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Abstract

This research discusses a number of computer-based mathematical
models which are designed to assist planners to make strategic
decisions concerning the allocations of social services resources.
A new model is postulated which uses current patterns of care to
derive a set of alternative modes or packages of care, chooses

a suitable set of allocations of clients to packages of care
within given resource constraints and can be used to explore the
effect on resource requirements of demographic changes, and to
explore alternative ways of caring for clients if populations expand
and/or resources are reduced. Comparisons are made with the DHSS
Balance of Care model and with other models. An exploration is
included of the weighting values used in the postulated model's

objective function.
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CHAPTER 1

INTRODUCTION




Introduction

This thesis is concerned with the use of mathematical

models to assist decision-makers who are planning future
provision of social service resources. The type of decision
is that made at County Hall level and concerns planning

within a county rather than national planning.

Chapter 2 discusses the problem of planning the provision

of social services and shows how a mathematical model,

which represents the care given to clients in the form of
social services, can be used in the planning process to
suggest to the planners alternative yet acceptable patterns
of care for changed client populations and specific resource

constraints.

Chapter 3 describes the data on clients and services which
was made available by Durham County Council and which was
obtained from a census conducted by the Durham University
Business School (D.U.B.S.). Details of the analyses of the

data are given in Chapter 6.

Chapter 4 discusses mathematical models for planning social
services resources. Firstly, the general problem and
techniques of multiple-criteria-decision-making are

discussed, together with their application to the social
services planning problem. Secondly, several mathematical
models, which have been proposed to aid the planners of social

services, are considered. Among these are the first Balance



of Care model; the DUBS goal-programming model; the
revised Balance of Care model (SPRAM); a decision algorithm

model; and a model proposed within Durham County Council.

Chapter 5 discusses the development of a new model, the

author's linear programming model with alternative modes

of care (LPAM). Initially the DUBS goal-programming model

was investigated and a linear model was developed from this.

The linear model proved to be a form of capacitated transportation
model and did not model the actual allocation process, so a
further development was to include alternative modes of care,
fixed in accordance with the caring patterns in use at the

time of the DUBS census. Details are given of how the model

was developed and constructed for a single client group,

then for a random sample of clients and then for the Chester-le-
Street district. This model has a utility function which
incorporates weights, representing the preferences of social
workers for caring for particular categories of clients by
particular modes of care. An investigation of the feasibility
region for the values of these weights is also described in
Chapter 5: a model was developed which represents the constraints
upon the values of the weights. This weight-constraints model

was used to analyse the sensitivity of the weights for the

LPAM model as applied to one client group and as applied

to the Chester-le-Street district.

Chapter 6 returns to a discussion of the client-data and
service~data and their analyses. Descriptions are given of
the DUBS census data and some inconsistencies therein, the
summaries of client groups and service usage, the analysis

of alternative modes or packages of care in use at that time,

the cluster analyses performed to establish a set of alternative



modes of care for each client group and finally the selection

and analysis of the data for Chester-le-Street district.

Chapter 7 considers some implementations of the Balance of
Care model in different regions, viz Wiltshire, East Sussex,
West Midlands and Cornwall. Comparisons are made where possible

between the surveys in those regions and in Durham.

Chapter 8 discusses and comapres the use of two models (the
DHSS/A. Anderson SPRAM model and the author's LPAM model)

for planning future allocations of resources when there are
changes in demography and in resource provision. Probable
demographic changes are discussed for the period up to 1991
and the results of applying the LPAM model to these changes

in Chester—-le-Street district are shown. A small set of test
data is used to make detailed comparisons of the effects of
applying the two models under the same conditions of changes
in demography and in resource availability. This demonstrates
how the SPRAM model plans future allocations which are little
changed from current allocations and how the LPAM model's
future allocations are often radically different from the
current allocations. The opportunity which this latter offers

the planners is discussed.

Chapter 9 discusses some limitations of the work done so far
with the LPAM model and considers how this model could be
applied and extended in practice. Some possible changes in

client group definitions, modes of care and service specifications



are discussed together with the possibility of using Durham
County Council's "priorities and points’ system to determine

the weighting values needed.

Finally, Chapter 10 presents Conclusions.

References to publications are listed in alphabetical order

and are cited within the main text, as are the Appendices.

The Appendices contain lengthy results or details of analyses,
calculations and procedures. Figures contained in the main

text are positioned immediatelyafter the relevant section.



CHAPTER 2

THE PROBLEM OF PLANNING THE PROVISION OF SOCIAL SERVICES




The Problem of Planning the Provision of Social Services

The problem of long-range planning is to recognise long-term
needs and to plan the provision of resources to meet those
needs. Good planning should help organisations to achieve
better performance and to improve efficiency. Planning the
provision of social services requires consideration of the
needs of individuals for social services, consideration of
what should be regarded as ''good performance” in providing
for those needs and consideration of how resources can be
provided to meet those needs. T.A. Booth7 in "Planning for
Welfare'" discusses the system for allocating resources to
welfare and the workings of the expenditure process through
which collective choices are made about the allocation of
resources in the personal social services. Booth views

the expenditure process as a hierarchy of decision-making,
from Whitehall to County Hall and from the Treasury to area
social work teams, which encompasses ali those rationing
and resource decisions which together finally determine who

gets how much of which resources.

The DHSS25 in "Care in Action” has said that statutory
responsibility for the personal social services rests with
elected local government. The government indicates broad
national policies, issues guidance where necessary and has a
general concern for standards. There is only a small number
of direct controls and these are being reduced as a matter of

general government policy towards local government.




This thesis is ccncerned primarily with the type of decision
made at County Hall level. It is concerned with the best
ways of meeting local needs for personal social services
whilst recognising the constraints upon provision of resources.
"Meeting local needs’' implies that needs should be satisfied
but is insufficiently specific to be used as a guide to
planning. Decomposition of this goal shows that satisfaction
is viewed differently by the different individuals and groups
involved. The apparent differences may not matter in the
circumstances when infinite resources are available to fulfil
any needs expressed or determined, but in practice resources
are never infinite: they are constrained. The constraints
may be caused by insufficient availability owing to incorrect
provision of resources or, more usually, by insufficient

funds to provide all resources which could be desired.

Bevan5 has discussed the way in which those planners affected
by cuts in resources need to be able to accommodate them.
There is a need for "decisions robust to an uncertain future"
so that actions can be selected now to satisfy immediate
pressures for commitment of resources, but these actions
nevertheless should enable preferred longer-term strategies
to be implemented and still allow flexibility of choice
between future strategies. Sir K. Sharpsa, writing in
relation to the National Health Service, has said that it is
the task of the NHS to utilise the resources at its disposal
to produce the most "useful” outputs and that decisions on
resource allocation should be taken in the context of the

strategic aims of the service.



In Social Services the planning process involves the
provision and disposition of resources such as social workers,
home-helps, residential homes, day centres, etc i.e. both
staff and physical resources or services. Although the
individual social worker is concerned with the provision

of resources for the needs of each individual client, the
planners need to consider groups of clients and types of care

rather than care for an individual client.

One aid to planning is to use a mathematical model which
represents the conditions being planned (i.e. the needs of
clients, within the region under consideration, and the
resources available currently and in future) and which includes
some measure of performance in respect of meeting client needs.
As McDonald40 says: A model's contribution is towards
estimating the resources needed to achieve a desired position
or to indicate the likely position that would result from some
planned provision éf resources. Whether one situation is
better than another is not something a model should decide".
The emphasis in model-building is thus to assist the planners,
to provide a means by which they can measure the effects of
various different policies for service provision or the
effects of different changes in needs. The models discussed
vary from the purely descriptive type of model which
represents what occurs under various conditions to the
normative type of model which recommends a specific course

of action, i.e. specific allocations of service to clients.



In each of the models discussed, the "'clients” are the
potential receivers of social services whose needs are
assessed by social workers. These clients are individual
members of the population at large, who may be, for example,
elderly and infirm, or children at risk of abuse, or mentally
i1l adults, etc. The classification of clients is one aspect
Sy g . . . 34

of model-building and is considered by Jolliffe et al,
who used cluster analysis to derive client groups for the
elderly, as well as by each of the model~builders whose

A .49 .
work is discussed here. Prentice discusses the choice
of client groups for a social services planning system proposed
for County Durham by a team from Durham University Business

?

School. Nelson introduces the DUBS research and discusses

the organisational context for planning decisions.

Another aspect is the classification of services or resources
and these may consist of, for example, meals-on-wheels
delivered to a client's home, residence in a geriatric

home, visits by a health visitor, etc.

The present author was given access to data on clients
and services obtained from a census conducted by the
Durham University Business School (DUBS). The census
data is described briefly in Chapter 3 and the author's

analyses of the data are detailed in Chapter 6.



Perhaps the most difficult aspect of modelling in this
situation is the definition of what is meant by 'best
satisfaction of need’'. One approach to the planning

problem is to attempt to minimise the cost of providing
resources to meet recognised needs but this assumes that
cost minimisation is the objective and that recognised

needs can somehow be met. In practice the cost of providing
services is what constitutes a major constraint, usually
expressed in some form of budget or limitation on the
quantities of resources available, and the objective is

"to best satisfy recognised needs" within given constraints.

Since the needs of the client groups are many and various,
it is apparent that the planners have to meet multiple

criteria in order to solve their problem.

Longbottom37 discusses techniques for resource allocation

for public services and the use of "inferred benefit” models
such as that proposed in Bayat¢ et al which includes a measure
of effectiveness intended to provide the link between client
needs and the availability of resources. This measure uses

a combination of effectiveness coefficients, representing the
contribution of a particular resource to a particular client
category, and weightings, representing priorities in respect

of caring for different categories of clients.



H

Prentice discusses some fundamental concepts of

" 38
"inferred worth" planning and Louni gives an account of
several published studies on allocating care to the elderly
and discusses the problems of resource allocation and the
. . . . . 45 . .

setting of appropriate objectives. Nelson and Wiper, in
the DUBS research, chose to consider objectives in the form
of targets of allocation, with weightings for categories and
services. This attempt to formulate a goal programming model

. .52 . .
refers to the work of Said who discusses a goal formulation
model for public systems which incorporates an interactive
procedure including solution of a goal programming model at
each stage. Said suggests that the goals themselves become
an intermediate factor which the policy makers use to

generate an agreeable set of policies, whether or not there

is an agreement on goals.

Most researchers have attempted to define some form of goal,
4) L . .

for example Mooney attempts to maximise benefit by equating
marginal social cost and marginal social benefit in each care

. 56 .
location (for the elderly). Torrance et al use multi-
attribute utility to measure social preferences (of the client)
for a system of health states : this is in relation to cost-
effectiveness and benef .ts of intensive care for chronically

. ) 29 .

disabled young children. George , Fox and Canvin use
weightings in the objective function of a mathematical
programming model to find the optimal throughput of hospital
patients, giving preference to the categories with higher
urgency and giving different weightings to different diagnoses.
The values of the weightings were subjectively decided using
an iterative process, but George et al comment that if a

solution has undesirable characteristics because of the

- 12 -



weights used, a new solution can be found by altering the

weights in line with the decision maker's judgement.

Algiel, Hey and Malien discuss ranking the preferences

of several decision makers to reach a group preterence

they refer to this as "judgement analysis" and have applied
it to choose those social services which must be cut in

preference to others.

So,51
Rousseau and Gibbs have used a utility function to

represent their objective in relation to a hospital bed

usage model. This assumes ever-increasing utility with
increases in admission rates and with length of stay.

The utility function is similar in concept to that of
McDonald40 as extended by Coverdale15 and Negrine for the
Balance of Care project. This is discussed further in Section
4.2, Aspdenz, Mayhew and Rusnak described a similar utility
function for a model of health care resource allocation in
Czechoslovakia. This assumes ever-increasing utility

with increases in the numbers of clients receiving

resources.

The general problem of multiple-criteria-decision-making is
discussed in the introductory paragraphs of Chapter 4.
Subsequent paragraphs describe a number of mathematical
models which have attempted to assist the planners in the
particular problem of multiple-criteria-decision-making in

the planning of social services resources.

Before this, however, Chapter 3 sets the scene for the
specific problem of planning social services resources
in County Durham, by describing the data available on

clients and services.



CHAPTER 3

THE DURHAM UNIVERSITY BUSINESS SCHOOL (D.U.B.S.) CENSUS

- 14 -



3. The Durham University Business School (D.U.B.S5.) Census

3.1 Introduction

A research team at Durham University Business School
(D.U.B.S.) had produced a set of papers 'Design for
a Social Services Planning System", edited by

43 . ;
E.G. Nelson . These describe a project sponsored
jointly by D.U.B.S. and Durham County Council (D.C.C.)
Social Services Department. One of the papers,
"Model for a resource allocation decision aid”,

60
by L. Wiper describes a goal-programming model
proposed for planning purposes. Another," Developmental
record of Social Services client grouping', by R.C.

49 .

Prentice discusses the choice of client groups and

services for planning purposes in D.C.C.

The 45 client groups and 99 services chosen by Prentice
were subsequently used by the D.U.B.S. team to prepare

a questionnaire or census form for completion by

social workers in D.C.C. The completed questionnaires
provided a census of the client population of D.C.C.,
with the exception of one district office, Lanchester.
For each client, data was recorded at a single point

in time in 1977 with the intention of showing a distribution
of services in use and some indication of the

unsatisfied demand as expressed by social workers. Data
wag recorded for 8216 clients. Each case has a different
life so the census does not showan annual distribution
nor a demand in total units of service. This information
would be a necessary input to a planning model and

could be obtained by applying multipliers to service

profiles based on annual throughputs of client types.

- 15 -



The census data was stored on a magnetic tape file and
various analyses were performed as described in
another of the D.U.B.S. papers, "Census design and
Analysis for social services planning and resource

57
allocation”, by M. Wheatley.

That magnetic tape file of the 1977 census provided

the raw data to be used in the author's research.

- 16 -



3.2 The Classification of Services and Clients

3.2.1 The Complete Data

The raw data from the 1977 census (the '"Cendat"

data) contains 8216 client records, for each of which
is recorded

- a client number

- a code for age group

- a code for sex

- a client group number

- a list of up to ten codes for the actual
services received at that time

- a list of up to six codes for the additional
services desired by the social worker for the
client

- a list of up to eight codes for the alternative
services which could be supplied, if the

actual services were no longer available

= further comments

Appendix 1 contains a list of the client groups and

corresponding group numbers.

Appendix 2 contains a 1ist of the services available

and corresponding service code numbers.

The raw data was found to contain a number of internal
inconsistencies: the elimination of these, the

use of the data to produce client/service analysis,
the subsequent reduction of the number of client
groups and services is discussed in Chapter 6. The
number of client groups was reduced by the present
author from 45 to 35 and the number of services was
reduced from 899 to 45. This was achieved by
eliminating those groups which had very small
frequencies of occurrence and including clients

from those groups in other appropriate client

- 17 -



groups. Similarly, services which had very small
frequencies of occurrence were eliminated and an
alternative service was substituted. In effect,

the service number of the alternative service became
a code to designate a resource requirement for that

service or for the one eliminated.

The resulting data consisted of 8125 client records
belonging to 35 client groups and receiving services

of 45 different types.

Appendix 3 contains the revised list of 35 client

groups.

Appendix 4 contains the revised list of 45 service

codes.

Appendix 5 contains the complete analysis of numbers
of clients in each of 35 groups receiving each of

45 services.

3.2.2 Chester-le~Street district

As is described in Chapter 6, the district of

Chester-le~Street was chosen for further analysis.

Appendix 10 contains the complete analysis for
Chester-le-Street of numbers of clients in each

of 35 groups receiving each of 45 services.



CHAPTER 4

MATHEMATICAL MODELS FOR PLANNING SOCIAL SERVICES RESOURCES
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Mathematical Models for Planning Social Services Resources

4.1 Introduction

4.1.1 The General Problem of Multiple-Criteria-

Decision-Making

In the study of decision making, the terms "multiple
criteria", "multiple objective"” and "multiple
attribute"” are frequently used to describe decision

. . . 39 . 1 .
situations. K.R. Mac-Crimmon in "An overview of
multiple objective decision making" (1973) distinguishes

between these terms as follows:

(i) Multiple attribute decision problems deal

with choosing among a set of alternatives which are
described in terms of their attributes. ("Attributes"”
may be termed characteristics, aspects, factors,
performance parameters, components, etc.) An attribute

could be, for example, cost, size, or fuel economy.

Most of the techniques for dealing with multiple

attributes require information about:

- the decision-maker's preference amongst values
of a given attribute (e.g. how much does he
prefer 5 mpg fuel saving to 2 mpg fuel saving);

- the decision-maker's preference across
attributes (e.g. how much more important is

cost than engine size).

Multiple attribute techniques either directly ask the
decision maker for an assessment of the strengths of
these preferences or they infer them from his past

choices.

_20_



(ii) Multiple objective decision models

recognise that attributes of alternatives are often

just means to higher ends (i.e. the decision maker's

objectives). Techniques in this case require:

- preference information about the
decision-maker's objectives;

- information about the relationship hetween

objectives and attributes.

Preferences among attributes are thus derived from
the preferences among objectives and the functions
relating attributes to objectives. In multiple
objective models an alternative can be described
either in terms of its attributes or in terms of
the extent to which it achieves the objectives of

the decision-maker.

MacCrimmon thus shows that multiple objective decision
techniques explicitly treat the means-ends relationship

and are more complex than multiple attribute models.

MacCrimmon suggests that multiple-criteria is a term

applied most commonly to decisions which involve both
multiple attributes and multiple objectives although
it can be used for decisions involving either the one
or the other. The decision maker may set up criteria
directly related to attainment of objectives or to
required attribute levels. Despite this, MacCrimmon
chooses to use the term multiple objective in general

since it encompasses multiple attributes as well.

- 2] -



5 '
M.K. Starrs and M. Zeleny in '"'MCDM-State and
future of the arts" (1977) discuss the basic
concepts and notation of multiple criteria

decision-making as follows:

They define a set of potential or feasible
alternatives from which a selection of one or more
alternatives is to be made or their ranking performed

with respect to given criteria.

Each alternative can be characterised by a number

of attributes. At any given time the decision-maker
considers a finite subset of salient attributes
which are scored (measured or assessed) for each

alternative.

The attributes are viewed as means or information
sources available to the decision-maker for formulating
and achieving his objectives. These objectives are
closely identifiable with the decision-maker's values
and needs : whilst not being the actual attributes they
can be viewed as functionally related to or derived

from some of the attributes.

