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ON THE SMOOTHNESS OF CENTRES OF RATIONAL CHEREDNIK ALGEBRAS IN
POSITIVE CHARACTERISTIC

GWYN BELLAMY AND MAURIZIO MARTINO

ABSTRACT. In this article we study rational Cherednik algebras at ¢ = 1 in positive characteristic. We
study a finite dimensional quotient of the rational Cherednik algebra called the restricted rational Cherednik
algebra. When the corresponding pseudo-reflection group belongs to the infinite series G(m, d, n), we describe
explicitly the block decomposition of the restricted algebra. We also classify all pseudo-reflection groups
for which the centre of the corresponding rational Cherednik algebra is regular for generic values of the

deformation parameter.

Dedicated, with admiration and thanks, to Ken Brown
and Toby Stafford on their 60th birthdays

1. INTRODUCTION

1.1. Rational Cherednik algebras were introduced by Etingof and Ginzburg in 2002. Since their introduction
they have been extensively studied and have been shown to be related to many other branches of mathematics
such as integrable systems, symplectic algebraic geometry and algebraic combinatorics. In this article we
continue the study, initiated in [6], [7], [2] and [1], of these algebras at ¢ = 1 and over a field of positive
characteristic. We focus on the representation theoretic aspects of the story. In particular, we examine the
block structure of certain finite-dimensional quotient algebras called restricted rational Cherednik algebras.
We also look at the question of when the centre of the rational Cherednik algebra is smooth. These questions
are motived by the fact that the analogous problems for rational Cherednik algebras at ¢ = 0 in characteristic
zero have important applications in symplectic algebraic geometry. Namely, it is know by work of Ginzburg
and Kaledin, [16], that the centre of the rational Cherednik algebra associated to a group W being smooth
(at generic deformation parameter c) is equivalent to the existence of a symplectic resolution for the quotient
singularity (V' x V*)/W. For each complex reflection group W, it is now known for which parameters c the
centre of the corresponding rational Cherednik algebras at ¢ = 0 in characteristic zero is smooth, see [14],
[17], [4], [26], [29], [3]. Our results are very similar in nature. The methods we develop, however, are new,

and in fact can be used to reprove many of the characteristic zero results.

1.2. Let us review our results. Further details can be found in the main body of the paper. Let W be
a pseudo-reflection group. The main results of the paper are valid under the following restriction on the

ground field:
k is an algebraically closed field of characteristic p > 0 with p t |IW|.
Let V' denote the reflection representation of W over k. Let S(WW) denote the set of reflections in W and let

c: S(W) — k be a W-invariant function. To this data we can attach a k-algebra He (W) called the rational
Cherednik algebra.



Let V() denote the Frobenius twist of V. The centre of He(W) is denoted Z.(W). There is an injective

algebra homomorphism
E[VOIY @ B[(V) W s Zo(W).

Factoring out by the unique graded, maximal ideal in this central subalgebra, one gets a finite dimensional,
graded quotient of the rational Cherednik algebra. This factor algebra is called the restricted rational
Cherednik algebra and is denoted H. (7). Simple modules for this finite dimensional algebra are in natural
bijection with the simple modules of the group W. Thus, the blocks of He(W) give us a partition of the set
IrrWW. Our first main result is an explicit combinatorial description of this block partition when W belongs
to the infinite series G(m, 1,n). In this case, the irreducible representations of W are naturally labeled by
P(m,n), the set of m-multipartitions of n. For each XA € P(m,n), let L.(A) denote the corresponding simple
He(W)-module. For the definitions in the following statement and the proof of the following theorem, see
4.5.

Theorem. Let \,pp € P(m,n). Let a = (0,Hy,Hy + Ha,...,Hy + -+ + Hy—1). Then Lo(X) and Le(p)
belong to the same block of He(W) if and only if

m—1 m—1
Z 2(% %) Reg A (J;_(“p_")) = Z 2(97 =) Res i (a:_("“p_“)).
i=0 =0

Using this description of the blocks of the restricted rational Cherednik algebra He(G(m, 1,7)), some Clif-
ford theory also allows one to describe the blocks of the restricted rational Cherednik algebra He (G (m, d,n)),
see 4.6. Here G(m,d,n) denotes (in the Shephard-Todd classification) the normal subgroup of G(m,1,n)

where we impose the restriction that d | m and either n > 2 or n = 2 and d is odd.

1.3. Our remaining results concern the smoothness of Z.(W). In section 5 we relate the smoothness of
Zo(W) to the representation theory of He(W). Taking as our starting point the fact that the smooth and

Azumaya loci of Z.(W) are equal, we use the restriction functors of [5] to establish the following.

Theorem. The following are equivalent:

(1) Zo(W) is smooth;

(2) the blocks of Ho' (W') are singletons for all parabolic subgroups W' C W,
Here, ¢’ denotes the restriction of ¢ to S(W)NW'.

In the case that W = G(m, 1,n), we can apply the theorem together with the description of the blocks

from Theorem 1.2 to determine for which parameters c¢ the centre Z.(W) is smooth.

Corollary. The centre of Hc(G(m,1,n)) is smooth if and only if ¢ does not lie on the finitely many hyper-
planes in C defined by

ke€F, and a;—a;xCrelF, VO0<i#j<m-1,0<C<n-1

We should note that an analogous version of the theorem and its corollary is true for rational Cherednik
algebras at ¢ = 0 over the complex numbers. Using [29, Theorem 5.5], this gives an alternative way to
describe the parameter values where the centre is smooth, c.f. [18, Lemma 4.3]. The theorem also clarifies

the relationship between restricted Cherednik algebras and the smoothness of the centres Z.(W).
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1.4. Since k = k and hence |k| = oo, the corollary shows that the centre of He(G(m,1,n)) is a smooth
algebra for generic values of the parameter c. One can ask more generally: for which pseudo-reflection

groups W is Z.(W) smooth for generic values of the parameter ¢? Our final result answers this question.

Theorem. The centre of the rational Cherednik algebra He(W) is never smooth if W is not isomorphic to
G(m,1,n) or G4. If W is isomorphic to G(m,1,n) for some m and n or to the exceptional group G4, then

the centre of He(W) is smooth for generic values of c.

Our approach to proving Theorem 1.4 follows the same path as in [4] - we calculate the Poincaré polynomial
of the graded He(W)-modules L. () under the assumption that the dimension of these modules is maximal,
namely dimy Lo(A) = p"|W|. This leads to a contradiction for many choices of A. However, the naive
argument of loc. cit. is not sufficient in our case to calculate this Poincaré polynomial. Instead, we show
that L¢(A) can be deformed (flatly) to a graded Ho(W) = D(V') x W-module. Using a result of Cartier’s on

D-modules with zero p-curvature, we study the graded W-character of this module at ¢ = 0.

Remark. Theorem 1.4 and Corollary 1.2 provide a complete answer to [7, Question D] for rational Cherednik

algebras.

1.5. The paper is structured as follows. In section 2 we introduce notation and recall some facts about
pseudo-reflection groups. In section 3 we define rational Cherednik algebras and state their main properties.
The Dunkl-Opdam operators are introduced in Section 4 and are used to prove Theorem 1.2. Section 5 is
devoted to parabolic restriction and induction and their application in the proof of Theorem 1.3. Finally, in
section 6 we establish certain properties of D-modules in characteristic p and use these to prove Theorem
1.4.

1.6. Acknowledgements. The first author is supported by the EPSRC grant EP-H028153. The second
author was supported by the SFB/TR 45 “Periods, Moduli Spaces and Arithmetic of Algebraic Varieties”
of the DFG (German Research Foundation). The authors are grateful for the hospitality of the Max Planck
Institute for Mathematics in Bonn. The authors would like to thank Ulrich Thiel for suggesting that the
Euler element should distinguish the blocks for G4 at generic parameters, and for showing us an early version
of [35].

2. BAsics

2.1. Definitions and notation. Let k& be a field of characteristic p > 0. Let V be a finite dimensional
k-vector space and W a finite group acting linearly on V. An element s € W is called a pseudo-reflection if
the fixed space of s has co-dimension one. Let S(W) denote the set of all pseudo-reflections in W. Then W
is said to be a pseudo-reflection group if W = (S(W)), a good reference on the theory of pseudo-reflection
groups is [25].

If the characteristic p of the field & does not divide the order of W then there are no transvections in S(W).
One can check from the classification of pseudo-reflection groups, as recalled in [24], that this assumption
implies that W is the reduction mod p of a complex reflection group. Moreover, as noted in [34, §7.1],
our assumption implies that each pseudo-reflection s € S(W) is diagonalizable and hence the non-trivial

eigenvalue of s automatically belongs to k.



