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Abstract

In this paper, we study the excursion time of a Brownian motion with
drift outside a corridor by using a four states semi-Markov model. In
mathematical finance, these results have an important application in the
valuation of double barrier Parisian options. In this paper, we obtain an
explicit expression for the Laplace transform of its price.

Keywords: excursion time, four states Semi-Markov model, double
barrier Parisian options, Laplace transform.

1 Introduction

The concept of Parisian options was first introduced by Chesney, Jeanblanc-
Picque and Yor [6]. It is a special case of path dependent options. The owner of
a Parisian option will either gain the right or lose the right to exercise the option
upon the price reaching a predetermined barrier level L and staying above or
below the level for a predetermined time d before the maturity date 7.

More precisely, the owner of a Parisian down-and-out option loses the option
if the underlying asset price S reaches the level L and remains constantly below
this level for a time interval longer than d. For a Parisian down-and-in option
the same event gives the owner the right to exercise the option. For details on
the pricing of Parisian options see [6], [13], [15] and [12].

The double barrier Parisian options are a version with two barriers of the
standard Parisian options introduced by Chesney, Jeanblanc-Picque and Yor [6].
In contrast to the Parisian options mentioned above, we consider the excursions
both below the lower barrier and above the upper barrier, i.e. outside a corri-
dor formed by these two barriers. Let us look at two examples, depending on
whether the condition is that the required excursions above the upper barrier
and below the lower barrier have to both happen before the maturity date or
that either one of them happens before the maturity. In one example, the owner



of a double barrier Parisian maz-out option loses the option if the underlying
asset process S has both an excursion above the upper barrier for longer than
a continuous period d; and below lower the barrier for longer than dy before
the maturity of the option. In the other example, the owner of a double bar-
rier Parisian min-out option loses the right to exercise the option if either one
of these two events happens before the maturity. Later on, we will derive the
Laplace transforms which can be used to price this type of options.

In this paper, we are going to use the same definition for the excursion as
in [6] and [7]. Let S be a stochastic process and Iy, la, I; > l2 be the levels of
these two barriers. As in [6], we define

gf7t:sup{3§t| Ss =1;}, dlsi’t =inf{s > t|Ss = 1;}, 1=1,2, (1)

with the usual conventions, sup{@} = 0 and inf{(} = oo. Assuming d; > 0,
dy > 0,we now define

7-15 = inf {t >0 | 1{St>ll}(t _glsi,t) > dl}’ (2)

7'2S = inf {t >0 | 1{l2<St<l1}1{gS }(t — stl,t) > dg}, (3)

s
1.t 905t

J(t= 950 zds}, ()

75 = inf {t >0] 1{12<St<11}1{gls
1

t<9i92,t
i =inf{t > 0] s, <i,y(t = g1y 1) > da}, (5)
™ =71 ATY. (6)

We can see that 7 is the first time that the length of the excursion of
process S above the barrier [; reaches a given level dy; 7 corresponds to the
one below o with required length dy; and 7° is the smaller of 7 and 7. We
also see that 73 is the first time that the length of the excursion in the corridor
reaches given level ds, given that the excursion starts from the upper barrier [y;
74 corresponds to the one in the corridor starting from the lower barrier l. Our
aim is to study the excursion outside the corridor, therefore 75 and 735 are not
of interest here. However we need to use these two stopping times to define our
four states semi-Markov model that will be the main tool used for calculation.

Now assume r is the risk-free rate, T is the term of the option, S; is the price
of its underlying asset, K is the strike price and @ is the risk neutral measure.
If we have a double barrier Parisian min-out call option with the barrier /; and
lo, its price can be expressed as:

DPmin—out—call = e_TTEQ (1{TS>T} (ST - K)+) ;
and the price of a double barrier Parisian min-in put option is:

DPpin—in—put = € Eq (1{TS<T} (K - ST)+) :



In this paper, we are going to study the excursion time outside the corridor
using a semi-Markov model consisting of four states. By applying the model to
a Brownian motion, we can get the explicit form of the Laplace transform for
the price of double barrier options. One can then invert using techniques as in
[13].

In Section 2 we introduce the four states semi-Markov model as well as a new
process, the doubly perturbed Brownian motion, which has the same behavior
as a Brownian motion except that each time it hits one of the two barriers, it
moves towards the other side of the barrier by a jump of size e. In Section 3
we obtain the martingale to which we can apply the optional sampling theorem
and get the Laplace transform that we can use for pricing later. We give our
main results applied to Brownian motion in Section 4, including the Laplace
transforms for the stopping times we defined by(2)-(6) for both a Brownian
motion with drift, i.e. S = W*#, and a standard Brownian motion, i.e. S =W.
In Section 5, we focus on pricing the double barrier Parisian options.

