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Abstract In this paper, we study an ergodic theorem of a parabolic Andersen
model driven by Lévy noise. Under the assumption that A = (a(i,7))jes
is symmetric with respect to a o-finite measure m, we obtain the long-time
convergence to an invariant probability measure vy starting from a bounded
nonnegative A-harmonic function h based on self-duality property. Further-
more, under some mild conditions, we obtain the one to one correspondence
between the bounded nonnegative A-harmonic functions and the extremal
invariant probability measures with finite second moment of the nonnegative
solution of the parabolic Anderson model driven by Lévy noise, which is an
extension of the result of Y. Liu and F. X. Yang.

Keywords Parabolic Anderson model, ergodic theorem, invariant measure,
Lévy noise, self-duality
MSC 60H15, 60B10, 60K35

1 Introduction

The parabolic Anderson model has long been of interest to physicists and
mathematicians. It describes the entrapment of electrons of crystals with
impurities originally introduced by physicist Anderson at 1958 [2]. It also
presents the relevant models for chemical kinetics and population dynamics (see
[3,12] for more background and applications). On the other hand, the rigorous
analysis to some real world phenomenon, for example, intermittency effect has
provided mathematical challenges, and often requires some new mathematical
ideas and techniques. References [13,14,17] and the survey [12] provided the
recent interesting progress on the mathematical aspects of parabolic Anderson
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model.

As a mathematical object, the parabolic Anderson model has led to
substantial research, which relates to some other interesting topics, such as
the spectrum of random Schrédinger operator [18], the Lyapunov exponent for
infinite dimensional random dynamical system [7-9,11], and the Feynman-Kac
formula [15]. It can be regarded as a linear interacting particle system in the
sense of Liggett’s book [21, Chapter IX] also. The ergodic theory of stochastic
interacting systems, for instance, characterizing all invariant probability
measures, is one of the important themes of the research on this field. It is
hoped that this would present a better understanding of the phenomenon of
phase transition. The solutions of related problems has led in turn to the new
probabilistic methods and tools, such as duality theory and coupling method.

In this paper, inspired by Liggett, Spitzer, and Shiga et al. (see [19,20,22,29,
30]), we are concerned with characterizing the invariant probability measures of
a parabolic Anderson model driven by Lévy noise under some mild conditions.
The specific model is described as the following, of which the sample Lyapunov
exponent was researched by Furuoya and Shiga in [11].

Let S be a countable set, and let A = (a(7, 7)) jes be an S x S real matrix
satisfying

a(i,j) =0 for i # j, Za(i,j) =0, and sup |a(i, )| < oo, (1.1)
jes €S

i.e., A is an infinitesimal generator of a continuous time Markov chain on S.
Let m = (m;)ics be a o-finite measure on S, A is symmetric with respect to m,
i.e.,

mia(i,j) = ma(j,i), Vi, jes. (1.2)

Let (Y(t)):>0 be a 1-dimensional Lévy process with a characteristic exponent
¥(2),

2

«a : izu :
V(z) = — 5 22 +i82 +/ (e —1— 1zuI{‘u|<1/2})p(du), (1.3)
R\{0}

where p(du) is a Radon measure on R\ {0} such that
/ min(u?, 1)p(du) < oco. (1.4)
R\{0}

Now, let us consider the following linear interacting diffusion on S, which is
a parabolic Andersen model driven by Lévy processes:

AX(t) = k> ali, §)X;(t)dt + X;(t—)dYi(t), i€ S, (1.5)
jes
where (Y;j(t))i>0 (i € S) are independent copies of (Y (t)):>0. The integral
t+

XZ(S—)dY;(S)
0
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is understood as follows (see [16]). Consider the Lévy-Itd6 decomposition of
(Yi(t))ix0, i € S,

t+ " t+
Yi(t) = aB;(t) + pt + / / ulN;(dsdu) + / / ulN;(dsdu),
0 J{lul<1/2} 0 J{lul>1/2}

(1.6)
where {B;(t);>0, i€ S} are independent standard Brownian motions,
{Ni(dsdu), i € S} are independent Poisson random measures on [0, 00) x R\ {0}
with intensity measure dsp(du), and

Ni(dsdu) = N(dsdu) — dsp(du), i€ S,

are the martingale measures. Then,

t+ t+
Xi(s)dYi(s) = « Xi(s)dB;(ds) —l—ﬂ/ Xi(

t+
/ / s—)ulN;(dsdu)
{\UI<1/2}

t+
/ / s—)ulN;(dsdu). (1.7)
\u|>1/2}

Especially, we investigate a special form of (1.5) in this paper:

0

= KJZ a(i, 7)X;(t)dt + aX;(t)dB;(t) +/ uX; (t—)Ny(dtdu)
jes {lul<1/2}

4 / WX (t—) Ny(dtdu) — / WX (1) p(du)dt
{ul>1/2) {ul>1/2)

=K i )dt + aX;(t)dB;(t uX;(t—)N;(dtdu). (1.8
Jezs] +<><>+/R\{O}<><><>

Our main purposes in this paper are constructing the one-to-one
correspondence between the A-bounded nonnegative harmonic functions and
the extremal invariant probability measures of the nonnegative solution of (1.8)
(see Theorem 2.9 in Section 2).

In [6], the parabolic Anderson model driven by Brownian motions on S
(A was assumed to be doubly stochastic) and a subclass of linear interacting
system constructed through Poisson point processes on Z% (A was assumed
to be translation invariant) were studied by Cox, Klenke and Perkins. They
showed the long-time convergence to an invariant measure vy starting from
a constant initial state € by the self-duality of linear system introduced in
[21]. Moreover, they presented that the convergence to the invariant probability
measure vy held for a broad class of initial distributions denoted by .#j. In [25]

r [33], the authors constructed the one-to-one correspondence between the
A-bounded nonnegative harmonic functions and the extremal invariant
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probability measures of the nonnegative solution of the parabolic Anderson
model driven by Brownian motions on S by using the self-duality property, the
second moment estimates, and the truncation technique, if A was symmetric
and transient and the diffusion parameter was less than a threshold
([25, Theorem 2.5]). Furthermore, if A was doubly stochastic and satisfied
the so-called Case I (see the definition of Case I in [29]), they proved that
the system locally died out independent of the diffusion parameter through a
comparison theorem in [4] ([25, Theorem 2.9]).

Now, we will generalize the approaches in [25] or [33] to (1.8), the parabolic
Anderson model driven by Lévy noise. Here, we extend slightly that A is
symmetric with respect to a o-finite measure 7 (see (1.2)). Actually, in [25] or
[33], A is only assumed to be symmetric, i.e., a(i,j) = a(j,i). The self-duality
property is the heart of our proofs. Although this property of linear systems
in sense of Liggett’s book ([21]) was shown, and Cox et al. only claimed it held
for the parabolic Anderson model driven by Brownian motions if A was doubly
stochastic in [6], we are unable to get a quick conclusion from their results,
which is suitable for our case. Hence, for the completeness of this paper, we
will verify the self-duality property in Appendix briefly. On the other hand, it
seems difficult to extend [25, Theorem 2.9] to (1.8), because it is unclear for us
whether the comparison theorem in [4] is available for Lévy noise or not.

The remainder of this paper is organized as follows. The main results
(Theorems 2.8 and 2.9) are given in Section 2. At the same time, some
preliminary propositions, necessary notations, assumptions, and conditions are
presented in Section 2, too. In Section 3, the proofs of the main theorems and
lemmas are shown. To be self-contained, we give some lemmas of the proofs of
Propositions 2.4 and 2.6 in Appendix. The proof of the self-duality property is
shown in Appendix, too.