2.2. Frobenius twists and group actions. Again, let V be a finite dimensional vector space over k
and let W be a finite group acting linearly on V. The Frobenius morphism Fr : k[V] — k[V] is the ring
homomorphism f + fP. Denote by k[V(1)] the image of Fr but with twisted linear structure z f = 2P f for
all f € kK[VW] and 2 € k. Then Fr : k[V] — k[V()] is a k-linear isomorphism. Note that k[V] is a finite, free
E[V]-module of rank (dim V)P. Tt is easy to check that Fr is a W-equivariant ring homomorphism, so we
have an isomorphism Fr" : k[V]W — k[V]W In particular, the p-th powers of a generating set for k[V]"

form a generating set for k[V(D]W.

2.3. Representations of pseudo-reflection groups. Let W be a finite group and K be a finite field
extension of Q containing all the |W|th roots of unity. Let A be the localisation of the ring of integers of
K at the prime ideal generated by p € Z and let L be the residue field of A. Note that L is a finite field
of order a power of p. With this setup we can define a decomposition map on characters of irreducible
representations as follows, see [15, § 7]. Let M be an irreducible KW-module. We can choose an A-lattice
M, in M so that the action of W on M4 has structure constants in A. Let My denote the reduction of
M4 to L, which is naturally a LW-module. The decomposition map is the assignment x — xr, where x, xr
denote the characters of M and My, respectively. By [10, Corollary 17.2] and Tits’ deformation theorem,
[15, Theorem 7.4.6], we have the following.

Theorem. If p does not divide |W| then both KW and LW are split algebras and the decomposition map
defines a bijection between the irreducible characters of KW and LW .

In particular, it follows that, if k is algebraically closed of characteristic p not dividing |[W/|, then the

irreducible characters of kW are given by reducing the irreducible characters of CW to k.

2.4. p-coinvariant rings. Let W be a finite group and let Ky(WW) denote the Grothendieck group of finite
dimensional W-modules. The image of A € kW-mod in K¢(W) is denoted [A]. Let Irrp, WV be a complete set
of isomorphism classes of simple W-modules. We denote by IrrzWW a complete set of isomorphism classes of
graded, simple W-modules. For a graded W-module M, we write chyw (M) € Ko(W)[t, 7] for its graded
character. The shift M[i] of M is the graded W-module such that M[i]; = M, _,.

Assume that W acts on the k-vector space V. We endow the algebra k[V] with its usual N-grading.
The coinvariant ring of W is k[V]*°W := k[V]/(k[V]¥), and for each A € IrrW, we denote by fi(t) the

corresponding fake polynomial, defined by

chew (K[VI") = >~ £ilt) - [N

AEIrW

Definition. Let k[V(l)]K_V denote the invariant polynomials with zero constant term. The p-coinvariant ring
is defined to be the finite dimensional graded algebra k[V]PW = k[V]/(k[V D]V},

Now assume, moreover, that W is a pseudo-reflection group and that the characteristic of k is coprime
to |W/|. Then, the Chevalley-Shephard-Todd Theorem (in this generality see [34, Theorem 7.4.1]) says that
E[V]W is a polynomial ring. Let dy, ... ,d, be the degrees of a set of fundamental, homogeneous, algebraically

independent generators of k[V]W.



Lemma. There is an isomorphism of graded W -modules
kW o (k[V]/(RVIE) @ (RIV]Y /(RIVEVTE)) (1)
~ (k[V]/(K[VW]1)) ® (k[V O/ (RIVOTY)). (2)
Proof. Consider the inclusions of algebras
k[V]W
N
/ /k[V]

E[V)
Choose a basis 11, ..., 2, of V*, homogeneous generators fi, ..., f, of K[V]" and a free homogeneous basis
bi,....bw| of k[V] as a k[V]" -module. For o € N", let f, respectively z* be the monomial f{* --- fo»,

resp. 8" --- %", Then there are free bases for k[V] as a k[V()]W-module given by:
and
{zF |0<a; <p—1,1 < j < |W[}.

Taking the images of these bases in k[V]P*°W yields the lemma. |

Remark. The isomorphism (1) implies that

pcoW i . 1 — P
S EVECY N = A0 ]] —

1€Z =1

for all A € lrrWV.

3. RATIONAL CHEREDNIK ALGEBRAS

In this section, we define the rational Cherednik algebra and the restricted rational Cherednik algebra.
Our presentation of H; (W) requires that S(W) contains no transvections. Therefore, we assume throughout
this section that p, the characteristic of k, is coprime to |WW|. There is a different presentation, given in [2],

of the rational Cherednik algebra which is valid when W contains transvection.

3.1. For s € S(W), fix as € V* to be a basis of the one dimensional space Im(s — 1)

v-and o) € V a
basis of the one dimensional space Im(s — 1)|y/, normalised so that as(«y) = 1 (this is possible due to our
assumption on p, see (2.1)). Let C denote the space of W-equivariant functions S(W) — k and choose ¢ € C
and ¢t € k. The rational Cherednik algebra, Hy c(W), as introduced by Etingof and Ginzburg [14, page 250,
is the quotient of the skew group algebra of the tensor algebra, T(V @ V*) x W, by the ideal generated by
the relations

[3:7 x/] =0, [ya y/} =0, [yv iL’] - tx(y) - Z C(S)as (y)iL’(Oé;/)S, (3)

seS
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for all x,2’ € V* and y,y’ € V. We define a filtration Fy on H (W) via Fo = kW, F; = kW @ (V@ V*)
and F; = F} for i > 1. By [14, Theorem 1.3], there is an isomorphism of algebras

grrH, W) S(Va V™) xW. 4)
As a consequence, there is a vector space isomorphism

Hic(W) 2 E[V] @ kW @ E[V™]. (5)

There is also a Z-grading on He (W) given by setting deg(W) = 0, deg(V') = —1 and deg(V*) = 1. Through-
out this article we assume that ¢t # 0. Therefore, without loss of generality ¢ = 1 and we write He (W) for
Hic(W). Let x1,...,2, be a basis of V* and y1,...,y, € V the dual basis. Define the Euler element in
He (W) to be

= c
h = i — s,
DT ) Tt
=1 ses
One can easily check that [h,z] =z, [h,y] = —y and [h,w] =0for all z € V* y € V and w € W. Therefore

the element h? — h belongs to the centre of He(W).

3.2. Below we summarize the fundamental properties of Hc (). Proofs of all these statements can be found
in [7]. Since some of these statement seem to require that k be algebraically closed, we assume for the

remainder of section 3 that this is the case.

Proposition. Let H:= H.(W) be a rational Cherednik algebra associated to (V,W).
(1) The P.I. degree of H equals p"™|W]|.
(2) The centre Zo(W) of H is an affine domain and the algebra H is a finite module over its centre.
(8) The smooth locus of Zo(W) equals the Azumaya locus of H.
(4) The commutative subalgebras [V and k[(V*) WY of H are central.

3.3. The restricted rational Cherednik algebra. Let L be a simple, graded Hc(W)-module. The centre
of He(W) acts as a scalar on L and the grading on L implies that (k[V]W @ k[(V*)M]W), annihilates L.
Therefore, to study these simple, graded modules it suffices to consider a certain graded, finite dimensional
quotient of He (V).

Definition. The restricted rational Cherednik algebra H.(W) is the finite dimensional quotient of H(W)
by the central ideal generated by (K[VI]W @ k[(V*)M]W),.

The algebra H.(W) is Z-graded and has dimension p?>"|W|?. The PBW property (5) implies that

He (W) 2 k[V]PeY @ kW @ E[V*]PeoW

as vector spaces. Since k[V]PeoW

is a complete intersection, [13, Corollary 21.19] implies that it is Gorenstein
and thus equipped with a non-degenerate bilinear form. Then, the proof of [9, Theorem 3.6] shows that the
algebra He (W) is symmetric.

Definition. Let A € Irrz(W). The baby Verma module A()\) associated to \ is the induced module
A(N) =Hc.(W) ®a A,

where A = k[V*]P°W » W and the natural action of W on A extends to A by making V act by zero.
6



As was done in [17], we can apply the theory developed in [21] to the category
dimensional, graded, left He(W)-modules. The forgetful functor He(W)-grmod —
F.

ﬁC(W)—grmod of finite-
He(W)-mod is denoted

Proposition. Let A\, u € lrrgyW.

(1) The baby Verma module A()\) has a simple head L(\).

(2) A(N) is isomorphic to A(p) if and only if X = p in lrrgW.

(8) The set {L(\) | X € IrrgW} is a complete set of isomorphism classes of simple modules in He(W)-grmod.
(4) The set {F(L(\)) | A € lrrgW} is a complete set of isomorphism classes of simple He(W )-modules.

