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Magnetic field influence on the proximity effect in semiconductor-superconductor
hybrid structures and their thermal conductance
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We show that a magnetic field can influence the proximity effect in NS junctions via diamagnetic screening
current flowing in the superconductor. Using ballistic quasi-one-dimensional~Q1D! electron channels as an
example, we show that the supercurrent flow shifts the proximity-induced minigap in the excitation spectrum
of a Q1D system from the Fermi level to higher quasiparticle energies. Thermal conductance of a Q1D channel
~normalized by that of a normal Q1D ballistic system! is predicted to manifest such a spectral feature as a
nonmonotonic behavior at temperatures corresponding to the energy of excitation into the gapful part of the
spectrum.
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The superconducting proximity effect is a mesosco
scale phenomenon, which consists of the penetration and
herent propagation of Cooper pairs from a supercondu
~S! into a normal metal~N!. The Cooper pair transfer into th
normal metal can be equivalently described as an Andr
reflection process1 which consists of electron~with momen-
tum p) conversion into the Fermi sea hole~with momentum
2p) at the NS interface. The interference between an e
tron and the Andreev reflected hole imposes a minigap o
the spectrum of quasiparticle excitation near the Fermi le
in the normal part of such a hybrid structure,2 thus giving
rise to pronounced features in itsI (V) characteristics3–5 and
thermoelectric properties.6 Studies of the proximity effec
have recently been made in various combinations of ma
als, including junctions between superconductors and se
conductor structures3 supporting a two-dimensional electro
gas. In the case of electrons in a semiconductor struc
weakly coupled to a superconductor, the minigap value
cussed in the literature7,8 is much smaller than that of th
‘‘mother’’ gap in the superconductor, both due to the m
match vF!vS between Fermi velocities in the two
dimensional gas@vF5(2EF /m)1/2# and a superconductin
metal (vS), and also due to a possible Schottky barrier b
tween them, with transparencyu;e22a/l ~dependent on the
lengthl of electron penetration into the barrier of the thic
nessa), Eg'(vF /vS)uEF!D.

It has been noticed that the electron-hole interferences
the SN proximity effect in hybride structures survive
higher magnetic fields than the weak localization—anot
quantum interference effect.3–5 This has been understood a
a consequence of the fact that the interfering electron
Andreev-reflected hole retrace the same geometrical pa
the normal metal, thus hardly encircling any magnetic flu9

Therefore, another mechanism of magnetic field influence
the superconducting proximity needs to be taken into
count, via a screening diamagnetic supercurrent on the S-
of the hybrid structure. Since Andreev reflection takes pl
at the NS interface, where Cooper pairs flow, the incom
electron and the hole reflected by a moving condensat
Cooper pairs would be slightly shifted in momentum spa
0163-1829/2004/69~9!/092503~4!/$22.50 69 0925
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hence the ideal condition for them to retrace the same g
metrical path is violated. As the orbital effect of the magne
field on the normal metal or semiconductor side of the s
tem is weak, the influence via diamagnetic screening may
the major factor of magnetic field influence on the superc
ducting proximity effect.

Below, we analyze the influence of diamagnetic superc
rent in the system where the latter would be the only wa
magnetic field might affect the proximity effect: a ballist
one-dimensional conductor connected in parallel to a su
conducting bulk@Fig. 1~a!#. To be specific, we model such
conductor as a quasi-one-dimensional~Q1D! channel formed
near the edge of a 2D electron gas in a heterostructurex-y
plane! with the side contact to a superconducting film,
depleting the 2D gas using a split top gate, and subjecte
a weak magnetic fieldB5(0;0;B). We show that the spec
trum of low-energy quasiparticle excitiation in such a hyb
system has the minigap displaced with respect to the Fe
level to higher energies,

eap
6 5vFP3sgnp2a«Z6AvF

2~ upu2pF!21Eg
2, ~1!

reflecting the fact that Cooper pairs in the channel are for
into the flow while tunneling from the bulk of the superco
ductor~where they are formed of two electrons with exac
opposite momenta! across the region of penetration of th
magnetic field.@The Zeeman splitting effect is also take
care of by the terma«Z (a is the spin projection! in Eq. ~1!#.
As a result, each of the two electrons acquires the mom
tum shift

P5
eBd

c
tanh

L

2d
~2!

