
u—u, V—>V—X(1—w7—[)b—§b7-[b, X — X +Hb, (5.18)
with corresponding Killing vector,
Kp=H"0x — (1+H w) X0y . (5.19)

It is now easy to check that this precisely reproduces the general form (5.5) for the particular
choice G = EH.

The remaining generator X of the extended Heisenberg algebra only corresponds to
an isometry when the Rosen metric describes a homogeneous plane wave. This is encoded
through the functions C' and w in the metric, and therefore implicitly through the zweibein
E which is determined by the Brinkmann profile function h(u). Proving that this is indeed
an isometry therefore relies on the use of the homogeneous plane wave condition (3.2),
h(u) = [e, h(u)].

Again starting from the equivalent Brinkmann transformation (3.12), we expect the
Rosen metric to be invariant under

1
u—u+a, V—>V+a§XAX, X —>X+aBX, (5.20)

with corresponding Killing vector,

1
Kx =0, +XB" ox + S XAX Oy, (5.21)

where
B=-C1'(Q-¢, (5.22)
A=h-Q*+[Q,€ . (5.23)

Here, B = B%,, A = A, and for clarity we have omitted the C~! factors in contracting
Rosen indices in the expression for A. Notice that while the V' transformation only involves
its symmetric part, A itself is not symmetric when the twist is non-vanishing. Instead, we
have the useful identity,

(A-A")=B'w+wB. (5.24)

N | =
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To check the invariance of the twisted Rosen metric under (5.20), we need the u-

derivatives,

B=-C'A, A=_2wC'A. (5.25)
Then
dX - dX +aBdX —aC 'AX du,

1
dV = dV + 5o X (A+ AT) dX — a XwC "AX du, (5.26)

and invariance of the metric follows directly. Again, we see that in contrast to the
Brinkmann description, the enhanced isometry for the homogeneous plane wave involves a
compensating transformation of V' as well as X to balance the u-translation.

5.2 TIsometry algebra

Having identified the isometries of the twisted Rosen metric, the next step is to find the
corresponding algebra by evaluating the commutators of the Killing vectors Kz, Ko Kp
and Ky. We perform these calculations initially with arbitrary oscillator solutions defining
Q. Py, and work entirely in Rosen coordinates.
First, the Killing vector Kz = dy naturally commutes with all the others, so we have
simply,
Z,Q.] =0, (Z,P] =0, [Z,X]=0. (5.27)

Next, we show that
[QT?QS] = _WTS(F7F)Za [PMPS] = _WTS(Gv G)Z7 (528)

and
[QN PS] = _WT'S(F7 G) Z, (529)

in terms of the appropriate Wronskian, e.g.
W,s(F,G) = FTG — FTG. (5.30)
This follows readily from the expressions (5.4), (5.5) for the Killing vectors, which imply

(Ko, Kp] = — [(GTE ~GTET1 (- w)) E‘IF} oy — | Fo G, oy

S (FTG _ FTG> By
— W,i(F,G) Ky, (5.31)

with the terms not involving derivatives of F' and G cancelling.
The evaluation of the [X, Q,] commutator in the Rosen case involves a lengthier cal-
culation. First, using the definition (5.22) for B, we eventually find

[Kx.Ko,] = (FT + FT6> ET 1oy (5.32)

+FTET! [nTc—lw —(Q-w)CTHQ—¢) (A+AT)| xoy.

1
2
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Then, from the definition (5.23) for A and the relation (5.24), we can show
Kx.Kq,) = §7E" " ox — [{TE-§F"E" (- w)| X oy, (5.33)

where

F=F—¢F, (5.34)

is itself a solution of the oscillator equation. We recognise the r.h.s. as being of the same
form as K¢, but with the oscillator solution F i(r) replaced by Si(r). This relation therefore
reproduces the Brinkmann expression (3.17) for [Kx, Kq] for a general solution F. The
same analysis also applies of course to the [Kx, Kp] commutator with the solution G.

At this point, it is clear that by choosing the oscillator solutions F, G defining Q,., P,
to be the canonical basis f, g as in section 3, we recover the isometry algebra (3.5), (3.6)
precisely. Only the [Q,, Ps| commutator has a non-vanishing Wronskian, while decomposing
the solution § as in (3.20) we recover the [ X, Q] commutator from (5.33), with similar results
for [X, P).

However, it is more constructive to consider the particular choice of generators Q,
P% made above. We can evaluate the commutators either directly from the expressions
for the Killing vectors in (5.9) and (5.19), or from the Wronskian forms (5.28), (5.29) with
oscillator solutions F' = E and G = EH. It is straightforward to show:

(Ko, Ko, = —2wa &y = —W(E,E)dy, (5.35)
Ko, Kpt]) = =0,y = —W(E,EH)dv, (5.36)
[Kpa, Kpo] = (H—H" + 21 wH)™ = — W(EH,EH)dy . (5.37)

Using the various identities above for the derivatives of E,(u) and H(u), we can verify
explicitly that the term in brackets in (5.37) is independent of u, as it must be from its
representation as a Wronskian. We are therefore free to evaluate it for any value of u
and choosing u = v/, where H(u') = 0, we see that it must vanish. We therefore find the
following extremely simple form for the modified Heisenberg algebra:

Qas Q] = —2wa 7, PP =0, (5.38)

and
[QavPb} = —0"Z. (5.39)

The @, generators therefore develop a non-vanishing commutation relation in the presence
of twist. This is in line with our discussion in section 2.3 on the origin of twist.