Proposition 3.3 shows that there is a natural bijection, A — L()), between IrryW and IrrH.(W). Therefore
the blocks of H. (W) define a partition, which we call the block partition, of the set Irr,W. By Theorem 2.3,
our assumption that k is algebraically closed and p coprime to |W| implies that we can (and will) identify
Irr, W with lrre W

4. BLOCKS FOR G(m,d,n)

4.1. In this section we carry out calculations (in a similar spirit to [27]) which lead to a proof of Theorem
1.2. We begin by fixing notation. Let m > 1,n > 1 be integers. Let C,, be the cyclic group of order m.
We fix a generator g € Cp, and let s;; € S, denote the transposition which swaps i and j. We denote by
s; the simple transposition swapping j and j + 1. The group W = G(m,1,n) is the semidirect product
S, x (C)™. We write gl for the element (1,...,g% ...1) € G(m,1,n) with g’ in the ith place. Let V = k"
be the reflection representation of G(m,1,n). Recall that we assume that p 1 [W|, so in particular p # 2.
Let 1 € k be a primitive mth root of unity. We fix a basis {y1,...,yn} of V so that
ny; if i =j

9i(y;) = o and o(y5) = Yo (i),
y; otherwise

for all 4,j and all 0 € S,,. Let {x1,...,2,} € V* be the dual basis. The conjugacy classes of reflections in
W are given by

{sij97'gh 10 <1 <m—1andi#j}, (6)

and, for each 1 <[ <m — 1,
{gt:1<j<n} (7)
The parameter c is represented by (k,c1,...,¢m—1) € k™, where c(sijg;lgé.) =k and c(gé.) = ¢;. Using this

notation, the definition of the rational Cherednik algebra becomes the following.
Definition. Let W = G(m, 1,n). Then H¢(W) is the quotient of T'(V @ V*) x W by the relations:
[xivxj] =0, [yivyj] =0,
m—1 m—
[yi,xi]zl—ﬁzzszjyi—l Z (1—n"g,
1=0 j#i =1

-1
(i, ;] Z Lsijgi'gh
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4.2. The Dunkl-Opdam operators. Let W = G(m, 1,n). A crucial feature in our arguments is the use of
Dunkl-Opdam operators. These are analogues of Jucys-Murphy elements for symmetric groups and (double)
affine Hecke algebras. Applications to rational Cherednik algebras of type G(m,d,n) were first considered
by Dunkl and Opdam, [12], and then extensively explored by Griffeth (and Dunkl), [19], [20], [11]. We begin
by defining these elements and in the subsequent subsection calculating various formulae involving them.

For all 1 < i < n, we define elements in Hc(W):

1 m—1 m—1
2 = Yii — 5 TR S siglert =Y anlgl (8)
=1

1=0 1<5<1
1 m—1 m—1
—rwt o w Y S sydler — Y gl 0
=0 i<j =1

Remark. The z;’s defined above are not quite the operators defined by Dunkl and Opdam, but the
difference is minor. For more information, see [28, Remark 3.2].

In is an important fact proved by Griffeth, [19], that [z;, z;] = 0 for all 4, j (see also [28, Lemma 3.2]). Let
klz1,..., 2] denote the algebra generated by the z;’s. By (4), this is a polynomial algebra. We denote by F,
and P, the rth elementary symmetric polynomial and rth power sum in the z;, respectively. By convention,
Ey = Py = 1. We will use the following result from [28, 4.4], whose proof goes through verbatim over the
field k.

Theorem. We have

[Er;xl} = Z T1Zjy + - Zj,.-

1< < <jr<n,

4.3. We now locate a useful subalgebra of the centre of the rational Cherednik algebra. We first give
some simple combinatorial formulae comparing differentiation of elementary symmetric functions with that
of elementary (Newton) power sums. We continue with the notation from 4.2. Let E. = %(Er) and

P! = 4 (P,) =rz{~'. In this notation Theorem 4.2 reads
r dz1 1

[Er,z1] = 21 EL. (10)
Recall Newton’s formula:
rE, = i(—l)i—IPiEr,i. (11)
i=1
Applying ﬁ to (11) we get
vBL = S P+ L), (12)

i=1
A straightforward induction argument using the fact that E/. = E,._; — 21 E/._; shows that

r—1

Bl =Y (1) R (13)

i=0

We will need a simple preparatory lemma. Let Q,, := (21 + 1) — 2.
8



Lemma. We have
n
Qni1 =Y _277'Qi+ (n+ 1)z}
i=1
Proof. The proof is by induction. The case n = 0 is clear. For n > 0, we have
Qn+1 == ZlQn + Qn + Zila
and the induction step follows by a simple calculation which we leave to the reader. O

Proposition. For1 <r <n,

[P, 1] = 21Q,.

Proof. The proof goes by induction on r. For r = 1 we have P, = E; and F] = 1. By Theorem 4.2,
[Pl, 1'1] = X1.

Suppose r > 1. Then

(=) Py, 2] = [FE, +Z )'PEy_i, x1]

=ra E! +Z V(P BL_; + 1QiEry). (14)

The first line follows from rewriting P, using (11), and the second line follows from the induction hypothesis
and (10). Now (14) equals

’I"I’lE + Z IlpET i +£C1Q ( — + Er—i))
=11 | Y (-1)"NP/E,_; + PE,_;) + Z UPE _,+Qi(E._; + E,._i))]
Li=1

=1 Z(—Di—lpi/EPi + i(_l)i(Qi(E;i LB

Li=1
r — r—i—1
=y | (1) iz B L+Z ) (Qi( Z )T TR + QiE, ) (15)

Here the first line follows from the induction hypothesis, the second from (12) and the fourth from (13). For
a fixed 1 <1 <r —1, the coefficient of E,_; in (15) is equal to

-1
(—l)l_llzi_l +Z(_1)l_lzi_i_lQi + (—1)ZQZ,

which equals zero by the lemma above. By the lemma above, the coefficient of Ej is

r—1

(_1)r717,zr71 + Z(_l)rflzﬂl"filei _ (_1)r71Qr.
i=1
Therefore, we have [Py, z1] = 1Q, as required. a



4.4. We can now provide some central elements in He(W). Recall from [28, 3.3] that there is an algebra
isomorphism ¢ : He(W) — He (W) where ¢’ = (k',¢),...,c,_1) is the parameter with ¥ = —x and
¢} = nlc_; for all . The isomorphism ¢ is given by ¥(%;) = Yn—it1, V(¥) = Tn—it1, ¥(si) = sn—; and
U(g;) = g;iH_l for all i. Thus 9(z;) = z,—;4+1 for all 4.

Theorem. For all1 <r <n,
P2V —21,...,28 — z,) = Z(zf —z)" € Z(W).

Thus, k[2} — 2z1,..., 28 — 2,]%9 C Zo(W).

Proof. We continue to write P, for the power sum in the variables z1, ..., z,. We have
n n T r T r )
S22 = 2002 (7)o = 3 () 0 B
i=1 im1 =0 i=o M

[_Zn:(zf —z) m] =2 'io <T> (=1 Qpjtr—j
= 2 TO <T> (—1)79 (2 + L)Pi+r—3 _ pitr=d)

=3 () E D ()

7=0
(27 +1) = (21 + 1)) —21(2) — 21)" = 0.

The theorem now follows as in [28, Theorem 3.4]. The element P,(2} — 2q,...,2P — z,) is symmetric in

the z;’s so it commutes with any o € S,,, see [19, Lemma 5.1]. Therefore this power sum commutes with
ox10”t = o(xq) for all o, and in particular with each x;. To see that the power sum also commutes with
the y;’s, we use the isomorphism 1 from the paragraph above. Applying ¢)=1 to [P.(2} — 21,..., 2P — 2,,), 23]

shows that [P.(2] — 21,...,2F — z,),y;] = 0 for all 4. 0

4.5. Blocks. We use an identical argument to the proof of [28, Theorem 5.5] to determine the blocks of
H.(W). Let us first change our parameters. We define h, Hy, ..., H,,_1 € k via

h=-rk and —¢(1- Z nYH;. (16)

We denote by P(m,n) the set of m-multipartitions of n, P(m,n) := {(A\%, ..., A1) : "7 1 |\i| = n}. The
simple representations of kW are labeled by the set P(m,n); over the complex numbers this is standard
(see [22] or [33]) and the same holds for kW by reduction, cf. 2.3. In fact the construction from [33] is
also valid over k, since p does not divide |W|, so that we can find bases of irreducible kWW-modules given by
eigenvectors of Jucys-Murphy elements for the group W cf. [28, §5.3].

We recall the notion of the (shifted) residue of a multipartition, for more details see [28, §5.2]. Let A be a
partition, which we identify with its Young diagram. The content of a box b in A is the number ct(b) := j —1,
where b lies in column j and row 4 of X\. The residue of a partition A is the polynomial Resy(z) := >, .\ zot(®),

For A= (\°,..., X" 1) € P(m,n) and a = (ay,...,a,) € k™, let Res@X := 37" 1 (@l ~4)Res y; (z— (5" =),
10



Theorem. Let A\, pu € P(m,n). Leta = (0,H1,Hy + Ho,...,Hy + -+ Hy—1). Then Lo(X) and Le(p)
belong to the same block of He(W) if and only if

Res®X\ = Res?pt.

