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We propose a microscopic mechanism for spin-dependent attraction in a metal leading to triplet pairing,
which is caused by spin-orbit-assisted coupling between electrons and optical phonons in crystals with com-
plex unit cells. Using two examples of crystals with either a cubic or a layered square lattice, we show that
spin-orbit-assisted electron-phonon coupling generates triplet pairing with uniquely predetermined tensor struc-
ture of the p-wave order parameter.
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Spin-triplet superconductivity has been found in several
materials including Sr2RuO4 �Ref. 1� and uranium-based
compounds �UPt3, UBe13, UGe2, URuGe�.2–5 While the
group-theoretical phenomenology of the triplet state has been
explored6,7 and tables listing all possible classes of p-wave
states permitted, in principle, for each crystalline symmetry
can be found in review articles,1,2,8–10 the origin of the mi-
croscopic mechanism of the triplet pairing leading to a par-
ticular structure of the order parameter in each of these ma-
terials and its relation to the band structure still remain open
to debate.1–4,11–21 The majority of existing models11–17

attribute the nature of the e-e attraction in the triplet
Cooper channel to an interaction mediated by either ferro- or
antiferromagnetic fluctuations �yet to be observed experi-
mentally in materials with signatures of triplet pairing2–5�.
Others discuss a spin-independent nonlocal interaction be-
tween electrons18,19 �including that mediated by phonons in
the conventional BSC scheme20�. The latter models can ex-
plain the stability of phases with the experimentally identi-
fied structure of the order parameter2–5 only after imposing
spin-orbit �SO� coupling that is linear in the electron spin
operator onto the material band structure.21 Coupling be-
tween spin and orbital degrees of freedom may be rele-
vant22–24 for pairing in the inversion-asymmetric CePt3Si.25

However, most of the known triplet superconductors �such as
Sr2RuO4� are inversion symmetric, and SO coupling terms in
their band structure that contain the electron spin-1

2 operator
in linear order are forbidden by the inversion symmetry of
the lattices.26,27

In this Brief Report, we propose an alternative mechanism
of formation of triplet pairs, in which the effective spin-
dependent electron-electron attraction is mediated by spin-
orbit-assisted electron-phonon �e-ph� �SOEP� coupling. The
latter is specific to metals with complex unit cells and strong
spin-orbit coupling in constituent heavy atoms. The proposed
mechanism is present in both center-symmetric and asym-
metric crystals, since sublattice displacements break inver-
sion symmetry, thus enabling atomic spin-orbit coupling to
produce a spin-dependent interaction between electrons and
optical phonons. Below, we show that the SOEP coupling
can, in principle, generate spin-triplet pairing. Moreover, we
find that the tensor structure of the order parameter of pairs
coupled via SOEP interaction is uniquely determined by the
polarization of the most strongly coupled optical phonon

mode for each particular lattice. Since SOEP coupling has
not been discussed in the context of superconductivity
before,1,2,8–10 here we demonstrate how this peculiar pairing
mechanism determines the symmetry of triplet pairs for the
two simplest examples: �i� a cubic lattice with two atoms in
the unit cell and a spherical Fermi surface and �ii� a layered
structure with in-plane square symmetry and a cylindrical
Fermi surface.

In a center-symmetric crystal with a multicomponent unit
cell a spin-orbit-assisted electron-phonon coupling arises
from a spin-dependent envelope between orbitals belonging
to atoms from different sublattices and mutually displaced by
the optical phonon vibration �thus locally breaking the inver-
sion symmetry of the unit cell�. For a cubic center-symmetric
two-component lattice the electron spin coupling to the
inversion-symmetry-breaking sublattice displacement w can
be described using the Rashba-type27,28 invariant

V̂c = ��/2��w · �p̂ � �̂� + �p̂ � �̂� · w� . �1�

In the second-quantized form, this can be represented as

V̂ = �
p,q,�

V��
� �p,q� f̂�p+q/2

† f̂�p−q/2�âq� + â−q�
† � ,

V̂c
� = ��/�2��m��l� · �p � �̂� . �2�

Here, â† �â� and f̂† � f̂� stand for creation �annihilation� op-
erators of phonons and electrons, l�, ��, and m� are the po-
larization vector, frequency, and reduced mass of the optical
phonon �, the indices � ,� identify the electron in the
Kramers doublet for each momentum �spin for a simple
conduction band�, and the parameter � is a material
constant. In the cubic crystal, we neglect the small difference
between the LO and TO phonon frequencies; thus