2 Definitions

From the description above, it is clear that we are actually considering four
states, the state when the stochastic process is above the barrier [; the state
when it is below /o and two states when it is between [; and [ depending on
whether it comes into the corridor through I; or ls. For each state, we are
interested in the time the process spends in it. We introduce a new process

if S¢ >0
if i1 > S; > Iy and gﬁt >ng¢
if i1 > S, > Iy and 9i, ¢ < Gig 4
, it Sy <y

zp =

A~ W o =

We can now express the variables defined above (see definitions (1)-(5)) in terms
of Ztl

o= {s <t|Z5 £ 2}, Y
di y=inf{s>t| 25+ 2}, (8)
Tf:inf{t>0\1{zs 1 (t—gﬁ,t)zdl}, (9)
T§=inf{t>0\1{zs 2y (t—9511) zdz}, (10)
75 = inf {t >0 15y (t=05) > dg}, (11)
Ty = inf {t >0] l{Zf 4 (t—gi.) > d4}. (12)

We then define
VP =t —max (g7 1,954 (13)



the time Z7 has spent in the current state. It is easy to see that (Z7,V,) is
a Markov process. Z; is therefore a semi-Markov process with the state space
{1,2,3,4}, where 1 stands for the state when the stochastic process S is above
the barrier ly; 4 corresponds to the state below the barrier l5; 2 and 3 represent
the state when S is in the corridor given that it comes into it through /; and I,
respectively.

For Z7, define the transition intensities \;;(u) by

P(Zipe =314 7128 =i,V =u) = \j(w)At +0(At), (14)
P(Zin =112 =i,V =u)=1-> X\j(u)At+o(At).  (15)
i
Define

P = e d = [C @ p) = AP )
0 i

Notice that -

Pi(p) =1 - Py(p)

is the distribution function of the excursion time in state 7, which is a random
variable U; defined as

':. S ) S:‘ S:
U; ;I;%{Zs £i| 25 =i, Vo =0}.

Note that because the process is time homogeneous this has the same distribu-
tion as

: s 7S _ . 1S

;gf(‘){zt—i-s #Z | Zt =1 ‘/t :O}

for any time t. We have therefore

. PUie(pp+ D), 25, =)
pij(p) = Al}go Ao

Moreover, in the definition of Z°, we deliberately ignored the situation when
Sy =1;, 1 =1,2. The reason is that we only consider the processes, which

t
/ 1{su:li}du = 0, 1= 172’ a.s.
0

Also, when [y and Iy are the regular points of the process (see [5] for defi-
nition), we have to deal with the degeneration of p;;. Let us take a Brownian
Motion as an example. Assume W}/ = ut + Wy with p > 0, where W; is a
standard Brownian Motion. Setting xg to be its starting point, we know its
density for the first hitting time of level [;, : = 1,2 is

_ i@l (I — o — put)?
o T TP 2t

4
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Figure 1: A Sample Path of W;

(see [4]). According to the definition of the transition density, pi2(t) = p21(t) =
pi, (t) = 0 and p34(t) = pas(t) = pi,(t) = 0, for ¢ > 0.

In [9] in order to solve the similar problem, we introduced the perturbed
Brownian motion Xt(e) with the respect to the barrier we are interested in. We
apply the same idea here, and construct a new process the doubly perturbed
Brownian motion, Yt(e), Iy — I3 > € > 0, with the respect to barriers I; and I5.
Assume W{' = I; + e. Define a sequence of stopping times

50 = 07
on = inf{t> 6, | W =1},
Opnt1 = inf{t > oy | Wtu =10+ 6},

where n =0,1,--- (see Figure 1). Now define

XO=Wl—c if 0,<t<6p1

Similarly, we then define another sequence of stopping times with the respect

to process Xt(e) and barrier lo

CO - 07
Me = inf{t > G| X9 =1},
G = f{t >, | X\ =1y + €},
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Figure 2: A Sample Path of Xt(e)

where n.=0,1,--- (see Figure 2). Then define

v9=x7 i Gu<t<u
V' 9=x{ e i p<t<(un

It is actually a process which starts from [; 4+ € and has the same behavior as
the related Brownian Motion expect that each time it hits the barrier [y or s,
it will jump towards the opposite side of the barrier with size € (see Figure 3).