Proof. Since this follows the proof of [28, Theorem 5.5] closely, we shall sketch the argument, pointing out the
necessary changes to loc. cit. Using Theorem 4.4 together with Weyl’s Theorem for invariants of symmetric

groups (which is valid whenever p t |WW|, see [34, Theorem 3.3.1]), it is enough to calculate the characters of

Po(2Y—2z1,...,22—2,) on each Lc(A). The characters are determined by choosing a simultaneous eigenvector
vx € Le(A) for 21, ..., z,. The eigenvalues for 2! — z; are evaluated as in [28, 5.4], and produce the desired
combinatorial description. (Il

4.6. Blocks for G(m,d,n). The blocks of H.(W) for W = G(m,d,n), where d | m and either n > 2 or
n = 2 and d is odd, can be calculated from Theorem 4.5 by using Clifford theory as in [3]. The resulting

description of the blocks is then analogous to that given in characteristic zero, see [28, 5.6].

5. SMOOTHNESS OF CENTRES FOR G(m,1,n)

In this section we assume that k is a field of characteristic p and W is an arbitrary pseudo-reflection
group such that p is prime to the order of |W|. The main result of this section, Corollary 5.5, shows that the
centre Z.(W, V) of the rational Cherednik algebra being a regular algebra is equivalent to the block partition
of He (W) consisting of singletons for all parabolic subgroups W’ of W. Our proof of this result is based
on identifying, as in [5], a certain completion of H.(W) with an algebra of matricies over a completion of
He (W) for a suitable parabolic subgroup W’ of W. Applying Corollary 5.5 to the results of the previous

section, we describe precisely for which parameters ¢ the algebra Z.(W, V) is regular when W = G(m, 1, n).

5.1. Dunkl embedding. Let a = [[,.gs. Let Vieg denote the set {v € V' | a(v) # 0}. Let D(Vieg) be
the algebra of crystalline differential operators on Viee. For y € V, the Dunkl operator associated to y is
c(s) as(y)
Dy = 611 + ;177)\9?(8 — 1) S D(V}eg) x W.

By [14, page 280] there is an injective algebra morphism
He (W) = D(Vieg) X W;  w— w,x— z,y — Dy,

for all w € W, x € V* and y € V. This embedding becomes an isomorphism after localizing Ho (W) at the

Ore set {a™}>0.

5.2. Completions. Let us recall the setup of [5]. Let W’ C W be the stabilizer of a point b € V and let
V = V/VW'. For any closed K-point b € V (where k C K is a finite field extension), we write k[[V]]; for

the completion of k[V] at b, and we write k[V], for the completion of k[V] at the W-orbit of b in V. Note
that we have k[[V]]o = k[V],. For any finitely generated k[V]-module M, let

M\b = k‘[V]b Qk[v] M.

The completion ﬁC(W, V) is the algebra generated by kﬁ/\]b, the Dunkl operators D, for y € V, and

the group W. Let ¢’ denote the restriction of ¢ to S N W’. The algebra He (W', V) is then defined
11



similarly. Let P = Funy (W, He(W’,V)o) be the set of W'-equivariant maps from W to He(W’,V)o. Let
Z(W, W’,ﬁc(W’,V)O) be the ring of endomorphisms of the right ﬁc(W’,V)O-module P. The following

proposition is proved over C in [5, Theorem 3.2], and has an identical proof over k.

Proposition. There is an isomorphism of algebras
©: Ho(W.V)y — Z(W, W', Hor (W, V)o)
defined as follows: for f e P,aeV*, acV,ueW,
OW)f)(w) = flwuw),
(O(za)f)(w) = (20} +a(w b)) f(w),

Oy, f)(w) = y f(w c(s) as(wa)
OWa) ) w) = yLf( )+SES%W/1_)\S OB

(f(sw) = f(w)),

where xo € V* C Ho(W, V), 2 € V¥ C Ho (W, V), 4y € V C He(W, V) and yi? € V C Ho (W', V).

Let e € Z(W, W', He (W', V)g) be defined by (e11 - f)(w) = f(w) if w € W' and (e11 - f)(w) = 0 oth-
erwise. Then e is a primitive idempotent and HC/(W', Vo e Z(W, W/, HC/(T/V’7 V)o)e11. The bimodule
en1 Z(W, W', He (W', V)o) yields a Morita equivalence between He (W', V)o and Z(W, W', He/ (W', V)o).

5.3. Suppose that M is a finite dimensional Hc(W, V)-module and let Supp M denote the support of M
as a k[V]"W-module. If Supp M is the W-orbit of some closed K-point b € V, then M is naturally a
ﬁC(VV, V)p-module. In particular, the support of any simple H.(W, V')-module is a single W-orbit and so is a
He (W, V),-module. Let M be a He(W, V),-module, then denote by ©* M the Z(W, W', He (W', V)o)-module

~

given by transporting the He (W, V)p-action on M via ©.
Definition. An H¢(W,V)-module M is called small if dimy, M < |[W|p™.
Proposition. A H.(W,V)-module M is small if and only if e110* (M) is a small Ho (W', V)-module.
Proof. Note first that e110*(M) is a He/ (W', V)-module by restricting the ﬁc/(W’,V)o—action. Let g1 =
1,..., g+ be right coset representatives of W’ in W. Then ©*(M) = @2:1 giellgi_1®*M, with

dimy, giellgi_l(a*M = dimy, gjellgj_l@*M, Y i, .

In particular, dim M < |W|p™ if and only if dime1;0*(M) < |[W|p™/t = |W'|p". O

5.4. For the remainder of section 5, we assume that k is algebraically closed. Let Z.(W, V') denote the centre
of He((W, V).

Corollary. Keep notation as above. Then Z.(W, V') is smooth if and only if Ho (W', V') has no small modules
M with Supp M = 0 for all parabolic subgroups W' C W.

Proof. By Proposition 3.2 (3), Z.(W, V) is smooth if and only if Ho (W, V') has no small modules. Let M be a
small, simple H¢ (W, V')-module and choose b € V' such that the support of M equals the W-orbit of b. Then
M extends to a ﬁC(T/V, V)p-module and Proposition 5.3 says that e;10*(M) is a small He (W', V)-module,
where W’ is the stabilizer of b in W. Moreover, the support of e;;0*(M) is 0. Conversely, if there exists a

small He (W', V)-module M’ supported on 0 then this extends to a QCI(W’, V)o-module. Since ﬁc/(W', Vo
12



is Morita equivalent to Z(W, W', ﬁC/(W’, V)o) = QC(T/V, V)s, there exists some QC(W7 V)p-module M such
that M’ ~ e110©*(M). Proposition 5.3 says that M is actually a small Hc(W, V')-module. O

5.5. Let M be a simple He(W, V)-module with Supp M = 0. We can define an induced module (cf. 3.3) as
follows. Let B = k[V] x W and let E € lrrW. Extend the W-action on E to a B-action by letting f € k[V]
act by f(0). Define

A(E) = Ho (W, V) &5 E.

By the support condition on M, the subspace My = {m € M | V*-m = 0} of M is non-zero. It is a W-
submodule of M and we may assume without loss of generality that £ C My. Therefore there is a surjective
homomorphism A(E) — M, which maps 1® E C A(E) to E C M, in the obvious way. Recall that He (W, V)
has a Z-grading. We make F into a graded B-module by setting Fy = F and F; = 0 for all ¢ # 0. We give
A(E) a Z-graded module structure by inducing the graded structure on E. Since M is simple, there is some

a € (V)M /W such that m, - M = 0, where m, denotes the maximal ideal corresponding to a. Define
Afa, E) = (He(W, V) @p E)/mg - (He(W, V) ©p E).

By our choice of a, there is also a surjective homomorphism A(a, E) — M. The grading on A(FE) induces
filtrations on A(a, F) and M. We use the notation gr, to denote the associated graded objects with respect
to these filtrations.

Recall that a morphism f : M — N between filtered He (W, V')-modules is called a strictly filtered mor-
phism if f(F;M) = F;N N f(M) for all i € Z. The functor gr, is exact on short exact sequences of strictly
filtered morphisms. Note also that the surjection A(a, E) — M is strictly filtered by definition. The filtration
on A(E) is both exhaustive and separating, therefore the same is true of A(a, E'). However, this module is
finite dimensional therefore we have F;A(a, E) = 0 and F_;A(a, E) = A(a, E) for i > 0.

Proposition. The He(W, V))-module gr;, M has dimension dimy M and is annihilated by (k[V )W @k[(V*) W), .

Proof. Denote by F; the ith piece of the filtration on M. By construction, F, is a decreasing filtration with
Fy =0and F_; = M for all ¢ > 0. Thus dimy gr, M = >_°dimy F_;/F_; 41 = dimy, M.

