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Quantification of Gaussian Quantum Steering
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(Received 4 September 2014; published 12 February 2015)

Einstein-Podolsky-Rosen steering incarnates a useful nonclassical correlation which sits between
entanglement and Bell nonlocality. While a number of qualitative steering criteria exist, very little has been
achieved for what concerns quantifying steerability. We introduce a computable measure of steering for
arbitrary bipartite Gaussian states of continuous variable systems. For two-mode Gaussian states, the
measure reduces to a form of coherent information, which is proven never to exceed entanglement, and to
reduce to it on pure states. We provide an operational connection between our measure and the key rate in
one-sided device-independent quantum key distribution. We further prove that Peres’ conjecture holds in its
stronger form within the fully Gaussian regime: namely, steering bound entangled Gaussian states by

Gaussian measurements is impossible.

DOI: 10.1103/PhysRevLett.114.060403

Quantum correlations have been intensively investigated
in recent years after the realization that, besides their
foundational importance, they can be exploited to outperform
any classical approach in certain tasks, e.g., in computation
[1], secure communication [2,3], and metrology [4]. For
mixed states of composite quantum systems, quantum
correlations can manifest in different forms [5]. While
entanglement [6] and Bell nonlocality [7] are two of the
most well-studied such manifestations, an intermediate type
of quantum correlation, known as quantum steering [8,9],
has only quite recently attracted a renewed interest from the
quantum information community [10,11], opening new
avenues for theoretical exploration and practical applications.

Steering is the quantum mechanical phenomenon that
allows one party, Alice, to change (i.e., to “steer”) the state
of a distant party, Bob, by exploiting their shared entan-
glement. This phenomenon, fascinatingly discussed by
Schrodinger [8,9], was already noted by Einstein,
Podolksy, and Rosen (EPR) in their famous 1935 paper
[12], and is at the heart of the so-called EPR paradox [13].
There it was argued that steering implied an unacceptable
“action at a distance,” which led EPR to claim the incom-
pleteness of quantum theory. The EPR expectations for local
realism were mostly extinguished by Bell’s theorems
[14,15], which showed that no locally causal theory can
reproduce all the correlations observed in nature [16]. The
first experimental criterion for the demonstration of the
EPR paradox, i.e., for the detection of quantum steering, was
later proposed by Reid [17], but it was not until 2007 that the
particular type of nonlocality captured by the concept of
steering [8,9,12] was in fact formalized [10,18].

From a quantum information perspective [10], steering
corresponds to the task of verifiable entanglement distri-
bution by an untrusted party. If Alice and Bob share a state
which is steerable in one way, say from Alice to Bob, then
Alice is able to convince Bob (who does not trust Alice)
that their shared state is entangled, by performing local

0031-9007/15/114(6)/060403(6)

060403-1

PACS numbers: 03.65.Ud, 03.67.Dd, 03.67.Mn, 42.50.Dv

measurements and classical communication [10]. Notice
that steering, unlike entanglement, is an asymmetric
property: a quantum state may be steerable from Alice
to Bob, but not vice versa. On the operational side, it has
been recently realized that steering provides security in
one-sided device-independent quantum key distribution
(QKD) [19], where the measurement apparatus of one
party only is untrusted. These protocols are less demanding
than totally device-independent ones, for which Bell non-
locality is known to be necessary [3]. Experimentally, at
variance with the case of Bell tests, a demonstration of
steering free of detection and locality loopholes is in reach
[19-22], which makes one-sided device-independent QKD
appealing for current technology and quantum steering a
practically useful concept. EPR steering also plays an
operative role in channel discrimination [23] and tele-
amplification [24].