2 Setup and main results

We set
1) = { € 0.00° Izl = sl < oo
€S
where p > 1, v = {vi}ies € [0,00)° is a strictly positive, summable reference
sequence (i.e., > ;g < 00) satisfying for some constant I > 0,

> ilali, )| <Tv, jES. (2.1)
€S
Moreover, we need the following conditions on Lévy’s measure p(du).
Condition 2.1 p((—00,0)) =0.

Condition 2.2
/ u?p(du) < oco.
(1,00)
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Condition 2.3 For some constant K, p{u |u > K} =0.

Similar to [11, Condition [A]], Conditions 2.1 and 2.2 guarantee that there
exists a unique nonnegative solution in L?(v) with X;(0) >0, i € S.

Remark 2.1 In fact, in [11], Furouya and Shiga studied the sample Lyapunov
exponent in the sense of L!(7) solution. However, because we consider the
ergodic theory in the L?(7y) framework in the present paper, Condition 2.2 is
stronger than the corresponding one (1.6) in [11].

Proposition 2.4 Assume that inequality (2.1), Conditions 2.1 and 2.2 hold.
Let X(0) = {X;(0), i € S} be an Fy-measurable random vector in L*(v) a.s.
Then (1.5) has a unique strong solution in L*(v), and satisfies that

1) i E(IXO)2,) < 50, then E(IX()]2,) < 0, ¥ ¢ > 0;

2) (X(t))e=0 is a Feller process;

3) (1.5) has a unique nonnegative L*(v) solution, if X(0) € L*(y) and
Xi(0) >0 forallieS;

4) for anyi € S, X;(-) € D[0,00;R] a.s., denote by D|0,00; R] the space of
functions f: [0,00) — R which are right-continuous and admit left-hand limits
for every t > 0.

Proof Since Condition 2.2 implies that

/ up(du) < oo,
(1,00)

and E(|[X(0)]2 5) < oo implies E(]|X(0)ly,1) < oo, this means that if
E(|X(0)]32) < oo,

then there is a unique nonnegative L!(y) pathwise solution of (1.5), which is a
Feller process (or see Lemma A5 in Appendix), by [11, Theorem 2.1, Corollary
2.1]. Furthermore, by Lemma A4 in Appendix, if E(||X(0)||%72) < 00, then

E(||X(t)||,2y’2) < oo, V't > 0. And by Lemma A6 in Appendix, we have 4).
Hence, the proposition holds. O

Let =5 be the set of x € [0,00) such that x; = 0 for all but finitely many
j €S, and let L°T(S) be the set of all bounded nonnegative functions on S.
Let X (t,2) be the solution of (1.5) with deterministic initial data x € L?(y).

Proposition 2.5 (Self-duality) For any x € L°1(S) and & € Ep, we have
(X(t,2),8)n 2 (X(t,F), ), (2.2)

where 4 denotes the equality in distribution and (x,y), = ZieS TiYiT

Remark 2.2 The proof of the self-duality property is provided in Appendix.
Through this proof, we know that X (t) € L?(y) guarantees (2.2) make sense.
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Denote by {T;}i>o0 the Feller semigroup of {X(t)};>0, where T} satisfies
T, f(x) = E*f(X(t)) for any bounded Borel-measurable function f on L?(¥).

Define the continuous time kernel a; by

[ee)

ar(i.j) =) a"G.j),
n=0""

where a(™ is the n-th iterate of a, i.e.,

X a.

a™ =axa
- -

X o ..
For ¢: S — [0,00), define

ap(i) =Y ai(i, )y, daid) =D diar(i, ),

jes ics
and for ¢, p: S — [0,00), define

€S

Let & be the set of probability measures on L?(v), and let .# be the set
of probability measures which are invariant for {X(¢)};>0, i.e., & ={p € & |
T = p for t > 0}, where T} 11 satisfies

[ @) Trutda) = [ 1i7() udo

for any bounded Borel-measurable function f on L?(7). Zox denotes the set of
the extreme point of .. We set .7 = {h(-) | h is a bounded function on S, h(i)
20, > jegali,j)h(j) = 0}. For v,u € &, let v ® p be the product measure of
v and p.

Without loss of generality, we set x = 1.

Suppose that h € . is fixed, and {X(t)}¢>0 is the solution of (1.8) with
initial state X (0) = h. For any T € Ep, Proposition 2.5 implies that

(X(t,h), E)n L (B, X (£, 7)) (2.3)

Then we have the following result.

Proposition 2.6 For h € 5, (h,X(t,Z))r is a cadlag square-integrable
martingale.

The proof of Proposition 2.6 is given in Section 3. From Proposition 2.6,
the right-hand side of (2.3) is a nonnegative martingale, and hence converges
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almost surely as t — oo. Therefore, the left-hand side of (2.3) must converge as
t — oo. It follows that there is a probability measure v, on L?(v) such that

LIXO)] = v, t— o0, (2.4)

where £ denotes the law of random variable and = denotes the weak
convergence of probability measure. By (2.3) and (2.4), we have

E*(em(mX@D)ny — ph(e=(XER)Bx) / @@y, (da), t—o0. (2.5)

For h € #, we define .}, to be the set of probability measures v on L?(7)
such that

sgp/xiu(dx) < 00, (2.6)
lim [ (asz(k) — h(k))*v(dz) =0, ke S. (2.7)

t—o00

Let
Fo = {1/ € @‘ s%p/xiv(dx) < oo}.
Then we have the following result.

Proposition 2.7 Let h € 5 andv € A),. If L[X(0)] =v and T € ZEp, then
(X(0)—h,X(t,2))r — 0 (2.8)
in v ® P*-probability as t — co.

Theorem 2.8 If Z[X(0)] € A}, then L[X(t)] = vy, as t — oo.

Proposition 2.7 is a main technical result to show Theorem 2.8. Similar to
[6, condition (5.42)], Condition 2.3 is a key assumption to show Proposition 2.7
through [6, Lemma 3.2]. The proofs of Proposition 2.7 and Theorem 2.8 are
similar to those of [6, Proposition 2.1, Theorem 2.3], respectively.

Theorem 2.9 Assume that (a¢)i>0 is transient and satisfies

—sup/ Zatzkatzkdt<oo (2.9)

€S

Moreover, suppose that w; > 0, i € S, and sup;cgm; < 00. If

<a2 + /u2p(du)>G <1,

(I N FoYex ={vn | h e}

Remark 2.3 It seems that the assumption of symmetry of A (see (1.2)) is a
key technical condition in our proofs. In [6], for the parabolic Andersen model

then
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driven by Brownian motions on S, if A is doubly stochastic, i.e., ) ;. g a(i, j) =
0, Cox et al. obtained the partial result of Theorem 2.8. They only showed that
Z[X(t)] = vy, if 0 is a constant function on S. However, we are not able to
prove Theorems 2.8 and 2.9 under the same assumption as theirs by now.

Remark 2.4 Assumption (2.9) in Theorem 2.9 is also a technical condition,
but it implies some interesting cases. For example, suppose that S = Z¢
(d-dimensional cubic lattice space) and (a(7, 7)) jes is transient and satisfies

(I(Z,]) :(I(j,i), CL(’L,]) :(I(O,j—i), Za] EZda
then

7

Sup/ > au(i, k)ay(i, k)dt = Sup/ ag(i,4)dt
1 0 k 0

= Sup/ az:(0,0)dt
i 0

)

= / agt(O, O)dt
0

< 0.