It is interesting here to contrast the commutators for [Q,, Qp] and [P“, Pb], the Wron-
skian for the former being 2w and 0 for the latter. This seems to reflect the difference in
the twist for the two congruences described in section 4.2. The oscillator solution F' = F
specifying the @, generators corresponds to (4.26) (since there X = constant) and defines
a congruence with twist w, whereas the solution G = EH (corresponding to X = Hp) is
characteristic of the second type of congruence (4.28) with twist —w.
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Finally, we need to consider the commutators [X, Q,] and [X, P?] in the special case of
homogeneous plane waves. Again, we can evaluate these directly using the explicit expres-
sions (5.10), (5.19) and (5.21) for the Killing vectors Kq,, Kpe and Kx, or alternatively
using the general result (5.33) with the oscillator solutions F' and G defining @, and P®.

Starting with the generator @,, we easily show that with F' = F,

§=F—-¢F=-EB, S=ET'4-QB), (5.40)
then from (5.33) we have
[Kx,Kg,) = —B"0ox — (A" + B'w) X oy, (5.41)

as can also be derived directly from the definitions of Kx and Ko,.
The next step is to write this in the form

[Xa Qa] = aabe + babe s (5.42)

for constant a, b. Comparing the r.h.s. of (5.41) with the definitions (5.10), (5.19) for Kq
and Kp, we require

a+bH" =-BT, b(1+2H w) = AT, (5.43)
Differentiating, and using the identities (4.20) and (5.25) for H and B, A, we readily find
a+bHT =0, b(1+2H w) , (5.44)

so conclude that a and b are indeed independent of u. Once again evaluating at u = v/’
where the terms involving H(u’) vanish, we therefore determine the commutator

[X,Qd) = —B"(W)Q + AT(d)P. (5.45)
This just leaves the [X, P] commutator. A similar calculation shows
6=C-cG=E(H-BH), &=-ET[(CB+Q)H—(A-QB)H|, (5.46)

and from either the analogue of (5.33) with &, or directly from the definitions of Kx and
Kpa, we obtain

(X, P = (%T — HTBT> Ox — <7'¢Tw +(1+H"w)B+ %HT (A+ AT)> Xy . (5.47)
This can then be written in the form
[Kx, Kpa] = c"Qy + d%P" (5.48)
with

c+dHT =HT —HTBT, d(1+2H"w) =HT (CB +2w) + HTAT.  (5.49)
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Then, differentiating (5.49), we can show after some calculation that
¢+ dHT =0, d— 2w =0, (5.50)
and so verify that ¢ and d are constants. Evaluating at u = u/, we therefore find,
X, P =C'(W)Q+ (B@)+2C ' (u)w) P. (5.51)

At this point, we can make the natural consistency check that these commutation
relations satisfy the Jacobi identity. From (5.38) and (5.39), together with (5.45) and (5.51),
we have (with all functions evaluated at u'),

wa.#]-[x.4] 0] [0 5
— (B"), "7+ (2 (C W)’ — (B+ 20*1w)ba) Z 40
= 0. (5.52)

Notice especially the necessity of the twist appearing in the commutator for [Q,, Q] of
the Heisenberg algebra to ensure the self-consistency of the extended isometry algebra for
homogeneous plane waves.

The commutators (5.45) and (5.51) may be written out explicitly in terms of C(u'),
Q(u'), h(u') and €(u’) by simply substituting the definitions of A and B. The resulting
expressions display the dependence of the commutators [X, Q,] and [X, P*] on the con-
gruence defining the Rosen metric through the zweibein E%,(u’) (determining C, h and €)
and its derivative E’,(u/) (determining ) at the reference point «’. In this explicit form,
however, they are quite lengthy and we will not write them here.

In order to complete our self-consistency checks and make contact with the canonical
set of commutation relations described in section 3.1, we may without loss of generality
choose u' = 0 and consider the congruence with E?,(0) = ¢, and Eia(O) = 0. Notice
though that this is a twist-free congruence, since these conditions imply €2(0) = 0 and since
w is independent of w it is therefore zero. (Note that this does not apply to the expansion
or shear.) In this twist-free case, the commutators (5.45) and (5.51) then simplify to

(X, Qa) = €0 Qp + hap(0) P?,
(X, P =6Qp+ e PP, (5.53)

reproducing (3.6).

5.3 Geodesics and isometries

Finally, it is interesting to see how these (), and P® symmetries for a general gravitational
plane wave act on the geodesic solutions themselves. This discussion follows that given
in [16-18] in the twist-free case with the conventional Rosen metric and geodesics, and we
have made this section as self-contained as possible to facilitate comparison. For simplicity,
we have also suppressed the index notation below.
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Recall the general geodesic solutions from section 4.1,
X(u) = H(u)p +a, (5.54)
1
V(u) = —ipH(u)p — pHT (w)wa + n(u — ') +d, (5.55)

a

where p®, a® and d are constants, n = 0 for null geodesics, and the key function H(u),

which incorporates the twist-dependent path-ordered exponential P(u,a) of (4.9), satisfies
H(u') =0 at the reference point u’.
First, under a Z transformation,

u—u, VV+Ff, X - X, (5.56)
the geodesics obviously retain the same form with the simple parameter shift,
p—Dp, a—a, d—d+ f. (5.57)
Next, under the Q, isometry,
U= u, VoaV4ecwX, X = X+c, (5.58)
we see that the geodesic solutions transform as
X(u) - Hu)p+a+c,
V(u) — —%p?—l(u)p — pHT (u) (a + ¢) + n(u — ') — awe, (5.59)
so again the form of the geodesics is preserved, with the parameter shifts,
p—Dp, a—a+c, d— d— awc. (5.60)
Finally, consider the P® isometry,
U= u, VoV —-X(1-wH(u)b- %b?—[(u)b. (5.61)
A short calculation shows that here,
X(u) = H(u)(p+b)+a,