caused by the Lorentz force and equal to the difference
tween the vector potentialA5(0,A,0) deep inside the super
conductor, A50, and, at its surface,A5Bd tanh(L/2d),
whered and L stand for the London penetration depth a
the superconductor film thickness, respectively. The sp
trum described by Eq.~1! can also be understood as one
the Bogolubov quasiparticles in the laboratory frame, wh
©2004 The American Physical Society03-1
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the equilibrium conditions are set by the heat reservoirs,
the condensate moving along the Q1D channel with the d
velocity P/m (m is the effective electron in the semicondu
tor!. According to Eq.~1! the minigap is removed from th
Fermi level when the field reaches the value

B* 'Bc1

d

j
cothS L

2d D uEF

D
!Bc1 , ~3!

whereBc1 andj are the first critical field and the coheren
length in the superconductor.

The removal of a minigap from the Fermi level caused
a magnetic field would manifest itself in the transport pro
erties of a hybrid sytem, such as the electron-mediated
transfer. The ballistic quasiparticle spectrum in Eq.~1! gives
rise to the thermal conductance

k~T,B!5kN~T!3
3

4p2 (
6

E
(Eg6vFP)/kBT

` x2dx

cosh2
x

2

, ~4!

where kN(T)5pkB
2T/3\ is the conductance of a norma

quantum ballistic wire.10 At a zero magnetic field, the tem
perature dependence ofk is activational, k(T,Eg /kB)
}e2Eg /kBT, whereas at high fields, when there is no gap
the Fermi energy,k(T,B)5kN(T). The crossover from low
to high fields takes place atB* @Eq. ~3!# and reflects the
presence of a minigapEg in the quasiparticle spectrum a
finite excitation energies. This results in a nonmonoto
temperature and magnetic field dependence of the r
k(T,B)/kN(T).

The analysis of the quasiparticle spectrum formed due
multiple Andreev reflections in this paper is based on
standard weak-coupling approach to the proximity effect
scription in superconductor junctions with normal metals a

FIG. 1. ~a! Schematic view of a superconductor/Q1D syste
junction. ~b! Vector potential profile.
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electron layers in semiconductors.7 To be specific, we de-
scribe the Q1D confinement~provided by a gate! by the 2D
electron wave functionw(x) localized in thex direction,
whose magnitude at the interface can be estimated from
boundary conditionw(0)5l]xw(0), with l standing for the
electron penetration length into the barrier. The Fermi m
mentum of the Q1D systempF and 3D electron density on
the semiconductor side are assumed to be much smaller
those in the superconductor, and we also take the tunne
coefficientu;exp(22a/l) as a small parameter. These a
sumptions enable us to neglect the influence of the nor
system on the superconductor and to investigate the prox
ity effect in the Q1D system without feedback.

In the presence of a magnetic fieldB5(0;0;B) it is con-
venient to choose the vector potential to be parallel to
interface,A(x)5@0,A(x),0# in order to deal with a real orde
parameter in the superconductor. The vector potentialA(x)
acting on the normal electrons must be found se
consistently, taking into account the screening of the exte
magnetic fieldB by a diamagnetic supercurrent.2,11 Inside the
superconductorA(x) can be found from the London equatio
with the boundary conditions]xA(2a)5B and ]xA(2a
2L)5B as follows:

A~x!5Bd
sinh@~x1a1L/2!/d#

cosh~L/2d!
.

It is antisymmetric with respect to the middle of the sup
conductor:A(x52a2L/2)50 @Fig. 1~b!#. SinceA(x) must
be continuous at the surface of the superconductorx52a,
in the semiconductorx>2a it varies asA(x)5B(x1a)
1Bd tanh(L/2d). The width of the electronic wave functio
in the Q1D channel,dx;kF

21 and the barrier thicknessa are
both much less thanL or d; therefore, the vector potentia
acting on the Q1D electrons is virtually a constant:A(x)
'A(2a)5Bd tanh(L/2d), which will be used below to de-
termine the quasiparticle spectrum in the channel.

We describe superconducting correlations in the Q
channel using a pair of coupled equations forĉp(t)

5(c2ap(t)
cap(t) ) and ĉp

†(t)5(
c

2ap
† (t)

cap
† (t)

)—creation and annihilation

operators:

F i\] t2
~p1P!2

2m
1s3«Z1EFG ĉp~ t !