(2.9) is satisfied naturally.
Moreover, if 0 < inf;egm; < sup;cgm < oo and (a(4,7))ijes is transient,
then

(irilfﬂ'i)/o zk:at(i,k)at(i,k)dtg m/o Zk:at(i,k)at(i,k)dt

= /OO Zat(i, k)mray(k,i)dt
0 Tk

< (supﬂk)/ agq(i,1)dt,
0

k
and hence,
o0 . . supy, Tk o .
k k)dt < ,1)dt. 2.10
slz}p/o Zk:at(z, Jag (i, k) nf, suz}p/o ag(i,1) (2.10)
Similarly, we get
& . ) infy, 7y o0 .
sup at (1, k)as (7, k)dt > sup/ ast (i, 1)dt. 2.11
i/OEij)t() s [ i (211)

Hence, (2.10) and (2.11) yield that

Sup/ ag(i,7)dt < oo <:>sup/ > ay(i, k)ay(i, k)dt < oo. (2.12)
ies Jo i€sJo
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Remark 2.5 Since S is a countable set, A is the generator of a Markov chain,
in general, there exist non-constant bounded nonnegative harmonic functions
of A, for example, the isotropic random walk on a homogeneous tree (see [28]).

Remark 2.6 In [15], for the parabolic Anderson model driven by Brownian
motions on Z<, if the symmetrized transition kernel of A is transient, Greven
and den Hollander pointed out that there exists a b* > 0, such that if the
diffusion parameter o > b*, then the system locally dies out. We believe that
the similar result holds for (1.8) also, i.e., there is a b* > 0, if

o? + /qu(du) > b",

then the system locally dies out. However, we have not got a proof till now.

3 Proofs

3.1 Proofs of Propositions 2.6, 2.7, and Theorem 2.8
Proof of Proposition 2.6 1t is easy to check that

(h, X(t,%))x = (h,T) —i—aZ/m X;(s,Z)dB;(s)

€S

2 / /]R umih(i) X (s—, ) Ni(dsdu). (3.1)

i€S \{0}

By Lemma A7 in Appendix, we have
E™((h, X(8,7))2) < (h, B)2e” < oo,

where ¢ = o2 + [u?p(du).

On the other hand, By Lemma A8 in Appendix, (h, X(¢,%)), is a cadlag
process. Therefore, it follows from (3.1) that for 7 € Zp, (h, X(¢,2)), is a
cadlag square-integrable martingale. O

Proof of Proposition 2.7 We note that (X (¢,7),1), is a nonnegative cadlag
square-integrable martingale. By (3.1), we have

<X(ta 5)? 1>7T = <§a 1>7r + Z Mz(t)

where

M;(t) = a /0 t X (s, %)dB;( / /R " um; X (s—, ) Ni(dsdu),

and the sum converges in L?(v). {M;(t)}ics are square integrable orthogonal
martingales, with

(M) := (M;, M;); = <a2—|— / u2p(du)> /0 twfxf(s,fe)ds.
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(X(t,2),1)x has the predictable quadratic variation process A; = >, (M;);. Let
T, = inf{t | (X(t,2),1)r = n}. We set Z; = (X (t,2),1)r. By Condition 2.3, it

can be shown that for each positive integer n,

Then by [6, Lemma 3.2], we have

Aso = Z(Mi>oo
- <a2 + /u2p(du)> /Ooozi:ﬂ?Xf(s,E)ds <oo as. PT. (3.2)

Applying It6’s formula to a;— X (s, 7)(i), we have
Xi(t,T) = az(i / Zat s(4,7)dM (s), (3.3)

where

M;( —a/ Xi(s,z)dB;( // uX;(s—, %) Ny(dsdu).
R\{0}

Let N
A=X(0)—h, P=v®P"
and let E denote expectation with respect to P. Noting that v € .#),, we have

C = sup/(A(i))2v(dx)

2

= sgp/(xi — h(i))*v(dz)
< Qqu/x?V(dx) +2sup/h2(i)l/(d$)

7 i

< 0. (3-4)

Hence,

sup / (aA(i))*v(dz) = sup / <Zat(i,k)Ak>2y(dx)

it

k
~ sup | (%}( ) — <k>>)2 (dz)
< sup » | > i R)on = (k)P0

N

supZat ik sup/(a:k — h(k))*v(dx)

2t L
= C, (3.5)
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and
<Z/ ar_sA(@))22 X2 (s, F)d > C/Efv )2)ds < oo.
Set s
3 /O ar A@DAMi(r), s <L
Then Z

(A, X (t,7))r = (A, a;Z)r + N}

Here, {N!, s <t} is a square-integrable martingale under P, and
(N%)g := (N*, N, /ZatT M;), < oo as. P

First, we will show that
(A,a;z)y - 0 Inve PZ-probability as ¢t — cc.

It is straightforward to check that
/(A @) 2v(dz) = /(atA z)2v(dx)
= 3" F / (arAG)) (@A (k) (d)
i,k

(Za:] [/ (@A) V(da:)} 1/2>2.

Using (2.7), (3.5), and ¥ € Ep, we can obtain

/ (A, a;7)2v(dz) — 0, t— oo

Hence, (3.9) holds.
Next, let us show that

N/ -0 inve Pi-probability as t — oo.

To this end, we consider

/Nttydx /Z/ y(dz)d{M;),
_Z / <1{,,<t} / ar A dx)>d<M2>r.

1157

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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Note that
I{r<t}/ ai—r A dl’) L — 00,
and is bounded by C. By (3.2) and the bounded convergence theorem, we have
Pf(thm / (N')v(dz) = o) =1. (3.14)
Thus, N
P((N"); > €)= E*(v((N"); > €')) = 0, t— oo. (3.15)
Let

7. =inf{s > 0| (N'), >}

Note that {|N{|?> — (N'), s < t} is a martingale under P. By the stopping time
theorem, we have
E(|Nfxr.[?) = E((N")iar.).

Then,
P(|N}| > ¢) < P(sup |[N!|>¢)
< P(sup [Ng = Nilpoery| > 0) + P(sup [Nylery| > €)
0<s<t 0<s<t

E(|N{r. %)

< P((NY), > %) + ;Q
E((NY)a-

P(<Nt>t > 53) + (( €2>t/\ s)

83

PN >+,

=P((N"); > &) +e. (3.16)

Clearly, the claim (3.12) follows from (3.15) and (3.16). Therefore, it follows
from (3.9) and (3.12) that

(X(0) — h, X(t,%))x — 0 in v ® P®-probability as t — co. O
Proof of Theorem 2.8 For any = € Ep, let X(0,2) = . Then we have
E(e~ X1y = B @ E¥ (e~ (X)X (E2)r)
— B @ BF (e~ XO—hXED)r o= (0 X ()0 (3.17)
From Proposition 2.7, it is easy to see that
e XO-hXED)x 1 in v ® PT-probability as t — co. (3.18)
(3.17) and (3.18) imply that

lim EY(e” X)) = lim BT (e X2, (3.19)

t—o00 t—o00
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It follows from (2.5) that

lim EV (e~ X0:0m) — / e~ @0y, (d). (3.20)
Therefore, Z[X (t)] = v, as t — 0. O

3.2 Proof of Theorem 2.9

We need the following lemmas to prove Theorem 2.9.
Lemma 3.1 Ifh € 5, then vy, € M.
Lemma 3.2 Ifpe€ (SN _72)ex, then

tin 3 auliWar (1) [ aan(de) =R, i€ S,
Kl

where h(i) = [x;pu(dz), i € S.
The proofs of Lemmas 3.1 and 3.2 will be given later.