Starr and Zeleny suggest that the main reasons for the

distinction between attributes and objective are:

(a) attributes are generally numerically
measurable while objectives are very
difficult to assess by numbers;

(b) trade-offs between attribute levels can
be more clearly defined on attributes,
while in connection with objectives the

very concept of a trade-off is fuzzy,;
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(c) attributes are more easily characterised
through utilities while objectives may

require fuzzy linguistic labels instead.

In reality, however, both the attributes and the
objectives are often involved in a mixed fashion,

so both categories are grouped together as ''criteria’.
Criteria are then both the attributes and the objectives

judged to be salient in a given decision situation.

There is clearly no universal agreement on the
terminology used. It seems however that "multiple-
criteria” is a term which applies to decisions
involving both multiple attributes and multiple
objectives and thus may be used as a general

descriptor.
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Techniques for Multiple-Criteria-Decision-

Making

35
MacCrimmon groups the relevant techniques into

four main categories of methods:
(1) Weighting;

(ii) Sequential elimination;
(iii) Mathematical programming,

(iv) Spatial proximity.

(i) Weighting Methods

Weighting methods have been applied widely. MacCrimmon
suggests that although the methods seem very diverse,
they all have the following characteristics:

- a set of available alternatives with specified
attributes and attribute values;

- a process comparing attributes by obtaining
numerical scalings of attribute values and
numerical weights across attributes;

- a well-specified objective function for
aggregating the preference into a single
number for each alternative;

- a rule for choosing the altermative (or rating
the alternatives on the basis of +“he highest

weight).

MacCrimmon identifies three main sub-categories,
distinguished by the different bases for preference
attainment and different aggregation processes. The
sub-categories are where the preferences of the
decision-maker are:

(a) Inferred from past choices rather than

being obtained by direct query and are
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(b)

(c)

(ii)

inputs to a general linear statistical
model;

Obtained by direct questioning and are
aggregated additively across all the
attributes;

Obtained by direct questioning and
specific attributes are taken to represent

the whole alternative.

Sequential Elimination

Sequential elimination methods, says MacCrimmon,

are less demanding of the decision maker than

weighting methods. These methods are characterised

by:

a set of available alternatives with
specified attributes adn attribute
values;

scalings of attribute values (intra-
attribute preferences);

a set of constraints across attributes;

a process for sequentially comparing
alternatives on the basis of attribute
values so that alternatives can be either

eliminated or retained.

Again three main sub-categories are identified,

distinguished by the entities they compare and the

processes used for comparison.
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The comparisons are:

(a) Across attributes for a given alternative,
i.e. comparing the attributes of the given
alternative with the attributes of a
standard;

(b) Across attributes for two alternatives,
i.e. comparing the attributes of one
alternative against the attributes of the
other;

(c) Across alternatives for a single attribute,
i.e. comparing the attribute value of all

alternatives.

(iii) Mathematical Programming

These methods have the following characteristics:

- an infinite (or very large) set of
alternatives which are inferable from a
set description (i.e. constraints
specified on the attribute values).

- a set of technolgical or perhaps
preference constraints;

- an objective function;

- an algorithm to generate more preferred
points in order to converge to an optimum.

Three methods of mathematical programming are

described by MacCrimmon. These are:

(a) Linear Programming. The purpose is to design
the optimal alternative by putting together
the best combination of attribute values.

(b) Goal Programming. Here the decision-maker
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specifies acceptable or desired levels
nf =single atiribute values or of
combinations of attributes and these
serve as the primary goals. Minimisation
of the deviations away from these goal
levels becomes the objective. It is
necessary to scale the decision-maker's
"preferences” for deviations in each
direction from these goal levels. The
goal deviations are combined to form a
global objective.
(c) Interactive, Multi-criterion Programming.
Here the decision-maker is required to provide
his local trade-offs in the neighbourhood
of a feasible alternative. These trade-offs
(on the attributes or criterion involving
attributes) are used in a local objective
function for a mathematical programming
algorithm to generate an optimal solution for
that objective. The decision-maker then has
an opportunity to provide new trade-offs which
again serve as inputs to the algorithm. This
process continues until the decision-maker no
longer wishes to revise his trade-offs and so

an optimal solution is reached.

(iv) Spatial Proximity Methods

These are more specialised methods making explicit use of
spatial representations. They are characterised by the

following:



- a set of identified alternétives, in
some cases with vague attribute values;

- a process for obtaining intra- and
inter-attribute judgements;

- the construction of a spatial
representation;

- the identification of ideal configurations
and the choice rule based on the proximity

of alternatives to these ideal configurations.

MacCrimmon describes three of these methods:

(a) Indifference Map. Here the decision-maker's
preferences can be obtained in the form of
indifference surfaces which show the
combinations of attribute values that are
equally preferred. This method is a more
explicit graphical form of the trade-off
approach.

(b) Multi-dimensional Scaling with Ideal Points.
Here the decision-maker's orderings of the
proximities of pairs of alternatives can be
used to construct a multi-dimensional spatial
representation. The decision-maker is asked
to locate his ideal alternative in this space
and then the distance from the ideal point is
measured in order to rank the alternatives.

(c) Graphical Overlays. This method can be used
where the attributes have some obvious
diagrammatic interpretation. Each of a number
of transparent sheets can be used to reflect

the desired way to attain a particular objective
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and they are then overlaid one on another
until all objectives have been incorporated
into one visual aggregation. The objectives
need to be formed into subsets so that
interactions within each subset can be
resolved, then the objectives are aggregated
in turn, finally producing a consolidated

choice.
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1.

The application of multiple-criteria

techniques to the problem of planning

social services resources

From the preceding paragraphs it can be

seen that many methods are available to
approach decisions involving multiple

criteria. In relation to the problem of
planning social services resources, it is
firstly recognised that multiple criteria
exist, i.e. that the alternative means of
providing social services to clients include
different values of different attributes, namely
the amounts of each separate service which are
allocated to the clients in the various client
groups. Secondly, it is recognised that
multiple objectives exist, i.e. the decision-
maker has preferences relating to the means of
providing resources to different client groups.
The preferences may refer to the preference to
treat a greater proportion of one client group
rather than another, or the preference to treat

one client group in a particular fashion.

The development of mathematical models to aid
the planning of social services resources is a
. . ‘ 6

continuing area of study (see Boldy ). Several
models have been proposed and the later sections
of this Chapter discuss some of these, ranging
from the comparatively simple decision algorithm
discussed in section 4.5 to the much more complex

Balance of Care model discussed in section 4.2.
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When the author began this research, there
were two particular models of interest: the
DHSS Balance of Care model described by
40
McDonald et al (1974) and the D.U.B.S.
goal programming model postulated by Wiperbo
43
(1978) . (See Nelson ; Volume 3.1). These

are described in Sections 4.2 and 4.3

respectively.

McDonald's Balance-of-Care model began life
as a linear programming model which minimised
the cost of providing resources. Alternative
acceptable modes or packages of care were
defined by consulting groups of professional
workers and administrators. Thus the

alternatives were obtained by direct questioning.

Evolution of McDonald's model led to his
re-definition of the objective function to an
"inferred worth" function, in which the data
are inferred from information about what
actually happens rather than what ought to
happen. Instead of a constraint stating that
some number of clients must be treated, there
is an incentive contribution to the inferred
worth function which provides an incentive

to treat this number of clients.

s 1
Coverdale and Negrine used McDonald s model
{as described in Section 4.2.7) but found that
it was difficult to calibrate the parameters

in the inferred worth function. Their version
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of the model describes the provision of

care in terms of coverage, modal balance and
quotas., Coverage is the ratio of the number of
clients receiving care to the number of potential
clients in a group. Modal balance consists of
the numbers of clients in a group receiving

each of the alternative modes or packages of
care which could be allocated to clients in that
group. Quota is the ratio of the allocation of
a particular reducible service to that which
would be required if desirable levels of service
were to be reached (for that particular modal

balance).

The D.U.B.S. goal-programming model described in
Section 4.3 is a model which uses ideal levels

of service as targets or goals. Target levels of
service are set for each client group and "distance
from target” is minimised. Since the D.U.B.S.
goal-programming model had been postulated with
the intention of using the D.U.B.S. census data
to provide data for the model, but in fact no
model had been constructed, the present author
began by considering such a model. The first
section of Chapter 5 describes the author's
construction of a model along these 1ine§ and
later sections show the further development to

include alternative modes of care.
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The D.H.S.S.zs'26 (1981) had meanwhile

developed another model. The new model was

based conceptually on the Balance of Care model
in that it sought to balance the resource
availability with the client needs, but it was
not based on the mathematical model proposed by
McDonald. Instead it used SPRAM (Simple
Proportional Resource Allocation Model). This
model was developed by Arthur Andersen & Co. in
association with the D.H.S.S. and is described

in Section 4.4 Implementation of this model

has taken place in several different geographical
areas, in each case based conceptually on the
D.H.S.S. model but varying in the type of
analysis undertaken. Some results of these
implementations have been made available to the
author and these are discussed in Chapter 7 where
comparisons have been made with the data for

County Durham.

The D.H.S.S. SPRAM model described in Section 4.4

is not a mathematical programming model. Instead

a form of weighting method is used where preferences
for particular allocations are used to assign
clients to modes of care, initial allocations

being to the same modes of care as previously,

and resources are then allocated in simple
proportion to the existing allocation, according

to the amounts of each resource available. A

form of sequential elimination procedure is also

proposed, to take into account the change in
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resource requirements due to 'saturation

effects’”. This is not sequential elimination
L . . 39

of the kind described by MacCrimmon but a

sequential alliocation procedure which

allocates the whole of one set of resources to

clients, then eliminates this set from further

consideration and moves on to another set of

resources to be allocated.

The implementation of the Balance of Care model

at Calderdale is described in Section 4.5, This
implementation is distinctive from implementations
in other regions (which are discussed in

Chapter 7) in the way that the allocation model
has been simplified to a straightforward decision
algorithm. Comparing this algorithm with the
MacCrimmon classification of methods, this
algorithm uses a set of modes of care obtained

by direct questioning of the professional workers,
thus a form of weighting or priorities is
inferred, then a sequential elimination procedure
is used to eliminate certain modes of care from
consideration for individual clients with
attributes of need at certain levels. Sequential
consideration of attributes eventually leads to a

single mode of care appropriate for the client.

Within Durham County Council (DCC) itself, the
planning department has been investigating
alternative ways of allocating resources and,
partly as a consequence of the D.U.B.S. study

and our own discussions with DCC, a simple
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model based on the SPSS computer package was
propocsed. This is described in section 4.6

+ - - lhhamarm dm=T amme+
but has nct been implemented.

The final section (4.7) of this chapter considers
the advantages and disadvantages of all these

models.

Since most of the models considered here are
mathematical, a consistent symbolic notation
has been used throughout. In several cases
the models are presented here with different
symbols from those used in the original
presentations by their authors. The intention
has been to avoid the confusion which could be
caused by the introduction of a new set of

symbols for each model.

Figure 4.1.3.1 shows the notation used.



Figure 4.1.3.1

s
1

%1

ilk

il
“7 =

ik
tik
A

ik

Tik

Symbolic notation

Subscript

for client group (DUBS model) or category

within a group (Balance of Care)

Subscript
Subscript
Subscript
number of
number of

amount of
receiving

for DHSS-defined groups (Coverdale)

for service resource

for mode or package of care

clients in group i

clients in group i to receive mode 1 of care

service k allocated to a client in group i
mode 1 of care

total available amount of service k

weighting
care

weighting

for clients in group i receiving mode 1 of

for clients in group i receiving service k

target amount of service k received per client in

group i

amount of

service k allocated to group i collectively

target amount of service k for group i

amount of

unit cost

amount to

number of

service k allocated per person in group i
of resource k

be spent on prevention for group i

cases in group i prevented per unit

expenditure on the prevention programme

minimum number of cases in group i which can be
treated by alternative 1 for medical reasons

maximum number of cases in group i which can be
treated by alternative 1 for medical reasons.

maximum expenditure on prevention for group i

short term marginal cost of resource k

extra(capital) cost of increase in resource k

increase to be made in resource k

maximum possible increase in resource k
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Figure 4.1.3.1 Symbolic notation (continued)

Bnk = new amounts of service k
9- = general proportion of demand
5 = general resource use reduction factor
D = number of clients in group i receiving care

(Di is variable and Coverdale uses Dito represent

the potential number of clients in group i)

g = a function representing the contribution to
inferred worth for group 1i.

DLi = lower bound on demand from group i
DUi = upper bound on demand from group i
= a constant for group i
o< group
Ei = elasticity of satisfied demand from group i
- = shadow prices on demand constraints
hilk = a function representing the inferred worth
for each client from devoting uilk units of

resource k to each client in group i receiving
mode 1 of care.

= lower bound on amount of service k allocated
to a. client in group i receiving mode 1
of care.

ULilk

Uuilk = upper bound on amount of service k allocated
to a client in group i receiving mode 1 of
care,

vilk = variable amount of service k allocated to a
client in group i receiving mode 1 of care.

Fik = constant elasticity of the actual allocation
of _esource k to each client in group i
wit1 respect to marginal inferred worth.

841k = a constant for group i, mode 1, receiving
service k.
c = coverage in group i, i.e. the ratio of the
number of clients in group i receiving care to
the number of potential clients in group 1i.

qjk = quota for DHSS - defined group j receiving service k
i.e. the ratio of the allocation of service k to
that which would be required if desirable levels of
service were to be reached for group j (for a
certain modal balance).



Figure 4.1.3.1

ik

Uilk

Symbolic notation (continued)

desirable level of service k for group J.

desirable level of service k per client in
category i receiving mode 1 of care

parameters for Coverdale's h-function
parameters for Coverdale's g-function

number of units of resource k allocated to mode
1 of category i in SPRAM model

quota for mode 1 of category i receiving resource k
number of clients receiving care in category i

ideal package equivalent for category 1i.

estimated future requirement for resource k

current allocation of resource k to clients in category 1
future size of population in category i

current allocation of resource k to geographic unit g
future allocation of resource k to geographic unit g
population size of geographic unit g

current allocation of a resource to geographic unit g
future allocation of a resource to geographic unit g
current resource availability (units)

future resource availability (units)

a constant used in the SPRAM model

future availability of resource k

future allocation of units of resource k to clients
in category i of group j and geographic unit g

number of units of dominant resource allocated to
mode 1
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Figure 4.1.3.1

ikl

ik

ikl

Symbolic notation (continued)

number of units of non-dominant resource k
allocated to mode 1

quota/coverage trade-off parameter for resource k

average amount of resource k allocated currently
to clients in mode 1 of category i

number of clients in mode 1 of category i currently
receiving resource k

coverage of resource k in category i

maximum likely use of resource k by a client in
mode 1 of category i

number of clients in category i allocated to
institutional care

maximum amount of resource k available for
geographic unit g

adjusted allocation of resource k to géographic
unit g

decision parameters, used in Segment 4 of the SPRAM
model, designating the proportional change in

allocation of resource k to category i

saving in other resources by allocating resource
k in mode 1

cost per client of 1th mode of care

cost per client of cheapest alternative mode not
using resource k

number of units of resource k used per client in
mode 1



4.2 Balance of Care

4.2.1 Introduction

In 1974. A.G. McDonald‘w; G.C. Cuddeford and
EML Beale published a paper ''Balance of

Care : Some Mathematical Models of the National
Health Service'. The paper reportéd on the
progress of a series of studies carried out
jointly by the Department of Health and Social
Services (DHSS) and Scicon Ltd. The term "balance of
care'' was chosen because the authors regarded
the total care delivered with finite resources
as a balance between the major types of care
and groups cf client. The aim was to
illuminate the likely consequences of different
sets of policy options in terms of balance,
both between different resources provided

and between various groups of clients cared

for at a strategic level.

McDonald et al state that the fundamental
contribution from their studies has been

the definition of categories of client, the
identification of alternative care patterns
associated with these categories, the

resources involved in the care of clients and the

availabilities and costs of these resources.

Their basic concept is that of alternative

forms of care for some categories of client.



2.2

Categories were defined in such a way that the
resources required to care for the same client
under different categories are not counted twice.
The resources required by one category are
regarded. as having no effect on those required

by another, other tham the indirect effect of
scarcity. Furthermore it is assumed that some
resources will be scarc2 and that it is adequate
to provide clients in a specific category with
one of several alternative packages of care.

Thus acceptable packages of care could be defined
and were obtained by consulting groups of

professional workers and administrators.

Figure 4.2.1.1 shows an example of altermative
care options for a category of elderly clients.
"Demand” for care was estimated in a variety of
ways, for example : from existing case-loads,
from existing surveys of potential elderly
clients, and by exirapolating current demand to

estimate future demand.

Data on resources was obtained from DHSS records.

The initial model

Altogether, McDonald et al defined 150 categories
and 550 alternative acceptable resource uses for

each client. 38 resources were included. Their

initial assumptions were:

(1) that resource use for each case should be

independent of resource availability -

thus maintaining standards,
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Figure 4.2.1.1

Alternative care options for a certain

category of elderly patients

40
(Table 1 from Mc Donald et al)

(Category includes those with poor housing, who live with

others, have severe to appreciable physical handicap and

have severe to moderate dementia).

RESOURCE

ALTERNATIVE CARE OPTIONS

Location
Psychiatric bed

Geriatric bed
Special housing place

Own home

Community support
District nurse (visitis
per week)

Part-time domestic help
(hours per week)

Meals delivered to
patient's own home
(number per week)

Attendance at psychiatric
day hospital (times
per week)

Attendance at geriatric

day hospital (times
per week)
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(ii) that resource costs are linear with

respect to the amount avaiiable;
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than presented demand.

The requirement was to choose the best alloc ation
of resources to categories and the objective
decided upon was to minimise cost.

The initial model was as follows:

Choose the x, tor
il

Minimi L r I -
inimise " Ck i1 uilk &il

subject to 1 Xil > di for all i,
and DA u X B for all k.
i 1 Tilk Til | k

This model seeks to find that allocation of
resources to categories of client which
minimises cost, subject to given case-

loads and resources.

4,2.3 Versions of the initial model

In practice, more sophisticated versions of the
basic model were used, as follows:

Formulation A: for long-term marginal costs and
preventive programmes:

T T L I 3
Minimise I Ck i1 uilk Xil + pi

. b - =
subject to 1 b:4 d Nipi for all i;

i

w

il
X i ;
Li1 € %41 € XUil for all i,l;
P, g Pi for all i;

Lz
i1 Y41k *57 < B for all k.