From the definition, it is clear that [y and s become irregular points for Y;(e).
Also Y;5(6) converges to W}" with W§' = [, almost surely for all t. Therefore as
we saw in [9], the Laplace transforms of the variables defined based on Yt(e)

converge to those based on W/'. As a result, we can obtain the results for the

e — 0.

Brownian Motion by carrying out the calculation for Yt(e) and take the limit as

For Yt(e), we can define ZY, 7Y, 77 and 7Y as above (we suppress (¢) on the
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Figure 3: A Sample Path of Y;(E)

superscript). For ZY, we have the transition densities (see [4])

B € (et ut)?
p12(t) = 515 exp { o (7
p*t
po1(t) = expq ue— 2}sst (lh—la—€l1 —1a),

{

pa(t) = exp {—M (lh—la—€)— M;t} ssi (€11 — l2),
{
{

pt
p31(t) = expeu(ly —Ily—¢€)— (5t (e,11 — la),
p*t
p3a(t) = expq —pe— [ 55t (i =l — €11 = 12),
€ (€ — ut)?
) = S
pa) = o { -

where

oo

sse(z,y) = Z Wexp{_ww} _

V2mt3

k=—o0

Also we know that

P23(t) = p32(t) = p1a(t) = pai(t) = 0.

(22)




Clearly, all the arguments above apply to the standard Brownian motion, which
is a special case of W/" when u = 0.

3 Results for the semi-Markov model

In §2 we have introduced the Markov process (Z7,V,”). Now we apply the
same definition to the doubly perturbed Brownian motion Y;; therefore we have
(ZY,VY), where Z) is the current state of Y;, taking value from state space
{1,2,3,4} and VY is the time Y; has spent in current state. V,¥ is also a
stochastic process. Now we consider a function of the form

f(véyvztya) fZY( 7)7

where f;, i = 1,2,3,4 are functions from R? to R. The generator <7 is defined
as an operator such that

R

is a martingale (see [10], chapter 2). Therefore solving

Af=0

subject to certain conditions will provide us with martingales of the form f (VtY, A t)

to which we can apply the optional stopping theorem to obtain the Laplace
transform we are interested in. More precisely, we will have

Assume f; has the form

filu,t) = e P g;(u).

i) = DD OB (10,0 - filw)
Aoty = D OB (20,0~ folwnt) + daa(w)(fal0,1) -
Ayt = P OO |y ) (2(0,0) — falus ) + M) (720, -
ity = T OB 1200,0)  fotat)

f2(u7 t))

f3(u’ t))



dfl = 0 gl(dl) = o1
By solving the equation &7 f = 0, i.e. ﬁﬁz i 8 subject to zzgzg i Zz
Ffs = 0 ga(d2) = oy
we can get
d;
s = e~ [ {54050 | (23)
" J#i
d; s
+Zgj(0)/ Aij(s) exp —/ ﬁ-l—Z)\ij(v) dv »ds.
J#i “ u i

In our case, we are only interested in the excursion outside the corridor. Hence,
we set dz and d3 to be co. Also limg, 00 g2 (d2) = limg, 00 g3 (d3) = 0 gives
as = az = 0. Therefore, we have

7(0) = are P Pi(dr) +{91(0) P (8) + 91(0) Pea(8) } Pra(B),  (24)

91(0) = ase " Py(ds) + {91(0)Po1(8) + 92(0) Pas(8) } Prs(8).  (25)
Solving (24) and (25) gives

g1(0) (26)
are P4 P (dy) (1 — 1534(/6)}543(5)) + e ™4 Py(dy) Poa () Pra(

1— Py1(8)Pria(B) — P3a(B)Pi3(8) + Pa1(B) Pra(3) P3a(B) Paz(8) — P31(B) Paz(B) Paa(8) Pr2(B)
94(0) (27)

age P Py(dy) (1 B Pm(ﬁ)pm(ﬂ)) + e Py (dy) Pa1 (8) Pas(8)
1 — Po1(B)Pi2(B) — Psa(B)Pu3(B) + Po1(B) Pi2(B8) Psa(B) Pi3(8) — P31 (B)Piz(8) Paa(B) Pra(3)

=

where

Py(B) = /OOO e P pij(s)ds, (28)

d;
Py = [ e P mits)ds, (29)
0
As a result, we have obtained the martingale
My =f (VY t)=e gy (V)), i=1,2,34. (30)

We now can apply the optional stopping theorem to M; with the stopping time
7Y At, where 7Y is the stopping time defined by (6):

E(Mzv ) = E(Mo). (31)



The right hand side of (31) is
E(Mypn)=E(Mxy1lgvoy) +E(Mdpyoy).
Furthermore,
B (M1 )

= BE(Malpy o) + B (Mo 1ol oy)

= E(e g ) 1y ey Ty oy )+ B (7 00 W) 1y Ty 2y

= ab (e_ﬁTyl{le<rZ}1{ﬂY<t}> taul (e_ﬁryl{nwa}l{ffd}) '
We also have

E(Mlgysy) =e7E (923 (Vi) 1{TY>t}) ’

where ZY can take values 1,2, 3 or 4.