V() = —5 (0 + O () (p + ) — (p+ ) (w)ewa + m(u — o) +d — ab

1
+5p [H—H" +2H wH]b. (5.62)
We now recognise the term in square brackets as that occurring in (5.37). As explained
there, we can verify that its derivative w.r.t. u vanishes, so that it is independent of u, then

evaluating at u = v’ with H(u') = 0 we see that it vanishes. The form of the geodesics is

then once again preserved by the isometry, with the parameter transformations,
p—p+b, a—a, d—d—ab. (5.63)

Collecting all this, we therefore find that under a general isometry of the twisted Rosen
metric, the constant parameters specifying the geodesics transform as,

(p,a,d,n) — (p+b,atc,d—awc—ab+ f), (5.64)

generalising the result of [16, 18] (see eqs. (IIL.8), (IV.17) respectively) where the corre-
sponding symmetry was identified with a restricted Carroll group.
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6 Van Vleck-Morette matrix for twisted null congruences

One of the most important geometrical quantities characterising geodesic congruences is
the van Vleck-Morette (VVM) determinant or, more generally, the VVM matrix [38-41].
It encodes information on the nature of the geodesic flow and plays a key role in the
construction of Green functions and heat kernels for QFTs in curved spacetime (for reviews,
see e.g. [42, 43]. In particular, zeroes of the VVM determinant correspond to conjugate
points on the congruence where the geodesics focus; in turn, this influences the analytic
structure of the corresponding Green functions which is implicitly related to the realisation
of causality in the QFT [4-6, §].

Here, we generalise the construction of the VVM matrix for plane wave spacetimes
previously given in refs. [5, 6, 31] to the case of null geodesic congruences with twist. First
we give a derivation in terms of the original Brinkmann coordinates then show how the
result may be obtained directly using the Rosen form (2.17) of the plane wave metric
adapted to twisted null congruences.

6.1 Brinkmann construction

In Brinkmann coordinates, we may define the transverse components of the VVM matrix by

0?0 (z, ")
.. / P— 7’
Ajj(z,z") = i a7 (6.1)
where o(z,2’) is the geodetic interval,
1! dat dz¥
N =~ ar g——— 6.2
ol@,z) 2 /0 T dr (62)

along the geodesic x#(7). For a general plane wave (not necessarily a homogeneous plane
wave as we have been discussing elsewhere), this is

1 [ . 4 4
o(w,a') = 2/ duy (20 + a'hijal + (i)°)

1 ¥
=(u—u)(v—2")+ i(u — ) [z &' Z, , (6.3)
where we have used the transverse geodesic equation (2.2) to write
d 2

du
As in our earlier work [5, 6], we expand the transverse geodesic solutions x‘(u) (in
other words, the Jacobi fields) as

2" (u) = BYj(u,u') 2 (u) + A%y (u, ') @7 (u'), (6.5)

where A and B are solutions of the oscillator/geodesic equation (i.e. A—hA =0, B—hB =
0) with “spray” and “parallel” boundary conditions:

Aij(u',u') =0, Aij(u',u') = 5ij ,
B ') =4, B/, u) =0, (6.6)
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respectively.

These functions are of course closely related to the optical scalars characterising the
null congruence. To see this, recall &' = Qijxj and ' = E', X so that, suppressing indices,
we have

z(u) = B(u,u') z(v') + A(u, u")Qu') z(u)
= B(u)E~'(u) 2(u). (6.7)

Then, from

/ duy Q) = / duy B(u)E~ (1) = [log B]" | (6.8)
we find the required relation [5, 6]

u

B(u,u) + A(u,u)Q(v') = exp // duy Q(uq)

u

/

“ 1
= exp/ duy [201 +o —I—w:| . (6.9)

Now, we can express the geodetic interval in terms of A(u,u’) and B(u,u) as follows:

o(z,2') = (u—u)(v—"2") - s(u—1u) [z(w) (Afl’T(u, u') — AT u)) 2 (d)
+ x(u) (Ail(u’, u)B(u, u)) x(u)
—x(u) (A_l(u,u')B(u,u’)) :U(u')] , (6.10)
and so the VVM matrix is
Agjlus ) = — g (u— o) [A (wu) — A7l )] (6.11)
Notice immediately though that we can not assume that A7 (u,u’) = —A(u/,u) in the case

of a congruence with twist, unlike the conventional twist-free case described in [5, 6].
Determining the VVM matrix therefore reduces to finding the solution A(u,u’) of the

oscillator /geodesic equation with spray boundary conditions. We already have one solution

in the form of the zweibein E°,(u), so we can find a second solution using the Wronskian, i.e.