This model includes expenditure on prevention
programmes with assumptions about the consequent
reductions in levels of care. The assumptions
were so tentative that the preventive version

could only be illustrated but not applied.

Formulation B: for short-term marginal costs

and capital costs:

Minimise i [Ek (§ ﬁ 9k Xil) + Hk &k + % by
Subject to % Xil > di - Nipi for all i;
Lil € Xil < %}il for all i, 1;
P, g Pi for all ij;
Pobowig T Bt N for all k;
8<M

kx 'k for all k.

This model includes the facility for expenditure on
prevention programmes as in formulation A above,

as well as the facility to permit resources to be
increased up to given limits at additional capital
cost. This enables a range of combinations of
increased resources to be examined in one

calculation.

Formulation C: for parametric programming

with demand:

e T Y T
Minimise K Ck i1 uilk Xil
. T i
Subject to 1 %51 3 Bdi for all i,
I L . .
i1 uilk xil < Bk for all irreducible k,

R
1

T Y51k Xil < Bk for all reducible k.

This model recognises that available resources cannot
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provide acceptable cover to satisfy potential
demand and introduces two new measures: a
"resource usage factor' and a "percentage

of potential demand included in the model” .

The resource usage factor is a hypothetical
proportion of the '"acceptable" use by each
client of some resources. The use of some
resources was considered irreducible (eg.
hospitals and residential homes) whereas
non~-residential services (eg domestic

help, meals-on-wheels) can rationally be
reduced. In the ideal situation both the
resource usage factor and the percentage of
demand would be 100, but for any given level

of resources the model can be used to establish
the relationship between the two measures for the

minimum cost combination of alternatives.

McDonald shows the relationship obtained using
this model for all "elderly" categories : at
best, either 40% of the potential demand can

be included and 100% of the acceptable
domiciliary care for each patient delivered,

or 50% of potential demand and 50% of acceptable
domiciliary care, or there will be some

combination in between.



.2,

The predictive model

Development of these early formulations led

tc construction of a predictive model. Such

a model would represent how resources, case-
load and care for each client interact. It
had been observed that increases in resources
revealed further unsatisfied demand. The
predictive model would estimate the number of
clients drawn into the system and the level of
care delivered, corresponding to any planned
level of resources. The model is based on the
concept of the "inferred worth" of the total
care delivered. 'Inferred worth" is used

to mean a utility function in which the data
for it are to be inferred from information
about what actually happens rather than

what ought to happen. The model has the
structure of a normative model but is

formulated as a predictive model.

The basic hypothesis is that "the health
services allocate various available resources
to maximise the net inferred worth of total
care delivered, where net inferred worth

is a utility function exclusive of cost,
which is implicitly defined by the prevailing
trends in the average amount of care given to
each client and the types of categories of

client cared for".

The new model is developed from the initial



.2,

cost-minimisation model (described in
Section 4.2.2 above) in two stages,

firstly with fixed resources 1.'.’,11

devoted to a client receiving each type
of treatment and secondly with variable
resource uses. The new model permits an

expansion of the resources made available.

Predictive model: first stage

The first stage is similar to the cost-minimisation
model, except that the number of clients in group i
receiving care is now a variable Di and the new
amounts of resource available are denoted

by BNk. Instead of a constraint stating

that some number of clients must be treated,

the model includes a contribution gi(Di) to

the inferred worth for each group of clients,
which provides an incentive to treat this

number of clients. Lower and upper bounds

DLi and Dui are defined for the demand from

clients in group i.

The new demands can then be calculated by finding

the Diand xil to maximise the net inferred worth

as follows:

imi z - (3 X
Maximise § &;(Dy) = § 1 G Cp vy X

subject to Zx . -D =0 for all i,
1 il i
Lz
il uilk Xil < BNk for all k,
DLi £ Di < Dui for all 1i.

The functions 8, (Di) need to be defined.

- 47 -



McDonald et al show that the gi can be

represented as follows:

g, (D) = oLi p (t = Vgy)
L 1 1 _ l/El

unless E, = 1, when g, (D.) =i 1n(D.) .
1 1 1 i

The values ofoci are given by the requirement
that gf (d,) = T,., where ¥, are the

i i i i
(negative) shadow prices on the demand constraints
in the simpler initial model as formulated in
4.2,2 above. It is assumed that the initial
model is solved and that the shadow prices
(- Wi) on the demand constraints are

computed.

The constants Ei, elasticity of satisfied demand
from group i, are such that,for all values of Di’
a 1% decrease in the marginal inferred worth of
treatment corresponds tc an Eim increase in the
number of clients treated. The optimisation model
will lead to a solution in which the marginal
inferred worth gi (Di) from taking extra

clients equals the opportunity cost, so Ei is
regarded as the elasticity of demand with

respect to opportunity cost.
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Predictive model : second stage

The second stage, extending the model to allow
different allocations of resources Vilk to

each client, requires the assumption of another
set of constant elasticities, Fik’ of the
actual allocation of resource k to each client
in group 1 with respect to marginal inferred
worth (or equivalentlyto the opportunity cost
of the resource). The inferred worth must be
defined so that the acceptable allocations
uilk of resources to each client are optimum

when resources are unconstrained.

The model becomes : choose the Di, x, _and v,
il ilk
to:
Maximise ° (Di) + £ Loy (v... ) x
’ i & 1 k ilk Cilk’ Til
_ Lz C v %
i 1 k k 1ilk i1l
subject to z x,. - D, =0 for all ij;
1 il i

5 OF

i . B, f 11 k;

i1 Vilk Fi1€ S COT &4 S

D .¢D D . f 1i;
Li€ Dy s Dy for all iy

Uitk < Vitk € Yuilk for all i,1,k;

where ULilk, Uuilk are low.r and upper bounds on

and hi (v,lk) are functions representing the

Vilk» 1k Vi

inferred worth for each client from devoting vilk

units of resource k to each client in group i

receiving mode 1 of care.

The constant elasticity assumption implies that

(v.,. ), where

there is an inferred worth h,
i ilk

1k
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b (v ) = -1/

: 3 Fik
i1tk Vilk “i1k Vilk t

for some g,
“ilk,

the values of Bilk being deduced from the

assumption that v,

i iat
i1k is the appropriate

allocation of resources to each client when
the resources are unconstrained and the
opportunity cost of each unit of resource
is C

K

This implies that:

t . - 1/
v, - Vs Fik
hilk ( 1lk) Ck ullk
ilk
and hence by integration,
Bitk ik T Ok Uik Vit \\U T Yok
: -1
-1 ) Uilk
(1 /Fik
i Fi = =
or, if Fik =1, b, (vi0) = O Uyppe 10 (V7Y -

In practice, however, the acceptable levels of
care Uik are inconsistent with the actual set of
client numbers diand the current resources Bk'
Consequently the cost-minimisation model is

not a feasible means of calibrating the inferred -
worth functions gi(di) in the current situation.
Instead the appropriate shadow prices -TTi

on the demand constraints may be obtained from

another model, in which the resource use vilk

for each client is variable but the numbers of

clients remain constant.
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This model requires choosing Kil and v, to:

ilk
I T I
Maximi
Maximise i1k hilk (vilk)xil
- ¥ X c
i 1 k “k ilk Fi1
Z
Subject to 1 %41 < di for all i,
T I B
;1 ilk i1 "k for all k;
) for all i,1,k.

Lilk € Vilk s Cuilk

As McDonald states, the elasticity factors Fik

are the only undetermined factors in this model

and these have to be estimated, with the

additional requirement that for the current resource
availabilities all resources should be used,

so that the standara of care delivered to

clients using reducible resources is as high

as possible.e.g. Fik = O implies that the

standard of care for this i,k is fixed at

uilk, since if Vilkl< uilk then hilk(vilk)

— ~eQ a5 F.. >o0.
ik
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Use of the model

k3
I.L. Coverdale and Negrine, in their paper

1" . " N
hl v
The Balance cf Care Prcject discuss the use

of the Balance of Care model. They distinguish

1"

between "groups’ and "'categories” of clients
where ”groups" refer to the types of clients
who are normally grouped together for DHSS
planning purposes, e.g. elderly, mentally ill,
etc. and "categories’ refer to those clients
who make similar demands on services. In the
preceding discussion, the word "group" has
been used to mean the sub-classification of

a category within a DHSS -~ defined group.

For planning purposes it may be useful to

be able to collate the needs of a set of
clients belonging to several categories or
one DHSS - defined group, but it was not
considered necessary for the purposes of

the preceding discussion. In this paragraph,
however, the nomenclature of group and category

will be adopted.

Coverdale and Negrine state that the Balance

of Care model has been used to aid planning

at national level, to analyse alternative
strategies and to examine their consequences.
At a local level the model has been used to aid
planning in Devon, where it contributed to the

joint planning activity between the health
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authority and the local authority social
service department and it has been used
to suggest areas where joint financing may be

appropriate.

Coverdale and Negrine describe the provision of
care in terms of coverage, modal balance and
quotas. Coverage, Ci, is the ratio of the
number of clients receiving care to the number

of potential clients in a group.

Modal balance, x. is the number of clients

i1’
in different modes of care. A quota, qjk’

is the ratio of the allocation of a particular
reducible service to that which would be

required if desirable levels of service were

to be reached (for that modal balance).

This version of the model is as follows:
Choose that pattern of care (coverage ¢ _,

modal balance x,

i1’ and quotas qjk) which will:

imise I I L :
Maximise Ik bjk hjk (qu) + i Di gi(ci)

- ZIC a
jk k Jk
Subject to:
= z z .
bjk i€y 1 Uilk Xil for all j and k,
ajk = qjk bjk for all j and k,

s
] jk f k  for all k,

z X, = D Ci for all 1i.
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In this representation the subscript j is used
to represent the DHSS-defined group whilst i

is used to represent the category within the group.

Then bjk represents the desired amount of service

k for all categories in group j and aJk
represents the actual amount of service k supplied

to group j.

Thus ajk = qjk bJk implies that the actual
service supplied is some quota qjkOf the desired
service level kaand ? ajk‘ Bk constrains the

total actual amount of service k supplied to

be within the available amount Bk.

The constraint 2 x,. = D, ¢. implies

1 il i i
that each person receiving care must be in one
of the modes. ci is the coverage within group i

and Di is the number of potential clients in

category 1.

In the objective function to be maximised,

I Iy

i.e. k Pk hjk(qj

- 3
Kt i Dy o8iey)

. Lz Ck ajk,
h and g need to be calibrated. The g functions
represent the worth of caring for clients at
desirable service levels and the h functions

represent the penalty of falling short of

these levels.
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This objective function is directly comparable
with McDonald's such that
- the number of clients serviced is expressed in

terms of coverage and potential number of clients.

~ the level of service supplied is expressed in
terms of quotas and number of clien® receiving

each mode of care.

Coverdale and Negrine describe the calibration

of the h function by assuming that it is worth
improving quotas up to 100%, at which point
service allocations will be at the desirable level
and no penalty will be incurred. They show that
the h function should reflect diminishing returns
as the quota or amount of service supplied to a
group increases. Thus a concave curve is required
and an inverse power form is what was chosen.

-9

) =¥ jk (l-qJk

i.e. hjk(qjk jk )

Where 1 jk and #jk are parameters to be estimated.
This defines a curve with diminishing returns to
scale whenever ¢k> - 1 if Yjk and ¢jk have the
same sign. This is essentially the same form as

that used by McDonald et al,

To calibrate the g function, it is assumed that,
up to the number of potential clients, there
will be a benefit in treating extra clients and
that there will be decreasing returns to scale,

the more pressing cases receiving care in

- &t _



preference to others. Once again a diminishing
return form is needed. This time, instead of
using an inverse power form as did McDomald

et al, Coverdale and Negrine used a quadratic

form:

C = [+ + C
gi( i) & ., <, n. S,

wheregi and ni are parameters to be estimated.

They comment that calibration of the parameters
proved to be difficult and that this may be an
inevitable consequence of modelling the choice
of service allocation which exists within the

Health and Personal Social Services system. (HPSS)

They state however that the model has been
useful in clarifying the interrelationships
between the different parts of the HPSS

and in quantifying the consequences of adopting

various strategies.
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.2.8

Predictive model: comments

Although McDonald illustrates in an appendix
how his predictive model can be simpliIied
mathematically for computational purposes,
it is clear that the complete model (of
McDonald or of Coverdale and Negrine)

is not easy to use and that it requires a
lot of data additional to the basic cost

minimisation model.

R.J. Gibbgo, in his paper "'The Use of a
Strategic Planning Model for Health and
Personal Social Services' discusses the
following questions encountered in the

Balance of Care study:

(1) Given that the objectives of the
service cannot be satisfactorily
quantified and final outputs
reliably measured, how far can
modelling proceed with intermediate

or surrogate output measures?

Gibbs suggests that the modeller
should be well satisfied if he can
construct a model that links inputs
to the service with any intermediate
surrogate measures of outputs that

are available.
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(ii) How much should the model take into
account the ideal standards which the
service would seek to attain in its
various activities if resources were
not constrained and how much, on the other
hand, should the model take account of

current practice?

Gibbs suggests that in order that the
model should be capable of exploring

the consequences of major changes to

the status quo rather than simply marginal
ones, the modeller must accept the
necessity to take some account of the
ideal behaviour of the service rather
than simply represent current practice.
In doing this he should not be reluctant
to collect judgemental data for aspects
of the service from personnel working

in the field.

(iii) Is the use of a comprehensive strategic
model by the central authority incompatible
with a reasonable degree of devolution of

responsibilities to field authorities?

Gibbs suggests that the use of such a
model is not incompatible provided that the
decision variables of the model correspond

to the variables under the central authority's
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(iv)

(v)

(vi)

control and that the model represents
how the field authorities, within the
limits of their autonomy, are likely

to respond to different central decisions.

If both the field authorities and the
personnel who are directly concerned with
delivering the service have a significant
degree of autonomy from the central
authority, whose preferences and priorities

should be incorported in the model?

Gibbs suggests that, following from (iii)
above, the model should incorporate the

de facto priorities and preferences that
are employed by service personnel in the
field even if these are at variance with

those of the central authority.

Should the model be of an optimising
nature or of a simulation ("what-if')

type?

Gibbs suggests that, again from (iii)

above, the model should be of the what-if,
simulation type so that it can be used to
test out alternative policy options in an

interactive mode with central planners.

Assuming that the planning process is a

form of dialogue between the central and
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field authorities, how should the design
of the model take account of the terms

in which the di

Gibbs suggests that the model may enrich

the quality of the planning dialogue between
central and field authorities by providing

a set of connecting logic between service

inputs and intermediate outputs.
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4,2.9 Summary
The Balance of Care model, as described by
McDonald et al, by Coverdale and Negrine,
and by Gibbs, was difficult to calibrate but was
useful in quantifying the consequences of

adopting various strategies.

4.2.10 Further developments

The Balance of Care model has been developed
further by the DHSS in conjunction with Arthur
Andersen & Co. Section 4.4 describes this

development.
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A=

The D.U.B.S. Goal Programming Model

0o
The D.U.B.S. goal programming model was proposed by L. Wiper
in "Model for a Resource Allocation Decision Aid", one of
the papers in the set '"Design for a Social Services Planning
e . 43
System , edited by E.G. Nelson .
The model is defined as follows:

L X z
Minimise s K (Tik Aik) wik

subject to i A < B for all k;

ik k’

where i,k, A,B,T,W are as defined in figure 4.1.1 and
K wik =1, for all i, is a condition of the data.

This model is of goal programming type using linear
programming to find the optimum solution. Target levels
of service are set for each client group and "distance

from target” (i.e. the sum of the differences between

allocation and target) is minimised.

The procedure is as follows: for each client group i

a target 'package"” of services T,, s defined which

will meet all their requirements in terms of '"need”

for Social Services. Next, a weight Wik is attached

to each service k for each client group i indicating

the contribution it makes to the package of services

for that client group, i.e. the proportion of the

clients' needs that is met by the provision of that target
level of service. In addition to defining targets and
service weights, the resource constraints Bk are also

defined. The problem is then stated as being to

minimise the sum of shortfalls from targets, weighting
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for contribution of service, and subject to the resource

constraints.

As presented by Wiper, the objective function minimises

- w
K Aik) ik. In theory,

the sum of weighted differences (Ti
these differences could be both positive and negative and a
true goal programming model would minimise the sum of the

ik, wik.

absolute weighted differences ‘Tik - A
The goal-programming model had been neither tested nor

implemented by the D.U.B.S. team.

It was decided that, as part of the current research, the

model should be investigated.

It was soon realised that the goal-programming model proposed
is in practice identical with a simpler linear programming
model. This is because the targets of the goal-programming
model are ideals and would never in reality be exceeded,

i.e. the actual service allocations will always be less than
or equal to the target allocatioms. Thus minimising the
total of the absolute differences between the service
allocations and the targets is equivalent to maximising

the total service allocations subject to upper bound
constraints which are themselves the targets. This linear

model is described in Chapter 5.
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4.

4

The D.H.S.S./A. Andersen Model (SPRAM)

Introduction

The original Balance of Care Model described in
Section 4.2 can he described as an "inferred
worth” model in which the underlying behavioural
assumption is that '"field workers act in a way
which produces the same results as if they were
maximising a joint utility function of a given
mathematical form. It is possible to infer the
parameters of this function from data on the
current proportions of resources received by
different sets of clients”, (D.H.S.S.uVA. Andersen,
1980). The model was initially developed and
applied at the national level but was also used
at the local level. The consultants Arthur
Andersen & Co. were commissioned in 1979 to
examine how the Balance of Care approach could be
modified to make it more readily applicable at

the local level.

The new model was therefore developed jointly by
the D.H.S.S. and Arthur Andersen and, whilst
retaining the data framework of the original
Balance of Care Model, has a completely different
mathematical structure. This is both less
complex for the planners to understand and more
easily implemented at the local level, thus
reducing the need for D.H.S.S. Operational

Research Service involvement in local application

of the Balance of Care Model.
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4.4.2

Framework of the D.H.S.S./A. Andersen Model

The data framework of the original Balance of
Care Model was retained in the new model : the
population of potential and actual clients being
divided into client groups (about 6 of these)

and categories within client groups (about 15
categories per group). Several alternative
equivalent packages or modes of care may be
defined for each category. The packages use
resources which consist of the various health and

personal social services.