Proof of Theorem 2.9 The proof will be done in two steps.
Step 1 We will show that V h € 5, v, € (I N _#2)ex. From Lemma 3.1 and

Theorem 2.8, we know that v, € % N _#Z,. Suppose v, = A+ (1 — A)v, where
w,v € SN _Fyand 0 <A< 1. Then

/(Zk:as(i,k)xk_h(i)>2 /(Zas i, k), —h( ))2 (dz)+(1—\)
/(Z“s )2k = (i)>2v(dx). (3.21)

From Lemma 3.1, the left-hand side of (3.21) converges to 0 as t — oo, and
then each term on the right-hand side of (3.21) must converge to 0 as t — oo.
Noting that u,v € _#3, we get p,v € . It follows from Theorem 2.8 that
T = vy and Tjv = vy as t — oo. Since p,v € Z, we obtain u = v = vy,
This shows that v, € (S N _#2)ex.

Step 2 We will show that (S N _#2)ex C {4 | h e}V pe(IN _F)ex,
we need to show p = v, for some h € . Let h(i) = [x;u(dx), i € S. Using
the same method as the proof of [5, Lemma 1], we have

EFX;(t Zat (i, k) /xku dz) Zat (i,k)h (3.22)

Since p is invariant, (3.22) implies that h € 7.
In order to show u = vy, from Theorem 2.8 and u € #, it suffices to show
W € My Since p1 € _Fo, it remains to show

lim <Zat Yt — h )>2,u(dx):O, ies. (3.23)

t—o00
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It follows from Lemma 3.2 and (3.22) that

lim (Z ay (i, k)xy — h(z‘))ZM(da;)

k
= tlim <Zat(i,k)at(i,l)/xkxm dz) — 2h(1 Zat /azku(dx) +h2(i)>
k1 k
= hm Zat i,k)a(i,1) /xkxlu(dx) — h3(i)
= 0. (3.24)
Hence, (3.23) holds. O

Proof of Lemma 3.1 In order to show v, € .4}, we need to show

sup/x?uh(da:) < 00, (3.25)

%
§—00

2
lim (Zas(i, k)ay, — h(i)) vp(dz) =0, ies. (3.26)
k

First, we use the similar method to the proof of [31, Lemma 2.1] to prove
(3.25). Let f;;(t) = E%(X;(t)X;(t)). Applying Itd’s formula to fi;(t), we get

It = Yl HE (1) 1)+ 2 ali DB (X6)%(0)
k

+ (s u%(du))é(i,j)m (X2(1)
= (A1 + Az) fi;(t) + <Oé2 + /u2p(du)>6(ivj)fij (t), (3.27)

where
(Av+ Ag)fi = > ali, k) frg + Y aGD) fa-
k l
Denote by (&, F; j)) the continuous time Markov chain on S x S, which has

the generator A; + Ag and the transition probability a; ® a;, where
ag & at((ivj)a (kv l)) = at(iv k)at (]a l)

We set b= o + i u?p(du). Applying Feynman-Kac’s formula, we have

F5(0) = oy (Ja 00 [ b, €aas) ). (3.29)
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where A= {(i,j) € S x S | i = j}. Let C = max;ecg h(i). Then f;;(0) < C” for
all 4,7 € S. Hence,

E(XP(t) = filt)

~ B (Fe0resp [ t b1, )05 ) )

< C’ B (exp ( /0 t bIA(fs)ds>>. (3.29)

Using Taylor’s expansion for the exponential function and combing it with (2.9),
we have

) (exp ( /0 b, (@)ds))

By ( 3 Jo bIA@s)ds)")

|
n:
n=0

_E(i,w(zb" // IA(§t1)"'IA(ftn)dtldtz”'dtn>

=0 <ty <o<tn<t

= Zb” // P(i,i)(&l EN,--+ & EN )dtldtz"'dtn

=0 ocf)<i<tn<t

— ibn // Z ag, (iy k) ag, (i, k1) - ag, ¢, (kn_1,kn)

=0 <ty <<ty <t K1okn
. atn,t,kl (knfl, k‘n)dtldtg e dtn

g szn // Z atl(iykl)atl(iykl)”'atnfl—tnfg(kn—Qakn—l)
=0 oct)<cty <t hrknoa

cat, oy —t, o (kn—2,kn_1)dt1dta - dt,—;

[e.9]

< 06y

n=0

< oo0. (3.30)
Let .
L=0"Y"(G)"
n=0
Then L is a constant independent of i. Hence, (3.29) and (3.30) imply that for

alli € S,
En(X2(t)) = fu(t) < L < oo, (3.31)
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Since 170, = vp, we have
/ (af A N)wp(de) = lim B (XF(t) AN) < liminf B (XF (1)) < L. (3.32)
— 00 — 00

It follows from (3.32) that (3.25) holds.
Next, let us prove (3.26). It is straightforward to check that

/ (zas )k — <z’>>2uh<dx>
hmmf/ <Zas i, k) — h(i )>2Tt*5h(dx)

= liminf [; as (i, k)as (i, 1) B (X () X, (1))

t—o00

—2h(i) )~ as(i, k)E‘;th(t)} + h2(3). (3.33)

k
Similar to (3.22) and using the fact that h € 7, we get

E"Xi(t) = > ar(k,Dh(l) = h(k), k€S, (3.34)
l

Eo (X ()X, (t)) = h(k)h(l) +b /O t > ap(k,m)ag (I, m) B (X2, (r))dr,

(3.35)
where b = a?+ [(u?p(du). Inserting (3.34) and (3.35) into (3.33), and combining
with (3.31) and (2.9), we have

/(Zas( k)ak —h(i)>2yh(dx)

k

< blimianas i,k)as(i,1) / Zat ok, m)ag_, (1, m)E% (X2 (r))dr

t—o00

t
< bLliminf/ Zatﬂ,r(i,m)atﬂ,r(i,m)dr
0

t—o00
m

< bL/ Zar(i,m)ar(i,m)dr

— 0, s— o00. (3.36)
Hence, (3.26) holds. O
Proof of Lemma 3.2 Step 1 We will show that

tli)lgl();at(i,k)at(j, l)/xka:lu(dx)



An ergodic theorem of a parabolic Anderson model driven by Lévy noise 1163

exists. Similar to (3.35), for any ¢ > 0, we have

FM(X; Zat Jat (5,1 /wkxlu(d$)

+b / > (i, k)ag—, (j, k) E*(XR(r))dr.  (3.37)
0 %

Since p is invariant, (3.37) can be rewritten as
[ wisntan) = i ki) [ oiatas)
k,l
t
+b/ Zar(i,k)ar(]’, k)/a:%u(dx)dr. (3.38)
0 "k

Noting that ;1 € _#5, we have

/ Zar(i,k)ar(]’, k)/a:ku dz)d C/ Zﬂ'kar (k,d)ar (4, k)dr
O Tk

C o0
< ml?x 7Tk/ agy (g, 7)dr
j 0

< 00, (3.39)

where
C= sup/x%,u(dx).
k

(3.39) means that

/Ot Zk:ar(i, k)a, k)/xzﬂ(dx)dr

has limit as t — oco. It follows from (3.38) that

lim a(i, k)a(7,1) / xpxyp(de)

t—o00
k.l
exists.

Step 2 We will show that for some increasing sequence {t,} tending to oo,

’VL—>OO

tn
h(i)h(j) = lim / / (Tsxj)xip(dr)ds. (3.40)

Fix 7 € S. Noting that

[amtan) =), [ sutda) < o,
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we have

lim [ (z; Am)u(dz) = h(i), lim w?l{xi>m}u(d$) = 0.

m—00 m—00

Then V € > 0, 3 N large enough such that

/(xZ A N)u(dx) > h(i) — e, (3.41)
/w?l{mi>N}M(dx) <t (3.42)
For arbitrary § € (0,1/2), we define two probability measures p; and ps by

J F@) (T + 0)ulda)
f(“N+5) (dz)

J F@) (@ = "5 = d)u(d)
fu—xﬁﬁ—6>mm

where %,(L?()) is the set of all bounded Borel-measurable functions on L?().
Then it holds that p = Auq + (1 — N o, where

A—/(xi2?VN+5)M(dx) € (0,1).