Several experiments have been already performed, dem-
onstrating steering and its asymmetry [21,22,25-31], and a
number of recent studies have been devoted to improving
our understanding of quantum steerability, ranging from
the development of better criteria to detect steerable states
[32-36], to the analysis of the distribution of steering
among multiple parties [37-40]. However, unlike entan-
glement, for which a variety of operationally motivated
measures exist [6,41], there is still a surprisingly scarce
literature addressing the fundamental question of quantify-
ing how steerable a given quantum state is [11,23,42].

In this Letter, we present a comprehensive quantitative
investigation of steerability in the archetypical setting of
bipartite continuous variable systems, for which the very
notion of EPR steering was originally debated and analyzed
[12,17]. We focus on a fully Gaussian scenario: namely, we
consider generally mixed multimode bipartite Gaussian
states, that constitute a distinctive corner of the infinite-
dimensional Hilbert space [43-45], and study their
steerability under Gaussian measurements [46,47]. By
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analyzing the degree of violation of a necessary and
sufficient criterion for Gaussian steerability [10,18], we
obtain a computable measure of Gaussian steering, and we
investigate its properties. In the special case of two-mode
Gaussian states, we characterize the maximum allowed
steering asymmetry, we connect the measure operationally
to the key rate of one-sided device-independent QKD [48],
and we show that the Gaussian steering degree is upper
bounded by the Gaussian Rényi-2 entanglement [49], with
equality on pure states. Finally, we prove in general that
(multimode) bound entangled Gaussian states cannot be
steered by Gaussian measurements, a result of relevance in
view of the recent debate about a conjecture by Peres and
its recently proposed strengthening by Pusey [50-53].
Let us first briefly introduce the reader to the Gaussian
realm. Gaussian states and operations play a central role in
the analysis and implementation of continuous variable
quantum technologies [43,45]. In our Letter, we consider a
generic Gaussian (n + m)-mode state p,p of a bipartite
system, composed of a subsystem A (for Alice) of n modes
and a subsystem B (for Bob) of m modes. For each mode j,
belonging to A (B), we define the phase-space operators

JA(B)  AA(B . .
x]-( ), p]-( ), grouped for convenience into the vector
B (2A AA SA ~A 2B ~B #B ~B\T o

R= (&, pl. ... x5, pa. X0, pP, .. &5, pn)',  satisfying
the canonical commutation relations which are compactly

n “ n—+m
written as [R;, R;] = iQ;;, with Q= @ ( ° |) being the
1
symplectic form. Any Gaussian state p4p is fully specified,
up to local displacements, by its covariance matrix (CM),

= ). m

with elements o;; :Tr[{IA?,-,IA?j}erAB]. Notice that the
submatrices A and B are the CMs corresponding to the
reduced states of Alice’s and Bob’s subsystems, respec-
tively. Every CM o, that corresponds to a physical
quantum state has to satisfy the bona fide condition,

oap +i(Qy © Q) >0. (2)

Let us now formally define steerability. Under a
set of measurements M, on Alice, a bipartite state p,p
is A — B steerable—i.e., Alice can steer Bob—iff it is not
possible for every pair of local observables R, € My,
on A and Rjp (arbitrary) on B, with respective outcomes
ry and rp, to express the joint probability as [10]
P(ry. rp|Ra. Ry, pag) = > ;0:0(ra|Ra, A)P(rs|Rp. p1).
That is, at least one measurement pair R, and Rz must
violate this expression when ¢, is fixed across all
measurements. Here ¢, and @(r4|R4,A) are arbitrary
probability distributions and P(rg|Rp, p;) is a probability
distribution subject to the extra condition of being evalu-
ated on a quantum state p;, meaning that a complete
knowledge of Bob’s devices (but not of Alice’s ones) is
required to formulate the steering condition.

In the fully Gaussian scenario, where p,p is a Gaussian
state described by the CM 6,45 (1), we will focus on Alice’s
measurement set M, to be Gaussian (i.e., mapping
Gaussian states into Gaussian states). A Gaussian measure-
ment [47], which is generally implemented via symplectic
transformations followed by balanced homodyne detection,
can be described by a positive operator with a CM TR,
satisfying TR+ 4 iQ, > 0. Every time Alice makes a
measurement R, and gets an outcome r4, Bob’s conditioned
state p®* is Gaussian with a CM given by BRs =
B — C(T® + A)~!CT, independent of Alice’s outcome.