For the second statement, we show that gr;A(a, E) = A(0, E). The claim then follows since there is a
surjective map A(0, E) — gr, M. Consider the short exact sequence:

0—-m, - (HLW,V)®p E) = A(E) = A(a, E) — 0,

where the left-hand term is given the induced filtration. By the PBW theorem and the Nullstellensatz,
grymg - (He(W, V) ®@p E) = k[(V)DY - (Heo(W, V) @5 E). Since A(E) is graded, gr; A(E) = A(E). Thus
grzA(a, E) 2 A0, E). O

Corollary. The following are equivalent:
(1) Z.(W,V) is smooth;
(2) He (W', V) has no small modules M with Supp M = 0 for all parabolic subgroups W' C W ;
(3) He' (W', V) has no small modules M for all parabolic subgroups W' C W ;
(4) The blocks of Ho' (W', V') are singletons for all parabolic subgroups W' C W.
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Proof. There are isomorphisms of algebras He/ (W, V) ~ He/ (W', V) @ D(VW') and
He (W, V) ~He (W, V) @ D(VW"),
where D(VW') := DVW') /((k[(VW)D] @ k[(VWV)*)D]),). In particular, (2) and (3) are equivalent to
(2’) He' (W', V) has no small modules M with Supp M = 0 for all parabolic subgroups W’ C W;

(3") He (W', V) has no small modules M for all parabolic subgroups W' C W,

respectively, where we have used the fact that @(VW,) is an Azumaya algebra. The equivalence of (1) and
(27) is Corollary 5.3. Clearly (2’) implies (3’). For the converse, suppose that He (W', V) has a small module
M with Supp M = 0 for some parabolic subgroup W’/ C W. Then by the proposition, gr, M is a small
module for He (W', V).

The equivalence of (3) and (4) follows from an identical argument to [17]. O

Remark. The proofs above are valid, mutando mutandae, for ¢ = 0 and char k = 0.

5.6. Smoothness of centres of H.(G(m, 1,n)). Let m,n be positive integers and assume that n > 1. Let
W = G(m,1,n). In this section we give a proof of Corollary 1.3. As noted at the beginning of this section,
the idea is to use Corollary 5.5 (4) together with the results of section 4 to determine for which c the centre
Z.(W) is smooth. Analogous results for the rational Cherednik algebra associated to G(m,1,n) over C at
t = 0 are given in [18, Lemma 4.4] and, implicitly, in [26]. However, the techniques used there are completely

different to the elementary approach given here. Recall that the parabolic subgroups of W are of the form
Sky X -0+ X Sk, x Gm, 1,n), ki 4+ k+n <n.

Here Sk, denotes the symmetric group on k; letters, and Sy = G(m,1,0) = {id} by definition. For such a
parabolic subgroup, the representation V is the reflection representation. Recall that ¢ = (k,c1,...,Cm_1)-

Recall the parameters aq, ..., a,, from Theorem 4.5. Let C,, ,, denote the set of all ¢ such that either
ke€F, or a —a;£CkelF),

for some 0 < i # j < m — 1 and integer C such that 0 < C' < n — 1. Thus C,,, is a finite union of
hyperplanes in k™.

Theorem. The algebra Z.(W) is smooth if and only if ¢ ¢ Cpy -

Proof. Let us first suppose that ¢ € C,, . Recall that, for A € P(m,n),
m—1
Res2\ := Z 2(87 =) Reg N (x_('“p_"‘)),
i=0

Suppose that £ € Fp,. Then x? — k = 0 and so Res®((n),0,...,0) = Res?((n)%,0,...,0). Thus by Theorem
4.5, He(W, V') has a non-singleton block, and so Corollary 5.5 implies that Z.(W) is singular. If m > 1 and
a; —a; — Ck € F) for some 0 < C <n —1, then

a; —a; = af —a; + C(k — k).

Without loss of generality ¢ = 1 and j = 2, and then
n—1
Res®((n),0,0,...,0) = Res®(0, (n — C,19),0,...,0) = 2™ —* Y g ~i(="=x),
i=0
14



Thus He(W, V) has a non-singleton block and Z.(W) is singular. A similar argument applies in the case
—n+1<C<LO0.

Suppose now that ¢ & Cy, . We first show that He(W, V) has only singleton blocks. For a contradiction,
suppose that there exist distinct A, u € P(m,n) such that Res®X = Res®u. Since x ¢ Fp, a8 =R) oL ],
Each box b in the Young diagram of A’ contributes z:(7 ~@i) z—cont(®)(v”—r) t5 Res@X. Since A # p, there exist
1 <i<j< N and boxes b € X, b’ € i/ such that pla7—as) p—cont(b) (" —r) — p(af—a;)p—cont(b) (k" =)  Now
cont(b) and cont(b’) are integers such that —|\?|+1 < cont(b) < [A'| —1 and —|p/| +1 < cont(d') < |p’| — 1.
Thus af — a; = af — a; + C(k? — k) for some —|\'| — ||+ 1 < C < [N+ |p| — 1. This means that
—a; +a; — Ck € Fp, and so ¢ € Cp, 1, & contradiction.

We now want to prove the stronger statement that ¢ ¢ C,, ,, implies that Z.(WW) is smooth. Note that
Cr/n C Cpop for all m’ =1 or m, n’ < n. Therefore ¢ ¢ C,, , implies that ¢’ ¢ C,, v for all m’ =1 or
m, n’ < n. By the description of parabolic subgroups W’ C W given above, the previous paragraph implies
He (W', V) has only singleton blocks for all W’. By Corollary 5.5 this implies that Z.(W) is smooth. |

Remark. (1) In the case m = 1, W is just the symmetric group S,. Although V = k™ is not the
reflection representation, we have H,(S,, k") = H,(S,, k" 1) ® D(A!), where k"~ now denotes the
reflection representation of S;,. The set C; ,, is then identified with I, C k.

(2) Note that the proof of the above theorem shows that for W = G(m, 1, n), the centre Z.(W) is smooth
if and only if He(W, V') has only singleton blocks.

6. DEGENERATIONS

The goal of this section is to give a proof of Theorem 1.4. Since the proof is rather long and technical, we
outline here, for the reader’s benefit, the basic idea. The key result is Lemma 6.7, which gives a formula for
the Poincaré polynomial of the simple, graded Hc (W )-module L (\) under the assumption that dimy, Le(\) =
p™|W|. Since Lc()) is finite dimensional, this Poincaré polynomial must be a Laurent polynomial. However,
the formula we derive is a rational function, which one can easily show is not a Laurent polynomial for
certain choices of the representation A. This contradicts our assumption that dimy Le(A) = p™|W].

To illustrate the difficultly in deriving the formula given in Lemma 6.7, it is best to contrast it with the
analogous result, [4, Lemma 3.3], for rational Cherednik algebras over C at ¢ = 0. In the latter situation, the
baby Verma module A()) is isomorphic to C[V]*" @ X as a C[V] x W-module. If the support of Lc()) is
contained in the smooth locus of Z.(W, V) then L.(\) ~ CW as a W-module, and all composition factors of
A()N), as graded He(W)-modules, are just graded shifts of Lc()). Therefore, as graded W-modules, we have
[A(N)] = f(t)[Le(N)] for some Laurent polynomial f(¢). Consider the occurrence of the trivial representation
on both sides of this equation: L¢(A)griy =~ C which implies that f(¢) (up to a shift) is just the graded
multiplicity of the trivial representation in C[V]®°" ® A. It is easy to calculate this graded multiplicity.

However, in positive characteristic, A(A) ~ k[V]P°V @ X, as a graded k[V] x W-module, and Lc(\) ~
(EW)®P". We still get the same equation [A(N)] = f(t)[Lc(M)] in the appropriate Grothendieck group,
but a priori have no idea what the grading is on the p"-dimensional space L¢(A)iiv- What is required is
a way to reduce the dimension of L¢(A) from p™|W| to |W|. The way to do this is to use the DeRham
functor, as introduced by Cartier. Firstly, we show that both A(\) and L¢()\) form a flat family over the
line ¢ through ¢ and 0 in the parameter space C. Therefore, we can specialize these modules at ¢ = 0 to

get Ho(W) = D(V) x W-modules Ag(A) and L(A)e—o. The module L(\)e—o will no longer be irreducible
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but has same graded W-structure as L.(\). The module Ag(\) is equipped with a filtration such that
each subquotient is isomorphic to a graded shift of L(A)c—o. Applying the DeRham functor to both Ag(\)
and L(\)e=o gives graded k[V ] x W-modules Ag(\)™) and L()\)gz)o say. These modules still satisfy the
equation [Ag(\)M] = f(¢) [L()\)S:)O], but now dimy, L()\)S:)O = |W| and L(/\)S:)O is just a graded copy of the
regular representation as a W-module. Similarly, Ag(\)() is isomorphic to k[V(1M]°°W @ X. Thus, we are in
a situation completely analogous to the ¢ = 0 over C situation describe above and the proof of Lemma 6.7
is complete.