Since pt € #o, 1, p2 € F2. Then, it can be shown that both

//Tx,uldw and //Tw po(dz)d

are uniformly bounded in ¢, ¢t. Thus,

1/t 1 [t
t/ T pds, t/ T pads
0 0

are tight, and therefore, for some increasing sequence {t,} tending to oo,

(p1, f) = Y f € By(L*(v)),

(pa, f) = . VY feB(L*M)),

I L[t
lim / Trpds =pq € 7,  lim / T pods = py € 5.
0 0

n—oo t,, n—oo t,,
Then = Apq + (1 — A)py. It follows from p € oy that p = g = po.
Noting that
1

tn
/ Ty pads = py = p
tn Jo

and p € _#5, we have

fim [ Tag)ds = () = [ et (3.43)

n—oo t,,
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By the definition of p1, we have

/(a:iz/]\VN +5>N(d$)/$ju(dx)

1165

tn a;
= lim : / / sri)( 5>,u(d$)ds. (3.44)

Then, (3.44) yields

(o /(@1 Moutdo) +8)
= nh_)rgo tln /Otn </(T5xj)xi2/;VN p(dz) + (5/(Tsajj),u(da;)>ds

. 1 tn z; NN )
= nh_{g() tn/o </(Tsxj) o N ,u(da:)—i—éh(g))ds

Hence, it follows from (3.45) that

— " lim / " / Tyz;)(: A N)u(dz)ds + 6h(5). (3.45)

/ (25 A N)p(dz)h(j) = lim / " / Toz;)(x; A N)p(dz)ds.  (3.46)

TL"OO

On the one hand, by the Holder inequality and (3.42), we have

in
lim / /Ta:] (x; A N)p(dx)ds

n—~0o0

- Jm /0 ( / (Tyr;)aspu(da) — / (Tsxj)(xi—N)I{IDN}M(dx))ds

L[t
= lim ; / </(Tsxj)a:,~,u(da;)
n—oo n 0

— /Zas(j, k)xy(z; — N)I{:B¢>N}U(d$)>d8
%

WV
E.

n

m [ ([ entan)
s [0/

Y,
g

V
T»—A
g5

3
O\H
3
7 N
—
=

5

§

7;

CL

&

o?

&

Q

E
\/
CL

IR
" /0 </(T x] wip(dz) Zas (j, k /xk$il{$i>N}u(dx)>dS
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tn ~
= lim 1/ /(Tsxj)a;i,u(da:)ds—Clﬂa (3.47)

n—oo tn

On the other hand,
tn tn
lim / /Ta:] (x; AN)p(dx)ds < lim / /Tx] x;pu(dz)ds. (3.48)
Hence, (3.47) and (3.48) yield that

1 tn tn
lim . / /(Tsxj)(a;i A N)p(dz)ds — lim / / Tsxj)zip(dr)ds
n—oo n 0 n—oo

< CV2%. (3.49)
(3.41) implies

| [ A Nldo)h) = hRG)| < i), (3.50)

By (3.46), (3.49), and (3.50), we have

tn
‘h(z) — lim / / Tsxj)zip(de) ds‘

< | [ A Ny(aoni) - h<z‘>h<j>{
—1—‘/ x; A N)p(dx)h(j) — lim /tn/ (Tsz;)(z; AN) (dx)ds‘

n—oo t,,
tn tn
hmt / /Tx] (x; A N)p(dx)ds — lim / /Tx] xz,uda:ds‘
< eh(j) + CY2%. (3.51)
Since ¢ is arbitrary, (3.40) holds.
Step 3 Let

h(i,j) = hm Zat ai (g, 1 /wkxl,u(dw).

In order to show

lim Zat(i,k)at(j,l) /wkxlu(dﬂf) = h(i)h(j),
1

t—o00

by (3.40), we need to show that

in
h(i,j) = lim / / Tsxj)xip(dr)d (3.52)

n—0o0 7’L
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From Remark of [29, Lemma 4.7], we know that for arbitrarily fixed i € S,
h(i,-) is harmonic with respect to A. By (3.38), we have

nh—{got /tn/ij )z;pu(dx)ds
= 7 73520 / </Za g, k) g dx))d
=7 nh_{r;o / <Zas J, k /x;gvm(dw))ds
—y i [ 2 ik (6
—i—b/o Zar(k,m)ar(i,m)/w%,u(da;)dr)ds
= lim. tl /Ot" <h(z’,j) +b/oookzas(j, k)a,,(k,m)a,,(@',m)/:ggu(dx)dr>ds

1 tn [e%°)
mjh(i,7) + brj lim / / <Zas(j, k)a,(k,m)a,(i,m)

-/x%,u(dx))drds. (3.53)
Noting that

tn
5 lim b / / < Jk)ar (k,m)a, (i, m)/x%,u(dw))drds
CT('] lim / / Zas_w (7,m)a,(i,m)drds
~ tn
= C’nh_{r;o : /0 / Zﬂmaerr(m,j)ar(i,m)drds

1~ fn
< 2Cmax7rm lim / / ar(i,7)drds

TL"OO

= 0 (by the transience of a;), (3.54)

we have

m fim /t/ <Zas iy K)ar (b, m)ay (i, m)/xk,u(dx)>drds—0 (3.55)

Hence, (3.53) and (3.55) imply that for all 4,5 € S,

tn
mih(i,7) = m; lim / /Ta:] x;p(dz)ds.

n—oo t

Therefore, (3.52) holds. 0
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Appendix

Al Some lemmas of proof of Proposition 2.4

In order to prove Propositions 2.4 and 2.6, we need the following lemmas. For
any E(||X(0)||,2y,2) < oo, we consider (1.5),

Xi(t) = +m/zu ds—l—ﬁ/X

jJjeSs

/; /t+ /Mux 5—)Ni(dsdu)
/ /UMUX )Ni(dsdu), i€ S. (A1)

Let {S,}nen be a sequence of finite sets which increase to S as n — oc.
Consider the following finite-dimensional equation:

—i—%:/ Z a(i, ) X" (s)ds—i—ﬁ/tXi(")(s)ds

jES

t+
/ / )Ni(dsdu), 1€ Sy,
\u|>6
i , 1€ S\S

Since (A2) is a finite-dimensional linear equation, using classical method,
it is easy to prove that (A2) has a pathwise unique solution {Xi(n) (t)} and
E(supgcs<r |Xi(n) (5)|?) < oo. Moreover, we have the following lemma, which
implies that E(suppcs<r |Xi(n)(s)|2) < C independent of n.

Lemma A1l In the case i € S,

E( sup |X( ) < 52 TMT )ij B XJ(‘N)(O)‘Q)7 (A3)
0<s<T jes

where

My (i, j) = 10%2Tsup|a(i,i)|+5ij5[02/ u?p(du)+Coc®+w?T|, i,j€ S,
ieS R\{0}
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and w = fu|>5 up(du)+p. Note that A is a Q-matriz satisfying sup,cg |a(i, )] <
0o. Thus, e"™M1 makes sense for any T > 0.
Proof By (A2), we have

t
X(n +I€/ Z a(i,7)X (n (s)ds—i—w/ Xi(")(s)ds
0

X(n) (t) — t jes t+ ~
! +/ oin(n) (s)dB;(s) +/ / uXi(n)(s—)Ni(dsdu), i€ Sy,
0 0 R\{0}
Xi(0), i€ S\S,.