It can be shown [10] that a general (n + m)-mode
Gaussian state pup is A — B steerable by Alice’s
Gaussian measurements iff the condition

oap +i(04 ®Qp) >0 (3)

is violated. Writing this in matrix form, using (1), the
nonsteerability inequality (3) is equivalent to two simulta-
neous conditions: (i) A > 0 and (i) M2 + iQp > 0, where
MEZ = B — CTA™'C is the Schur complement of A in the
CM o,p. Condition (i) is always verified since A is a
physical CM. Therefore, 6,45 is A — B steerable iff the
symmetric and positive definite 2m x 2m matrix M5 is not
a bona fide CM, i.e., if condition (ii) is violated [10,18]. By
Williamson’s theorem [54], M2 can be diagonalized by a
symplectic transformation Sy such that SyMEST =
diag{o®, 0%, ...,v8, 08}, where {17}9} are the symplectic
eigenvalues of M2, which can be determined by m local
symplectic invariants [55]; alternatively, they can be
computed as the orthogonal eigenvalues of the matrix
|iQzMB|. The nonsteerability condition (3) is thus equiv-
alent to 17? >1forall j=1,...,m.

We then propose to quantify how much a bipartite
(m + n)-mode Gaussian state with CM o, is steerable
(by Gaussian measurements on Alice’s side) via the
following quantity:

G~ (o) =max{0.- 3w f. @

©. B
<1
Jy;

This quantity, hereby defined as Gaussian A — B steer-
ability, is invariant under local unitaries (symplectic oper-
ations at the CM level), it vanishes iff the state described by
o4p 1s nonsteerable by Gaussian measurements, and it
generally quantifies the amount by which condition (3) fails
to be fulfilled. Clearly, a corresponding measure of
Gaussian B — A steerability can be obtained by swapping
the roles of A and B, resulting in an expression like (4), in
which the symplectic eigenvalues of the 2n x 2n Schur
complement of B, M4 = A — CB~'C" appear instead.
We highlight the formal similarity with the formula for
the logarithmic negativity [6,41,56,57]—an entanglement
measure which quantifies how much the positivity of
the partial transpose condition for separability is violated
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[58-61]—for Gaussian states; in the latter case, however,
the symplectic eigenvalues of the partially transposed CM
are considered [41,43,56,62].

The proposed measure of steering is easily computable
for bipartite Gaussian states of an arbitrary number of
modes. When the steered party, e.g., Bob in Eq. (4), has one
mode only (m = 1), the Gaussian steerability acquires
a particularly simple form. Indeed, in such a case, M2
has a single symplectic eigenvalue, 7# = \/det M5; recall-
ing that, by definition of Schur complement, deto,p =
det A det M2, we have

1. detA
gAﬁB(GAB) = max{O,Eln detgAB}

= max{0,S(A) — S(oap)}. (5)

where we have introduced the Rényi-2 entropy S, which for
a Gaussian state with CM ¢ reads S(o) = 1In(deto) [49].