When ZY =1 or 4, since 7¥ > t, we have 0 < V;¥ < dj A dy. According to
the definition of g;(u) in (23), we have g (V;¥') and g4 (V;¥") are bounded.

When Z} = 2 or 3, since limg, oo g2 (d2) = limg, o g3 (d3) = 0 and looking
at (23) with d» and dj3 replaced by oo we have that g» (V;¥') and g3 (V}*') are
bounded.

Therefore

lim B (My1(;vs4) = 0.

t—o0

Hence we have

lim E(M.v) = B (eiBTY].{le<Tz/}> + oy FE (eiﬂTyl{le>Tz/}) . (32)

t—o0

The left hand side of (31) gives

91(0), YO(E) = ll +e€

lim E (M) = E (M) = )
t—00 0 ( 0 { g4(0)7 YO():l2—€

By taking the proper a; and a4, we will have when YO(E) =1l +e

E (e_BTyl{le<Tf ) (33)
e_ﬂdlpw(dﬁ (1 - 1334(5)1543(6)>

1 — Py (B)Pi2(B) — P34(8)Paz(B) + Pa1(8) Pi2(8) P3a(8) Paz(8) — P31(8) Paz(B) Paa(B8) Pr2(8)

(" ray) .

] ) e*5d4]543(d~4)1524(5)1512(~5) _ _
1= Poa(5)Pua(3) — Poa ) Pao(5) + P (5) Pua( ) Ps(9) Pas () — Pos () Prol(5) Poa () Pra(B)

10



when YO(E) =y —¢€

E(e " 1y cyy) o
e*5d1p12(d1)p31(ﬂ)p43(5)

1 — Py (8)Pr2(B) — Pss(8) Pas(B) + Po1(8)Py2(8) Psa(B8) Pis(3) — Ps1(B)Pis(8) Pas(3) Pra(8)’

h (e_ ﬁfyl{ﬁyyg}) (36)

e Pig(ds) (1= Pu(9) Pra(5))

1 — Py (B)Pi2(B) — P34(8)Paz(B) + Pa1(8) Pi2(8) P3a(8) Paz(8) — P31(8) Paz(8) Paa(B8) Pr2(8)

4 Main Results

In §2 we have stated that the main difficulty with the Brownian Motion is that
its origin point is regular, i.e. the probability that W/}* will return to the origin
at arbitrarily small time is 1. We have therefore introduced the new processes
Yt(e) and (Z),V,Y') with transition densities for Z} defined in (16) to (22).

In order to simplify the expressions, we define

U(z) =2\/maN (\@x) —Vrr e,

where .A47(.) is the cumulative distribution function for the standard Normal
Distribution.

Theorem 1 For a Brownian Motion W/}, 7V V" tW" defined as in (2),
(5) and (6) with Sy = W}, we have the following Laplace transforms:
when W§' =14,

T (37)
E (efﬁfwu 1{TIWM>T4W}) = (W; (38)
- (e‘ﬁTW“> _ G1(d17d4bu(ili6i?2d)4; dy, —M); (39)
when W§' =1,
E (e—ﬁrw“ 1{TIW“'<T4VV“}) = Cm; (40)
B( ™ desnn) = g .
- (efﬁrw“> _ G1(d4,d1é(51)72;4,G:)(d1,d4,M); (42)

11



where

A Sl 1 (FIVE) RV St
(1 _ 672(11712)\/2@;;2) o~ Bz

v () )
{20 (50 v

Galz,y, 2) = o~ 01712 (V2B+5=2) = {\/g\p <|z ;”) +2 ”y}, (44)

e - cren o ) o (D)

24/20 + 22

{\/qu( (2ﬁ+222)y> + (2ﬁ+z2)y}.