Much emphasis is placed (D.H.S.S?S, 1981) on the
broader aspects of the Balance of Care approach
that it is primarily an approach to strategic
planning; that it demands a suﬁstantial commitment
to manage its implementation and that it concen-
trates on the broader policy issues of the effective
use of resources. The Balance of Care approach
assumes that at some planning level there are
significant amounts of money which the planners
can switch from one sector or service to another.
Data is organised by the model, professional field

workers give advice and planners take the decisions.

A recommendation is made as to the organisational
structure which is needed to make best use of the
Balance of Care approach. This includes (1) a

Joint Management Team (J.M.T.) to provide overall

direction and control of the project; (2) the
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Professional Advisory Groups (P.A.G.s), who
provide professional input, initially agreeing
on a specific category structure with which to

organise the data, then consolidating the data

structure subsequent to the data survey, advising

on appropriate alternative modes of care for

clients in each category and advising on the

ideal levels
of client in
Project Team

project.

Structure of

of service required by each category
each mode of care; and (3) the

for the day-to-day running of the

the Model

The Model is

six segments,

.

described (D.H.S.S.25 )} as having

each of which is run independently

although an iterative procedure is suggested.

The six segments perform the following:

1. Gives current standards of care.

2. Gives resources needed in future to

maintain current standards, given expected

demographic changes.

3. Gives future patterns of care,given current

policies and amounts of resource likely to

be available.

Gives future patterns of care arising from
changes in policies about resource allocation,.
Analyses which resources are "best-buys’.

Analyses the "best” ways to allocate a

given set of resources.
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FIGURE 4.4.3.1 ITERATIVE PROCEDURE FOR D.H.S.S./A. ANDERSEN MODEL

Use Segment 1
- What are current standards of care?

-

Use Segment 2
- What resources are necessary to maintain
current standards of care?

.

.

Use Segments 3 and 4
- What is the likely future situation
given (a) current policies and likely resources;
(b) changes in policies and resources?

Select a possible set of future resources D

Use Segment 5 : Use Segment 6

- What are the "best’ ¢ i - What is the "best"”
resources to buy? way of using resources ?

Select an alternative - Change assumption about

set of future resources allocation of resources

v

Develop
Strategic Plan
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Figure 4.4.3.1 shows the iterative procedure

suggested.

Each of the segments is now described.

Segment 1

Segment 1 collates survey data and groups the
data according to the categories devised by the
P.A.G.'s. Summarises the current allocation of
care in terms of the numbers of clients of
different types and in different groups and
categories receiving care, and the standards of

the care they are receiving.

Measures of quota, coverage and ideal package

equivalents are used.

Quotas are the average amounts of resources provided
to those people receiving care, expressed as

percentages of the "ideal" levels set by the P.A.G.

I.e. 1If the clients in mode 1 of category i

receive a total of rilk units of resource k and the

ideal is Uilkunlts per person, the quota qilk is

defined by:
Y1k = ilk
i1k “ilk
Here the amounts rilk and Xilk are obtained from

the survey data and the Uil are defined by the

k
P.A.G.
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Coverage is the number of people receiving care
expressed as a percentage of the number of

pctential clients.

where cy is the coverage in

i categoryi,

X. 1is the number of clients
in category i who are
receiving care, and

d, is the number of clients
in category i who are in

need of care.

Here the amounts xi are obtained from the survey
data and the di are calculated by the project team

using available, non-survey data.

"Ideal package equivalents" are used for comparisons
of resource provision. They represent the cost of
providing a package of care at current standards
expressed as a percentage of the cost of providing

that package at ideal standards.

I.e. =
e IPEi ch r1'.1k represents the

1 z Ck UJ‘.lk
k
number of ideal package equivalents provided for

category i, where C, is the cost per unit of

k

resource k,

rilk is the amount of resource k allocated to

mode 1 of category i, and
Uilk is the ideal amount of resource k per client

for mode 1l of category 1i.
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. 4.6

Here the amounts ri are obtained from the survey

1k

data ande, U,

i LALG.
i1k are defined by P G

Segment 2

Segment 2 projects forward the current use of
resources by increasing them in the proportion by
which the population of potential clients is expected
to grow in order to give an estimate of the total

future requirements by resource type.

Although the calculation method is not detailed in
5,6 . . . .
the D.H.S.S. publications, it seems likely that

the increases are calculated as follows:

/ - ’
Bk —Eik . i{ _
d

i i
where rik is the total amount of resourcek currently
allocated to clients in category i,
d; is the current size of the client population
in category i, and
d{is the future size of the client population
estimated for category i,
and B’ is the estimated future requirement for

k

resource k.

Quotas, coverage and ideal package equivalents are

calculated in the same way as in Segment 1.

Segment 3

Segment 3 simulates the allocation of future resources
given the total availability of each resource and

information on geographic availability. Allocation



is done in hierarchical fashion whereby resources

are allocated to geographic units (g), followed by

finally modes (1). Lastly the effects on quota

and coverage are determined.

The S.P.R.A.M. (Simple proportional resource
allocation model) method of allocation is used

throughout with "pressures” due to population changes.

For each resource, k, the allocation is thus:

t / dgA r
- —_— . k
gk = Bk \4g g)
ST fan’ ¢
— .-hk
2y (dh )
where rgk is the current allocation of resource k

to geographic unit g,
d is the current size of the client population
in geographic unit g,
and a prime ) denotes the future size of a
variable, so thatBé is the future amount of

resource k available,

This allocation is derived from the fundamental
assumption that "field-workers' behaviour is
such that, if populations of geographic units
remain the same but resource levels change, they
give a constant proportion of each resource to
each geographic unit." If,additionally,
populations change,then the further assumption
is made that "these above proportions are scaled
correspondingly in response to the population

'pressures'."



The proportional allocation is shown as follows:

If dz geographic units of population {(at ideal
cover) receive rg amounts of a resource r and the

populations of these geographic units change

demographically over a period of time to d; and

the resource availability changes from'ii r =R
g
to Rl, then the amounts of resource received, r/g

will be such that:

"¢ = Tg . (dg /dg) for all g,n. (1)
r/ "h  (df /dn)
Hence r’ d _ d_
g . _8 = "h , “h = constant, K for all g,h
/ /
d
rg dg rh h
So ! = r a’ ’ I}
h h- B .K and 21’ =R,
—_— h™h
h
hence K = R
7 / /
’ ¢ {d r d r
Thus rg = R (EE—- g) 2; h , h
T (@) "n
h d
’
Applied to resource k having a future availability B k,
. / / /
this gives r = Bk (dg , r (2)
gk dg gk

/
Zfa . o)
h\dh

The same type of allocation proceduré is used for
the next level of allocation, i.e. to client groups j.
Thus the amount t;k of resource k allocated to

geographic unit g is now shared out amongst the

client groups in that geographic unit.
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i '
i.e. r.l = r/ 9;— . T
Jjgk gk dj jgk

Z (8. 1)

J dJ

Here j represents a particular client group and J
represents each client group in turn.

Further allocation of resources to categories and
modes is performed only for those client groups of

"primary planning interest”.

The same allocation procedure is used for client

/
jek

k allocated to client group j within geographic unit

categories, i, so that the amount r of resource

g is now shared out amongst the categories in that

client group.

{
Tijgk =

/ dif r \
T gk (di " ligk)
7

:Z: dl r_.
I (dI Ilgk>

Finally for modes of care, 1, the amount r;jgk

of resource k allocated to client category i within
group j and geographic unit g is now shared out
amongst the modes in that client category. In this
case the allocation depends upon the definition

of a dominant resource in each mode of care. The
selection of the dominant resource must be made

by the planners for each mode of care available

for each category of client.

If Al is the amount of the dominant resource
currently allocated to mode 1 for category i andZﬁxL

is the amount of the same resource currently
allocated to mode L, then using the SPRAM method,

1 s
JANER FPAN
DAY

L
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/
Herelﬁ§l represents the future allocation of the
dominant resource k for mode 1 of category i, group

J and geographic unit g.

As far as possible the other (non-dominant) resources
will be allocated to that mode in proportion to their
past allocation weighted by the increase in availability
of the dominant resource. The intention is to maintain

balanced packages of care.

Thus, if Mkl is the amount of the Kth non-dominant

resource currently allocated to mode 1, then the

future allocation will be:

/ ’ /
= T
M/ ijgk ( 1 Mkl)
Al
/
E AL M.,
L AL

The allocation procedure thus limits the degree of
interaction between different components of the model.
The model is acknowledged to be inaccurate because it
ignores certain types of interactions and pressures
(See Sections 4.6.8, 4.6.9), but its modular structure

would permit more complex procedures to be incorporated.

Quotas and Covera je

The allocations of resources to geographic units,
groups, categories and modes of care have thus far
been measured in units of each individual resource.
These resources now need to be shared amongst the
clients to determine the number of clients treated

and the standard of care received. At one extreme

is a fixed standard of care with the number of clients

treated being calculated from the resource availability
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50 that the coverage depends upon the amount of
resource allocated. At the other extreme is a

fixed coverage so that a fixed proportion of clients
receive the service and the standard of éare given

depends upon the amount of resource allocated.

A quota/coverage trade-off parameter Ak is used to
specify the required trade-offs for each resource k.
A value of%£=l implies that all clients in a mode
will receive some amount of resource k whereas a
value of,Xk =0 implies that some clients will receive
the full standard of care of resource k whereas the
remaining clients in that mode will receive none of
resource k. The planners need to specify the value

of )\k for each resource.

The allocation is thus:

/ /

Ak

i1 = f Tikl /il
Uikl ;
di / di
! : ’
X ’ (t-x ) AL
and L fTh0 MHa \TTR dih
X c e/ .
ikl d d }
/
where uikl uikl are the average amounts of resource k

14

allocated currently and in future respectively to

clients in category i and mode 1;

x.! are the numbers of clients in category i

*ik1 , Fikl
and mode 1 currently and in future respectively

receiving resource k;
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T, T, are the amounts of resource kK allocated
ikl, ikl
currently and in future respectively

to clients in category 1 and mode 1,

d, d/ are the population sizes of category 1
currently and in future respectively;

and O ¢ )k,s 1,

From this allocation it can be seen that the coverage

of resource k for category i in future will be

/
! = Xikl
he - Zm

¢

di

The extreme case of Ak= 0 (coverage changing at fixed

standards) leads to the allocations:

/
uikl =|-0(i.e. Average allocation per client

Uikl remains fixed)
and x'’ _r/ (i.e. No. of clients receiving
ikl = ikl . .
resource k varies 1in
Xikl rikl proportion to the amount

of the resource allocated.)

At the other extreme, when)l = 1 (standards changing

at fixed coverage), the allocations are:

i

/ ’
uikl = rikl/ rikl (i.e. Average allocation
u. d. ’/ d. per client varies in
1kl 1 / N proportion to the
amount of the resource
allocated and toc the
change in population.)
and x/ d’ (i.e. No., of clients receiving
ikl = i .
resource K varies only
with change in population.)
*ikl 4 g pop
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For modes which use many resources there is a problem
concerning the likely effect on a mode if the avail-
abilities of its constituent resocurces change by
different amounts. In this case one resource is
chosen as a dominant resource and the number,

X;l (=X{1KJ of clients in category i and mode 1
allocated this resource k is determined using the
chosen quota/coverage trade-off parameter. The same
number of clients is then allocated ithe other
resources constituting the mode of care. Then the
average allocations per client for the non-dominant

resources are obtained from the expression:

/ /

Yik1 * Tikl
7
%1
. 4.8 Resource Interaction

Interactions between resdurces occur when different
resources exist which are substitutes and which tend
to compensate for changes in the availability of one
another. For example, if a category loses a large
part of its allocation of hospital beds it may tend

to use more day care such as day centre places.

Since the allocation of resources takes place at the
level of categories of clients before the level of
mode-of-care, the D.H.S.S. model needs to treat the
allocation of resources hierarchically so that
resources such as hospital beds are allocated before
day centre places. The model is equivalent to assuming
that the ideal cover for each category is in effect

reduced by the number of people cared for by those
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groups of resources already allocated. This implies

that estimates of ideal cover can be made.

In the D.H.S.S.z6 description, four types of resource
interaction are discussed: complete, partial, reverse
and other. Methods of dealing with complete and

partial resource interactions are discussed which do

not need estimates of ideal cover to be made. These
methods are extensions of the pro-rata arrangements

of SPRAM and in essence average out the results of a
series of resource interaction effects. No method

is given for reverse interactions since it is unlikely
to be a major effect but for "other" interactions,
mainly between domiciliary resources, the situation

is regarded as extremely complex and difficult to

model, so that for the pilot model the whole effect is
ignored, on the grounds that "the fairly similar 'shapes'
of modes across all the categories of the elderly client
group mean that these pressures will have little effect

1"

on the allocation of care to categories” and that "it
is always possible for planners to override the model

and impose their own views'.

This separation of resources and partitioning of clients
in modes of care at the outset characterise the major
differences between the SPRAM model and the mathematical
programming models such as the author's linear
programming model with alternative modes of care

described in Chapter 3.
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4.

Saturation Effects

Saturation effects are those which occur when a category
receives a resource ati cluse 1o ideal standards and
begins to take a smaller share than previously of any
additional resource which is made available. Such

effects could become important when a category has

close to ideal coverage.

In order to take some account of saturation effects, a
simple constraint is used to prevent the resource
allocations rising above ideal standards. Each group
of resources is allocated in turn, for example
institutional resources beforedomiciliary resources.
The additional comnstraint is included:that cover for
categories should not exceed the maxima or "ideal"
covers,di , firstly for the institutional resources.
Allocation of the domiciliary resources then follows,
with the constraint that the allocation of any
domiciliary resource k should not exceed

( max Mi) (g - I

where Ii is the number of clients allocated to
institutional care, and
Mikl is the maximum likely use of the kth resource
by a client in the 1th mode of category i
(probably this would be set to the ideal

)

standard Uikl'

Depending on the allocation of resources to modes of
care within categories, it is possible that there may
still be some excess of a domiciliary resource for a

category. In this case the total cover would be
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constrained to di by scaling down the calculated
covers in the domiciliary modes as necessary and
allowing the quotas to rise in compensation (there
being no evidence of ceilings for quotas coming into

effect).

Saturation effects are expected to occur only rarely
so more complex models have not been developed. A
discussion of a possible method is included in the
26 . . " . "
D.H.S.S." description as the perceived need
hypothesis, which requiresestimates to be made of
perceived ideal standards and cover for each client

category.
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4.4.10 Segment 4

Segment 4 of the model allows exploration of the effects
on patterns of care of changes in planners’' policies as

represented by decision parameters and constraints.

Decision parameters represent the policy of increasing
or decreasing the proportional resource share of
various groupings of clients. The decision parameters
can be entered at various levels of the allocation
hierarchy: geographic units, client groups, client
categories, modes of care. They provide an extra
"pressure” which affect(s) the proportional allocation

of the model.

Constraints are used where it is felt that the
proportional allocation is not appropriate on its own.
Constraints can be entered at each level of the allocation
hierarchy and can constrain either amounts of resources or
quotas, for example a particular client category should
not receive more than 14 home help hours per week in

total.

The allocation procedure in Segment 4 is the same as in
Segment 3 except to take account of the decision para-
meters and constraints. At each stage the SPRAM method
of allocation is used, for example to geographic units,
then these allocations are adjusted to satisfy any user
constraints. The D.H.S.S?szs descriptions do not
describe in detail how the allocationé are adjusted.

It may be assumed that an iterative procedure is used

to compare each of the allocations, e.g. for geographic

units, p/ , with the maximum constrained amount/ﬁy

gk gk
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and then to adjust the amounts as follows:

e (P 2 )

J /

B
where r;k represents the adjusted allocation of
resource k to geographic unit g,
Bé represents the total amount of resource k
available in future, and
J represents any geographic unit whose
initial allocation r/ exceeds the

Jk

maximum constrained amount,/’Jk

This example is shown for constraints of the maximum
type; similar arrangements could be made for minimum

type constraints.

The decision parameters are scaling parameters//iik
which can be used to model the effect of trends in the
way in which different resources, k, are used for
different categories, i, of clients. It is suggested
26 . Sy .
(D.H.S.S8.) that this facility is likely to be used
only sparingly since "the planners may need considerable
specialist assistance in understanding the implications
of alternative estimates of the decision parametersuﬁi

k

in order to choose 'likely' values".

The way in which the decision parameters are used is
to take the basic SPRAM assumption, for example
equation (1) of Section 4.4.6 for allocation of resource

k to geographic units:
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/
T by / R
gk _ gk (dg /dg)

—, ,
rl T (dh /dn)

and to applyv the scaling parameters u as follows:

! .
gk =</“Ek> rgk) /dé /dg>

7! Mk /\Thk) \dh /dn

hk

This leads to the allocation equation as follows,

comparable with equation (2) of Section 4.4.6:

/ - ’ / r
rgk Bk LMgk . %é , gk}

(Mhk . dh .Thk)
T

Here a value of/*gk= O implies that none of resource k
should be allocated to geographic unit o i/“gk =1
implies that there should be no change in the way
resource k is allocated to unit gi/ﬂgk' = 2 would

imply a doubling of the resource allocatio?)/“gk = %
would imply halving the resource allocation; and so on.
Similar decision parameters are applicable at the other
allocation levels of client group, category and mode

of care.

Another change in professional practice which is

given consideration is that of the introduction of

a new resource, but in the initial implementations

of this model it is assumed that transformation of

the data about the current spread of care to represent
the effect of including a new kind of resource would
be done manually. It is suggested that it would be

possible to include an option in the model such that
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planners could express their use of new resources
in specified ways, for example as some average of

otner resources.

4.4.11 Segment 5

Segment 5 of the model would analyse which resource
mixes are 'best-buys'. Segments 5 and 6 are regarded

as "optimisation” segments in contrast to the "simulation"
segments 3 and 4. The D.H.S.S.zs’26 descriptions describe
a feasible design for Segments 5 and 6 but the model

had not at that stage been constructed. The procedure
suggested is to compare the amounts of each resource
currently being used for each category of client with
the total amounts of resources required to treat each
client (currently receiving some care) at 'ideal'
standards at minimum cost. This should indicate which
institutional resource, or package of domiciliary
resources, would most increase the quotas or coverage

of all resources per unit of cost. More cost-effective
patterns of care may then be achieved by altering the

mix of resources.

Thus for each category of client, the model would

calculate (i) the current cost of providing resources,

and (ii) for each alternative mode of care, the
cost per client of providing "ideal"
standards of each resource required by

that mode.

The model would then select and report on that resource
mix forming the minimum cost mode of care for each

client category.
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This cost minimisation is said to lead (D.H.S.S?s)

to opticns which are no different in practice from

"maximising quotas at fixed cost'.