ET(w)A(u,v) — ET(u)A(u, ') = W(u'), (6.12)

M As a special case, if we restrict to a geodesic spray congruence and the corresponding optical scalars,
eq. (6.9) reduces to

Oy log A(u,u") = Q(u) = OulogdetA =trQ2 =20.

For a twist-free congruence, using the relation (6.11) between A;; and the VVM matrix A;;, this directly
implies the well-known relation [42] between the VVM determinant and the expansion scalar:

detA(u,u') = (u—u')? e Jur au” o(u'")
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where W,;(u') is independent of u since the oscillator equation is second order with no
terms linear in derivatives. Now rearrange to find a differential equation for E~1A. First,

from (6.12) we have
E'A=EQTa+Cc'w (6.13)

recalling C = ETE. Expressing Q7 = Q — 2w, some further manipulation then gives

% (E'A) +2C 'w (E714) = C'W, (6.14)

in terms of the Rosen twist w,p.
To solve this, we need the path-ordered exponential P(u, a) introduced in (4.9). Since
this is an integrating factor for the differential equation (6.14), the general solution is

u

P(u,a)E~ (w)A(u, ') — P(u”,a) E~H(u")A(u" ) = /H duy P(uy,a) C u)) W. (6.15)

u

Choosing u” = v and using the boundary conditions (6.6) to set A(u/,u') = 0, then taking
a = u, we find the solution in the convenient form,

E~Y(u)A(u, ) = /u duy P(u1,u) C u) W. (6.16)

'U/

Now, since W is independent of «’, we may evaluate its definition (6.12) at u = v’ to find
W' = ET(W)A@W o) — ET (W) A(/ o) = ET (W), (6.17)

again imposing the boundary conditions (6.6).
Finally, therefore, we find

A(u, o) = B(u) /

u

u

duy P(uy,u) CHup) BT (), (6.18)
or more explicitly,

A(u, o) = E(u) < /u u duy T exp [— /u udt2C_1(t)w] C_l(u1)> ET(W).  (6.19)

1

The difference from our previous result [5, 6] for twist-free congruences is clearly the inclu-
sion of the twist-dependent integrating factor. The VVM matrix then follows from (6.11).
6.2 Rosen construction

In Rosen coordinates, we define the transverse VVM matrix Agp(u,u’) in terms of the
geodetic interval as

- ; %0 (z,2")
T )
Agp(u,u') = Eq ' (w)Agj(u,u) By (u') = IXeHXb (6.20)
From the Rosen metric (2.17) or (4.1), we have
1 u . . . .

olw,a’) = 5 =) / duy (2V — 92X W X + Xacabxb)

/ ! 1 !/ v u
:(u—u)(V—V)+§(u—u)[X(CX+2wx)},, (6.21)
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where, assuming w independent of w as in (2.19) to maintain the equivalence with the

Brinkmann congruence, we have used the transverse geodesic equation (4.5),

% (CX+2wX) —0.

which implies (4.6),
X +207'wX =C7 ¢,

for constant £%. As discussed in section 4, the solution is

Pu,a) X (u) — P a) X (u') = /jl duy P(ui,a) C~Y(up) €.

Inverting now gives

&= (/7 duy P(uq,a) C‘l(u1)>_1 [P(u, a) X (u) — P(u',a) X (u)
It then follows from the expression (6.21) for the geodetic interval that!®
o(z,2') = (u—u)(V -V
+ %(u — (X - X) ([ dus P(ur, ) C_l(u1)>_1
X [P(u,a)X(u) —P(u’,a)X(u’)} :
From its definition (6.20), the VVM matrix is then

1
Agp(u,u’) = —§(u — ) [A_l’T(u, u') — A_l(u,u’)} ,
where .
AN ) = — (/ dui P(u1,a) C_l(u1)> P a).
That is, combining the integrals, or equivalently choosing a = v/,

A(u,u’) = / duy P(uy,u') C ™ (uy)

E/ duy T exp {—/ dt2Cl(t)w} C(uy).

1

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

Finally, lowering indices with the Rosen metric and with A(u,u') = E7 (u)A(u,u)E(u),

we recover the Brinkmann form of the VVM matrix derived above.

5Note that the presence of the twist-dependent integrating factor in (6.26) means that the geodetic

interval is not a simple quadratic form in (X — X’), in contrast to the twist-free case [5, 6] where

o(z,7)) = (u—u)(V = V') + %(X — XY Ay (') (X — X7
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7 Discussion

In this paper, we have established the mathematical framework to describe the geometry
of twisted null congruences in gravitational plane wave spacetimes, with a special focus on
homogeneous plane waves.

Since these metrics arise as Penrose limits, our results are of sufficient generality to
encompass any application where the essential physics is governed by the geometry of
geodesic deviation. Notably, this includes loop effects in quantum field theory in general
curved spacetimes, with applications ranging from ultra-high energy particle scattering to
the origin of matter-antimatter asymmetry.

Existing studies of quantum field propagation in gravitational backgrounds have almost
entirely been restricted to the conventional geometric optics description associated with
plane waves, where the classical null rays form a gradient flow. That is, the corresponding
null geodesic congruence exhibits only expansion and shear. While little is known at present
about the nature of quantum field theoretic effects associated with twisted null congruences
(for some related classical studies, see e.g. [44-46]), our aim here has been to develop a
comprehensive geometric toolkit to enable future work in this area.