Proof: We apply the transition densities in (16) to (22) to the results in (33) to
(36) and take the limit as ¢ — 0. According to the definition of V()| we know
that

+<1—672(11*l2)\/w> {\I’ <\/(2ﬁ+z2)x) n \/(25+22)7Tx

V9 L5 Wik for all t.

As we saw in [9], since Yt(e) L5 WH, for all t, by taking the limit € — 0, the
quantities defined based on Yt(e) converge to those based on Brownian motion

with drift. Therefore we will get the results shown by (37), (38), (40) and (41).
We can therefore get (39) and (42) by

12 e - 1 7 e I WK WH + E7 e I WK WK
{T] <‘I’1 ! } {Tl >7'1 } :
O

Corollary 1.1 For a standard Brownian Motion (u=0), we have
when Wy =11,

Cw G1(dy, da, 0)
BT o 1\41, &4, .

E (6 1{7'1W<7'4W}) - G(dy,dy,0) (46)
AT ~ Ga(dy, d1,0)

E (6 1{7'1 >y }) - G(dl,d4,0) ) (47)

W Gl(dl,d4 0) + Gz(d4 dl,O)
E BT _ ) ) . 4
() G(dy,ds,0) ’ )

12



when Wy = [,

_ Ga(d1,ds,0)
E ﬂTWI w w = == /. 4
(6 {rV <7} }) G(dl,d4,0) ) ( 9)
,ﬁ-,—W w w _ Gl(d4,d130)_
E (e L >t ) G(dy,ds,0) (50)
g W G1(ds,d1,0) + Ga(dy,ds,0)
E BT — : 1
@ ) G(dy,ds,0) ’ 1)
where
Gi(z,y,0) = e 2VaImin g (52)
(1 _ 6—2(11—12)\/%) e~ Bz
2
+ NG {\[T\I’ (x/ﬂy) + 2@/} ;
Go(,y,0) = e (hmVaI=Be (53)
o) = 0 oo () + 50 (1)) o

— e201—12)vV2B
+ <1 NG ) {\Il (\/ﬂ?> + ﬂﬂ'z} {\/Z\If (\//BTJ) + 2ﬂy}-

Remark 1: By taking the limit [y — [ — 0, we can get the result for the
single barrier two-sided excursion case as in [9].

Remark 2: If we only want to consider the excursion above a barrier, we
can let s — —oo. Similarly, for the one below a barrier, we can let l; — +o0.
These results have been shown in [9].

Corollary 1.2 For a Brownian Motion W}, V" defined as in (6) with Sy =
W}, we have the following Laplace transforms:
when W§' =z, xo > 11,

E (o) (55)
_ {e_<“+\/m>(%_ll),/l/ (m_ 56%1)

e T )|ttt

s {1 _ oD@ty (M\/a - x%1>

o= (u=luD(@o—11)_y (_M\/a_ l‘%l)} ;

13



when W§' = xg, la <z <1,
. (e_ BTW“> (56)
ellieon L V20RR 0t — o= VARR D (G (dy, da, 1) + Go(d,dy, —pr)}
{e\/m (h—12) _ o—/2B 02 (11 —12) } (d1,da, )
ella—z0)p {ex/w(ll—fo) - e_\/m(ll_m)} {Ga (dv, da, p) + Gr(da, dy, —p) }
{e\/m(h_lz) _ e—\/m(h—lz)} G (dy,dg, 1) |

+

when W' = xq, xo < la,
E (e—ﬂTW”) (57)
- {e@vww)ww < ( )

(,LL—&-\/MT) (Ia— m)JV< (2ﬁ+ll >d4 - l2 )} Gl (d47d1a_u) +G2 (dlad47/’b)

\/@ G(dladﬁlmu)
4o Ada {1 — elu=lula=z) 4 <|M|\/d>_ 12\/:737>
4
lo —
—elntluD =)y (Iu«fd - 2\/{{)} (58)

Proof: We will first prove the case when x¢ > ;. Define T = inf {¢t | W} =11},
i.e the first time W/ hits I;. By definition, we have 7" = dy, if T > dy;
W =T 4+ 7W" if T < dy, where W* here stands for a Brownian motion with
drift started from l;. As a result

E (e*ﬁTW“>
—pr" —prV"
= F (6 1{T2d1}> + FE (6 1{T<d1}>

.
= PPz d) + B (e greay) B (e7)

E (e’ﬁTW“) has been calculated in Theorem 1 (see (39)). The density for T is
given in [4] as
Py = |ll—l‘0|exp{_(li—xo—ut)2}
ot 2t '

We can therefore calculate

P(T>d) = 1—e BHud@ob) g <|u|\/I zo — ll)