The resource mix forming the minimum cost mode of care
for each client category would be found in the following

way:

For each category of client which can use a given
resource, the "saving" of other resources which can be
made by using this resource,k , in a particular mode,l,

is S =G - (-2 C ), as follows,

b3

th
where H = cost per client of the 1 mode of care

Ck"unit cost of resourcek,

# = number of units of resource K used per client
in mode 1,
G= cost per client of the cheapest alternative
mode which does not use resource Kk,
hence (H-= Ck) = cost per client of the lth mode,

excluding cost of resource k, i.e.

cost of all other resources;
and G-(H-=z Ck) = difference or saving of other resources,
and Slk = G-(H-2 Ck) = saving of other resources per

& unit of resource k in mode 1.

The problem is to maximise the saving Slk , but this is

the same as minimising H-G .
-

Thus the resource k would be allocated to the mode 1

for which (H-G) is least.
*.

The actual allocations suggested by the optimisation
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4.4.12

model would be expected to be frequently unattainable
in practice but they would provide ideas for where
improvements mignht be made. The simulation model
(Segment 3) would then be used to discover what is

practicable.

Segment 6

Segment 6 of the model would analyse which are the
"best" ways to allocate a given set of resources, so
that clients might be re-distributed amongst the modes
of care in order to use the most cost-effective ways

of using the available resources,

The proposed procedure is to put the resources into a
sequence which is based on the cost of treating clients
at "ideal" standards in a typical mode using the
resource, the first resource in the sequence being

that having the highest cost per client. The resources
would be allocated in that sequence to those categories
whose cheapest mode using other resources has the
highest cost. Thus institutional resources, for
example, would be allocated to clients in the most
dependent categories, i.e. those who would require

most care in domiciliary modes.

It is suggested that results of this procedure could

be compared with a run of Segment 3 so that planners
might identify any major differences between the
results and hence any major opportunities for improving

the cost~effectiveness of patterns of care.
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4.4,13 Summary

It is clear that this model provides an easily under-

I

standable means of allocating resources amongsti ihe
various groupings of clients. The method is distinctly
different from that used in the original Balance of
Care model (see Section 4.2), being based on the
Simple Proportional assumption (SPRAM). The D.H.S.S?slﬁ
and Arthur Andersen authors are confident that its

results are as good as the original model and will be

much easier to implement. Since the model is dependent

on current care patterns continuing, the allocation of
clients to modes of care appears to be restrictive

unless the planners choose to re-assign clients to
different modes of care, the proportional allocations

of resources to modes of care remain unchanged. This
implies a degree of inflexibility which is not present

in those models which transfer clients between alternative

modes of care when the resource levels are insufficient

for care to continue in the initial modes of care.

The amount of resource allocated to a particular mode

of care can vary according to the resources available : it is
then up to the planners to choose the balance of quota and
coverage which results in the individual care given to

each client. The implication here is that not only can

the levels of care given to a particular mode alter

so also can the level of care between one client and

another in the same mode. This is different from the
specification in some of the other models (e.g. the

linear programming model with alternative modes of

care (see Chapter 5) or the decision algorithm model
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(see Section 4.5) where the definition of each mode
of care implies a certain fixed standard of care or
allocation of resources to each client placed in that
mode. In these specifications the level of care
given to a particular mode does not alter : instead
the number of clients allocated to a mode may be
altered if it is not possible to allocate sufficient
resources to care for all clients in the mode at the
fixed standard for that mode. Nevertheless, it would
still be possible for social workers to vary the
amount of cére received by individual clients, i.e.
to choose an appropriate balance of quota and coverage,
since the allocation is made in terms of number of
clients to each mode of care together with the
required level of resources to treat those clients

in that mode.
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4,

5

The Decision Algorithm Model

4.5.

1

Introduction

In parallel with the development of the DHSS
Balance of Care models described in sections
4.2 and 4.4 above, the National Health Service
Operational Research Group (now known as

the Health Operational Research Unit) was
investigating the care of the elderly in
Calderdale. Results of the investigation

are described in "Assessing Care Requirements
of Elderly People” published by the Health
0.R. Unigf A more detailed description

is provided by R.G. Howell> and C.J.

Parker in "Assessing Care Requirements of

Elderly People in Calderdale'.

Initially the investigation had included an
extensive survey of all elderly people in
Calderdale who were receiving some form

of health or local authority care at a point
of time in 1977. The Survey was undertaken
by professional staff who were involved in
delivering care to the elderly and it was
necessary to develop a classification system,
for assessing elderly people's requirements
for care, which could be used by all the
professional staff irrespective of their

discipline.

Two aspects of the work are described by

Howell and Parker : part 1 describes the use
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of the classification system in the formulation
of policies and plans for the care of elderly
people in their own homes and in residential
care; part 2 describes the use of the system

at the operational level in Todmorden, as a
basis for ensuring consistent service allocation

and placement decisions,

The classification system was based on seven
factors: four factors concerning the physical

health of the elderly person, viz.

mental state,

ability (to undertake househould and personal
care),

}

mobility,

- incontinence,

and three factors which describe the home
environment, viz.

- housing,

- social environment,

- social support from family/neighbours.

For each factor a range of between two and four
possible ratings was defined, for example
mental state could be rated as
(a) Normal
or (b) Mild dementia

or (c¢) Moderate/Severe dementia

Figure 4.5.1.1 shows the range of possible
ratings for each factor. It is possible to

generate 4608 different groups by combining
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Figure 4.5.1.1. Range of possible ratings for each factor

PHYSICAL FACTORS

Mental State a. Normal
b. Mild dementia

¢. Moderate/severe dementia

Ability 1. Unimpaired
2 Impaired and minor handicap
3. Appreciable -~ severe handicap
4 Very severe handicap
Mobility A. No difficulty
B. Can get out of house, with aids,
or with difficulty/assistance
Housebound, but can get around house
D. Chairfast or bedfast
Incontinence . Continent

1
2. Slightly incontinent
3. Moderately incontinent
4

. Severely incontinent

ENVIRONMENTAL FACTORS

Physical G. Good housing

Environment P. Poor housing

Social A. Living alone

Envi
nvironment S. Living with spouse only

0. Living with others

Social Support E. Either fit person living in same house
from Family/ or someone prepared to visit every
Neighbours day

W. Someone prepared to visit weekly

Someone prepared to visit less than
weekly

N. ©No-one prepared to visit at all
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all the ratings on each of the seven factors.
Clearly this is too large a number of groups

to consider individually, so the work focussed

on reducing the number tc a reascnable level,
whilst retaining sufficient detail to
discriminate between the groups, so that an
assessment could be made of the care requirements

of typical members of each group.

The Decision Tree

A Steering Group had been set up in Calderdale
including among its membership staff in the
Health and Local Authorities, representing

the different professional interests, and
technical support staff from the NHS O.R. Group.
The professional staff were all involved in
providing care for elderly people and included

a general practitioner, a housing officer, a
community medicine specialist, a geriatrician,

a district nursing officer and a health authority

administrator as well as social workers.

The Steering Group met to discuss the best way
of reducing the 4608 possible combinations to
a reasonable number of distinct groups, such
that within each group the people would have

similar care requirements.

The method chosen was to view the classification
system as a decision tree, a collection of paths

that branch at various points. Each of the
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branching points was related to a decision on

one of the factors of the classification

system. Some factors and their ratings were
combined and some were eiiminated. The

procedure involved identifying those character-
istics of greatestsignificance in discriminating
between different care requirements and discarding
those of less significance.

Figure 4.5.2.1 illustrates the decision tree

produced. The - result of producing the decision

tree was to redUceithe number of groups to just 13.
This reduction was achieved by considering,

for each factor in turn, the relative importance
of individual ratings in relation to the
appropriate type of care needed by the elderly
person. The intention was to identify the

key factors in determining the forms and levels

of care that are appropriate tc the different
groups of elderly people. The easiest way to
reduce the number of groups from 4608 was to
eliminate all detail that was unnecessary when
recommending the appropriate care. For example,
mental state could be classified in three ratings,
a, b and c¢c but a rating of c would require a
person to be cared for in a different setting
from a person with a rating of either a or b.

Thus three choices were reduced to two: mental
state rating "c¢"” and "not c” gave sufficient

discrimination in that factor.

For the "ability" factor, all four ratings A,B,
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C and D were needed for the purposes of

discrimination.

For the "mobility" faetor, it was found unnecessary
to discriminate between ratings B and C, so only

three separate ratings were needed : A, B/C, D,

For the "incontinence” factor, only three separate

ratings were needed: 1/2, 3, 4.

The four "physical health”" factors, with ratings as
,described, were Iound to.be sufficient to discriminate
between the groups requiring different forms of

care. The Steering Group considered initially

that the "environmental"” factors were not necessary

to identify appropriate care. It was later decided

to introduce one of these, namely Social Support.

When the decision tree was being set up, the

most dominant factor was thought to be Mental State.
Within the rating C for Mental State the next most
dominant factor was considered to be Mobility and
within this factor the care required for those
with rating A (i.e. unimpaired mobility) would be
different from the others. This resulted in two
groups with rating C for Mental State and either

A or "not A" for Mobility. No other factors

were considered to be significant enough to
influence the type of care needed and thus groups

R and S were identified.

Similarly, the remainder of the decision algorithm

was constructed.
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Figure 4.5.2.1 The Decision Tree:

Allocation of

Clients to Groups
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4. 5.3

The Services Required

The Steering Group was then required to agree
the appropriate forms of care for people in
each of the detfined groups. A number of
different schemes of care were considered and
in each case the resource 'care setting'' needed
to meet the scheme was calculated and compared
with the resource available in Calderdale. ''Care
Setting" could be the person's own home, an
aged people's home, sheltered housing, a
geriatric ward or a psychiatric ward. Thus the
effect of alternative planning decisions could

be assessed.

This initial assessment of "care setting' resources
was followed by calculations of the mix of care
services that would be required for each of the
three schemes. Since members of each group were
not all receiving the same services, a package

of care services was defined for each group as a
whole. An "acceptable package of care' was
assumed to be the level of service per capita,

rec eived by those members of the group who were
already in the care setting considered appropriate
for them. For example, only 425 elderly people
were living in sheltered accommodation compared
with the 2670 recommended for it in one of the
schemes. The assumption made was that all 2670
people should receive the same level of service

per capita as the 425 received at the time of
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the survey in 1877.

The services considered were:
- day hospital

- day care

- street warden

- nursing visits

- home help

- meals on wheels

Comparisons of total requirement and actual
provision were made for each of three different
schemes of care:

Scheme 1 relied heavily on residential care

and reduired more places in geriatric wards and
sheltered housing than were actually available.
Scheme 2 was based on the policy that only those
people who were living alone would be recommended
for residential care and this led to a significant
reduction in the required number of places in

each residential care setting. In practice the
actual number of places available was more than
the number required by Scheme 2.

Scheme 3 used a refinement of Scheme 2, taking
account of the day to day placement decisions
taken by field workers which meant that a pro-
portion of the people would still be recommended
for residential care even if they were not

living alone. In this case the recommended
resources were found to be very close to what

was provided at the time of the survey.
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4.5.4 A Mathematical Representation

Although Howell and Parker present their model

simply as a decision tree and descriptive

algorit

t is possible to represent their

4

allocation model mathematically, as follows:

Scheme

Let i

di

and of these, L

Let x
il

iL

ilk

3Lk

Under the "current’ caring allocation, if u,

group number (i = 1,...13),
group size,

care setting identifier for current
setting,

"appropriate” care setting identifier.

number of clients in group i and care
setting 1;

number of clients in group i in
appropriate care setting L;

number of clients in group i, care
setting 1 currently receiving service k;

number of clients in group i and the

appropriate care setting L who are
receiving service k.

ilk

is the amount of service k allocated per person

in group i and care setting 1,

i1k

2i1k  for all i,i,k
*i1

and in particular,

Yitk T *iLk  for all i,k

*iL

The model assumes that all clients in group i

should be allocated to one "appropriate” care
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setting, L, so that:

x _ (new) - 4i for all i
iLL

and xil(new) = O for all 1 # L and all i

The model also assumes that the allocation of
other services should be in the same proportions
as currently allocated to persons in the

appropriate care setting.

(new) _ - :
Thus uiLk uiLk aiLk for all i and k
L
Thus the total service requirements are Bk(new),
where:
B (new) _ z z % (new) . (new)
k i 1 il ilk
for all k
or B (meW) - E 2 = T 95 Y1k for all k.
E i ]
XiL

Schemes 2 and 3

In these schemes the "appropriate'’ care setting
is not the same for all persons in the group.
Instead, those persons currently living alomne
were given priority for residential care in
Scheme 2 and about half of those currently
living with relatives were given some form of

residential care in Scheme 3.

In the mathematical model described above, the
"appropriate” care setting, L, represented only one care

setting for each group. For schemes 2 and 3
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the model must include a range of postible care

settings, Ll‘ Lz, etc.

Then x.. (new) = ) X .
iL ii,

1

for all L contained in group i being allocated

to setting L and for all i,

1)
XiLz(new) = L *i1, etec.
and z XiL(new) = di for all i
all L

Once again assuming that the allocation of
other services should be in the same proportions
as currently allocated to persons in the

appropriate case setting,

then uiLk(neW) = = a for L =1L, L

iLk = %iLk 1 2,....etc.

XiL and for all i and k

Thus the total service requirements are Bk(new)’ where:

B, (new) _ L L X, (new) u, (new) for all k
k 3 all i il lLk
(new) I z x ., (new) a,
or B =
- k i am1L T ;iEE
il
z z

(new) f
X, uiLk or all k
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Summary

The Calderdale model described by Howell and
Parker is clearly a Balance of Care model which
uses a small number of groups and which selects
a range of modes of care based on the current
care setting of each individual. The allocation
for planning purposes can be varied by policy
decisions which determine what proportion of
each group of people should be allocated to

a particular care setting and hence to a
corresponding mode of care. The quantities

of service allocated to each mode of care are

based on current practice.

It is necessary for the Steering Group to
choose what policy to adopt and the model
then calculates the implications of such

a policy in terms of the resources needed.

The allocation model is thus of the simulation
or "what-if" type and appears to be easy to
use but the number of services qonsidered

is only eleven (i.e. five care settings and

six other resources).

The decision tree appears to give a straightforward
reduction in the potential number of client

groups to only 13 but these are of course
subjectively chosen according to the consensus

reached by the Steering Group.

The model is unsophisticated but easy to understand.




.6 The DCC/SPSS Analysis

4,6.1 Introduction
Within Durham County Council (DCC) itself, the
Development and Forward Planning Division has been
investigating alternative ways of allocating Social
Service resources. The original D.U.B.S. study
(see Nelson43 was sponsored by DCC, who then agreed
to the use of the DUBS Census data for the
research presented in this thesis. Subsequent
discussions took place between DCC planners, the
author and her supervisor about this research and the
D.U.B.S. study and about the development of the DHSS
Balance of Care model into the SPRAM Model (i.e. the
DHSS/A. Andersen model described in Section 4.4).
Partly in consequence, DCC proposed a feasibility
study of a simple model which uses the SPSS (Statistical
Package for the Social Sciences) computer package,

this being available on DCC computing equipment.

The proposed model is described in "A model for

t . : t : . .

proportioning available social services resources
across a changing client population using the D.U.B.S.

' 13
Project's client census data: by 0. Coles

4.6.2 The Framework of the Model

It is proposed that the model be formed of three
modules, in which client numbers are predicted from
the size and composition of the County's population,
and other local characteristics believed to affect
needs. The extent to which such needs would be

met by the model reflects the size of the total

budget planned, and the relative importance given to
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individual client groups. The distinctive

simplifying assumption of the model is the

proportioning of needs as favoured by the

DHSS in the DHSS/A. Andersen model (See Section

4.4).

The three modules would constitute:

(1)

(ii)

Equations predicting client totals

This module would take inputs of forecast
population totals by age group and of forecast
percentage unemployment, on the basis that
unemployment will form a potentially major
influence on the incidence of at least some
forms of client problem. Equations in the
model would be used to predict client totals

in the various client groups. It is thought
that it would be possible to relate the patterns
of referrals contained in DCC's computerised
client records to the demographic and economic
characteristics of the households in the County

contained in the 1981 Census.

Equations predicting departmental budget

(client-related) if all needs were met

This module would take inputs of the predicted
group totals from module (i), and of the social
service packages available, together with the
unit costs of individual services. Equations
would be used to predict the size (£) of the
departmental budget (client-related) which

would be needed if all clients were to be
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cared for with the same package of
services as currently used for that

client group, i.e. if all needs were met.

(iii) Proportion of required expenditure met

from actual budget

This module would take inputs of the

predicted size (£) of the departmental budget
needed, the actual budget total expected and

a specification of "priority" client groups
(which would be protected from any cuts in
expenditure). Such priority groups would be
those whose needs would always be met in full,
for example sub-groups of children warranting
special treatment on the basis of legal
obligations, past neglect, etc. DCC's
Caseload Management system provides a means

of clagssifying clients by the urgency of the
need for action. The model would then allocate
resources to these priority groups and then
allocate resources to the remaining groups so
that "the resources allocated to each client
group fall short of those necessary to meet all
its recognised needs by a percentage common to

all other client groups”.

Output from this module would consist of a

breakdown of the budget by service type and,
dependent upon an option selected, a list of
resource allocations to client groups whose

needs are met and to those whose needs are

- 104 -



.6.

not met. The selection option would
permit a reduction either in the intensity
of service to be allocated (i.e. reduciion
in quotas), or provision of the service to only

a proportion of eligible clients (i.e. reduction

in coverage), or a combination of these two.

Consequences of adopting the model

Two major simplifications are inherent in the model

i3
and are discussed by Coles . The first concerns
the way in which shortfalls in the budget available
for specific services result in corresponding
reductions in all the services comprising a particular
package of care. It is possible that in reality the
policy-makers' response would be to construct new
service packages which used more of the lower-cost
services and smaller proportions of relatively expensive

ones.

The second simplification is the proportioning principle
itself. Discussions of the effect of shortfalls in
budgets held in Social Services Departments suggest
that, far from making "across the board" cuts,
Departments consider very selective but major reductions

in individual services.

Another aspect is the treatment of resource costs.

The proposed model uses unit costs despite conclusions
of the D.U.B.S. research that total costs do not vary
substantially in response to changes in service levels.
Coles suggests that other researchers have concluded

that neither approach is particularly realistic,
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. 6.