We begin by describing, based on Cartier’s Theorem, the category of D(V') x W-module with p-curvature

zZero.

6.1. p-curvature. Let k& be a field of characteristic p > 0, V a finite dimensional k-vector space and
W C GL(V) a finite group. Fix a basis z1,...,z, of V* and 01,...,9, of V such that J;(x;) =, ;. Let

A=Fk[d,...,0,,2%,...,2P] and SpecA =T*WV.

The centre of D(V) embeds in A and we write 7 : T*MV — (T*V)() for the corresponding finite morphism.
We require a special case, Proposition 6.1, of a classical result, [23, Theorem 5.1], attributed to Cartier, on D-
module with zero p-curvature. We follow the presentation given in [23, §5]. Recall that if D € Der(V) C D(V)
is a derivation, then DP also acts as a derivation. We write DI?! for this derivation so that DP — D[Pl acts
trivially on k[V].

Definition. Let M be a finitely generated D(V) x W-module. The p-curvature of M is the map 1 :

Der(V) — Endg (M) given by ¢)(D) = p(D)P — p(D'P), where p : D(V) x W — Endy(M) is the action map.
We say that M has zero p-curvature if ¢ = 0.

Denote by Dy the full subcategory of D(V') x W-mod consisting of modules with zero p-curvature.
Proposition. Let M € D(V) x W-mod. Let V) < (T*V)M) be the zero section (defined by 7 = --- =
or =0).

(1) The module M has zero p-curvature if and only if M is scheme-theoretically supported on V) when

considered as a Z(D(V))-module i.e. & - M =0 for all i.
(2) The “horizontal sections” functor DR : Dy — k[V )] x W-mod,

DR(M):=MY ={meM|d;-m=0Vi},
is an equivalence of categories with quasi-inverse DR* : k‘[V(l)] x W-mod — Dy,
D(V)uW
DRY(N) = Ind W N,
where A acts on N wia the morphism A — k[V], 9; +— 0.

(8) The equivalence DR restricts to an equivalence of graded categories grDy — k[V(l)] x W -grmod.

The following operators where introduced in [23, (5.1.2)]. Their properties can be verified by direct

calculation.

Lemma. Let D(x) be the first Weyl algebra and M a D(z)-module with zero p-curvature.
(1) Define P = Zf;ol ﬂ@’ € D(x). Then P defines a k[aP]-linear operator on M such that P(M) C

K2

Mv,Plj\/[V:id G,nszZP.
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(2) Define the map T : M — M by

i

p—1
T i
i=0
Then T = idyy.

Proof of Proposition 6.1. It is shown in [23, Proposition 5.2] that ¢ is p-linear i.e. ¥(f1 D1 + foD2) =
(D) + fE(Ds) for all f; € k[V] and D; € Der(V). Since ¥(9;) = p(9;)P for all 7 it is clearly necessary
that p(9;)? =0, i.e. 9¥ - M = 0, in order for M to have zero p-curvature. On the other hand, every element
D € Der(V) can be expressed as D = Y, f;0; for some f; € k[V]; thus

n

W(D) =Y fror

i=1
and (D) - M =0 if 9¥ - M = 0 for all 7. This proves statement (1).
Now we prove statement (2). As in Lemma 6.1, define P; = Z?;& (7f!i)j &) and set P = [17, P;. Let
M € Dy. Then Lemma 6.1 implies P defines a k[V())]-linear operator on M such that DR(M) = P(M),
Pyv =id and P? = P. Note that the subspace MV of M is a W-submodule of M. Therefore we define

- 1
P=— w - P,
W 2

so that P is a W-equivariant projection onto MY. Let
0= M, = My % My — 0

be a short exact sequence in Dy. Since P € D(V), we have P o ¢ = ¢ o P. Therefore DR(¢) : DR(M,) —
DR(Ms) is surjective and the left exact functor DR is actually exact. Similarly, since D(V') x W is flat over
A x W, DR* is also an exact functor. If (d1,...,0,) is the left ideal of D(V) x W generated by 01, .. ., 0y,
then DR*(K[V] x W) =D(V) x W/(dy,...,0,) and
DV)xW AXW +(01,...,0,
DR((al(,.)..,an)>‘ (al,.(..,an) Ll

as a k[V()] x W-module. Since DRo DR*(k[V)] x W) = k[V()] x W and the functor DRo DR* is exact,
by choosing a finite presentation for each NV € k[V(l)} x W-mod, we get the standard diagram

(E[V] x )" (E[VD] x W)* N 0

| | |

DRo DR+(kK[V®M)] x W)" —= DRo DR*(kK[V)] x W)* ——= DRo DR*+(N) —= 0

where the first two vertical morphisms are isomorphisms and the rows are exact. This implies that the third
vertical morphism is also an isomorphism. Hence the natural transformation 1 — DR o DR*, coming from
the fact that DR is left adjoint to DR, is an isomorphism. Now take M € Dy and consider the natural
morphism DR o DR(M) — M. Since DR is conservative, the fact that DR o DR+ = 1 implies that this
morphism is injective. On the other hand, if we define T' = H?:l T;, where T; : M — M,

p—1 2 _
Ty(m) =) = Pi(9] - m),

Jj=0
1

<
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then Lemma 6.1 implies that 7 = idy;. This proves that DR* o DR(M) — M is surjective.
In (3), it is straight-forward to see that DR and DR* send graded modules to graded modules. |

6.2. We continue with the same setup as in the previous subsection, but assume now that & is algebraically
closed. A point “¢ € T*MV” will therefore refer to a closed k-point. The group W acts on 7%V and
(T*V)M) such that the map 7 is W-equivariant and satisfies

W := Staby/(¢) = Stabw (7(¢)), V(e TV

For fixed ¢ € T*MV and \ € Irri(We), we define V¢ () := Ind i;‘;&ij where A acts on \ via the character

C.

Lemma. Fiz ¢ € T*WV and X € Irri,(W;). Then
(1) the D(V) x W-module V¢ (X) is simple;
(2) Ve, (A1) = Ve, (A2) if and only if (o € W - (1 and, moreover, if w(i = (2 then A\i ~ Ay via the
conjugation isomorphism w : We¢, = We,:
(3) Every simple D(V) x W-module is isomorphic to V:(\) for some ¢ and A.

Proof. Considered as an A-module, Ve(A) = @, e . (Vc(A)); where (V¢ (X)), is set-theoretically supported
at . Bach (Ve(A))wc is a D(V) x (wWew™t)-submodule of V¢ (A) and Ve (X) will be a simple D (V') x W-module
if and only if (Ve(A))¢ = Ind 3 4y X is a simple D(V) x We-module. If ¢ = (a,0) with a € V(1) then we
write (b, ) with b € V for the unique closed point in 771(¢). Applying the We-equivariant automorphism
x; = x; — (x5,b) and 9; — 0; — (05, ) to D(V'), we may assume without loss of generality that ( = 0 and
We =W. Let §° = Ind f(v)kz be the unique simple D(V')-module supported at 0 € (T*V)™1); simplicity of 6°
follows from the fact that D(V') is Azumaya of rank p?>" and the dimension of ¢° is p™. Then Vy(A\) = §°® A,
with W acting diagonally. The module V() is simple: let vy, ..., v,m be a basis of §° such that v; = 1 and
choose any 0 # 1 = >, v; ® ; € Vo()). Choose an i such that I; # 0. Since D(V) surjects onto Endy(6°),
there is some D € D(V') such that D -v; =0 for all j # ¢ and D - v; = v1. Then D -1 =1®[; and we have
W-(D-1)=1® A Hence D(V) x W -1 = Vy(A). To show that the various V;(p) are non-isomorphic, note
that

dimg Homp (vysew (Vo(A), Vo(p)) = dimy Homasew (A, Vo(u)) = 6x,

because the space {v € 6" | §; - v = 0 V i} is one-dimensional. Arguing geometrically as above shows the
second claim of the statement. The final statement is clear just by considering the socle, as a A-module, of
an simple D(V) x W-module. O

6.3. Let 1 denote the trivial W-module. The following observation will be required later.

Lemma. Assume that p is prime to the order of W. Let N be a k[V )] x W-module such that DR*(N) is
isomorphic to p™ copies of the reqular representation as a W-module. Then N is isomorphic to the reqular

representation as a W-module.