5q1/2E dt8@G~ t,t8!ĉp~ t8!1F* ~ t,t8!is2ĉ2p
† ~ t8!#,

F2 i\] t2
~2p1P!2

2m
1s3«Z1EFG ĉ2p

† ~ t !

5q1/2E dt8@F~ t,t8!is2
t cp~ t8!1G* ~ t,t8!ĉ2p

† ~ t8!#,

~5!

where
3-2
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q5S \2w~0!

mBl exp~a/l! D
2

;S \2kF
3/2

m exp~a/l!
D 2

characterizes the tunneling coupling to the supercondu
and the electron momentum shift in the magnetic fieldP
is related to the vector potential by Eq.~2!. In Eq. ~5!,
G(t,t8)[G(x52a,x852a,t2t8) and F(t,t8)[F(x
52a,x852a,t2t8) are the normal and anomalous Gre
functions of the superconductor at its boundary;s2 and s3
are Pauli matrices (s t is transposed tos). Since the size of
the Fermi sea in the semiconductor wire is much sma
than in the superconductor, one can ignore the dependen
G and F on the momentum parallel to the interface: on
electrons in the superconductor moving nearly perpend
larly to the interface can tunnel into the Q1D wire. Since
are interested in the low-temperature regimekBT;Eg!D,
we will neglect the terms containing the normal Green fu
tion G in Eqs. ~5!. For the chosen gauge, the anomalo
Green function of the superconductor,F in Eqs. ~5! has no
phase factors, despite the presence of a magnetic field. F
weak fieldB!Bc1, its time Fourier transform can be est
mated asF(e)'L21(px

D/(D22e21hpx

2 ), with hpx
being

the normal electron dispersion near the Fermi level in
superconductor. The integration over the perpendicular
mentumpx gives F(e)'D/\vS(D22e2)1/2, thus giving us
the minigapEg5qF(e50) mentioned in the introduction
and obtained in earlier publications.7

The solution of Eqs.~5! for e!D is given by the Bogol-
ubov transformation of the forms

cap~ t !5upbapexp~2 i t eap
1 /\!1 is2

a,2avpb2a2p
†

3exp~2 i t eap
2 /\!, ~6!

up
25

1

2 F11
vF~ upu2pF!

@vF
2~ upu2pF!21Eg

2#1/2G ,

vp
2512up

2 ,

wherebap andb2a2p
† are Bogolubov’s quasiparticle opera

tors, and the excitation spectrumeap
6 is given by Eq.~1!

~see Fig. 2!. The Zeeman term in Eq.~1! turns out to be
much smaller than the orbital oneEZ /vFP;g/kFmin(d,L)
!1—unless the electron g-factor is anomalously large.

Due to the motion of the Q1D condensate the excitat
energy curve is tilted by energyvFP sgnp. The field B*
@Eq. ~3!# at which the minigap is removed from the Ferm
level is determined by the condition thatvFP5Eg . Note
that at higher fieldsB* ,B!Bc1, the quasiparticle spectrum
remains gapful, with the center of the gap moved to energ
;Eg .

Now we turn to the calculation of the thermal condu
tancek(T,B) of a long Q1D channel whose ends are kep
temperaturesT andT1DT (DT!T). Since no heat can ge
into the strongly gaped superconductor, the middle of
wire represents a bottleneck for the heat transport, so tha
can analyzek(T,B) in the infinite wire geometry. The ex
pression for the energy current operatorj e(yt) in a wire can
09250
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be found from the continuity equation]y j e(yt)
52] tre(yt), where the density of energyre(yt) corre-
sponding to the equations of motion~5! is

re~yt!5
1

2 (
a

S ca
†~yt!F ~ p̂1P!2

2m
2a«Z2EFGca~yt!

2Egis2
a,2ac2a

† ~yt!ca
†~yt!1H.c.D , ~7!

where ca(yt)5Ly
21/2(pca(t)exp(ipy/\) with Ly being the

length of the Q1D system, andp̂52 i\]y . Using the Bogo
lubov transformation~6! for ca(t), for the density of energy
one finds

re~yt!5 (
app8

e~ iy /\!(p82p)

2Ly
$vpvp8~eap8

2
1eap

2 !

3b2a2pb2a2p8
† e2( i t /\)(e

ap8
2

2eap
2 )1upup8

3~eap8
1

1eap
1 !bap

† bap8e
2( i t /\)(e

ap8
1

2eap
1 )

1upvp8is2
a,2a~eap

1 1eap8
2

!