Moreover, the importance of gravitational plane waves as string backgrounds in itself
motivates the most intensive exploration of the geometry of these spacetimes. It may be
hoped that our novel description of the role of twist in this geometry may find useful
applications in string theory itself.

A key focus of our work was the relation of Rosen coordinates, which reflect the
nature of a chosen null congruence, to the more fundamental Brinkmann coordinates, and
we derived the generalised Rosen metric (2.17) adapted to a twisted congruence. The
modifications due to twist of many geometrical constructions relevant to loop calculations
in QFT in curved spacetime were discussed in detail, notably the generalised form of
the van Vleck-Morette matrix and its Brinkmann-Rosen correspondence, and a thorough
description of isometries of (homogeneous) plane waves in both the Brinkmann and twisted
Rosen descriptions was presented.

Geodesic deviation is also central to the detection of gravitational waves in an as-
tronomical context. At the most basic level, the passage of a gravitational wave may be
detected by its effect on a ring of freely-falling test particles. This “Tissot circle” [17, 18] is
simply a cross-section of a (timelike) geodesic congruence, and the squeezing and squashing
measured by the detector, for example the arms of an interferometer such as LIGO [47, 48]
or eLISA [49], is the expansion and shear of the congruence in the gravitational wave met-
ric. The geometric results presented here would therefore be relevant if a detector would in
addition be sensitive to a rotation of the particles on the Tissot circle, i.e. the twist of the
corresponding geodesic congruence. In principle, recent proposals [50, 51] to detect gravita-
tional waves through measurements of the induced effective Doppler shifts on ultra-precise
optical lattice atomic clocks in space may ultimately allow this possibility to be realised.

These astrophysical gravitational waves would be in the form of short duration bursts
or pulses, in which the plane wave profile function h;;(u) vanishes outside a given range.
As discussed recently in [17, 18] (see also references therein) the shape of this profile
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function encodes information on the nature of the source, with its iterated integrals, in
both Brinkmann and Rosen coordinates, distinguishing different phenomena such as the
memory effect.

In conclusion, this geometry of twisted null congruences in (homogeneous) gravitational
plane waves is mathematically elegant and a natural extension of existing results in this
important area of general relativity. Our hope is that it will provide an impetus to further
explorations of the physics of twist in quantum field theory and string theory in curved
spacetime as well as for gravitational plane waves in astronomy.
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A Null congruences in an anti-Mach spacetime

In this appendix, we study in detail the null geodesics and congruences in the homogeneous
plane wave metric 3.1. We describe explicit solutions to the geodesic equations for this
generalised Ozsvath-Schiicking (OS) metric in different coordinate systems, including a
Newman-Penrose basis, and discuss the Raychoudhuri equations and optical scalars for a
twisted null congruence.

A.1 Generalised Ozsvath-Schiicking metric and co-rotating coordinates

We can write the generalised OS metric in the alternative forms,

ds® = 2dudv + (eeuhoe_eu)l.j i) du® + (dazi)2
= 2dudv + 2 O(u)hoO™ (u) x du® + (al:z:l‘)2 , (A.1)

where

—sinu cosu

O(u) = ¢ = ( CoS U sinu) 7 (A.2)

is an orthogonal matrix. We will use these two representations interchangeably in what
follows, depending on which is most transparent at a given step.

. . . a 0 .
We consider first an arbitrary profile function hg = (0 b) with a, b constant. The
non-vanishing Riemann, Ricci and Weyl curvature components are

Ryiwj = —hij, Ryy = —trhg = —(a+b),

cos2u —sin 2u>

Cuivi = —=(a — . A3
J 2(a )<— sin 2u  — cos 2u ( )
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where Ryiyj = Cuiuj + %Ruuéij. From (2.25), (2.26) we then have the NP curvature scalars
in the standard basis,

1 1 ,
ys = 5(a+D), Uy =50 b)e?. (A.4)
Evidently the metric with a = b is conformally flat, while ¢« = —b gives a Ricci flat
spacetime. The original OS, anti-Mach metric is the Ricci-flat solution with a =1, b = —1.

It is clear from A.1 that a natural choice of transverse coordinates would be to take
out the rotation in the profile function and define

2t = (676“:1:)1' =0T (u)z. (A.5)
The metric in these co-rotating, or stationary, coordinates becomes

ds* = 2dudv + (ho + 1), 220 du* — 2€;52'd27 du + (dzi)2
= 2dudv + ((a + D(z")% 4 (b + 1)(22)2) du? + 2 (szzl - zldz2) du + (dzi)2 . (A.6)

The curvature tensors are especially simple in these coordinates. The Riemann and
Weyl tensors are

a 0 1 1 0
Ruiuj = - (h())ij = - (0 b) ) Cuiuj = _§<a - b) (0 _1> ’

while of course Ry, = —(a + b) as before. The X isometry also simplifies. The manifest
invariance of the metric (A.6) under translations u — u + « implies the Killing vector is
now just Ky = 0,, the accompanying rotation on the z* coordinate in (3.13) being removed
by the transformation to co-rotating coordinates.'®