For any M > 0, denote oy = inf{t > 0 | sup;cg, |Xi(n) (t)] > M} and

o X7, e
(0= lim X()() t> o).
t—on —

For i € S, and t < oy, we get

~ t ~ 2 to_ 2
|XZ(n)(t)|2 < 5{|Xi(”)(0)|2 + ‘/{/ E CL(’L,])X](”)(,s)ds + ‘w/ Xi(n)(s)ds
0 0
JES

. ‘ /0 ' X (s)dBi(s)r + | /0 N /R o u)?i(”)(s—)ﬁi(dsdm\z}

=: 5{11 +Ig —i—Ig —|—I4—|—I5}. (A4)
By (A4), if ops > T, then
sup |)A(:Z(n) B < sup 5{I; + o+ T3+ 1y + I5}; (A5)
0<t<T 0<t<T
if opy < T, then
sup [XM (1) = sup X0
0<t<T 0<t<on
< sup 5{11 + L +I34+14+ 15}
0<t<0’1\/j
< sup 5{11 + I+ 134+ 14 + 15} (A6)
o<t<T

It follows from (1.1) that

B s 1) < w2 sw /t§3|a<z',j>|ds- [ S latea 15 s

0<t<T o<t<T Jo 4 ies
2/-@2Tsup|a(z i |E< sup / Z|a i,7 ||X | ds>
€S 0<t<T
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2/-;2Tsup|a (1,1 |/ Z|a i,7)|E( sup |X ( N*)ds. (A7)
jes 0<s’<s

For I3, by Holder’s inequality, we have

E( sup Iy) <wT/ E( sup |)~(i(n)(s')|2)ds. (A8)
0<t<T 0<s'<s

By the Burkholder-Davis-Gundy inequality (see [26]), we have

E( sup L) <a 02E< /0 T[)N(i(")(s)]st>

otT

~ T ~
04202/ E( sup |Xi(n)(s')|2)ds, (A9)
0 0<s'<s

B m<ce( [ ] o R P ) )

0<t<T
T ~
< CgE(/ / [uXi(”)(S)Pp(du)dS)
0 JR\{0}

T ~
< Cg/ uZp(du)-/ E( sup |Xi(n)(s/)|2)ds. (A10)
R\{0} 0

0<s’<s

Therefore, by (A5)—(A10), we have

E( sup | X" (s)])

0<s<T
) o 2 2
E(|X; ()\)—i—lOnTsup\azM/ Z|azg|E sup \X ( NI%)ds
i€S 0<s'<s
jJjeSs
+5[Cg/ u2p(du)+5‘2a2+w2T}/ E( sup |)A(:i(n)(s/)|2)ds. (A11)
R\{0} 0 0<s'<s

Due to Gronwall’s inequality and E(supyc<r |Xi(n)(8)|2) < 00, we have

E( sup | X" (s %) <53 (M) B E(X"(0)).
0<s<T

Referring to [27, Eq. (1.10)], we have
Pl | X{"™(T) # X"(T-)

T+ ~ t+ _
P<w ‘ / / ulN;(dsdu) # lim / uNi(dsdu)>
0o JR\{0} t=T=Jo Jr\{0}
=0. (A12)

By Fatou’s lemma and (A12), (A3) holds. O
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Lemma A2 For anyt € [0,T], we have

E( sup || X™ (s )”72) 5E(|X™ (0 )H%Q) exp{5t [2%: T sup |a(i, z)\l“sup’y]
0<s<t €S JES

+ C’z/ u’p(du) + Coa® + ng] } (A13)
R\{0}

Proof 1t follows from (A11) that

<Z% sup be )\2>

\S\

SEOTROR

€S
+ 10k Tsup|az 1 \/ ZZ’MGZ DNE(y; SUP |X( € )‘ )ds
€S jeS
+5[Cg/ u2p(du)+5‘2a2+w2T}/ <Z% sup |X( (’)|2>ds
R\{0} 0 0<s'<s
Noting that
2D ula DIEC; sw X))
€S jeS Oss
= ZE( ; sup |X( Z%|a iJ)]
. 0<s'<s
JjeSs €8
< Y E(y suwp X)) Ty
jes 0<s'<s
< Tsupy E Z% sup |X( (/)|2>’ (A14)
jes fee 0<s<s

we have

(Z% sup X" (s )|2>

\s\

5E(Z%\X ]2> +5[252Tsup\a(z z)|Fsgpfyj
(IS} J

+Cz/ U2P(du)+52042+w2T} / <Z% sup | X" (s ,)|2>d3-
R\{0} 0

0<s’'<s

Note that X (0) € L?(v) and X (™ is a finite-dimensional equation essentially.

Then
(Z% sup [ X" (s )|2> < 0.

€S Oss<t
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By Gronwall’s inequality,

B( S s X7 0)F)

icS 0<s<t

< 5E<Z%\Xi(")(0)]2> - exp {5[2&2Tsup|a(z z)\l“sup’y]

i€s i€s
+Cy / u?p(du) + Cha? + w2T} t}. (A15)
R\{0}
Hence,
E( sup || X™ (s )Hv ) < B5E(IX™ (0 )“32) exp{5t {2&2Tsup|a(z z)\l“sup’y]
0<s<t i€S
+Cy / u?p(du) + Coa® + ’(DZT:| }
R\{0}

The proof is complete. (|

Lemma A3 limy, ;00 E(supgcs<r HX(")(S) — X(m)(s)H%Q) =0.

Proof For n > m, we have

t+ -
+ / / w(X™ (s—) — X™ (s=))Ni(ds,du), i€ Sp,
E\{0}

()X (s)ds +w | X (s)ds+ [ aX™(s)dB;(s)
Sl A A

/ / L) Ny(ds, du) — X5(0), i € S\ S,
B0}
0, i€ S\S.

Applying the same argument as in Lemma A1, for i € S,,, we get

E( sup XM (s) = X (s)]?)
0<s<T

10/{2Tsup|az i |/ Z|az J)|E( sup |X( (s") — X](-m)(s/)|2)ds
jes 0<s'<s

+5 |:C2 / u?p(du) + Cha® + w2T]
R\{0}
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T
B ) - X )R,
0

0<s’'<s

It is easy to see

< 2E(supgeyer | X (5)[2) + 2E(1X(0)]2),
E( sup [X™(s) = x™(5)]%) i € S\Sum,
0<s<T
=0, i€ S\Sh,

By the above inequalities, we have

B( X s (X6 - X))

icS 0<s<T

10/42Tsup|a (i,i ‘/ Z%ZM i,7)|E( sup \X ( )_X](m)(3/)|2)ds

i€eS  jes 0ss’'ss

+5 |:C2 / u’p(du) + Coa® + ng]
R\{0}

/0 <Z% sup [XM (o) — Xi(m)(sl)|2>ds

icS 0<s'<s

. 2
+Z\” (E( sup 1" ()f") +28(X:(0))

Together with (A14), we have

E( sup [ X" (s) = X (5)]32)

0<s<T
<Y wCECsup X[ ()P) + 2B(IX:(0))
i€5n\Sm OSs<T
- exp {5 [2/{ T sup|a(i,)|T" sup v+ Co / u?p(du) + Coa® + w2T} T}.
ics R\{0}
Therefore, Lemma A3 holds by Lemmas Al and A2. O

Lemma A3 implies that there exists an L?(y)-valued stochastic process
(X(t))t>0 such that for ¢ > 0,

lim E( sup [ X™(s) — X(s)|]2,) = 0. (A16)

In fact, (X (t))¢>0 is the solution of (1.5). Moreover, by Lemma A2, it is easy
to prove the following lemma.
Lemma A4 For anyt € [0,T], we have

E(sup [|X(s)|32) < 5E(|X(0 )Hyz)exp{&f [%ZTsupla(l Z)IFsupw
0<s<t i€S
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+ Cs / u?p(du) + Cha? + w2T] } (A17)
R\{0}

Lemma A5 (X(t))i>0 has the Feller property.