Proof. As a W-module, DR*(N) =~ V,(1) ® N. Therefore it suffices to show that the Brauer character x

of V(1) satisfies x(w) # 0 for all w in W. Recall that Vo(1) ~ k[V*]/(k[(V*)V],). Let A,..., A\, be the
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eigenvalues of w on V. Since we are calculating the Brauer character of V;(1), we assume that \; € C for
all . Then

a4
=T 1)) = L.
o) =Tl o) =TT 1=5;
Since x(g) € C and p does not divide |W|, the product on the right hand side is non-zero. O

6.4. Lattices. In this section let & be an arbitrary algebraically closed field of characteristic > 0. We
assume this level of generality since the results of this subsection may be of use in the study of restricted
rational Cherednik algebras at t = 0 over C. Let H denoted a Z-graded k[z]-algebra such that H is a finite,
free k[z]-module, where k[z] is graded with deg(z) = 0. Write £ = Speck[z] and K = k(x). For « € k,
we denote by H, the specialization H ®j[,) ko of H at a. We assume that there exists a finite set I and
H-modules {A(X) |\ € I} such that
(1) The module A()) is graded and free as a k[z]-module.
(2) For all a € ¢, there is a bijection IrrH, ~ I such that the simple, graded H,-module L,(A), for
A € 1, is the unique simple quotient of A, (), the specialization of A()) at a.
(3) There is a bijection I ~ IrrHg such that the simple, graded Hg-module Li () is the unique simple
quotient of A (A).
Let M be a H-module. We say that M is a H-lattice if it is free, of finite rank, as a k[z]-module. Note
that if M is a H-lattice and N a H-submodule, then N is a H-lattice because k[z] is a principal ideal domain.

Lemma. There exists a composition series 0 = AY(\) C --- C A™(\) = A(N) of graded H-lattices such that
if LY(\) = AY(N)/ATL(N), then LY(\) is a graded H-lattice and L*(\) i =~ Lx (\;) for some \; € I.

Proof. Fix a graded composition series
0 =A%) C o CAR(N) = Ax(N)

such that A% (\)/A%(N) ~ Li()\;) for some \; € I. Write ¢ : A(\) = Ag()\) for the natural map. It is

an inclusion. We set
A'N) = ¢ H(AR(N) = AR (M) NAW), Vi

Then Af()\) is a H-submodule of the H-lattice A()), hence it is a H-lattice. We have a H-morphism
¢i 2 L'(N) := AYN)JATEHA) = AR (V) /ALY (N) = Lr(\;). We claim that L¥()) is a H-lattice. It suffice to
show that it is torsion-free with respect to k[z]. Let @ € L(\) and 0 # f(z) € k[z] such that f(z)-a = 0. Then
frae€ AN = A (A) N A(N), which implies that a € AL (M) N A(X) = AP1()\). Hence a = 0. Since
Li()\) is a H-lattice and Ly ()\;) is a simple Hg-module, ¢; will induce an isomorphism L*(A\) g =~ Lx()\;)
provided L¥(\) # 0. Let 0 # b € A% (\) — A%Z*()\), then there exists some 0 # g(x) € k[z] such that
g(z)b € A%(A)NA(N) and g(x)b ¢ A% (N). Therefore g(z)b € A¥(N) — A™"L(N). O

6.5. By Lemma 6.4, for each A\ € I we have a graded H-lattice L(\) := L" () such that A(A) - L(A). The

specialization of L(X) to x = a € k is denoted L(\)z=q, to distinguish it from the simple module L, (A).

Lemma. There exists a prime ideal p < H such that p - L(A\) = 0.
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Proof. Let Anny = {I < H | GKdim (A(M\)/IA(X)) = 1}. Since GKdim (A()A)) = 1, the set Ann, is non-
empty. Since H is Noetherian, we can choose p € Ann; to be maximal with respect to inclusion. The claim
is that p is prime. Assume otherwise, so that there exist ideals I, J with IJ C p but I, J ¢ Ann;. Note that
A/p - A has GK-dimension one and is a finitely generated H/p-module. Therefore H/p has GK-dimension

one too. Since A/JA has GK-dimension zero, the short exact sequence
0— JA/pA = A/pA = AJJA =0

implies, by [30, Proposition 8.3.11], that GKdim(JA/pA) = 1. However, JA/pA is clearly a torsion H/p-
module. Therefore [30, Corollary 8.3.6] implies that the GK-dimension of JA/pA is zero. This contradiction
implies that p is prime. Let M = A/p-A. The H-submodule of M consisting of elements that are torsion with
respect to k[z] is a proper submodule of GK-dimension zero. Therefore quotienting out by this submodule we
may assume that M is torsion free and hence free, and that p- M = 0. Moreover, M is a non-zero quotient
of Ag (M) which implies that Mgk — Lg(A). This implies that p - L (\). Since L()\) is a H-submodule of
Lk (M), we have p - L(\) = 0 as required. O

Proposition. Let my = max,ee(dimg Lo (N)).

(1) There exists a finite set by C £ such that dimg Lo (A) =my < a ¢ {.
(2) The rank of L(\) equals my.
(8) The specialization of L(\) at « is isomorphic to the simple Hy-module Ly (X) for all o € £ — £y.

Proof. Let p be a prime ideal in H such that p - L(\) = 0. Its existence is guaranteed by Lemma 6.5. Set
R := H/p so that L(\) is an R-module. Since R is a prime ring, the image of k[x] in R is a domain. Therefore
the fact that R is a finite k[z]-module of GK-dimension one implies that R is a free k[z]-module. The map
7 : Spec Z(R) — Spec k[z] is finite. Let A denote the Azumaya locus of R. Since A is open and dense in the
irreducible variety Spec Z(R) and the map 7 is finite, the set m(Spec Z(R) — A) is a proper closed subset of
. Therefore the set

0y :=0—m(Spec Z(R) — A) = {ac |7 a) C A}

is open and dense in ¢. Since the specialization L(A)z—q is a quotient of A(X)y—a = A4()N), the simple
module L,(\) is a quotient of L(\),—,. This implies that every L, (\) is an R-module and hence my is
bounded above by the P.I. degree of R. By definition, this bounded is achieved for all a € ¢;. Fix some
a € £1. Recall that Lg(A\) = K - L(\). Hence

dimK LK()\) = rank k[z]L()‘) 2 dlmk LQ(A)

On the other hand, since L, () is supported on the Azumaya locus of R and Lk (A) is a simple module
for the central localization Rk of R, [30, Posner’s Theorem 13.6.5] together with [30, Kaplansky’s Theorem
13.3.8] imply that

dimy, (Lo (N)) = P.I. — degree(R) > dimg dimp L (M) = rank 5 L(N).

Therefore we get the required equality. O
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6.6. We return to the case where k is algebraically closed of characteristic p > 0 and we assume that p is
prime to the order of W, a pseudo-reflection group. Recall that C is the space of parameters for H. We fix
a parameter c. Let ¢ be a formal variable. We denote by He(W) the rational Cherednik algebra defined
over k[c] such that the specialization of He (W) at ¢ = 1 is isomorphic to He(W). Let K = k(c) be the field
of fractions of k[c]. Given X € Irrg(W), let Ag(A) = He(W) ®ppvjuw A be the corresponding baby Verma
module. It is a free k[c]-module of finite rank. Let Ax(A) = Hx (W) @ g(v)xw K @k A be the corresponding
baby Verma module for Hy (W).

Lemma. (1) Every simple module A € lrri (W) is absolutely irreducible.
(2) The module Ak () has a unique simple quotient Ly ()).
(3) We have a natural identification of Hgx (W)-modules K ®p(¢) Ac(N) = Ak (N).

Proof. (1) The k-algebra kW is already split semi-simple since k is assumed to be algebraically closed
and the characteristic of k£ does not divide the order of |IW|. Therefore the K-algebra KW = K®kW
is also split semi-simple.

(2) Let p € lrrg (W), considered as a K[V] x W-module such that K[V], acts as zero. Since KA and p

are absolutely irreducible, adjunction implies that
Homyvaw (A (N), 1) = Homy (KA, p) = K0y -

Therefore, if ¢ : Ag(\) — S is any simple quotient of Ax ()\), we must have a K[V] x W-surjection
S — K. Hence S = Hg (W) - K\ is the unique graded quotient of A ().

(3) The subspace K ®; A of K ®e] Ac(A) is a K[V] x W-submodule such that K[V]; acts as zero.
Moreover, this subspace generates K ®jq) Ac(A) as a Hg(W)-module. Therefore there exists a
surjective morphism of Hg (W)-modules Ag(A) — K ®j¢ Ac()A). Since both modules have the
same dimension over K, this surjection must be an isomorphism.