The null geodesic equations, written explicitly in terms of the co-rotating coordinates,
17

are
b+ 2a2' 2t + 202257 + (a — b)2'22 =0,
#4222 —(a+1)2' =0,
22 -2:1 —(b+1)22=0. (A7)
1For the Ricci-flat, Ozsvath-Schiicking metric « = 1, b = —1, a further coordinate transformation

U=+V2u, W = % (v + zlzz) brings the metric to
\ 2
ds® = 2dUdW — 2v/2 2'd2* dU + ()2 dU” + (dz') ,

which, up to normalisation factors, is the form given in the original OS paper [24]. Evidently, this has 3 com-

muting isometries corresponding to translations in U, W and z2. In terms of the generators in (3.5) and (3.6),

these are X, Z and the linear combination Q2 + Pi, which for b = —1 commutes with both Z and X [15].
"Tn the co-rotating transverse coordinates z°, the Christoffel symbols are

qu = (a — b)2122 s in = (ho)ijzj s F:'m = — (ho =+ 1)1-]- Zj s Fij = eij .
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It is also useful to note the explicit form of the standard Newman-Penrose tetrad in
these coordinates. A straightforward construction starting from ¢, = 0,u gives

0 -1 0
1
=111, nt = %z(ho +1)z |, mt = ﬁ —22 4zt (A.8)
0 0 6" + 16"
The corresponding NP curvature scalars are then simply
1 , 1 1 1
Doy = —§Rw,n“n = itr ho = §(a +b), Yy = —Crimmnin = §(a —b). (A.9)

A.2 Oscillator solutions

In the original coordinates, the null geodesic equations are given in (2.2). Importantly, the
equations for the transverse coordinates ! are solutions of the oscillator equation and we
focus on these. That is, we look for explicit solutions of the oscillator equation,

F' = hii(u)F7 (A.10)

awf@0) _o a 0
h=e (0 b) e “=0(u) (O b) 0T (u). (A.11)

We can immediately write these solutions in the form (suppressing indices)

with

F = e“f = O(u)f, (A.12)

where

f +2ef —(hg+1)f=0. (A.13)

This corresponds to the geodesic equations (A.7) for the co-rotating transverse coordinates.
To solve these equations, we first make the ansatz

f=PeMX = PO(\u)X , (A.14)
where X is a constant vector, P = 3 % and «, 3, A are to be determined. Without loss

of generality, we can immediately rescale so that o = 1. Substituting in (A.13), we require

f +2ef — (ho+1)f= [-N* + 2)\ePeP™ — (ho +1)] f

[_
0, (A.15)

so we find a solution if 3, A satisfy!'®
M 4260 +a+1=0,

2
A2+E>\+b+1:0. (A.16)

181t will be useful in later calculations to eliminate 8 to obtain X directly as a solution of

M4 (a+b—2)N+(a+1)(b+1)=0.
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In the OS (a = 1, b = —1) metric, we have f = £v/2 and A\ = F/2.
The remaining two solutions are not so simple in general, but if we specialise to the

fe (i (1)) X, (A.17)

with X a constant vector, also solves (A.13).

OS metric we can show that

To summarise, in the most interesting case of the Ricci-flat, OS spacetime, we have a
complete set of solutions to the oscillator equation:

) = 0w (3 _%) 0(v2u) (3) ,

fy = Ofw) (3 _Oﬂ) O(v/2u) (2) ,

() - ()

£y = Ou) (i ?) (2) — O() (2) . (A.18)

The solutions f(ir), gé r = 1,2 introduced in section 2.3 are linear combinations of these

r)?

solutions chosen to satisfy the canonical boundary conditions (2.20). They may be com-
pared directly with the solutions (3.40) of ref. [15].
A.3 Twisted null congruence and optical scalars

As discussed in section 2.3, to select a null congruence with the geodesic equations satisfied
by transverse coordinates 2! = E%,(u)X®, we choose half of the oscillator solutions to form
the zweibein E?,. Here, instead of the canonical choice, we study the natural congruence
picked out by the first two solutions above and define E’, = Fi(a), a = 1,2. This implies

1
v = B, X% — O(u) (é g) O(w) (;) , (A.19)

for the general metric, with the integration constants X interpreted as Rosen coordinates.
The corresponding Wronskian is therefore (recalling that we may evaluate at u = 0
because E', satisfy the oscillator equation)

Wap = <ETE> e (ETE)ab
=28+ (B> + 1) A) € - (A.20)

This null congruence therefore has a non-vanishing twist,

Wap = (5 + % (B*+1) A) €ab - (A.21)
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in Rosen coordinates. The corresponding Brinkmann twist is

wij = ((ET)fleil)ij

_ (5 + % (52 + 1) >\> O(u) (é 1?6) : (é 135) O (u)

= Aeij 5 (A22)

where A = (1+ 4 (8+1/8)A). For the OS metric, A = —1/2.
We can construct the full set of optical scalars directly from the general formulae in
section 2.1. From the definition (2.4), we find
;= (BE™)

v

B 0 1+ /B
= O(u) (—(1+AB) 0 )()T(u), (A.23)

then read off the optical scalars from the decomposition (2.10). Evidently €2;; is traceless
so the expansion scalar 6 vanishes. Its symmetric part gives the shear, and we check that
the antisymmetric part reproduces the twist (A.20). Simplifying the resulting expressions
using the defining equations (A.16) for 5 and A, we eventually find,

1 sin2u  cos2u
0=0 i =—-(a—0b i = Negj A24
’ ij 4(@ ) (cos 2u —sin 2u> ’ Wij € ( )
with A =1 (1 -2 — (a+1)).
The Raychaudhuri equations (2.12) simplify as a result of the vanishing of . We
immediately have

6=0,
1 cos2u —sin2u
5o — —(a—b = —Clyini »
7575 (a=b) (— sin2u — cos 2u> e
wij =0, (A.25)
where for the first we need to verify tro? + trw? = —Ry, = (a + b), which follows using

the identity in footnote 18.