Interestingly, the quantity S(A) — S(o45) = ZA can be
seen as a form of quantum coherent information [63], but
with Rényi-2 entropies replacing the conventional von
Neumann entropies. Thanks to this connection, we can
now prove some valuable properties of the Gaussian
steering measure (5) for (n + 1)-mode Gaussian states:
namely, (a) G*~% is convex; (b) GA~2 is monotonically
decreasing under quantum operations on the (untrusted)
steering party Alice; (c) GA~? is additive, i.e., given the
tensor product of two Gaussian states pl, ® pi; with
corresponding CM 6, @ 635, then G*~8(6);, @ 633) =
G =P (ohp) + G 7P (0hp): (d) G*7P(0ap) = E(ohy) for
oy pure, and (e) G'7B(6,p) < E(o4p) for o, mixed,
where £ denotes the Gaussian Rényi-2 measure of entan-
glement [49]. The proof of (a) follows from the concavity
of the Rényi-2 entropy. The proof of (b) follows from the
fact that the Gaussian Rényi-2 coherent information ZA(%
obeys the data processing inequality (which in turn is a
consequence of the strong subadditivity of the Rényi-2
entropy S for Gaussian states) [49,63], A8 < TAB if A’ is
obtained from A by the action of a Gaussian quantum
channel. Property (c) follows from straightforward linear
algebra and the additivity of the logarithm. The proof of
(d) is immediate, as for pure states S(c%z) =0 and
E(oh) = S(A). Property (e) needs to be proven when
GA~B > 0, in which case GA~B = TAB_ We recall that the
Rényi-2 entanglement of a bipartite Gaussian state p,p is
defined via a Gaussian convex roof procedure [43,49],
E(pan) = infy, 1 S piS(Trgly;) (wi]), where the pure
states {|w;)} are Gaussian; let us denote by {p!, |w})}
the optimal decomposition of p,p which minimizes
the  Rényi-2  entanglement. @~ We  have  then
Elpar) = LipiS(Teal (wil) = Spi T ® () (wi]) >
A (Pl wil) = T*P (pas) = G*~P(pag),  where
we used, in order, properties (d) and (a). Remarkably,

properties (d) and (e) demonstrate that our measure of
Gaussian steering respects the hierarchy of quantum corre-
lations [10]. Property (b) is interesting, and we leave it for
further investigation to establish whether any valid measure
of steering [11,23] should obey such monotonicity [64].
In the following, we specialize our attention onto
the paradigmatic case of two-mode Gaussian states
(n=m = 1), for which the degree of steering in both
ways can be easily measured according to our definition:
G4~P(0ap) = max{0,S5(A) — S(oap)} and GP~4(04p) =
max{0,S(B) — S(c45)}. Qualification and quantification
of steering in two-mode Gaussian states thus reduces
entirely to an interplay between the global purity
p=1/+/deto,p and the two marginal purities p () =
1/+/detA(B). Introducing the ratio n = (uaup)/u, all
physical two-mode Gaussian states live in the region
no <n <1 where 1y = papp+ |us —pp| [62]. States
with 5, <n <1 where n;, = uy + up — sy are neces-
sarily separable, states with 7, <5 <n, where 5, =

VH4 + p% — pius can be entangled or separable (coexist-
ence region), while states with ny <5 < 5, are necessarily

entangled [62]. Within the latter region, states with 5 >
{ua,pp} are nonsteerable; states with # < up are A > B
steerable; states with n <y, are B — A steerable. This
allows us to classify the separability and steerability (by
Gaussian measurements) of all two-mode Gaussian states
in the (uy, pp, 17) space, completing the program advanced a
decade ago in [62,65]. A cross section of this insightful
classification for n = % is visualized in Fig. 1.