Proof Let Cy(L?(7)) be the space of bounded continuous real-valued functions,
and let Lip,(L?(7)) be the set of bounded Lipschitz real-valued functions.

Note that Lip,(L?(v)) is dense in Cy(L?(7)) under sup norm. Therefore, we
need only to prove that for any f € Lip,(L?(v)),

lim B(f(X(t,y))) = E(f(X(t,2))), .,y € L*(7). (A18)

Yy—x

By Lemmas A1-A3, for € > 0, there exist 6 > 0 and N > 0, such that for
z € Bs(x) and n > N,

E( sup [|X(t,2) — X" (t,2)]2,) <e.
0<t<T

Using the same argument in Lemma A2, we have

E( sup [|X™(s,2) = XM (s,9)]2 )
0<s<T

< 5|z — yH% 9 €XP {5T [2/@2T sup |a(i,7)|I" sup ;
’ i€s jes

+ Cg/ u?p(du) 4+ Coa® + wQT} }
R\{0}

Thus,
lim B(| X (t,2) — X(t,y)|52) = 0.

Yy—x

Therefore,

Yy—x

lim [B(f(X(t,y))) — E(f(X(t, )| < lim C(E(|X(t,z) — X(t,y)l52))"
=0. O
Lemma A6 X;(-) € D[0,00;R] a.s.

Proof From [1], we need only to show that Aldous’s tightness criterion holds.

By (A3), we have for any t > 0, {Xi(n) (t) }nen is tight in R. Let {7,,0,}
satisfy the following conditions (see [1]).

(i) For each n, 7, is a stopping time on the process {Xi(n) (t),0<t< T}

with respect to the natural o-fields, and 7, takes only finitely many values.
(ii) For each n, 4y, is a constant, 0 < J,, < 1, lim,, . §, = 0.
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Similar to Lemma A2 and noting (A15), we have
E(|X™ (7o +80) = X" (1)]3 2)

TnA4-0n Tn+0n 2
§4Z%~ [ / Z a(i, )X ds‘ —l—‘w/ Xi(n)(s)ds‘

ics
Tn+6n
‘4 \ / (s)dBi(s)

Tn+0n
+ ‘ / ozXl.(") (s)

+\/Tn+6 /R\{O}UX(n)( ~)Ni(ds, du) }

(L sw XU 0Pas)s,

ics t€l0,T]
< 06, - 5E(|XM(0)]3 2) - TN,

2

where

C= [2&2T sup |a(i,7)|T sup v+ Co / u?p(du) + Coa® + T |.
R\{0}

€S
Thus,
n n 1 n n
BX (7 +6n) = X)) <y BUXC (7 +60) = X )l )
¢
<
— 0, 0, —0, (A19)

where

5’ — 4C’E(HX(7L) (0) ||’2y 2) . e5T[252TsupieS la(i,2)|T Supjcg VJ’+IR\{0} u2p(du)+02+w2T} )
It follows from (A19) that
Xi(n) (Tn + 0n) — Xi(n) (Tn) — 0 in probability.

Hence, {X () (), t = 0}pen satisfies Aldous’s tightness criterion, which implies
that {XZ- ( ), t = 0}pen is tight in D|0, oo; R]. Therefore, we get the lemma.[]

Lemma A7 For any x € Zp, we have
E*((h, X (t,7))7) < (h, T)3e < o0,

where ¢ := o + [u?p(du).
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Proof Note that

thi Zk:azkE"”Xk +Z (, D E® (X;(6) X (1))
- <a +/u p(du)>5(i,j)Ex(X§(t)).

Using the same method as the proof of [5, Lemma 1], we have

BFCG0X,(0) = S auti a0z + (02 + [ uo(au))

k.l
. /O tZat,T(i, e, (G, k) B (X2(r))dr. (A20)
k
For the sake of convenience, we write
E%(<h7 X(t)>72r) - Ei(<h’ X(t’ f)>72r)

From (A20), we get that for h € 72,

- Zth(z')h(j)Ef(Xi(t)Xj(t))
= (h,7)2 + (“”/“ pd“)/ 2 IR (XE(r)dr
(h x>2 + /u P

B2+ <a2 (du)> /O E¥((h, X(r))2)dr. (A21)

Similar to (A21), we have

E¥({h, X (6)2) < (h,3)2+ <a2+ / u2p<du>) / LR (X (1)2)dr. (A22)
0

Note that
2
B (X002 = B ( X homx" 0+ Y himxi0)
1ESH ZES\Sn
<2EI<Zh WZX(n) > —|—2EI< Z h(i mx2>
1€Sn 1€S\Sn
< Y h@Oh(G)mm [ER (X ()2 + EF(X (1))
1,jESh

+2< > h(i)mﬁfi>2.

i€S\Sn



An ergodic theorem of a parabolic Anderson model driven by Lévy noise 1177
By Lemma A1l and using the fact that 7 € ZEp, for t > 0, we have
E*((h, X" (1))7) < oc.
Thus, by Gronwall’s inequality, (A22) implies that for all z € Zp and t > 0
E™((h, X" (1))7) < (b, T)7e, (A23)
where ¢ = o2 + [u?p(du).

Note that
lim E7(| X () = X (t)|[72(,) = 0.

n—oo

Then there exists an increasing sequence {ny} tending to oo, such that
XM (1) — X(t) as., ny — oo,

and
X-("k)(t) — X;(t) a.s., ng — oo.

(2

By Fatou’s lemma, and combining with (h, X (¢)), > 0, we have

E*((h, X (t) <Zh i) X ( )2

€S
2
<Zh i) hmme(nk)( ))
€S e
E"E(hmlnf(h X (1))2)
ne—00
< liminf BZ((h, X ™) (1))2)
Njp—00

< (h, T)7e

< 00. (A24)
Lemma A8 (h,X(t,2)), is a cadlag process.
Proof For any n € N, we have

(h, X™ (£, %)) = (h, T) —l—aZ/ mh()X™ (s, 7)dBi(s)

€S

(n) — T lasdu).
+Z//R urcsh(i) X (s—, ©)Ny(dsdu).  (A25)

ies \{0}
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By the Burkholder-Davis-Gundy inequality, we have
E7[ sup (b, X"(t,7))2]

™

+3E%Les%pT / /R k) A)(s—,i)]vi(dsdu)ﬂ
3(h,7)2 +3a2Ew[; / R0 (XL (5, )

+3Ew{§ / /R . () (X (s, ))zdsp@u)}
3<h,5>7%+<3a2+3 updu> [;/ 722 (i) X(”(sx))d]
<2+ (30743 [upan )] [ oo ><t,5>>idt}

30,3 + (307 43 [ upta) / [ sup {h, X (5, )2]d

s€lo, t]
By Gronwall’s inequality, we have

E*[ sup (h, X™(t,7))2] < 3(h, )27, (A26)
te[0,7]

here ¢; = 302 + 3 [ u?p(du).
For any {7,,0,} satisfying (i) and (ii) in Lemma A6 (here using
(h, X" (t,Z)), instead of Xi(n) (t)), by (A25) and (A26), we have

¥ ((h, X (7 + 80) = X (7))2)