. 6.

but the advantages of the unit cost approach are
that it can be readily incorporated in the model
and that it provides some bLasis for comparison
with earlier time periods and with other local

authorities.

Problems of using S.P.S5.S5. to construct this model

With the postulated model described above, the major
limitation is that of storage space. By structuring
the resource data in the form of transformations of
the data on client groups (so that the definition of

a client group implicitly defines its package of

care and resource needs) it is possible to avoid

this difficulty and Coles concludes that such a model
could be constructed using SPSS. The main limitations

would be those discussed in Section 4.6.3 above.

Progress by D.C.C.

In "The Balance of Care Approach to Resource Allocation"
(1982) Coleslz discussed the application of the general
Balance of Care approach within County Durham. He
considered three factors of particular relevance.

The first was the opportunity for closer co-ordination
with the National Health Service (NHS), in particular,
alignment of DCC's District boundaries with those of
the four Health Districts, and for creation of the
organisational framework needed for the day-to-day
management of the Balance of Care approach. The

second factor waé the need to reduce expenditure and
the likelihood of being able to improve efficiency

of care. The third factor was DCC's investment in
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computerised records and development of formal
decision-making criteria, such as the Caseload

Management System.

In Coles13 (1983) subsequent paper, a proposal
was made for a simpiified Balance of Care type
of model which would use a simple proportioning
procedure along the same lines as that of the

DHSS/A. Andersen model,.

Since 1983 no further developments have taken

place on the DCC/SPSS model. Emphasis has instead
been on the computer-assisted systems of Client
Records and the Caseload Management System. In

the Client Records system a set of about 70 client
categories within 6 client groups and one "non-client"”

group has been used.

The seven groups are:
Elderly
Child Care and Adoption
Family Casework
Mental Health
Physically Handicapped
Miscellaneous
Non-clients
These are different groups and categories from both

the DHSS and the DUBS sets.

17
In the Caseload Management System (DCC '), each
category of client is allocated a number of "points”

which indicates a preference or priority identifying
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which categories are preferred to receive
treatment, or to be considered for treatment, if

a queue exists. As well as indicating pricrities
between client categories, the "points" system can
be used to equalise the caseload on social workers
or to differentiate between the caseloads for
different grades of staff. Each social worker is
allocated a number of "points" which measures the
caseload he/she can be expected to undertake.

(Targets and maxima can be fixed).

Progress is also taking place in the identificaﬁion

of expenditure. Where previously it was only

possible to identify service costs for a full
financial year, it should now, with the imminent
introduction of a new computerised financial analysis
("FISCAL"), be possible to monitor monthly expenditure
on each social service. Unit costs are not yet
identifiable but control of expenditure on

individual services should now become feasible.

4.6.6 Summary

Although a mathematical model has been postulated.:
no development of the model has taken place.
Emphasis has been on defining client categories

and defining priorities for caring for these client
categories. Service provision will also be better

defined through the analysis of monthly expenditure.

Now that the data on clients and services is more
clearly defined, it should be possible for DCC to
re-consider the potential of a mathematical model

to assist in planning.
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Overview
In the previous sections of this Chapter a number of
mathematical models have been described. The original
40

Balance of Care model postulated by McDonald and

is 3
developed by Coverdale and Negrine and Gibbs was
a mathematical programming model with a non-linear
objective function representing diminishing returns

as the amount of service supplied to a group increases,

or as the number of clients receiving service increases.

Such an objective function is difficult to specify
completely, since it requires elasticity factors
and parameters of curvature to be estimated, preferably

by the planners.

The D.U.B.S. goal programming model described in
section 4.3 had not been implemented or indeed
constructed by the D.U.B.S. researchers. It is
considered further in Chapter 5 but is not usable

in the form described here.

The D.H.S.S./A. Andersen SPRAM model, although
developed from the Balance of Care concept, no longer
retained the fixed mode of care which was a feature
of the McDonald model and which is part of the LPAM
model. Instead the proportional assumption (that
care will be allocated in future in patterns which
are proportionally similar to current patterns)
over-rides the retention of fixed modes of care.

Thus the SPRAM model effectively assumes that
alternatives mbdes of care will not be used, rather

that care profiles will remain largely unchanged.
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This assumption is not sacrosanct, however, since
facilities are (in theory) included which permit

changes in the proportions of one service or in the

type of care given to a particular client group. The
SPRAM model is not specified as an optimising model, the
main usage being to calculate resources needed for
changed populations and to distribute available
resources in proportion to the resources needed. This
suggests that a form of minimising objective is in
force, perhaps of the goal-programming type, viz to
minimise the effect of changed (i.e. reduced) resources
by sharing these in proportion as bhefore whilst taking
account of demographic changes in client group sizes.
The "effect” measured may be the total of all deviatioms

from current allocations of service, for all clients.

Evidence suggests, however, (Colesls) that planners do
not always wish to minimise the effect of change and
that radical shifts in resource provision may be
regarded more favourably than small adjustments across
all resources. Chapter 5 describes the development of a
new model, LPAM, a linear programming model with
alternative modes of care, which maintains fixed modes
of care and which may choose to allocate clients to modes
in a very different way from current provision. Such

a model can assist planners to consider radical changes
in resource provision. This is in contrast to the

SPRAM model which tends to minimise the overall change.
Chapter 8 makes comparisons between these two models

in the ways they plan for future demographic and/or

resource changes.
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The Calderdale decision algorithm model described

in Section 4.5, whilst being based on the Balance of
Care concepts, takes a more rigid approach to allocation
of resources. Once clients are categorised their
allocation toc a mode of care is effectively fixed.

The planners use a model to calculate the resources
required on the basis of different ''schemes' of care,
i.e. each "scheme" consists of a defined set of modes

of care, one mode for each client category. The modes
of care are redefined (i.e. different quantities of
resources are defined for each mode) to form another
"scheme” for which required resources can be calculated.
A process of trial and error leads to that scheme being
adopted which most closely resembles the amount of
resource provision. The exploration of schemes in

this way permits the planners to see the effect of
different policies, for example, a higﬁ intensity of
care in residential homes or an increase in the

proportion of clients in domiciliary care settings.

The DCC/SPSS postulated model described in Section 4.6
has not been implemented but the planners have made
considerable progress in defining client categories
for the computerised Client Records System and in
defining priorities and "points" for each category

of client for the Caseload Management System. The
postulated model was based on the DHSS~favoured
proportioning of needs as used in the DHSS/A. Andersen
SPRAM model and thus it would not maintain fixed modes
of care but would tend to minimise the effects of

change in resource provision.
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From these descriptions, and from the regional
implementations of Balance of Care models discussed
later (in Chapter 7), it can be seen that the planners
need to be able to simulate patterns of care and to
explore the effect of policy changes and demographic

changes on resource allocation.

The following Chapter (5) describes the development

by the present author of an appropriate model which
was based initially on a linear programming model
similar to the D.U.B.S. goal-programming model and

was then extended to include sets of alternative modes
of care for each client group. This linear programming
model with alternative modes of care (LPAM) is an
optimising model which offers the planners true
alternatives in patterns of care and can additionally
be used as a simulation model to assist the planners
in their explorations of different resource allocation

policies.



CHAPTER 5

DEVELOPMENT OF A NEW MODEL (LPAM)
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Development of a New Model (LPAM)

5,

1

Introduction

When the author bhegan this research, only twn of the
models described in Chapter 4 had been postulated:

the DHSS Balance of Care model and the D.U.B.S. goal
programming model. The DHSS model had been shown to be
difficult to specify completely and was not an easy model
for planners to comprehend. A great deal of data was
required: for example, to specify alternative modes of
care, panels of professional workers needed to be set up
and agreement needed to be reached on what constituted
equivalent acceptable modes of care for clients with
particular needs. The objective function was unwieldy
and difficult to calibrate, needing estimates of

elasticity factors and parameters of curvature.

In contrast, the D.U.B.S. goal programming model was too
simplistic. Section 5.2 shows how the goal programming
model described in Chapter 4 could bhe reduced to a linear
model, since in practice the goals were targets which would
never be exceeded, ideal levels of social service provision
being unattainable in practice (and certainly never
exceeded). The model itself could then be described as

a capacitated transportation model with a very simple
allocation procedure dependent upon the weights allocated
to the client groups. Each client group i was allocated

an amount of a service k such that the targets were upper
bounds on the allocations and such that the total allocation
of each service did not exceed the amount available. No
alternative modes of care were specified. The objective

was to maximise the allocations weighted in respect of
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each group and each service. Such an objective had
been postulated by other D.U.B.S. researchers (See

37
Longbottom and Bayat 4, Wade and Longbottom).

Section 5.2 describes the construction of this model for

Lo
the test data suggested by Wiper

The same '"'linear equivalent" model was used to try out the
35 client group and 45 service classifications derived by
the author from the D.U.B.S. census. This is described

in section 5.3, whilst the author's analysis of the D.U.B.S.
census data is described in Chapter 6. For this model,
group and service classifications were needed, as were

the group sizes and the total amounts "currently"
available of each service resource (measured in units of
clients who receive that service). These total amounts
wvere derived by summing the separate allocations of each
service to each client group, which in turn had been
aggregated from the individual client records of the

census.

By using the known allocations of services to groups, the
linear model could be constructed to find the weightings on
groups and services which would result in the known
allocation. This was done and showed up the transportation

form of the linear model.

It was clear that the linear model was inadequate: it was
not representing the way in which resources were allocated
at the time of the census. The next development was to
include packages of care for each client group as had been
done in the original Balance of Care model. (See section

4.2) so that more choice would be available for the
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allocation of resources. Analysis of the census

data (see Chapter 6) provided several ways of setting
alternative modes of care : this is discussed further

in Sections 6.3 and 6.4 and shows that a cluster analysis
was used to determine ten alternative modes of care for
each of the 35 client groups. Use of the census data

in this manner is distinctly different from the Balance

of Care method of using groups of professional workers to
define the alternative modes of care. Using the census
data ensures that all current caring methods are included.
Section 5.4 describes the formulation of the linear
programming model which included alternative modes of care
(LPAM) and Section 5.5. describes the construction of the

LPAM Model for a single client group (group 06).

In constructing the group 06 model the weighting factors
had been chosen by inference (if somewhat arbitrarily)

from the census data, in proportion to the known size of
each cluster (i.e. the number of clients allocated by the
cluster analysis to a particular mode of care), It was
decided that the range of values of weights,which would
result in the same optimum solution, should be investigated.
This "weight-space" analysis is described in section 5.6
where a weight-constraints model is formulated. This is
derived from a consideration of the simplex method of
linear programming and sensitivity analysis of its solution.
This weight-constraints model provides a definition of a
feasibility region which must irclude the actual sizes

of the weights in use at the time when the data was
obtained (i.e. at the time of the census). Section 5.7

describes the construction of the weight-constraints
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model for a small test problem, whilst Section 5.8

describes that for group 06.

The group 06 LPAM model included of course only a single
client group. The next stage was to extend the LPAM
model to include all client groups. Instead of using
all the clients in the census, it was at first decided
that a random sample of data should be used, so that
results could be compared with results from similar
models derived from other random samples of the census
data. Section 5.9 discusses the attempt to use a random
sample and the problems involved. It was subsequently
decided that a geographical district should be selected
and all clients from that district would be included.
This should mean that the service allocations could be
expected to be more homogeneous than those arising from

a random sample.

Chester~le~Street district was selected; Section 5.10
describes the construction of the LPAM model for
Chester-le-Street and the two sets of weightings used,

the first being based on the proportion of clients
allocated by the cluster analysis to a particular mode in
a particular group and th: second being based on the
proportion of services allocated. As in the case of the
group 06 model, a weight-constraints model was constructed
for the Chester-le-Street district, thus giving a feasibility
region for the weights. Section 5.11 describes the
construction of this model, which, because of its sheer
size, required a different treatment from that for the

group 06 model. Despite its size (340 constraints), the
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model could be constructed and a number of maximising
runs were performed to find some of the extreme points
of the weight-space, in order to demonstrate the
practicability of this. It is more likely, however,
that the weight constraints would be used to assess

the feasibility of a set of postulated weights.

The weight-space problem is discussed further in section

5.12 where other possible approaches are described.
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The Linear Model

The D.U.B.S. goal-programming model described in
section 4.3 incorporated target allocations into the

objective function to be minimised,

i.e. Minimise Z Z T - A W
i k ik ik ik

These target allocations Tik are ideals and would never
in reality be exceeded, i.e. the actual service

allocations Ai are always less than or equal to the target

k
allocations, so there is no need to consider the instances
when allocations exceed targets. Thus minimising the total
of the absolute differences between the serviée allocations
and the targets is equivalent to maximising the total

service allocations subject to upper bound constraints

which are themselves the targets.

The model was therefore constructed as a linear programming
model with the goals as upper bounds.

i.e.
Maximise Z Z A "
i k

subject to T, < 5 sor all k

and 0 £4A < Tik’ for all i and k,

and Z wik = 1, for all i, is a condition of the data
k
The notation used is listed in figure 4.1.3.1 and is the

same as that used for the goal-programming model in

section 4.3.

60
Wiper presented the goal-programming model in two ways,

and these are both considered overleaf.
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The model can be formulated in terms of allocation
to groups collectively or allocation to individual
persons within each group:

(i) Allocation per group collectively

L L g4 a_ W (1)

Maximise K i 2%k Mk

subject to

o

diaik’f Bk, for all k,

and 0 ¢ a

ik t.

, for all i and k,
ik

IN

X
w
and K

=1, for all i, is a condition of
the data.

ik
(ii) Allocation per person in each group

z z
i k

Maximise ai a,, wik (2)
4

z
subject to i di aiks Bk, for all k,

and O ¢ I stik, for all i and k,

and i wik = 1, for all i, is a condition of
the data.

Here the factor di is a proportioning factor

ndi
to take account of the group size.

It is clear that, since i di is a constant,
the formulations (1) and (2) are effectively

the same.

A small set of test data was presented in Wiper's
paper as an illustration of the use of the goal-

programming model (equivalent to formulation (2)),
but it had not been constructed as a computerised

model.

The present author constructed a computer model using

the above formulation (2), i.e. the equivalent linear -
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programming model with targets as bounds, and used
Wiper's test data. ©Figure 5.2.1 showe the data
and results. The IBM package for linear programming,
MPSX, was used. No comparisons could be made since

no results were presented by Wiper.
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Figure 5.2.1 Test model : data and results
Linear Programming Model with Targets as Bounds

Test data: Two client groups, 1 and 2, sizes
200 and 150 respectively.
Two services, A and B, available amounts 800

and 600 units respectively.

Target units per person Weightings
i i
\\;\\\ Grp 1 Grp 2 \\}F\»Grp 1 Grp 2
Servicel A 4 1 Service |A| 0.8 0.4
B 2 3 Bf 0.2 0.6
by
k wik 1.0 1.0
di / &di 200/350 150/350

1

Model is Max (0.456 all + 0.172 a21 + 0.114 a12 + 0.258 a22)

Subject to: ZOOa11 + 150321 S 800,
200a12 + 150a22 $ 600

0k all $ 4,

0k a5 § 1,

0g a5 $ 2,

and O g PPN 3.

Computer package MPSX gives solution = 2.6835

When a = 4, a = 0,

11 21 9= 0.75, a = 3.

3 22
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5.

3

Using the model : deriving the weights

(1)

Using the model

The linear model was subsequently set up using
the group and service classifications of the
D.U.B.S. census data as described in Chapter 3
(and detailed in Chapter 6). The formulation
used was formulation (1), which allocates
collectively to each group, 1i.e.

d a W

Maximise T i ik ik

-
L]

subject to T di aik < Bk, for all k,

i
and 0 < I N tik, for all i and k,
X w =1, £ i i
and £ ik , for all i, is a condition

of the data.

From the census data, the group sizes (di) were

known, the allocations of each service to each

group (ie diaik) were known and the total amounts

of each service (Bk) were known. Indeed the Bk

were derived directly by addition of the

allocations, i.e. B, = Zd a, for all k,
k i i ik
hence theconstraints I d, a, < B. were
i i ik Y 'k

necessarily satisfied.

Assuming that the targets were not exceeded,

i.e. O¢ a,

< 1k$tik, for all i and k,

then the weights wik in use at the time of

the census could be found from the modified

model:
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(ii)

Maximise
i

d, a, W, (3)

x ™

subject to i W, =1

This model was constructed and run on the MPSX

package, resulting in the following solution:

For each k in turn:

),

1 for the group i where di a, = MAX (all diaik.

wik ik

]

W, O for all other i
ik

Thus this model (3) was a simple transportation model

and did not reflect reality.

Further considerations

Further consideration of the model (1) showed

that this was a capacitated transportation model,

and that the solution could be derived as follows:

For each service, the group with largest weighting
is allocated as much resource as possible, up to

a maximum which is the target appropriate to

that group and service. Any remaining resource
for that service is allocated,in a similar

way, to the group with next largest weighting.

This procedure is continued until either the
service resource is exhausted or all groups

have been allocated their targets.

- 124 -



(iii)

Considerations of reality suggested that
minimum service levels should be taken into
account, i.e. for each group i there would be

L. . . min
a minimum service allocation A ik
for each service k.

The appropriate modification to the model (1)

would be to set these minimum levels,

i.e. d, a, > A ?1n for all i and k
i ik e ik
. _ _ min
However, letting Dik = di aik A ik for all
. s T min
i and k, and providing that Bk> 1 A ik for

all k, which is true in practice,
the model remains a capacitated transportation
model for the variable Di

the Di being

K, k

the amounts in excess of the minimum service
levels which could be allocated from the

- - A
remaining amounts of service, Bk i ik , for

all k.

The allocation procedure is then:

allocate minimum service levels to all groups,
then allocate, for each service in turn, as
much as possible (either the target amount or
the remainder of the resource if less than the
target) to the group with highest weighting,
then to the group with next highest, and so on,
until either the service resource is exhausted

or all groups have been allocated their targets.

Size of weightings

If the targets are set too high, the weighting
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which is the maximum weighting of those
groups that use a particular service k
will be the only one of those weighiings
which contributes to the solution. This
is because the corresponding group, iX
say, will have been allocated all the

available service resource, i.e.

Aik =0, i # 1x
Thus the sizes of the other weightings

are irrelevant, as long as they are

smaller than this maximum weighting.