1_

0.8t
\/_r”_
0.6

Hg 1y
0.41

0.2¢

04 n 06,08 1
Ha

0 0.2

FIG. 1 (color online). Classification of separability and
Gaussian steerability of two-mode Gaussian states with marginal
purities y4 and pp and global purity u = (uaug)/n, here plotted
for n = % By Gaussian measurements, states above the dashed
line are A — B steerable and states to the right of the dotted line
are B — A steerable. An overlay of the symmetrized degree of
steerability G = max{GA~E, GB~4} is depicted in the region of
entangled states. See text for further details on the various regions
and their boundaries.
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We have seen in general how steering can never exceed
entanglement for Gaussian states (with one steered mode).
It is interesting to investigate how small GA~8 can also be
for a given Rényi-2 entanglement &, on arbitrary two-
mode Gaussian states. To address this question we exploit
the local-unitary invariance of G*~8 and consider without
loss of generality its evaluation on CMs (1) in standard
form, characterized by A = diag(a,a), B = diag(b, D),
C = diag(c, d). We can then perform a constrained min-
imization of GA~8 at fixed &, over the covariances a, b, ¢, d,
subject to the condition (2). We find that the extremal states
sit on the boundary 1 = 7y, and have a CM o7 5 specified by
b=a-1+a/s, -d=c=+/(a—1)(s+1)(a/s), with
a > s > 1, in the limit a — oo. For these extremal states,
G*~8(6%z) =1In(s) and E(c% ) = In(2s + 1). Analogous
results hold for G8~A. For all two-mode Gaussian states
with a given &, the steering measures thus admit
an upper and a lower bound [see Fig. 2(a)],
max {0,Inf} (e — 1)]} < {G"~B,GE>4} <€, where the
leftmost inequality is saturated on the extremal states
o - and the rightmost one on pure (two-mode squeezed)

states o'y, specified by b = a, —d = ¢ = Va®> — 1. This
entails, in particular, that all two-mode Gaussian states
with £ > In3 ~ 1.1 are necessarily steerable in both ways;
for highly entangled states, £ > 0, the Gaussian steering
measure (in either way) remains bounded between &
and £ —In2.

The asymmetry of steering in the Gaussian setting has
been experimentally demonstrated in [27]. Clearly, GA~2 #
GB=4 in general, but how asymmetric can steerability be,
at most, on two-mode Gaussian states? By maximizing
the difference |GB=4 — GA~B| on standard form CMs,
we find quite intriguingly that the states endowed with
maximum steering asymmetry are exactly the ones with
CM o}, defined above, for which G*~% =In(s) and
GB~A =In(s+1). For all two-mode Gaussian states,

N

4F

w
steering g™
N w

-
N

steering g*°8, g%
N

o
o

0 1 2 3 4 0 1 2 3 4

entanglement & steering gB*A
FIG. 2 (color online). Plots of (a) Gaussian steerability versus
Gaussian Rényi-2 entanglement and (b) A — B versus B — A
Gaussian steerability, for two-mode Gaussian states. Physically
allowed states fill the shaded (green online) regions. Pure states
ol sit on the upper (dashed) boundary in panel (a); the lower
(solid) boundaries in both plots accommodate extremal states
o4, While swapping A and B in them one obtains states oy,
which fill the upper boundary in (b).

one has then max{0,In[exp(G'~8)—1]} <GB>4 <
In[exp(GA~8) + 1]. This entails that the steering asymme-
try |G8~4 — GA~B| can never exceed In2, it is maximal
when the state is nonsteerable in one way, and it decreases
with increasing steerability in either way [see Fig. 2(b)].
We now investigate operational interpretations for the
proposed steering quantifier(s) for two-mode Gaussian
states. We observe from [10,18] that our measures, evalu-
ated on standard form CMs, are monotonic functions of
the product of the (minimum) conditional variances asso-
ciated to local homodyne detections, which appear in the
seminal Reid criterion for the EPR paradox [17]: namely,
ViV lp, = detM4 = deto,p/detB and V, . V

Alxs ¥ palps xg|xa PB\PA:

det M8 = deto,p/ detA; this renders GA~2 and GB—4
directly accessible experimentally. We can then show that
these measures find important applications for the task of
one-sided device-independent QKD [19], which has been
recently extended to continuous variables [48]. Considering
the relevant entanglement-based protocol [2], let a two-
mode entangled Gaussian state with CM o, in standard
form be shared between Alice and Bob, who want to
establish a secret key. By performing homodyne detections
on their modes, and a direct reconciliation scheme (where
Alice sends corrections to Bob), they can achieve a secret
key rate K > max{0,1n[2/(e\/V.,x,V,1ps)]} [48]. This
bound can be readily expressed in terms of the B — A
Gaussian steerability of o435, yielding

K > max{0,G5~4(645) +In2 — 1}. (6)

In the case of a reverse reconciliation protocol, the corre-
sponding key rate (6) would involve GA~? rather than G8~4.
Therefore, the degree of Gaussian steerability defined in this
Letter nicely quantifies the guaranteed key rate achievable
within a practical semi-device-independent QKD setting,
realizable with current optical technology [27,48].