> [ mix s pasof|

€S

+2E"’”[ S / e /R umh(z’)xfm(s_,5)Ni(dsdu)ﬂ

ies \{o}

<2a +2/u p(du >Ez[2/:n+6" 72h2() (X (s, x))2ds]

€S

< 20%E* [

< (2042 [[upta) ) s (1 XO0R)-5,

rel0,77]

< 6<a2 + / u2p(du)> (h,Z)2eT . §,,. (A27)
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Similar to Lemma A6, using Aldous’s tightness criterion in DI[0, co; R] (see
[1]), we can get that {(h, X (¢)),, t > 0},en is tight in D[0, 00; R] by (A22)
and (A27). Thus, (h, X(t,7))r is a cadlag process. O

A2 Proof of Proposition 2.5

Let {S,} be an increasing sequence of finite subset of S satisfying U, >1.5, = S.
We set {®;, i € S,} be a family of independent and identically distributed
compound Poisson processes with characteristic measure of o(du) on R. We
consider the following stochastic differential equation (SDE):

oL g

() 7es
X;(t) = " ) . (A28)
/ /X u®;(ds,du), i€ Sy,
X;(0), i¢Sy.
Zr = {2 €[0,00)% | z; = 0 for all but finitely many j € S}, (A29)
LT (S) = {z € [0,00)” | sup |2;] < o0}, (A30)
jeS

Lemma A9 Let (X(” ( x))t>0 be the solution of (A28) with initial state
x € L*®(S), and let (X™(t,7));>0 be the solution of (A28) with initial state
T €=p. Then

(XM (t,2),7)r £ (X (t,T), )r. (A31)

Proof Let ®% = (®;, i € S,,). Then ®°" is also a compound Poisson process
with characteristic measure of

o(du) x -+ x o(du)
Cara(Sn)

on Red(Sn) Tet 7,79, ... be the jump times of the compound Poisson process

(n)

@9, Then we can construct X, on event {7, <t < 711} by

=)Ao= T-)8A) B Brem (R ) (A32)

where

o(rA) _ f: (t(rA))"

nl

k=0

the semigroup generated by kA on L>°(S), and By, is finite-rank operator from
L*>°(S) to L*>(S) satisfying

(Byx)i = { é(IDi(TkH) — (1)) i, z ; ?“
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Because sup;cg |a(i,7)| < oo, formula (A32) is well-posed. Since z € =, A is
symmetric with respect to m, and By is a diagonal matrix, we have

<e(t—Tk)(HA)Bk—le(T"'_T"'*l)(HA)Bk—z - Bre™ 1 g L)

= (z, eTl(HA)xBl .. .e(Tk*kal)(HA)Bkile(t*Tk)(HA)x>ﬂ.
Note that

(r1,B1,72 — 11, Ba, ..., Bp_1,t = 1), (t =7k, Br—1,..., B2, 70 —11,B1,71)

(A33)
have the same distribution conditioned on event {7, < ¢ < 741} We get the
lemma. O

Let {Agm), i € S,} be a family of independent and identically distributed
Poisson processes with intensity m on the same probability space (2, 7, (F ),
P) as (Y;, i € S), which are independent of {Y;, i € S, }.

We set

A (¢
o™ (1) = Y( Zm( )), i€S,, t>0; 5m = (@™ jes,).

3™ i a compound Poisson process with characteristic measure of m - g, (dx),

om(dz) = P(E(;) € dx).

where
Now, for any x € L?(v), we consider the following SDE:

i + / Z a(i,7)X s)ds

X(n,m) (t) — t+ JGS (A34)
i / /X(’”” —ud™ (ds,du), i€ Sn,

xi, 1 ¢ Sy.

Let C% (R™) be the collection of bounded, uniformly continuous, and twice
smooth functions on R™, and let Cy,(L?(y)) be the collection of bounded
uniformly continuous functions on L?(y). Without loss of generality, we set

card(Sy,) = n.
Lemma A10 For any f € Cu,(L?(7)), = € L?(v), and t > 0, we have

lim E(f(X"™ (1) = E(F(X™ (1)), (A35)

m—00

where (X;, i € S) is the solution of (A2) with initial state x.
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Proof Denote by 2" and Z"™™ the generators of X (™ and X ™) on C2 (R"),
respectively. For f € C2 (R"), we have

L f(xiyi € Sp) = Z <Znazjx]+ﬁxz> 4 Z fgi];

iESn ]ES

+ Z / f(zi + ziw) — f(x;))ziup(du)

i€Sn \u|>6}

+ Z / f(zi + ziw) — f(z;) — $iu§£)p(du)’

iE€Sn \u|<6}

LM f (2,1 € Sy)

=y <Zﬁ;a(i,j)x]~ +5.’L'i> + Z/ (@i + ziu) = f(x))mem(du)

i€S, \jES i€S,
1
= Z(Zﬁaz]xj—i—ﬁxZ) +mz [ <$z+xz z<m>>_f($)]
€S, “jES i€Sy
TRQ l/m
— Z <Zna i,7); —i—ﬂxZ) af Z / 2f xz—i-a:,YZ( ))ds
€S, N jes Ti i€y
1/m
m z; +x;Y;(s—) +u) — f(x; +2;Y;(s—)))dsp(du
+ 253/ /{Iu>6}(f( @ Yils—) + ) — f(a: + 2i¥i(s-)))dsp(du)
1/m
+m 3 L) (e 0 - s i)
—xu ai (x; + 2;Yi(s )))dsp(du) (A36)

These imply that for any compact set A C R”,
lim  sup |2 f(z) — 2™ f(x)| = 0. (A37)

M—00 (1. i S, )EA
By the standard argument of approximations of martingale problem for jump
diffusions (see [10,23,24,32]), we can get (X(n’m) (t))¢=0 converges weakly to
(X(n) (t))t=0 as m — oo. Therefore, it is not hard to show (A35). O

Lemma A1l Let (X™ (1)) be the solution of (A2) with initial state x €

Lo (S), and let (X™ (t))t=0 be the solution of (A2) with initial state T € Zp.
Then B
(X)), 7)x £ (X0 (1), ). (A38)
Proof For any z € Zp and f € Cw(R), f({z,2)x) € Cu(L?(7)). Due to
Lemma A10, we have
lim  B(f((X™" (1), 7)x)) = E(F((X"(£), Z)x)), (A39)

m—00
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~n,m

i B(F(E" (0),2)0)) = BU(X"(0),2)0)) (A40)
Thus, (A38) follows from Lemma A9. O

Proof of Proposition 2.5 Since (A16) and (X (¢))¢>0 is the solution of (1.5), we
obtain that E| X (t) — X(t)H%’2 — 0. Therefore, using a same argument as
Lemma All, for any x,x € Zp, we can show

(X(8),2)r £ (X(t), 2)r. (Ad1)

For x € L>"(S), denote
2 . S’m
x(n) _ X 1€
! 0, 1¢S5y,

and let X be the solution of (A2) with initial state (™). On the one hand,
since E|| X" (t) — X(#)]2 4 — 0, for any f € Cyp(R), we have

lim E(f(X™ (1), 2)r)) = B(f(X(2),8)x)). (A42)

n—oo

On the other hand, there is a constant 0 < M (z,z,7) < oo dependent on
x, T, m only, such that E((X™(t),7)2) < M. Since

0<(X(#),2"): T (X(t),2)r, as. dP,

this shows _
E(X(t),2)2) = lim BE(X™(t),7)2) < M. (A43)

™
n—oo

Therefore, P({(X(t), ), < co) = 1. Thus,

lim B(F((X(8),2)e)) = B(F(X (1), 2)5)). (Add)

n—0o0

Combining (A41), (A42), and (A44), we obtain the self-duality of (1.5). O
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