A.4 Null geodesics

Through the Raychaudhuri equations, the solutions of the geodesic equations for the trans-
verse coordinates control the essential features of the null congruence. Now, we want to
focus on the properties of an individual null geodesic, so we also require the solution for
the coordinate v. This discussion is best made in terms of the co-rotating coordinates, so
we start from the set of geodesic equations (A.7).

First note that a first integral of the geodesic equation for v follows immediately from
imposing the null condition on the metric (A.6), giving

20+ 2 (ho + 1)i27 — 2e;;2°4 + ()2 = 0. (A.26)
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The transverse geodesic equations can be written in compact form as
54263 — (hg+1);27 =0. (A.27)

The geodesics (A.19) forming the twisted null congruence are given by

10
z= <0 ﬁ) O(Mu)X (A.28)

which implies

z:x(_lﬁ 1{)6)2, 5=—\2z. (A.29)

A short calculation gives the consistency check

AN +28 +a+1 0
54 25 — 1)z = — = A.
Z42ez— (ho+1)z ( 0 /\2+§)\+b+1)z 0, (A.30)
by virtue of the equations (A.16) defining 8 and A.
Next, substituting the explicit solution for Z into (A.26) gives
1, , (1 o0
=—— —1)A
b=—5 - Z(o —1/,62>Z
=3 (87— 1) 3 XO" (\u) 0 1 O(\u)X . (A.31)

Collecting earlier results, we can verify that this is consistent with the original form (A.3)
for v, which implies

1, 1
b= _gxma,,xb = —§XET (h+Q"Q) EX . (A.32)

Integrating to find v itself, and writing out the solutions explicitly, we finally find

1, ., sin2 \u  cos2Au
=V -- -1 X X
v=V 4 (5 ) (cos 2\u  —sin 2)\u) ’

COS AU sin \u
= X. A.33
- <— Bsin Au (B cos Au) ( )

To visualise these geodesics, it is sufficient to select an individual element of the con-
gruence by choosing values for the Rosen coordinates V, X', X2. The corresponding curves
(with V =0, X! =1 and X? = 0 in the Ricci-flat OS metric a = 1, b = —1) are plotted in
figure 1. In the transverse space, as the geodesic progresses along u, the coordinates 2!, 22
describe an ellipse with period u = 27/A. Meanwhile, the null coordinate v is oscillating
sinusoidally with half the period. The full geodesic is therefore periodic in v with period

27/, as can be seen in the right-hand figure.
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Figure 1. The left-hand plot highlights (in red) an element of the twisted null congruence propa-
gating in the null u-direction. The right-hand plot illustrates the periodicity in u of the geodesic,
which therefore appears closed when plotted in 2!, 22, v coordinates.

Evidently, this geodesic is part of a twisted null congruence, with w;; = Ae;; and A =
—1/2. There is no focusing, and there are no conjugate points, consistent with the vanishing
of the expansion optical scalar ¢ for the congruence. The shear o;; is apparent in the differ-
ent amplitudes for the oscillations in 2! and 22 for 8 # 1. (Recall from (A.25) that the shear
is non-vanishing for a profile function h;; with a # b, which from (A.16) implies 8 # 1.)

The absence of conjugate points is worth noting. Generically, null congruences in a
plane wave spacetime will focus to conjugate points provided the Ricci tensor satisfies the
null energy condition (R, > 0 in our conventions) by virtue of the negativity of the r.h.s. of
the Raychaudhuri equation (2.12) for the expansion scalar §. These conjugate points played
a key role in our work on quantum loop effects in wave propagation in curved spacetime,
where they are associated with singularities in the relevant Green functions and determine
key features of the refractive index in the quantum field theory [4, 5]. However, this only
holds in the absence of twist. Since w;; = Ae¢;;, the term tr w? in (2.12) is negative.'? So
even for non-Ricci flat spacetimes, expansion-free null congruences can be supported by
balancing the twist contribution to (2.12) against the shear and Ricci terms.

A.5 Newman-Penrose tetrad in co-rotating coordinates

As we have seen, the Newman-Penrose tetrad associated with a null geodesic is a powerful
tool for analysing the geometry of gravitational plane waves. Here, we find the Newman-
Penrose basis for the null geodesic congruence as described above in the co-rotating coordi-
nates and use this to find the corresponding Penrose limit. Naturally this should reproduce
the result of section 2.4, though the construction involves some interesting subtleties which
were observed in the original description [24] of the Ozsvath-Schiicking spacetime.

9Note that we use the notation (w?)i; = wirw®;, which introduces a minus sign in trw? relative to a
common convention for the Raychaudhuri equations (see e.g. [34].
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A short calculation shows that the tetrad2®

1 0 0 0
12 22 4 1
7y N I N e U e I
z 0 1 0
22 0 1
A.34)
with m# = % (a* + ib*), satisfies the required Newman-Penrose conditions L? = N? =
m?> =0, L.N = —1, m.m = 1, etc. The first derivatives o, 2%, 2% can be eliminated in

favour of z!, 22 immediately using (A.29) and (A.31).