Vi
_e_(#_|#|)(10—ll)JV <_|M|\/a_ x(i/%h),
1

14



B Lpen,y) = ¢ UHVERE)om (JM x%l>
1

re (VPR (- ).
dy

We therefore get the result in (55). For the case when 2y < la, we can apply
the same argument. B

When Iy < zg < I3, we define T = inf (¢t | W}* & (I2,11)). By definition, we
have TW" = T+ 7W" if WE = 1y; 7" = T + ™" if W) = I, where W*
stands for a Brownian motion with drift started from l5. Consequently,

E (eiﬁTW‘L)
W H I3
= FE (eiﬁTefﬁTW 1{T:11}) +E <127L3T67£’7'E 1{T:l2})

= F (E_BT]-{T:ll}) E (e—BTW“) Y E (e_ﬁTl{T:lz}) B (e_m_ﬂu)

E (e—ﬂTV\W) and E (e_ﬂTML) have been obtained by Theorem 1, (39) and (42).

According to [4], we have

e(i—z0)u {ex/Wmmzz) _ e*\/Wmfzz)}
eV2B+12 (i=l2) _ o=\/2B+12(li—12) ’

ella=z0)u {6\/W<zrmo> _ e*\/W(lrm}
eV2B+12 (i=l2) _ o=\/2B+12(li—12)

We have therefore obtained (56). O

E (e 1ypayy) =

E (e roryy) =

Theorem 2 The probability that W}' with W§' = xq, lo < xg <y, achieves an
excursion above l1 with length as least di before it achieves an excursion below
lo with length at least dy is

B " (Li—zo)p plul(@o—l2) _ o—lul(mo—I2)\ B (d, d

P(TIVV <TZV> = ¢ le ¢ } Fi(dy, da, 1) (59)
{elﬂl(ll—b) - e—lul(ll—lz)} F(dy,dy, )

ella—zo)p {e\u\(ll—xu) — e—lﬂl(ll—ﬂﬁo)} Fy(dy,dy, 1)

{eluli=1) — e=Inl(hi=12) } F(dy, g, ) ’

+

elli—zo)p {elul(ﬂco—b) _ e—\ltl(ico—lz)} Fy(dy, dy, —p)
{e|ﬂ|(11*l2) — e*|M|(11712)} F(d17 d4,ﬂ)
ellz—zo)p {e\ﬂ\(h*%) _ e*lﬂl(h*%)} Fi(dy,dy, —p)
{elult=12) — e=Talti=1) } F(dy, dy, 1) ’

P(TfV” >T4W”) - (60)

+
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where

Fi(z,y,2) = 620112)'4{\@@ <|z\/§)+z\/7r27y} (61)
- 2|<|>) {o(l3)+2 /5] {\/fw (1/2) + |z|¢§} ,

Fy(z,y,z) = e”(12)(121=2) {\/Q\I/ <z|\/§> + z\/”?y} , (62)

F(z,y,z) = e—2<ll—lz>lzl{\/§qf (|z|\/§)+\/§\11 <|z\/g)} (63)
P e (yfa) ) {\/EW (1/8) + Izlﬂ}-

Proof: From Theorem 1 and (56) in Corollary 1.2, we actually know that, when
W§ = w0, la <xo < 1y,

elli—zo)u {elﬂl(rr)*lz) _ 6*|M|(l’o*l2)} G1(dy,dy, )
{e|H|(ll—l2) — e—|lt|(11—lz)} G(dy,dy, 1)

ella—zo)p {elltl(ll—xo) _ e—lﬂl(ll—xo)} Go(dy,dy, ’u)
{e|l¢|(ll*lz) — e*|#|(11*l2)}G(d17d4,/¢) ’

o G P (o

+

eli—eln {elul(wo=ta) _ e=lul(20=12)} Gy (dy, dy, —pr)
{elmli=t2) — e=lul(i~t2)} G(dy, da, 1)

eltz=woln { elul(hi=w0) _ =lul(h=20)} G, (dy, dy, —p)
{elml(a=t2) — e=lul(i=l2)} G(dy, da, 1)

B (e sy ) = (%5)

+

Setting 8 = 0 in (64) and (65) yields the results. O

Theorem 2 leads to the following remarkable result.

Corollary 2.1 The probability that a standard Brownian motion Wy with Wy =
xo, lo < xo <y, we have

PV <) = \/aﬂxo_b)\/; , (66)

\/E+\/@+(11—12)\/§

V@ + (= 0) /2

PRV >n") = : (67)

\/E+\@+(z1—lz)\/§
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Remark: When we take [; — 0, I — 0, zp — 0, we can get the results for
the one barrier case as in [9].