When the targets are more realistic and
are set closer to actual values, the
weightings are used, in order of size
descending from the maximum for any
particular service, to determine which
groups shall receive allocations of that

service.
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5.4 The Linear Programming Model with Alternative Modes of Care (LPAM):

Introduction

The linear model described in Sections 5.2 and 5.3
having proved inadequate, a development was
proposed which would include alternative modes

or packages of care. The new model would

permit a choice from several different modes

of care for each client group. Once again the
objective function included weighting factors

and these weights Wi would be constants chosen
to reflect the relative preferences of caring for
clients in group i by allocating mode 1 of care.
The constraints were firstly service constraints
such that the amount of each service k allocated
to all groups i, in whichever modes of care 1
were chosen, would not exceed the total amount

Bk of service available; and secondly group

size constraints such that all the clients

in each group i would be allocated to one or

other of the modes 1 of care available.

The model is:

Choose the X, to maximise ? § Wil %51
subject to § § Xil uilk Z Bk, for all k;
L . = d,, for all i;
1 i1 i
and f f i1 < 1.0is a condition

of the data.

Here uilk is the amount of service k (measured in
client units) which will be supplied to a client

in group i who is cared for in mode 1;
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and

B is the total amount of service k
available (measured in client-units);

d, is the size of or number of clients

[N

in group 1i;
Xil is the number of clients in group i

chosen by the model to be cared for

in mode 1.

The modes of care for each group were selected
by using the DUBS census data and a cluster
analysis as described in sections 6.3 and 6.4
below. Thus for each group a set of ten
alternative modes of care was defined.

(The decision to use ten alternative modes of
care was somewhat arbitrary, being considered
neither too few nor too many to handle. It
would have been straightforward to set some
other number of alternative modes per group

and to arrange for a cluster analysis on that
basis). For each mode the service allocations per
client were extracted from the results of the
cluster analysis which showed the service

usage as percentages. Each uilk represented
the proportion of clients in group i and mode 1

who would receive service k.
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[4]]

Test model for group 06 (LPAM)

As a first attempt, the model with alternative
modes of care was constructed for a single group,
06, of clients. The computer package for linear

programming, MPSX, was used.

The intention of constructing this model was
to test whether the "current” service provision
could be simulated by an alternative modes of

care model.

The model for just one group becomes, for i = 06,

Choose the x._. to maximise T x

il 1 *i1 Vi1

X

Subject to 1 %51 Y1k < Bk’ for all k
z
1 il =d,,
i
and z w. = 1.0 is a condition

1 il

of the data.

In this model the weights w,, were calculated

“in proportion to the known size of each cluster,

x (0)
il

(o) T (o)
T il

The service allocations per client, u were

ilk’
the proportions of service usage given as

percentages in the results of the cluster

analysis.
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For example, for cluster 6 of client group 06,

Y06,6,20 = 1.0
Y06, 6,19 = 0.833
Y06,6, 2 = 0.5
Y06,6,17 = 0.333
Y06,6,14 = 0.333
and  uge oo = 0 fork # 20,19,2,17,14

The service totals Bk were found from

<zx O
k 1 il ilk’

for all k;
i.e. summing the service usage for all clusters

in group 06 by using the results of the cluster

anqusis and multiplying by the known size of

(o)

each cluster, xil .

The client group size di was 111 for client group

5.5.1
06, Figure shows the values of LI Bk

and wil used in the model.

When the model was first run the result was an
infeasible set and it was realised that this was
because the constraints were too strict. Relaxation
of the right-hand-sides (i.e. the values of Bk)

was tried: two runs were attempted, one having
increments of 0.05 to each Bk and one having
increments of 0.02. Both runs were feasible;

the results using 0.02 were used since these

were closer to the actual values.
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The results of the linear programming package

(L) _
gave a set of values xil for xil’ 1 =1,....10,

and i = 06. These were compared with the expected

o
numbers of clients in each cluster, Xil( ),
derived from the results of the cluster analysis.
When rounded to integer values, the sizes were

the same. Figure 5.5.2 shows these results.

It was concluded that the model was simulating

successfully the service provision for group 06.

The weighting factors wil had been chosen

arbitrarily (albeit carefully) and the next

stage was to determine the "weight-space” or

the range of values of weights which would

produce the same result. The following sections describe

the analysis of the weight-space and the

related linear-programming models.
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g 5.5, v LA ) 1
Figure 5.5.1 alues of LI Bk and 1y 8 Group 06 Mode

L= 08, 4, = 11, ¥ x_i_l(°)
4
Values of "11
1= 1 2 3 4 5 6 7 8 9 10
W= 0.108 0.135 0.099 0.198 0.117 0.054 0.072 0.126 0.054 0,036
Yalues of uilk and Ek
Y1k
' —>
1 2 3 4 5 6 7 8 9 10 B,
k
1 1.0 0.182 0.143 i.0 20
2 0.133 0.5 5
3 0.067 { 0.091 0.071 1.0 7
4 : 1.0 0.091 0.071 | 1.0 20
5 0.25 0.091 0.125 0.214 0.25 9
6 0.2 0.091 | 1.0 0.308 30
7 0.091 | 0.077 0.125 4
11 0.067 0.077 2
12 0.133 0.077 3
14 0.091 0.333 |0.375 8
15 0.083 | 0.067 0.045 ' 0.071 4
18 0;303 4
17 0.167 0.455 | 0.1236 | 0.923 | 0.333 |1.0 0.3%7 | 0.833 42
18 ' 0.067 | 0.091 | 0.081 | 0.308 0.75 0.071 15
.19 0.182 | 0.045 0.833 |0.125 0.286 1.0 17
20 0.417 | 0.267 | 0.545 | 0.455 { 0.231 | 1.0 0.125 0.857 1.0 51
21 0.167 | 0.067 | 0.182 | 0.045 | 0.077 0.214 10
22 0.067 | 0.182 | 0.045 4
23 0.083 0.182 | 0.227 0.429 | 1.0 20
24 0.091 0.28 3
25 1.0 14
26 0.143 2
27 0.045 1
28 0.487 0.045 0.875 1.0 21
62 0.067 1
73 0.067 1
88 0.067 1
TOTAL 111




Figure 5.5.2 Results from test model for group 06
(o)

First run with ¥V _ = x,
e ——— il il

d;

Group 06, Size 111 clients

Mode Expected Model

1 % (o) < (L
il il

1 12 12.3

2 15 15.2

3 11 10.8

4 22 22.0

5 13 13.0

6 6 6.0

7 8 8.0

8 14 14.0

9 6 5.9

10 4 3.8

TOTAL 111 111.0
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5.

Formulation of the Weight-Constraints Model

When using the model with alternative modes of care as

described in Section 5.4, the weights w,11

function were chosen arbitrarily by choosing weights
which were related to the expected group sizes, xil’
regsulting from the Cluster Analysis. The next stage
was to attempt a sensitivity analysis of the weights.
The aim was to determine what range of values of

weights in the linear programming model would result

in the same optimum solution.

When linear programming models are solved by the Simplex
Methgd, some sensitivity analysis can be performed by
inspection of values in the final primal tableau, in
particular the values of the dual variables. It is also
possible to deduce the sensitivity of the coefficients

in the objective function as follows:

If the Primal problem is:
. T
Maximise ¢ x
subject to A x £ b, where x and c
are (n x 1) vectors,
b is (m x 1),
and A is (m x n),

then the initial Simplex tableau can be written

and the final (solution) tableau as:
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R l S | X
T *
Q? \ e l -f
T T
At the solution point, d° £ 0, e £ O,

and since,

by the Simplex Method :

R i S X A I II b
° — = —
gT _e_TI ll—f _c_T| 0[ 1| 0
— P > > ——> —> —» &—p —»
n m 1 1 n m 1 1

where B is the basis matrix formed by selecting columns of

A or I corresponding to the solution variables and C

the corresponding vector of coefficients

the objective function,

Bis

or weights in

then BR = A and hence R = B_1 A
BS = I s =8t
-1
* -
o - b - 571
ch+dT=cT dT cT-cTR
-3 - - = = =B
T T - eT =c TS
c_. S+e =0 - =B
_B —
T * * * T *
cgx - t=0 f Cg X
T T T L
and d € 0 > c &£ c 'R thus defining
- = -B . ;
T T the feasibility
e €0 = cg S0 region for the

T T

c £cy R &)
T

- s20 (2)

wveights c.

thus provide a representation of the weight-space within

which the values of the weights must lie.

are to be standardised then the equation

If the weights

;Zw. = 1.0
1l il

is added to the constraints.
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The following paragraphs describe the application

of this weight-space to ithe social services

planning problem. Section 5.7 describes a small
test problem and its weight-gpace, Section 5.8
describes the weight-space model constructed for a
single client group with alternative packages of
care, and Section 5.11 describes the weight-~space
model constructed for the Chester-~le~Street district

with alternatives packages of care.
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Test problem : determination of feasibility

region for weights

The test problem was

model :

Max 0.3 x + 0.2 x + 0.4 x + 0.1 x

i1 iz 21 22
subject to
. <
0.5 X1 + 0.6 X9 + 5 X5 < 80
<
Xll + 3 x21 + 4 X22 < 50
0.3 xll + 0.8 X12 + 7 x22 = 40
11 7 *12 = 60
<
x21 + x22 =< 40
Solving by Simplex, the initial and final
tableaux were:
Initial tableau
11 *12 21 X2z °1 3 ®s5
sl 0.5 0.6 5 0 1 Y] 4] 80
S, 1 0 3 4 0 o 0 50
53 0.3 0.8 0 7 0 1 0 40
S, 1 1 0 0 0 0 0 60
Sy 0 0 1 1 0 0 1 40
0.3 0.2 0.4 0.1 0 0 0 0
c c c c
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Final tableau

%51 0 01 0.0754) 0.1887 0.0188 O -0.1132 O 9.24

X3 1 0 O 3.7736{-0.5660 0.9434 O 0.3396 0, 22.26

S, 0 0 o 8.8868{-0.2830 0.4717 1 -0.6302 O 3.13

X9 0O 1 0 -3.7736] 0.5660 -0.9434 O 0.6604 0O} 37.735

8 0 0 O 0.9246|-0.1887 -0.0188 O 0.1132 1| 30.753

0 0 0 -0.3076|-0.0188 -0.1019 0O ~-0.1887 0|-17.923

The feasibility region for the weights was defined

by the two inequalities:

¢’ < c.'r (1)
= *p
c,'s ¥ o (2)
In the test problem, QT = (C, €, C; C;
gl =(Cc 0 C, 0

R was (5 x 4) in the final tableau;

and S was (5 x 5) in the final tableau.

Substituting in (1) gave:

Q
in
o)

2 CZ

€3

C, £ 0.0754 C3 + 3.7736 C1 - 3.7736 C

o
N

2}
n

and in (2) gave:
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0.1887 c, - 0.5660 c, + 0.5660 c, 3z O
4 .

0.0188 c, + 0.9434 c, - 0.9434 ¢, 3 O

~0.1132 ¢, + 0.3396 c, + 0.6604 c, » 0

thus giving four non-trivial inequalities to define

the weight-space.

These inequalities were then expressed in terms

(providing cl # 0)

of the weight ratios i&,.ig ,fﬁ
‘1 %1 4

i.e. After simplification,

37 S 27 @
°1 °1

—i:i + 50i:E < 50 (4)
°1 °1

Eﬁ - 623 53 3 (5)
©1 ¢1

-2_3_ + 50(:_2 + 13.2626 24_ < 50 (6)
¢1 ¢1 ¢

Obviously (4) could be subsumed in (6) since in

this case ¢ was positive.

Using these inequalities (3), (5) and (6), the
minimum and maximum for each ratio were found by

application of the Simplex method:

—
0 s fE é 1.20455
¢
0 10.22727 7
< 3 < o
€1
0 c 3.99620
€ 4 <
€1
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Comparing with the original coefficients of the

test problem, these were

c, = 0.3

c, = 0.2

€y = 0.4

Cy = 0.1

with corresponding ratios c2 = 0.67, c3 = 1.33,
€1 °1

c4 = 0.33, thus verifying that the original

¢

coefficients did 1lie within the defined ranges (7).

The test problem was used to try out this method

of determining the weight-space. In the specification
of the alternative modes model another weight constraint
can be included because the weights are specified as
standardised values such that the sum of all the

weights equals one.

ie 2 2w, =1.0
i 1

Using this constraint it is then unnecessary to specify

the weight constraints as ratios.

The next section describes the application of the

weight-constraint model to the test model for group 06.
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5.8 Group 06 model : determination of feasibility region

for weights

As was described in section 5.5 above, the alternative
mode model was first constructed for client group 06

with ten alternative modes of care.

The model was:

Choose the X4 to Maximise Z 2 i1 Yin
i 1

subject to Z Z X1 uilkéBk’ for all k;
i 1

™M

d

T xil i’ for all i;

N
M

1.0 is a
condition of
the data.
N.B. This model has i = 06 only. There are 10 unknowns

(xil) and 47 constraints (45 services and 2 size

constraints, < and 2 ).

This model was run with data from the census and the
resulting values for xil were directly comparable with
the expectied values obtained from the Cluster Analysis

(see Figure 5.5.2).

In order to determine the feasibility region for the
weights in this model, it was necessary to model the
weight constraints (1) and (2) described in Section 5.6
above.

ie

e}
In

tLo
o

(1

\%

T
E‘B S 2)

In this case the coefficients of the objective function

are the weights w.

- 141 -




In addition, as shown in Section 5.6,

-1
S B (ie the inverse of the Basis Matrix B)

-1

and R B A,

When the computer package MPSX is used to solve
linear programming problems it is possible to print
the inverse matrix B-1 at the optimal solution and

to print a list of those variables selected for the
solution basis. Thus B-l can be found and B—lA can
then be calculated. The weights !B corresponding to
the variables selected for the solution basis can
then be identified and thus all the data is available

for substitution in (1) and (2).
T T -1

ie w 5; EB B A for (1)
T -1
and EB B ;; 0 for (2)

The additional constraint z Z wil = 1.0 was
i 1
added to the set of constraints to standardise the

weights.

For the group 06 model, there were 10 unknowns (wi ),

1
-1 T

A was (28 x 10), B was (10 x 10), w  was (1 x 10),

EBT was (1 x 28), thus the weights model contained 28

constraints corresponding to (1) and 10 constraints

correspondin-; to (2) together with one equation to

standardise the weights.

The following procedure was used:

(a) The model of the group 06 service provision,
described at the beginning of this Section and
in Section 5.5, was run with data from the
census using the computer package MPSX to

solve the model and the MPSX subroutine to
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(b)

(c)

(d)

(e)

(£)

(g)

print the inverse basis matrix at the
optimal solution point and to print
the 1ist oI variables in the solution

basis.

T
The vector EB was constructed using the

list of variables in the solution basis.

-1
The inverse matrix B was extracted in the
correct column sequence, using the inverse
printed by MPSX and the list of basic

variables in the solution.

T
The vector EB B was constructed.

T -1
The constraints L B > 0 were listed.

The vector !BT B-lA was calculated using

a specially written computer program.

T T,-1
The constraints w g_zB B A were

listed. These all proved to be of the

form w, . < wi,,» for all i and 1.

(This result is a consequence of the "shape"

of the group 06 model, which has more constraints
than real variables. Section 5.,12.1 discusses

an alternative presentation of the weight
constraints, obtained by a different

partitioning of the Simplex tableau, which eliminates
this type of wil S-Wil result. Section 5.12.6

discusses the '"shape” of the LP problem).
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(h)

(1)

The constraint E :Z: Wiy = 1.0 was
i 1

T
added to the set of constraints LA B ‘;}0

to form the weight-space model.
These constraints are shown in figure 5.8.1.

These constraints were input to a new MPSX
model which maximised and minimised each of

the weights in turn.
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Results for this model are shown in figure 5.8.2.
It can be seen that some of the points identified

are maxima or minima for more than one weight.

The initial group 06 model was then tried with
six separate sets of weights to discover what effect
the values of the weights might have. The first new

set was chosen with reference firstly to the original

(o)

X,l
ZZX (o)
i

1 il

values

of the weights, secondly to their minimum and maximum
values and thirdly to the actual descriptions of the
modes of care and a subjective assessment of preference,

giving a set of perturbed weights.

Appendix 11 shows this data, i.e. the ten modes of
care for client group 06 together with weights, client

numbers and service descriptions.

Subsequent sets of weights were perturbed as shown in

Figure 5.8.3, preserving always the relation

E:, wil = 1.0;

Even when some weights were altered to four times their

original size, the values of Xil changed very little

and when rounded to integer values they were unchanged

in all cases. Figure 5.8.3 compares the weights Vil

and results xil for each of these six runs with those

for the first run of the model and with the expected
(o)

values x,
il

The next stage was to extend the service - allocation
model to include all client groups. This is described

in the following section.
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Figure 5.8.3 Reaults from test model for group 06
Six subsequent runs (2) to (7) with perturbed weights

Comparison with first run, Wil(l) and xil(
and gxpected allocations xil(°7
< (0)

il (1) (2) 3) (4) (3) (6) (7)
Vi 0.108 0.110 0.112 0.106 0.133 0.083 Q.115
X 12 12,28 12,28 12.28 12.19 12.30 12.12 12.05
w12 0.135 0.130 0.125 Q.140 0.059 0.211 0.080
xiZ 15 }5.15 15.15 15.186 15.22 15,03 15.22 14.96
wiS 0.098 0.103 0.107 0.095 G.121 0.077 0.080
x13 11 10.77 10.76 10.76 10.87 10.78 10.97 10.79
Y4 Q.198 0.201 0.204 0.195 0.238 0.158 0.080
X4 22 21.9¢ 21.99 21.99 22.00 22.01 22,03 22.03
wiS 0.117 0.120 0.123 0.114 0.146 0.088 0,100
X5 13 13.08 13.08 13.05 12.92 13.05 12.82 13.05
v.6 0.054 0.050 0.046 0.059 0.023 0.085 0.130
Xi6 6 6.01 6.01 6.01 5.99 6.04 5.99 6.06
Vg 0.072 0.068 0.064 0.077 0.029 0.115 0.100
17 8 8.01 8.01 8.01 8.04 7.98 8.07 8.00
V.8 0.128 0.130 0.133 Q.122 Q.165 0.087 0.080
X8 14 14.02 14.02 14.02 14.02 14.02 14.02 14.02
Y0 0.054 0.058 0.082 0.050 3.074 0.038 0.145
X9 6 5.94 5.95 5.95 5.88 8.02 5.86 6.04
wilO 0.036 0.030 0.024 0.042 0.012 0.060 0.130
X 10 4 3.78 3.77 3.77 3.85 3.75 3.90 4.01

CHOICE OF PERTURBATIONS IN WEIGHTING FACTORS

RUN (2) Selected perturbations of between 2% and 16% up or down.
(3) Double the changes of run (2)
(4) Perturb the same amount as run (2) but in the opposite direction
(3) Changes of ten or twelve times the size of those in (2)
(6) As (5) but in the opposite direction
(7) Large perturbations of between 7% and 260%, with increases and decreases

in different weightings from the other runs.
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Test madel for a random sample including all client groups

It was firstly decided that a random sample of
the whole census data should be used so that the
results from such a model could be compared

with results from similar models derived

from other random samples of the census data.
Section 6.5.1 describes the extraction of the
first random sample of 1015 records and the
tests performed to ensure that the sample

was a representative sample.