����o. In a less symmetric crystal, V̂�=�k=x,y,z�̂
kAk

��p ,q�,
where Ak

��p ,−q�=Ak
��p ,q� and Ak

��−p ,q�=−Ak
��p ,q�; thus,

V̂��−p ,q�=−V̂��p ,q�, V̂��p ,−q�= V̂��p ,q�. For example, in a
layered crystal with a square lattice where we neglect the
electron motion perpendicular to the x-y planes, we take
into account two invariants analogous to Eq. �1�,
��wz�px�̂y − py�̂x� and ���̂

z�wxpy −wypx�, to distinguish be-
tween the electron coupling to optical phonons polarized
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perpendicular to ��=z; �z=��� and in the plane of the layers
��=x, y; �x,y =���:

V̂sq
z =

���px�̂y − py�̂x�
�2��m�

, V̂sq
x�y� =

±��py�x��̂z

�2��m�

. �3�

The SOEP coupling in Eq. �2� results in an effective interac-
tion between electrons on the opposite sides of the Fermi
surface,

U = − �
p1,p2

M�	
�
 f̂�p1

† f̂�−p1

† f̂	−p2
f̂
p2

, �4�

M�	
�
 = �

�

��V�

� �p1 + p2�V�	

� �− p2 − p1�
��

2 − ��p2
− �p1

�2 . �5�

In Eq. �5�, we neglect the dispersion of optical phonon
modes, ���q����, and take into account the quasiparticle
states close to the Fermi surface �p= 	p	� pF�, with
	�pi

	���, where �p is the quasiparticle energy calculated
with respect to the Fermi level. The effective e-e interaction
U is spin and momentum dependent; therefore, it may allow
for attraction in the spin-triplet channel and odd pairing.

To determine what triplet phase can be formed in a metal
with the Cooper interaction in Eqs. �4� and �5�, we identify
Cooper channels in which the e-e interaction is attractive.
Following the standard procedure,29,30 we determine opera-

tors of singlet �b̂� and triplet �t̂s� pairs, b̂�p�= i���
y f̂�−p f̂�p,

t̂s�p�= i��y�s��� f̂�−p f̂�p. In terms of these operators,30–32 U in
Eq. �4� can be written down in a separable form,

U = − �
p1p2

�Ts1s2ts1

† �p1�ts2
�p2� + Cb̂†�p1�b̂�p2�� , �6�

which includes the interaction both in the singlet channel
�with C=M�	

�
���
y �
	

y � and in the triplet channel, with

Ts1s2 = M�	
�
��̂y�̂s1�����̂s2�y�
	. �7�

Triplet pairs can be characterized by quantum numbers
related to irreducible representations of the corresponding
symmetry group of a crystal,6–9,30,32 where the p-wave order
parameter is a tensor,

Bms = �
p

nm
t̂s�p��, n =
p

p
. �8�

�i� In the case of a model metal with a cubic lattice and a
spherical Fermi surface, the symmetry is the full rotational
group SO3. The nature of the SOEP interaction responsible
for the pair formation assumes that the spin and orbital de-
grees of freedom of the Cooper pair are not independent, so
that its total spin S=1 and orbital angular momentum, L=1
sum into the total angular momentum, J=0,1 ,2. The tensor
structure of the order parameter for these values of J is the
following: Bms

J=0=	msDei, where B is a scalar; Bms
J=1=�mslDl,

where D is a complex vector; and Bms
J=2 is a traceless sym-

metric tensor.6–9,30,32

Interaction in Eq. �6� can be decomposed into three chan-
nels corresponding to different angular momenta of the pair.
Using the relation of the matrix M�	

�
 with the e-ph coupling

V̂c
� in Eq. �2�, we find that

Ts1s2 = gso �
m1,m2

n1
m1n2

m2Gm1m2

s1s2 ,

Gm1m2

s1s2 = �0	m1s1	m2s2 + �1�m1s1l�m2s2l

+ �2�	m1m2	s1s2 + 	m1s2	m2s1 −
2

3
	m1s1	m2s2 .