We will now extent Corollary 1.2 to obtain the joint distribution of W,
and 7" at an exponential time. This is an application of (56) and Girsanov’s
theorem.

Theorem 3 For a standard Brownian Motion W; with Wy = xqg, ls < 2o < Iy
and ™V defined as in (4) with Sy = Wy, we have the following result:
For the case x > [y,

P (WT e de, 7V < T) = ay (z0) f (x — 1, d1) + az (x0) f (& — la, da) + ay (z0) h(z — I, dy); (68)
For the case lo < x < lq,

P (Wf ede, ™V < T) =ay (zo) f(x —l1,d1) + az (wo) f (x —l2,dyg);  (69)
For the case x < s,

P (WT ede, 7V < T) = a1 (xo) f (x —l1,d1) + az (xo) f (x — l2,da) + a2 (zo) h(z — l2,d4); (70)

where T is a random variable with an exponential distribution of parameter ~
that is independent of W; and

V]
flz,y) = e\/; — VI oy (f\/ 2%/) : (71)

h(w,y):\/%ew{ Fuﬂ(u m) rm/( lf| \/ﬁ>},(72)

v {e\/ﬂ(wrﬁlz) _ e*\/ﬂ(m*lz)} by (di,dy) + 7 {e\/ﬂ(h*%) _ e*\/ﬂ(h*m)} by (dy,dy)

a (@0) = G (/A1) — VI 1)) (73)

7 {emm—zz) _ e—mm—zz)} bo (da, dy1) + 7 {emm—xo) _ e—mm—zo)} by (da, dy)
a2 (o) = G {e\/ﬂ(ll—b) — e—\/ﬂ(ll—lz)}

, (74)

: 1—e 2V \/?
— o 2(li—l2)V2y—z -y z /vy
bo(w,y) = e~ (LTI (76)

G = e 2vE L (Vady) + Ve (Vadi) } (77)
(1 _ e—g(zl—zg)m)

T {@(M)Jr wdl}{\/?y(\/ﬁ)+ 2vd4}.

Proof: see appendix. O

+
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5 Pricing double barrier Parisian Options

We want to price a double barrier Parisian call option with the current price of
its underlying asset to be x, L1 < < Lqo, the owner of which will obtain the
right to exercise it when either the length of the excursion above the barrier L
reaches d;, or the length of the excursion below the barrier Ly reaches dy before
T. Tts price formula is given by

Pmin—in—call = eirTEQ ((ST — K)+ 1{7'5<T}) R

where S is the underlying stock price, @ denotes the risk neutral measure. The
subscript min-in-call means it is a call option which will be triggered when the
minimum of two stopping times, 7 and 77, is less than T, i.e. 7° < T. We
assume S is a geometric Brownian motion:

dSt = T’Stdt + O'Stth, S() =,

where Ly < x < Ls, r is the risk free rate, W; with Wy = 0 is a standard
Brownian motion under ). Set

1 1 1. (K
m:(’r‘—o’Q), bZIIl(x), Bt:mt+Wt7
1. (L 1. (L
llzln(1>, lgzln(Q).
ag T g X

S; = xexp { (r — ;0’2> t+ O'Wt} = zexp {o(mt +W;)} = ze? B,

We have

By applying Girsanov’s Theorem, we have
_(ralm? +
Priin—in—call = € (T+2m )TEP {(xeaBT B K) emBT].{TB<T} )

where P is a new measure, under which B; is a standard Brownian motion with
By = 0, and 78 is the stopping time defined with the respect to barrier 11, lo.
And we define

P* (r+%m2)TPm

min—in—call — € in—in—call+

We are going to show that we can obtain the Laplace transform of P,
w.r.t T, denoted by Z7.
Firstly, assuming 7" is a random variable with an exponential distribution

in—in—call
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with parameter v that is independent of W;, we have
Bp [ (eerPr = K)T P10 gy
= / (zeY — K)e™P (BT~ edy, 7% < T)
bi)O oo
= / ye= T / (ze?? — K)e™P (Br € dy, 7% < T)dT
0 b

= / e "TEp [(erBT — K)+emBT1{TB<T}] dT
0

Hence we have

1 [ -
Lr = 7/ (e’ — K)e™P (BT edy,m8 < T) .
Y Jb
By using the results in Theorem 3, this Laplace transform can be calculated
explicitly.
When b > [y, i.e. K > L1, we have