The model used was the same as that postulated

in section 5.4.1, i.e.

R L I w
Choose the X1 to maximise i1 11 %1
r I .
Subject to i1 %1 Yik S Bk’ for all k;
Py =
1 Xil = di’ for all 1
and ; L W =1.0- is a condition of
i 1 il

the data.

As in the case of the group 06 test model, the
service allocations for the alternative modes of

care, were selected from the cluster analysis

Yi1k’
of the whole of the census data and the weights Yol

were calculated in proportion to the known size of

(o)
each cluster, xil .
. _ (o) _ I (o)
i.e. wil = Xil and di = xil
di

The service totals Bk were found from:

_r I (o)
Bk_—i N xil uilk, for all k.
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When this model was run it was found that

only 17 real variables Xil were selected for
the optimal solution and no alternative optimal
solutions were indicated. Consideration of
this result suggested that this sample of data
appeared to have a different optimum from the
whole data set and that there appeared to be
some form of suboptimising occurring. This
could happen if the chosen sample was
unrepresentative of the whole data or if the
assignment of clients to modes for this sample

was not adequately represented by the cluster

analysis of the whole data set.

Further consideration led to the suggestion that,
instead of using a random sample, a geographical
"district” should be used. In this case it

would be likely that the client service provision,
having been selected by a single team of social
workers, could be expected to be more homogeneous
than that arising from a random sample. Consequently
it was then decided to use the data for Chester-
le-Street district, the number of clients being

730 and therefore of reasonable size.
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.10

The Chester-le-~Street model

The data for Chester-le-Street district was
extracted from the whole ceansus data and analysed
as described below in Section 6.5. For each
client group i the clients were allocated to
modes of care 1 in accordance with the Cluster

Analysis of the whole census data. Thus for

each i and 1 the number of clients Xil(O)

in Chester-le-Street district was known and
so was the allocation of a particular service k.

Hence the allocations ailk of current service

provision could be used to determine uilk the

allocation per client in mode 1 of group i

receiving service k: uilk = ailk
x (o)
il
Similarly, B, =

3T
k i i ailk’ for all k, was used

to determine the total amount of service k

available in Chester district}

_ L (o) .
di = Xil , for all i, was used to

find the size of each group i in Chester district.

The first set of weightings used was:

w. . = x (o)
il il
) (o)
i 1 ¥i1

in the model & stated in Section 5.4.1, i.e.

Choose the x,., to maximise & %

il i 1%
subject to z 2 p:4 u
i 1 il ilk < Bk, for all k;
z = -
1 xil di’ for all i;
and Loy is a condition
i 1 41 = 1.0

of the data.
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However the results for % given by this model
did not seem to be close enough to the expected
(0) . .

values Xx,, to be acceptable, so it was decided
il

to try a different set of weightings. The first

set had been chosen in relation to the group

size expected in each group and each mode;

the new set was related to the service allocations

expected in each group and each mode.

_ Zz (o)
Thus: — w,, = %4 Yi1k
Tz % (o) u
i 1lk il ilk
The results for xil from this model seemed to

be better in their relation to the expected

values x, (0).

il
Appendix 12 compares the expected values
X, (0) with those arrived at using the model

il

and the two sets of weightings.

Since the number of constraints was much smaller

than the number of real variables in the model

(79 constraints arising from 45 service

resource constraints and 34 group size constraints
for Chester-le-Street district;.340real variables
from the 34 groups, 10 modes in each group) it
wasﬂépparent that the model had many possible choices

LS

of re;l variables 640079 when all slacks were
zero) from which Lo form a basis. It was therefore
not surprising to find that multiple optimal
solutions existed. The lists in Appendix 12

show only one of these optimal solutions for

each set of weights. It would be possible to
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arrange for the computer package to move from
one optimal solution to another since the
package shows which variables are alternative

basic variables, but this was not attempted.

At this stage it was decided to investigate
the weight-space corresponding to the Chester-
le~Street district model. Section 5.11 describes

the investigation.

Subsequently the Chester-le-Street model was
used to predict service resource needs in the
event of demographic changes in the district.

This is described in Chapter 8.
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.11

Chester—-le-Street district : determination of

feasibility region for weights

Once the feasibhility region for weights had been
constructed for the group 06 model, this showed
the viability of the method for determining the

feasibility region for weights. (See section 5.8).

As described in Section 5.10 above, an alternative
mode model was constructed for Chester-le-Street
district. All client groups were included and each
group had ten alternative modes of care as defined by
the results of the Cluster Analysis. When this model
was run, multiple optimal solutions existed. Taking
one of these solutions, viz. that printed by the MPSX
package, the weight constraints could then be modelled.
The size of the Chester weights model was . .much
larger than for group 06 alone, so a modified procedure
was used to construct this model. The sizes were:
34 client groups, 10 modes in each group, 340 unknowns
T

(w,1), A was (113 x 340), B! was (113 x 113), w  was

(1 x 340), EBT was (1 x 113), thus the weights model
contained 340 constraints corresponding to (1) in
Section 5.8-above and 113 constraints corresponding

to (2) in Section 5.8 above, together with one

equation to standardise the weights.

The modified procedure used was:

(a) The 1ist of basic variables (52 reals and 61
slacks) was extracted from the MPSX solution
to the alternative modes model for Chester-le-

Street.
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(b)

(c)

(d)
(e)

()

(g)

(h)

The vector XBT was constructed using this

list of basic variables.

The inverse matrix B—l was not axtracted

from MPSX, its size (340 x 340) being

unsuitable for manipulation in the same

way as for the group 06 model. Instead B_l

was constructed as follows:

(1) The matrix AS (113 x 113) was constructed.
This was formed by selecting 52 columns,
corresponding to the real variables in the
solution basis, from the initial matrix A
(113 x 340) of coefficients in the constraints
of the resaurce allocation model; and by
constructing 61 columns to correspond to
the slack variables in the solution basis:
these 61 columns were the corresponding
columns of the unit matrix I (113 x 113).

(ii) As was inverted, using the Numerical
Algorithms Group (NAG) computer package,
to form B_1

The vector XBT B =~ was constructed.

The constraints !BT B-1;> 0 were listed.

The vector w T B-lA was calculated using

B
a specially written computer program.

T

The constraints.yT<i.w B—lA were listed.

=¥

The constraintz Z Wil = 1.0 was added
i 1

T =
to the two sets of constraints !B B 1;; 0
T T -1
andﬂé_\y_BBA

to form the weight-space model for Chester

district.
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(1) These constraints were input to a new

MPSX model which maximised Elw_ X,
1 il il
for values of x,, equal to the Cluster

il
0
Analysis values xil( ).

The result of this model,

ie Choose the LI to Maximise Z E Vi1 %

i 1

T -1
subject to ET 5; ¥ B A,

T -1

andZi: EZy, = 1.0.
: il
i 1
was to choose only one weight,
ie w43’3 = 1.0, and
all other weights = 0.0.

This is an extreme point of the weight-space.

In order to find other extreme points the model was
run with the objective being to Maximise in turmn each
of the weights for each of the ten modes of care in
four client groups, viz. groups 06, 18, 35, 43.
Figure 5.11.1shows the maximum value of each weight

when that weight was being maximised.

From these runs of the model it could also be deduced

that the minimum value of every weight was zero.

Figure 5.11.1 shows, in addition, for client group 18,
when the objective was to Maximise the weight given to
mode 7 of care, the values of the other weights at the
optimum solution point, i.e. the complete specification
of an extreme point. This is shown as an example of

the results obtained for groups 06, 18, 35 and 43.
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It is clear that the specification of weight-space
is possible in the manner described. Probably the
most useful feature is that if a set of weights is
postulated, the model can be used toc assess the

feasibility of the set.

The next section (5.12) takes the weight-space problem
and discusses other possible approaches which could

be taken.
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Figure 5.11.1

Maximum values of weights wil for Client Groups 06, 18, 35, 43
in Chester-le-Street district
Client
Group 06 18 35 43
Mode i
1
1 1.0 0.2 0.5 0.701
2 0.5 0.25 1.0 0.25
3 0.5 0.307 0.757 1.0
4 0.5 0.772 0.5 0.25
5 0.5 1.0 0.5 0.25
6 0.5 0.272 0.5 0.25
7 0.5 0.346 0.5 0.333
8 0.5 0.2 0.5 0.25
9 0.5 0.56 0.5 0.365
10 0.5 0.428 0.757 0.25
Minimum values for these weights were all zero.
Example of Extreme Point Solution:
Maximise Weight for group 18, mode 7
The solution includes the following non-zero weights, all

other weights being zero.

Client Group Mode

i

=

18
18
18
18
25

W ~N W e NN
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.12

Other Approaches to the Weight-Space Problem

5.12.1 Alternative Presentation of the Weight Constraints

Tnstead of presenting the weight constraints ag in
Section 5.4, an alternative and perhaps preferable
presentation can be achieved by a different partitioning

of the Simplex tableau.

T
For the problem Ax £ b, |} X to max;
where A is (mxn), b is (m x 1), W is (n x 1); the
initial Simplex tableau can be written in terms of the

basis matrix as:

n] B | M [ W o |
II _BTl_RTIO|1I0
- € 3 Yy P L—>

m n-t t 1 1

where B represents an (m x m) basis matrix made up of
t columns of A representing the real variables in the
basis and (m - t) columns of I representing the slack
variables in the basis,

AR represents the (n - t) remaining columns of A,

IR represents the t remaining columns of I,

T
W represents those coefficients of the objective function
which correspond to basic variables

T
and WR represents those coefficients of the objective

function which correspond to non-basic variables.

¥hen an optimal solution is reached, this means that

GlH'JloifBIAR‘IR|o|
] PO P P P BV Pl P B

|lo

(1)

where G is of size (m x m),
H is (m x n-t),
J is (m x t),

*
X is (m x 1),
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g is (1 x m),

)
>}
[o%

e
1=
[1:]
7~
=
4
i d
N

*
At the optimum, whence f cannot be improved, the
values in the objective row are all negative or zero
except the coefficient of f the objective function.

Thus g €0, h £0, j €£0.

Expanding the expression (1) above gives:

BG = B, hence G = I;
BH = A hence H = B-lA ;
= R; C - R!
BJ = I hence J = B 11
- R) - R;
* -1
Bx* = b, hence x = B "b;
T
+ g = LA hence g = 0;
T T T -1
+h = ER , hence h = o - !B B AR,
. T -1
+ =0, hence j = _EB B IR;
* * T x*
-£ =0, hence £ = W X

Thus at the optimum, g = O;

W T _wT® 51 A £ 0; (ie n-t inequalities)
-R —B R
W T B_1 I >0 (ie t inequalities)
-B R & - 4

Thus, altogether there are n - inequality constraints

for the weights.

If there are multiple solutions, some of these n

inequalities will become equal to zero.

So there will be at most n inequalities

. } n altogether
+ some equations
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In the actual case we can assume that all n real

variables can appear in the solution.

So (n = m) variables, which did not appear in the
first alternative solution , could be brought into

the solution, hence there will be (n - m) equations:

T T _-1
Weo - W, BT AL, = 0,

thus leaving m inequalities:
T -1
B I .
g R ¥ O
Appendix 15 shows an example of this alternative
presentation of the weight constraints for a small
example having five real variables and two constraints;

the actual, known solution having five non-zero

variables.

- T
Now take the special case of Ax= Db, W X to max)m(n

Now I_ does not exist and the expression (1) simplifies

R

to:

BlO GIHIOIE* ___B'A ’ol_g ()
yBTil EIEI 1|-f* _V{BTlﬁRTll l )

with sizes B (m xm), G (m x m), A, (m x n-m), H (m x n-m),

x mx1), g (lxm, W.' (Lxm, h (1 x n-m),

B

ERT (1 x n-m).

At the optimum, g {0, h £ O.

Expanding (2) gives:

BG = B, hence G = I;

-1
BH = AR’ hence H = B AR;
BXx*= b, hence 5* = 71 ;
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!B G+g-= EB R hence g = O;
T T
¥ H+ h = LA hence h = W
T * * *
x - f =0, hence £ =
_B_
Thus, at the optimum, g = 0;
T wTsla <o

-R —B R

ie (n - m) inequality constraints for the weights.

Since at the actual optimum there must be multiple

solutions (all n variables have non-zero values), so

that the solution in n variables is a linear multiple

of other solutions; then some

will be equations, equating to

If there are m basic variables

then there could be up to (n -

of these inequalities

zZero.

and n real variables

m) alternative solutions,

each bringing an alternative variable into the solution.

In this case all (n - m) inequalities would reduce to

equations, equating to zero.

- 162 -



5.12.2 Parametric Programming

An alternative way of defining the weight-space is

to find all its extreme points. The maxima and minima
for the weights, as found for the small test model in
Section 5.7 or for the group 06 model in Section 5.8,

lead to only some of the extreme points.

One possibility which was explored was to use parametric
programming to perturb the objective function and thus
to find another basic feasible solution which then
became optimal. This new solution would be assocated

with a different extreme point.

The parametric programming facility PARAOBJ in the IBM
MPSX package was used to try this method and it proved
possible to perturb the objective function as described
and to reach a new extreme point, but the specification
of the perturbation parameters was arbitrary and
unsatisfactory. The perturbation parameters had to be
specified as input values, which were therefore pre-set
and fixed for each run of the model. In order to use
the parametric programming method to find all extreme
points some form of automated altering of parameters

would be needed.
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5.12.3 Extreme Points of the Weight-space

As stated above, an alternative way of defining the
weight-space is to find all its extreme points.
There may be a very large number of these: if there
are n real variables Xil with corresponding weights
wil’ then there are (n - m) constraints on the

weights (see Section 5.12.1), where m is the number of
resources plus the number of client groups (i.e. the
number of constraints on L in the LPAM model);
consequently the maximum number of extireme points is
ﬂcn-m’ being the number of ways of choosing (n - m)
basic weight-variables from the n available, Each
extreme point corresponds to a basic feasible solution,
but every selection of a basis may not be feasible, so
nCn_m represents a maximum. The maximum number of

extreme points is thus C or C . For example,
N n-m nm

if there are 35 client groups, with 10 modes of care in

each, and 45 services, then n = 350, m = 80,

] 80
= . 59, 1 .
nCm approx or 10
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5.12.4 Extreme Points of the x-space

Another approach is to consider the extreme points,
not ot the weight space, but of the original probiem,
i.e. the x-space. The origimal constraints were

A XLb, so extreme points of the feasible region can
be evaluated by choosing a basis matrix B and
calculating x = B—lg. Selection of a basis may not
always yield a feasible solution, but the maximum
number of extreme points is rFm’ where n is the
number of real variables and m is the total number
of resoﬁrce and group size constraints. This takes
account of the fact that the actual solution
(representing the current situation) occurs where all
constraints are fully satisfied and so all slack
variables are zero, i.e. A x = b. There may thus be
a very large number of extreme points, as in the
previousg section : if n = 350 and m = 80 then there

8
can be up to 10 0 extreme points.

Supposing it were possible to enumerate these, the
weight constraints could be derived from these:
Let El’ EZ’ ... be the extreme points of the x~space.
Then the actual solution, which contains more non-zero
real variables (i.e. n of these) than can be included in
*

a basis (of size m), x can be expressed as a linear

combination of some of the extreme points, i.e.

*
N )
X oy Ey
some
i

E 3
So if x and El’ E2 are known, oéi can be found.
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b 3
Since x 1is optimal, so alsoc are the extreme

points being combined, i.e. there are multiple
optima, and the objective function has the same
optimal value at these points.

i £ 2_ W._ X __ at point E
i.e. = - 3 %4 at poin i (Xil’ 12,..,xin),

for all i representing those extreme points being

combined.

Hence 2 W X, = 2 W X
T W & 9

J=§'WJX1'=

2 39

for all such i (11, 12, 13,
These result in a set of equations which correspond to
the equations for the weights:

T -1

T
ER - WB‘ B AR = 0 as derived in section 5.12.1.

In addition, any of these extreme points must be a

*
maximum, so £ > O.

-1
At the extreme point for the basis B, x = B b
T T -1
and f = KB X = EB B b
Now b > O
T -1 . .
Hence EB B 3,0, being the set of inequalities

for the weights corresponding to those derived in

section 5.12.1.

Appendix 16 shows an example of this method applied
to a small example having 5 real variables and 2
constraints. In this example there were 5C2 = 10
possible extreme points of which only 6 were feasible.
The known soclution point (in 5 variables) could be
expressed as a linear combination of the feasible
extreme points and from these the weight constraints

could be deduced.
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5.12.5 Multiple Solutions

In the methods described in the preceding sections
the weight constraints have been derived by choosing
a basis and developing the constraints from consideration

of that basis (or corresponding extreme point).

Since the actual solution point contains more real
variables than are contained in a basis, multiple

solutions exist. The actual solution point can be
expressed as a linear combination of extreme points

so some of the bases lead to optimal extreme points.

In the examples given so far, a single choice of
basis has been made. It remains to show whether the
choice of basis influences the constraints derived

for the weights.

Appendix 17 takes the same small example as used in
Appendices 15 and 16 and shows that the choice of

bagsis is not significant : that whatever basis is
chosen, if n > m, the eventual set of weight constraints

will be the same.
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5.12.6 "Shape' of the LP Problem; Degeneracy

Sections 5.8 and 5.11 showed the derivation of the
weight-constraint models for Client Group 06 and
for the Chester-le-Street district. There is a
significant difference between these two models
because of the "shape” of the constraint matrix A
in the original linear programming (LP) problem in

each case. The problem is to Maximise :i Wi xi
i

subjectto AX =1

In the Group 06 model, the number of constraints, m,
is greater than the number of real variables, n,
whereas in the Chester-le-Street model n is greater

than m.

This affects the simplex tableau as follows. Using
the notation of Section 5.12.1, the final simplex

tableau is:

¢ luls o] «
gl a2 1] g
where g = 0, h = ERT - E