The first, second, and third terms in the matrix Gm1m2

s1s2 are
products of projectors onto the J=0,1, and 2 states, respec-
tively. Interaction in each J channel is described by the cor-
responding constant,

gJ = �Jgso, gso � ��/�o�2pF
2/2mo, �9�

where the scale of the interaction depends on the strength of
the original e-ph interaction for electrons near the Fermi sur-
face, and on the frequency �o and reduced mass mo of the
optical phonon �here we disregard the small difference be-
tween longitudinal and transverse optical phonon modes in a
cubic crystal�. Interaction in channels with different J’s dif-
fers by the numerical factors

�0 = −
4

3
, �1 =

1

2
, �2 = −

1

2
. �10�

According to Eq. �6�, the positive sign of gJ corresponds
to attraction. Since only one of the effective coupling con-
stants gJ=gso�J is positive, we conclude that in the cubic
system Cooper interaction due to the spin-orbit-assisted
e-ph coupling leads to a condensate of pairs with the total
angular momentum J=1.

By selecting a pairing channel with J=1 we do not fully
determine the order parameter Bms in the lowest-energy trip-
let state yet. In Bms

J=1=�mslDl, D=Dei�l+ il�� /�l2+ �l��2 is a
complex vector32 �l and l� are two perpendicular vectors,
l2� �l��2�. Following Refs. 6–9, 30, and 32 we find a favor-
able state by minimizing the condensate energy

E = �
p�

�	�p	 − Ep�� + �
ms

g	Bms	2 �11�

as a function of D, which includes finding the relative size of
two vectors l and l� and the absolute value of D. The expres-
sion for E in Eq. �11� has been obtained using the Hubbard-
Stratonovich transformation which splits the e-e interaction
in Eq. �6� using the field Bms and then by integrating out
fermionic degrees of freedom. In Eq. �11�, the spectrum of
excitations30,32 in the phase with order parameter Bms is de-
scribed by

Ep� = ��p
2 + 	dp	2 − �	�dp � dp

*�	 , �12�

where three components of the complex vector dp are de-
fined as

BRIEF REPORTS PHYSICAL REVIEW B 74, 012501 �2006�

012501-2



dp
s = g�

m

nmBms. �13�

The vector product idp�dp
* determines the spin quantization

axis and spin splitting for Bogoliubov quasiparticles for each
direction n=p / p on the Fermi sphere and �= ±1 denotes the
polarization of the quasiparticle spin with respect to such an
axis. In Eqs. �11� and �12�, �p is the quasiparticle energy in
the normal state calculated with respect to the Fermi level,
and g is the interaction constant in the attraction channel
�here, g=g1��1gso�.

In the context of pairing with J=1 and Bms
J=1=�mslDl, two

possible extrema of the function E can be found using the
analysis of the degeneracy space of the order parameter.32

For fixed 	D	=D, E�D� takes extremal values on vectors D
that cover minimal surfaces under the application of SO3
rotations. Two such possibilities are D0= leiD where l is a
real unit vector �that is, l�=0�, and D1= l+il�

�2
eiD, where l and

l� are two perpendicular unit vectors. For each of these two
cases we find the value of D by minimizing the ground-state
energy E in Eq. �11�. The results33 are listed in Table I indi-
cating that the phase with D0= leiD and an anisotropic gap
vanishing along the direction l �since d=gD�n� l�� is ener-
getically favorable.

�ii� In a layered material with a square-symmetric lattice,
the SOEP interaction is also able to generate triplet pairing
with definite phases. For simplicity �and with reference to an
almost cylindrical � sheet in the Fermi surface of1 Sr2RuO4�
we consider below a metal with a cylindrical Fermi surface.
As in BCS theory, the effective attraction U in Eqs. �4� and
�6� is pointlike, so that only electrons from the same layer
can form a pair. Thus, we shall consider only two-
dimensional order parameters �the interlayer tunneling can
be treated using the Lawrence-Doniach approach29�. Follow-
ing Refs. 6–9 and 30 triplet p-wave pairs can be character-
ized by the component Jz of the total angular momentum in
the direction perpendicular to the layers, which is the sum of
the projection Lz= ±1 of their orbital angular momentum and

Sz=0, ±1 of the pair spin. For Jz= ±1 and ±2, the quantum
number Jz fully determines the order parameter, whereas for
Jz=0, pairs should be additionally classified according to
whether they are symmetric �s� or antisymmetric �a� with
respect to in-plane x�y reflection, for which we reserve the
notations Jz=0s and Jz=0a, respectively. The second line in
Table II summarizes the tensor structure Bms= Pms

Jz eiD of the
order parameter for phases with Jz=0s ,0a , ±1 , ±2, where the
matrices Pms

Jz form the orthogonal basis of irreducible repre-
sentations of Jz, and where D2=�ms	Bms	2.