Finally, we address the more fundamental question of
steerability of bound entangled Gaussian states. Peres
conjectured that states whose entanglement cannot be
distilled, i.e., bound entangled states [6], cannot violate
any Bell inequality [50]. Recently, Pusey proposed a
stronger conjecture, namely that bound entangled states
cannot even display EPR steering [51]. Surprisingly, both
conjectures have been now disproven, by identifying
steerable [52] and nonlocal [53] bound entangled qudit
states. However, the question stayed open for continuous
variable systems, and we settle it in the Gaussian case. Let
o, be the CM of a general bound entangled (n 4 m)-mode
Gaussian state. Any such state obeys the bona fide
condition (2) as well as the condition

oap +i(—=Q4) © Qp >0, (7)

which amounts to positivity under partial transposition
[61]. Adding the two matrix inequalities together, one
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obtains (twice) the nonsteerability condition (3). This
remarkably simple proof yields a general no-go result:
steering bound entangled Gaussian states by Gaussian
measurements is impossible; i.e., the Peres-Pusey conjec-
ture holds in a fully Gaussian scenario.

In conclusion, we presented an intuitive and computable
quantification of EPR steering [10] for bipartite Gaussian
states under Gaussian measurements. We linked our measure
to the key rate of one-sided device-independent QKD [48]
and proved hierarchical relationships with entanglement.
This Letter delivers substantial advances for the characteri-
zation of EPR steering and provides an important addition to
the established framework of Gaussian quantum information
theory [43—-45]. In principle, our approach might be applied
as well to general states: Namely, for a (non-Gaussian)
bipartite state p4 5, one can define an indicator of steerability
by Gaussian measurements as in Eq. (4), with 645 denoting
the CM of the second moments of p,p. This may be
connected, in general, to the degree of violation of optimized
Reid-type linear variance criteria for EPR steering
[13,17,18,32,66]. Notice, however, that a bipartite non-
Gaussian state p,p can still be steerable even if its GA~5
vanishes, as the state may possess EPR correlations only
detectable via nonlinear criteria involving higher order
moments [32,33]; for example, a two-qubit pure Bell state
is clearly steerable but its CM fails to violate (3).

The interplay between EPR steering [10], “obesity” of
steering ellipsoids [67], and other forms of asymmetric
nonclassical correlations such as discord [5,68-70], is
worthy of further investigation. We also plan to generalize
our analysis to multipartite settings [38], in order to derive
quantitative monogamy inequalities for steering [39],
complementing the existing ones for Gaussian entangle-
ment [43,49,71].

We acknowledge fruitful discussions with A. Doherty,
Q. Y. He, M. Piani, T. C. Ralph, M. D. Reid, D. Cavalcanti,
E. G. Cavalcanti, P. Skrzypczyk, F. Toscano, S. Walborn,
and H. Wiseman. We thank the University of Nottingham
(International Collaboration Fund), the EPSRC, Engineering
and Physical Sciences Research Council (Doctoral Prize),
the Foundational Questions Institute (Grant No. FQXi-
RFP3-1317), and the Brazilian CAPES, Coordination for
the Improvement of Higher Education Personnel (Grant
No. 108/2012) for financial support.

Note added in proof.—After completion of the present
manuscript, an independent proof of Peres’ conjecture for
Gaussian states under Gaussian measurements has been
reported in Ref. [72].
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