K
Lr = ZFi(o+m)— —F(m),
gl ¥
where
1 e\/ﬂlﬂr(m*\/ﬁ)b
F = — — " \/21d —/2ydy) — —————
o) = O e amd (V) | e
1 e\/ﬂlwr(z*\/ﬂ)b
—— — e\ /21d —/2ydy) p— ——
Jrag(()){m e 7r4JV< 74) NoT
2
ogperhi—rdit = g zy/dy — B
a1 (0)y/2nd e (2 )
2y —zx
V2 (z—VEN)b 4 <% _ \/2771) e~ VIl (z V)b (_% _ \/2771)
+ +
V2y—x V2y+zx

when ls < b <y, ie. Lo < K < Ly, we have

K
Zr = LBy (0 +m) — = Fy(m),
v v
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Fy(z) = W{l—&—xme%f%(x\/cﬂ)}

2y — 22
1 e—\/ﬂlﬁ‘(&cﬁ-\/ﬂ)b
_ = _evdi /o /2
al(O){m e’/ 7Td1JV( \/ 'ydl)} N
1 e\/ﬂlz-&-(ﬂc—\/ﬂ)b
0) § —= — €7/ 2mdy N | —+/2vds) p ———=——;
a0 { G - VBRI (V)

when b <y, i.e. K < Ly, we have

K
L= gFg(a +m) — 7F3(m),

where

Fylz) = 2a,(0)e® hz {1+mme 2 JV(;U\/dT)}

2y — a2

o~ V2l (z+v2Y)b
} V2y—z

+2a2(0) el {1—2\/@6 ’ ‘/V<I\/a }

2y — 22

Voy—w

} o~ V2l (z+v27)b

dyx?
9 /2,\/ewl2—rd4+ N
+a2(0)\/2mdser%

oVt (- )b(/V (b Iy 7\/2774) 7\/712+(m+\/7)bt/1/(

2 — VI )

- VI - VIt

Remark: The price can be calculated by numerical inversion of the Laplace
transform.

So far, we have shown how to obtain the Laplace transform of
* _ e(r+%m2)TP

min—call—in min—call—in-

For
Pmin—call—out = e_rTEQ ((ST - K)+1{TS>T}) )

we can get the result from the relationship that

Pmin—call—out - e_TTEQ {(ST - K)+} - P’min—call—in~
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Furthermore, if we set

Y _ Yy y
L =Ti,L VT2

we can define another type of Parisian options by 7} :

Pmamfcallfin = e_TTEQ ((ST - K)+1{;E‘<T}) .
In order to get its pricing formula, we should use the following relationship:
Lisery =15, <ry H 1os, cry = Liosory-
We have therefore
Pmazfcallfin = Lup—in—call + Pdownfinfcall - Pminfcallfin-
Similarly, from
Pmaa:fcallfout = e_rTEQ {(ST - K)+} - Pmaasfcallfin7

we can work out Pp,qz—call—out-

6 Appendix: Proof of Theorem 3

Let T be the final time. According to the definition of ¥(zx), we have

U(x) = 2\/maN (ﬂx) — Tz + e = Vrr — /maErfe (z) + e~
It is not difficult to show that
—BTWM OO —-pT
E(e ):E / BT 1 gy T ).
0
By Girsanov’s theorem, this is equal to
/ 66_(B+%#2)T_#zoE (QMWT]_{TW<T}) dT
0

Setting v = 0 + %,ug gives

. ©
B = /O (v = gu2)e T E (VT L pw oy ) AT
1
2

R (" L cry )

where T is a random variable with an exponential distribution of parameter v
that is independent of W;. Therefore we have

W, yerIO g
B e ) = T E ()
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In order to inverse the above moment generating function, we just need to
inverse the following expressions:

oo 0
a :/ e“"”efvz”"”dxf/ eHreVAITdy,
_ B
Y 2 0 —oo

The inversion of £&=——
T

The inversion of 5 is given below.

For x > 0,

0 ’ —\/2vz
/ Yot L vEa-ngy, - ¢ Ve
oo i V2 V2

For z < 0,

— Y omd N (—W) ;

/x =Y -4 1 em<my)dy+/0—ye§i L vFie-ug,
— 0 dz \/2’)/ T dz \/2"}/

e 2vzx

£ _ VT, /o d,/( 2 d,»)
vl A

+e LTV fond, {,/1/ (M) - (\ZT + 2'ydi) } .

Consequently, we can get Theorem 3.
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