Using the matrices PJz the effective interaction Û can be
written down in the separable form Eq. �6� with

Ts1s2 = �
m1m2Jz

��Jz
gso

� + x̃Jz
gso

� �n1
m1n2

m2Ps1m1

Jz Ps2m2

Jz* ,

gso
� � ���/���2pF

2/2m�, � = � , � ,

which is determined by couplings �3� to optical phonons po-
larized across ��= � � and parallel to ��= � � the layer. The
values of the coefficients �Jz

and �̃Jz
are listed in Table II,

which shows that positive coupling constants �determining
the attraction in the corresponding Cooper channel� may ap-
pear only for electron pairs in the following channels: �a�
Jz=0a where g0a =�0agso

� + �̃0agso
� =2gso

� −gso
� , and �b� Jz= ±1

where g±1=�±1gso
� + �̃±1gso

� =gso
� −gso

�. This indicates that,
within the proposed mechanism, only two triplet phases are
possible.

To find which phase is realized we need to compare the
relative strengths of the electron coupling to the in- and out-
of-plane sublattice vibrations. If gso

�
� 3 � 2gso

�, so that
g0a �g±1, the ground state with Jz=0a is realized. This phase
is characterized by the vector order parameter d and an iso-
tropic gap,

d0a =
gD
�2 � ny

− nx

0
� ,

Ep = ��p
2 + �2, � = 2��e−2/vg, g = 2gso

� − gso
� . �14�

Here,33 D=23/2��� /g�e−2/�g was found from minimizing E in
Eq. �11� with respect to D.

If gso
�

�
3
2gso

�, so that g±1�g0a �in terms of microscopic
parameters, for a stronger coupling to the in-plane sublattice
displacement, �� / ��m������3

2�� / ��m�����, then the

TABLE I. J=1 phases due to SOEP interaction in a metal with
spherical Fermi surface and cubic lattice.

Vector D Mean-field D Energy E

leiD �2�o /g�e−3/g� −�g2D2 /3
l+ il�
�2

eiD ��2�o /g�e−6/g� −�g2D2 /6

TABLE II. Triplet pairing order parameter for electrons with cylindrical Fermi surface in a layered material with square lattice and the
interaction constants in the corresponding Jz channels due to the spin-orbit-assisted e-ph coupling.

Jz

±2 ±1 �ABM� 0s 0a

Psm
±2 =

1

2
�	 mx± i	 my��	 sx± i	 sy� Psm

±1 =
1
�2

�	 mx± i	 my�	 sz Psm
0s

=
1
�2

�	 mx	 sx+	 my	 sy� Psm
0a

=
1
�2

�	 my	 sx−	 mx	 sy�
�±2=0 �±1=−1 �0s =−2 �0a =2

�̃±2=−1 �̃±1=1 �̃0s =−1 �̃0a =−1
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ground state belongs to the phase with Jz= ±1 which is simi-
lar to the Anderson-Brinkmann-Morel �ABM� phase1,6–9,30

with a circularly isotropic gap:

d±1 =
gD
�2 � 0

0

nx ± iny � ,

Ep = ��p
2 + �2, � = 2��e−2/vg, g = 2gso

� − gso
� . �15�

In conclusion, we propose a mechanism of triplet pairing
in center-symmetric crystals with a complex unit cell based
upon spin-orbit-assisted e-ph coupling. We show that the
SOEP interaction generates phases with a definite p-wave
order parameter uniquely determined by crystal symmetry
and the polarization of the most strongly coupled optical
phonon mode. In a layered metal where conducting planes

have square lattice structure, the proposed mechanism of
triplet pairing leads to phases described by Eqs. �14� and
�15�, one of which �the ABM phase� is now being
considered1 as a plausible candidate for the superconditing
order parameter in Sr2RuO4 �which has a layered perovskite
structure with body-centered tetragonal group symmetry�.
On one hand, the latter coincidence may be purely acciden-
tal, so that a detailed analysis of the phonon spectrum and
SOEP interaction strength for different sheets of the Fermi
surface in strontium ruthenate is needed. On the other hand,
a pairing mechanism via the spin-orbit-assisted e-ph cou-
pling would explain the isotopic shift of Tc recently observed
in Sr2RuO4 using oxygen isotopes.34,35
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