O

6.7. The proof of Theorem 1.4. As noted at the beginning of this section, the key to proving Theorem
1.4 is Lemma 6.7. The proof of this lemma uses the results of all the previous subsections of section 6. Let
ev: K(W)[t,t71] — Z[t,t7'] be the map sending [A] to dim \. Let

110 = ev(er (1) = (1= ) - (17)

Lemma. If c € C such that dimy Lo(N\) = |W|p™, then the Poincaré polynomial of Le(N) is given by
_dim(X) - PP P(K[V ¥V 1P) - I (t)

- fa=(t7) '

Proof. Let L(X) be the He(W)-module described in 6.5. Since it is free as a k[c]-module, the graded W-
module structure of all specializations of L(\) are the same. Therefore it suffices to prove that the Poincaré
polynomial of the specialization L(X)e—o has the desired form. We fix a filtration A%L(X) of Ag(X) as in
Lemma 6.4. Specializing to ¢ = 0 gives a filtration A}(\) of Ag(\) such that Aj(N)/AL"H(A) ~ L(A)e=o.
All the D(V) x W-modules A§()\) have p-curvature zero. Therefore Proposition 6.1 says that Aj(\) =
Ind f;‘@,xwﬁé()\)(l) for some graded k[V ()] x W-module Aj(A\)(") and we have

P(Le(A),1) (18)

AN /AN = LN, with  L(N)emo = Ind 55V L)Y,

c=0
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This implies that Le(\) ~ V(1) ® Lo(A\)*) as graded W-modules. Let H(W)-latt denote the category of
Hc(W)-lattices i.e. the category of finitely generated, graded H.(W)-modules that are free over k[c|. It is an
exact, extension closed subcategory of He(W)-grmod. Therefore it makes sense to consider the Grothendieck
group Ko(He(W)-latt) of He(W)-latt. By our assumption on dimy Le()), the support of Le(\) as a Zo(W)-
module is contained in the Azumaya locus of Ho(W). Therefore Miiller’s Theorem, [8, Proposition 2.7],
implies that each graded composition factor of the indecomposable module A.()) is of the form Le(A\)[m;]
for some integer m;. Hence Lemma 6.4 says that each L{()) specializes at ¢ = 1 to some Le(A)[m;]. Thus, in
Ko(He(W)-latt) we have an equality [A¢()\)] = h(t)[Le())] for some Laurent polynomial h(t). This implies

that [Ag(\)V] = h(t)[L()\)S:)O] in the Grothendieck group of graded k[V ()] x W-modules. By Lemma
1)
c=0

6.3, the fact that L(\)c=¢ is isomorphic to p™ copies of the regular representation implies that L(\) is
isomorphic to a graded copy of the regular representation. On the other hand, Lemma 2.4 and Proposition

6.1 imply that DR (Ag(\)) =~ k[V]*°W © A, hence

K[V D)W @ 2] = h(t)[ LA ).

c=0

The proof of [4, Lemma 3.3] implies that h(t) = t~P»* 1 (#?). From this one can deduce formula (18). O

Now we are finally in a position to prove Theorem 1.4.

Proof of Theorem 1.4. Assume that W and c are chosen so that the centre of He (W) is smooth. Then every
simple H¢(WW)-module has dimension |W|p™. This implies that the graded character of L¢(\) is given by
the formula of Lemma 6.7. Since Lc () is finite dimensional, the rational function on the right hand side of
(18) must be a Laurent polynomial. This means that f-(t?) divides P(k[V*]<°W #P)I(t) in C[t,t~!]. The
formula (17) for I(t) shows that every root of I is a primitive p'® root of unity. Therefore, if fy«(t?) and
I(t) have a non-trivial common factor, we must have fy-(¢?) = 0 for some primitive p** root of unity ¢. But
fre(1) = dim A* # 0. Hence fi-(#) must divide P(k[V*]°W P) in C[tP,¢~P]. It was shown in [4] that if
W is not isomorphic to G(m,1,n) or G4 then one can always find some A for which fy«(¢t?) does not divide
P(Ek[V*]°W tP). Since c has played no part in this argument, we conclude that the centre of He (W) is never
smooth in these cases.

Conversely, it follows from Corollary 1.3 that the centre of Ho(G(m, 1,n)) is regular for generic c. Now we
consider the group Gy4; we have p # 2,3 in this case. By Corollary 5.5, it suffices to show that the blocks of
He (W) are singletons for generic parameters ¢ and all parabolic subgroups W' of G4. We begin by showing
that this is true for W’ = G4. Recall from 3.1 the central element h? — h of H.(G4). For the remainder of
the proof we follow the notation of [4, §4]. The function c is defined by ¢(s;) = ¢; and c(¢;) = ¢y for some
c1,¢2 € k. To show that the block partition of lIrrG, is trivial, it suffices to show that the scalars by which the

element h” —h acts on the L(\)’s are pairwise distinct. Let 21 = s1 4+ 84 and 20 = t1 4+ - - +t4 € Z(Gy).
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The scalar u; by which the central element z; acts on the simple G4-module p is given by

I 21 22
T 4 4
Vi | 4w? 4w
Vs 4w 42
w -2 -2
h | —2w? —2w
h* | —2w —2w?
U 0 0

We have 1 — A;, = 1 —w? and 1 — Ny, = 1 —w. Define d; = =5~ € k. Then h” — h acts on L(u) by

diul — dypy + d5ph — daps, hence it will act by the same scalar on L(p) and L(p) if and only if

di(p1 — p1) + da(p2 — p2) € Fp. (19)

Since |k| = oo and the list of values p; — p; is finite, we can always choose di,ds € k such that (19) does
not hold, provided there is no pair u # p such that u; = p; and us = p2. This can be checked directly: e.g.
—2 =4 if and only if 6 = 0; —2 = 4w if and only if p — 1 = 2w which implies that (p —1)> =p — 1 = 8 and
hence p =9 - both clearly contradictions.

Up to conjugacy, there is only one proper parabolic subgroup of Gy, it is Zsz. We may assume that
Zs = (s1) = {1, s1,t1}. Repeating the above argument for Z3 and noting that IrrZs = {T|z;, Vi|zs, Valzs }
one sees that the block partition of IrrZs will not consist of singletons precisely if equation (19) is satisfied
for p,u € {T, V1, Va}. O

6.8. The Kac-Weisfeiler conjecture. As in the previous subsection, we assume that k is algebraically
closed of characteristic p > 0 and that p is prime to the order of W, a pseudo-reflection group. Recall that
the Kac-Weisfeiler conjecture, as stated in [37] and proved in [31], provides a lower bound on the power of p
dividing the dimension of a simple module over a restricted Lie algebra in terms of its support as a module
for the p-centre. The following result considers, analogously, the powers of p that divide the dimension of

simple modules for the rational Cherednik algebra.

Proposition. The subset C™& of C consisting of all parameters ¢ such that the dimension of every simple

He(W)-module is divisible by p™ is open and dense.

Note that, since the P.I. degree of H.(W) is p™|W|, p™ is also the largest power of p dividing the dimension

of any simple He(W)-module. Also, one can show that C™2 is always a proper subset of C.

Proof. First, we show that the subset C*8(W) of C consisting of all ¢ such that the dimension of every
simple He (W )-module is divisible by p" is open and dense in C. Consider the k[C]-algebra He(W). It is free
as a k[C]-module. Therefore, it is a continuous family of L-algebras in the sense of [32, Definition 2.2] (for
L trivial). Then [32, Lemma 2.3] says that, for each integer d, the set of points ¢ € C such that H.(W)
contains a two-sided ideal of dimension d is closed in C. The annihilator of a simple H.(W)-module M has
codimension (dimy M)? (recall that k is assumed to be algebraically closed). Therefore, the set of all points
in C for which there exists an ideal in H. (W) whose codimension belongs to {(p'r)? |0 <i < n, 1 <r < |[W|}

is closed and its compliment is C**8(WW). We just need to show that this set is non-empty. Take any line £ in
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C. Then, Lemma 6.5 implies that £ N C*#(W) is dense in £. Note that this actually shows that there is no
linear subspace of C contained in C — C**&(W).
Now we treat the general case. Let W’ be a parabolic subgroup of W and Cy the space of parameters for

Hco(W'). Restriction of parameters defines a linear map p : C — Cyy-, its image is a non-zero linear subspace

of Cy. We have shown that the set of points in Cy for which all simple He(W’)-module have “maximum
p-dimension” is open and dense. If C™¢(W') denotes the pre-image of this set under p then it is open and

dense in C. Then it follows from Propositions 5.3 and 5.5 together with Corollary 5.5 that

Cres — r]Creg(W//)7
W/

where the intersection is over all conjugacy classes of parabolic subgroups of W. ]

Remark. We remark that our reduction method, combining Propositions 5.3 and 5.5 together with Corollary
5.5, also gives a different proof of the result [36, Corollary 4.2] (which is closer in spirit to the original Kac-
Weisfeiler conjecture): If M is a simple He(W) and b € V' such that the support of M equals the image of b
in V/W then p!™/Wol divides dimy, M.

Example. When W = S,,;1, C™ = k — ;. One can show this as follows: by remark 5.6, the algebra
He(Sn+1) is Azumaya for all ¢ € k — F,, and hence k —F, C C"™8. On the other hand, direct calculations
show that C — C™#(S;) = F,;. Therefore Propositions 5.3 implies that F,’ C C — C**®. Finally, when ¢ = 0,
He(Snt1) = D(V) % Sp41 and, even though this is not an Azumaya algebra, it follows from Lemma 6.2 that
p" does divide dimy, L for all simple D(V) x Sp,41-modules L.
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