However, we still need to check that this tetrad is parallel-transported along the
geodesic v. We do indeed find L*D,L" = 0 and L¥D,N", the former especially requiring
care.?! This is not true, however, for the transverse vectors, where we find

0 0
_ 1 _ 1
D = | 4 +0W = o = | "t f/ P)z (A.35)
-1 0

The resolution is to define new transverse vectors
AM at
(£) <o (5). s

LD, A" = cosu (L*Dya” +0”) + sinu (LFD,b” — a”)
L'D,B" = cosu (L' D,b" — a”) — sinu (L*D,a” + V")

for which we find

0,
0, (A.37)
since the bracketed contributions vanish by comparing (A.33) and (A.34) using (A.29).
The full set of basis vectors L¥*, N# and M*" = % (A* + BH) now satisfies all the required
properties for a Newman-Penrose tetrad parallel-transported along ~.

What this shows is that even working in the stationary coordinate system (u, v, 2!, 2?)
for the generalised OS metric, requiring that the transverse Newman-Penrose vectors are
parallel-transported along the null geodesic reintroduces the rotation O(u) which is manifest
in the Brinkmann coordinate description of the metric.

20The corresponding covectors are

Ly= (0+z(ho+1)z+2°2" =272 1, 22+ 21, —2' +27),
N, = (-1, 0, 0, 0), ay = (=2, 0, 1, 0) , by =(-%%,0,0,1) .

21For example, using the non-vanishing Christoffel symbols in footnote 17, we find for the L component,
L'D,L" = £'8;L" + T, + 24,2

1.2 A A? 3
=zz a—b+2ag—26ﬂ)\+2?—2@)\ =0,

after using (A.16) to simplify the terms involving A®.
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This also resolves what at first sight seems mysterious in deriving the Penrose limit
associated with a null geodesic in the generalised OS metric described in the stationary
coordinates, viz. how does the Penrose limit reproduce the homogeneous plane wave metric
including the rotation factor O(u) as shown in section 2.4. In the Newman-Penros formal-
ism, the resolution is especially elegant. Writing (2.31) in terms of A* B* rather than
M*#, M*, we have the Penrose limit profile function ilij in the form,

1
Crapa+sRrp Crars

1
CrBrA Crere + 3RLL

Crata + 3RLL CrLaLb
= —0(u) OT (u). (A.38)
CrLoLa Crors + 3R

Evaluating the Ricci and Weyl tensor components using (A.1), we then quickly find

iLl‘j = O(u) (g 2) OT(U) = hij. (A.39)

That is, the correct choice of parallel-transported Newman-Penrose tetrad automatically
reinstates the implicit rotation in the Brinkmann coordinate description of the homoge-
neous plane wave. This confirms in this explicit example of geodesics belonging to a twisted
null congruence in the generalised OS spacetime that the associated Penrose limit simply
reproduces the original homogeneous plane wave metric.

A.6 Isometries

In section 3, we described the extended isometry algebra for a homogeneous plane wave,
with the generators @), and P, defined in (3.9) with oscillator solutions f(ir) and gér) satisfy-
ing canonical boundary conditions (2.20). We are free, however, to choose any independent
linear combination of these to define @),., P and such a redefinition will of course change
the standard form of the algebra (3.5), (3.6).

As we saw when describing the isometries in terms of Rosen coordinates, a particularly
natural choice is to define the generator (), with an oscillator solution Fi(T) = E',6%, since
this reflects the nature of the twisted congruence. For P,, we require a second, independent
solution Gi(T). As we now show, an interesting choice in this model is to take G = E — €E.

By definition then, from (3.17), (3.18) we immediately have

[Xv Qr] =P, (A.40)

for the commutator with the extra generator X related to u-translations. To find the com-
mutator of X with P,., we need to iterate this construction and determine the combination

G — €. Considering the generalised OS model and using the explicit expressions for E, (2
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and w from section A.3, we can easily show,

G—eG=(h—1-20)E
B a+1+2)\3 0
=0l ( 0 Bb+1+ 2>\/6)> O0w)
= -\E, (A.41)

using the usual equations (A.16) for A, 5. It follows directly that
(X, P = -2 Q. (A.42)

For the remaining commutators involving @, and F,, we need to evaluate the relevant
Wronskians. A short calculation using the zweibein of section A.3 gives first G = AEe and
then,

W(F,F)=2w, W(F,G) = 2 \we, W(G,G) =2 w. (A.43)
The corresponding commutators are (compare (3.16)),

[Qra@s] = _Wrs(FaF)Z, [PraPs] = _WTS(Ga G)Za
[Qr; Ps] = _Wrs(Fa G) Z. (A.44)

In particular, this shows how the twist enters into the non-vanishing commutators of @,
(and P,) with itself. An alternative presentation using the model-dependent constants A, 3
and A defined in section A.3 (where 8 = £v/2, A = Fv/2, A = —1/2 for the Ricci-flat OS
metric) is then

[Qra Qs] = 25A €rs 2 [Pra Ps] = 2>\25A €rs 2,
[Qra Ps] = _2/\5[\ 57’5 Z. (A45)
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