3bap
† b2a2p8

† e( i t /\)(eap
1

2e
ap8
2

)1vpup8is2
2a,a

3~eap
2 1eap8

1
!b2a2pbap8e

( i t /\)(eap
2

2e
ap8
1

)%. ~8!

In order to satisfy the continuity equation withre(yt) given
by Eq.~8! the energy currentj e(yt) must have the following
form:

j e~yt!5 (
app8

e~ iy /\!(p82p)

2Ly
H vpvp8

~eap8
2

!22~eap
2 !2

p82p

3b2a2pb2a2p8
† e2~ i t /\!(e

ap8
2

2eap
2 )1upup8

3
~eap8

1
!22~eap

1 !2

p82p
bap

† bap8e
2~ i t /\!(e

ap8
1

2eap
1 )J .

~9!

FIG. 2. Schematic view of the quasiparticle spectrum descri
by Eq. ~1!.
3-3
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In Eq. ~9! we have already omitted the terms containi
bap

† b2a2p8
† and b2a2pbap8 which vanish after the averag

ing. The averaged value of the energy currentj e can be writ-
ten as the sum of two contributions:

j e52h21(
a

E dpeap
1 ]peap

1 vp
21 j q . ~10!

The first of them can be attributed to the supercurrent fl
and cannot transfer heat, whereasj q represents the heat cu
rent:

j q5h21(
a

E dpeap
1 ]peap

1 n~eap
1 !. ~11!

The latter is determined by the energy distributions,n(eap
1 )

and the group velocity,]peap
1 of quasiparticles. We expres

the energy currents~10! and~11! in terms of the ‘‘1 ’’-branch
of the spectrum~1! using the relationshipeap

2 52e2a2p
1 and

the symmetry of the limits in the sum. The distribution fun
tions of rightmovers (]peap6

1 .0) and leftmovers (]peap
1

,0) are assumed to be different and set by reservoirs
n(eap

1 ,T1DT) and n(eap
1 ,T), respectively. Using this, we

determine the thermal conductancek(T,B) given by Eq.~4!
as the proportionality coefficient between the heat curr
and the temperature drop,j q5k(T,B)DT.

Fig. 3~a! shows the thermal conductance~4! normalized
by that of a normal wire as a function ofkBT/Eg for different
values of the magnetic field. PlotA is related toB50 and
shows how the conductance exponentially decreases at
peratures smaller than the minigapEg . CurvesB andC show
what happens when the field crosses the value ofB* , at
which the edge of the minigap is about to reach the Fe
level. For B,B* ~curve B), k(T)/kN(T) is exponentially
small only if kBT,Eg2vFP!Eg . When the temperature i
in the interval Eg2vFP,kBT,Eg1vFP, quasiparticles
with negative momentap'2pF transfer heat, whereas th
states with positivep are still unpopulated. This interval co
responds to the plato in curveB where the conductancek(T)
is half of that in the normal state. At higher temperatur
kBT.Eg1vFP the asymmetry of the excitation spectrum
longer matters, andk(T)'kN(T).
09250
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When the field exceedsB* ~curvesC andD), the depen-
dencek(T)/kN(T) becomes nonmonotonic. As in a norm
wire, at low temperatureskBT!vFP2Eg there are two left-
moving and two right-moving modes capable of tranferri
heat, which givesk(T)5kN(T). At intermediate tempera
turesvFP2Eg!kBT!Eg1vFP, only the states with nega
tive momenta contribute to the thermal conductance:k(T)
5kN(T)/2. At higher temperatures the conductance recov
a normal metallic behavior. Finally, whenB@B* the mini-
mum in k(T)/kN(T) is less pronounced and the heat co
ductance behavior becomes indistinguishable from that o
normal wire. The magnetic field dependence ofk/kN is
given in Fig. 3~b!.
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FIG. 3. ~a! Temperature dependence of the thermal conducta
k normalized by that of a normal wire,kN for different values of
magnetic field: ~A! B/B* 50.01, ~B! B/B* 50.95, ~C! B/B*
51.05, and~D! B/B* 52. ~b! Magnetic field dependence for dif
ferent temperatures:~A! kBT/Eg50.1, ~B! kBT/Eg50.3, and~C!
kBT/Eg51.
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