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ABSTRACT;-

A brief history of the cosmologlcal constant i s given and 
its role in present day theories is discussed along with an 

Indication of why it is a problem in physics today. 

A discussion of the papers by Visser and Squires on the 

use of the cosmological constant for dimensional reduction is 

given and in the case of Squires' paper, an exact treatment of 

the bound states problem is given in 3-dimensions and some 

headway is made in the more general N-dimensional case. 

Some preliminary work on the nonlocallity problem is also 
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curvature components and associated variables. 
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CHAPTER 1 

THE COSMOLOGICAL CONSTANT 

§1. THE ORIGINS OF THE COSMQLOGICAL CONSTANT 

Today, as seventy years ago, the Einstein f i e l d equations 

play an important role i n Physics. Not only i n the more 
cl a s s i c a l aspects, such as Cosmology, but also i n some of the 
more recent developments such as Supergravity. I t i s i n these 
equations that the Cosmological constant has i t s origins. 

I t i s well known that these equations must be divergence 
free, so without a l t e r i n g the physical significance of these 
equations one can add a further divergence free term so the 
equations then become 

«ab-^9^b^>g3b=^T^b (2) 
The constant, X , introduced here has been named the 

cosmological constant. The reason for the name becomes apparent 
swhen one considers the reason why Einstein included t h i s term i n 
the f i e l d equations, which was to modify the law of gravitation 
at large distances to be one of the form; 

r"=Xr (3) 
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No such e f f e c t has been observed either i n our solar system or 
i n the structure of our galaxy so t h i s constant i s very small 
and i s only important at the cluster level or larger, i n other 
words on the cosmological scale. 

§2. Classical Cosmology and the Cosmoloqical constant 
I f we assume that on a universal scale everything i s 

isotopic and homogenous then the most general metric one can 
have i s the Robertson-Walker metric; 

tÛ  .c'ar - flVof ar'_ r\^6"r\s.-'-e (4) 

where R(t) i s a time dependent scale factor, 
K(t)= _^ i s the curvature. 

I f we substitute t h i s i n t o the f i e l d equations, (2), and further 
assume that a l l the matter and radiation contained i n T , i s 

ab 
l i k e a perfect f l u i d , we then obtain the Freidman equations; 

K. . '^-rrC^p^P^ _ ,\R ( 5 i ) 

H',- S'-Tr&p„U^^ _ ^Ts^C^ ̂ X^^ ^ (5.(lC) ( 5 i i ) 

Where G i s the Gravitational Constant 
Rq i s the Curvature at t=0 
pQ i s the Density at t=0 
c i s the speed of l i g h t . 

From these equations we see that near R=0, the cosmological 
term has no e f f e c t , so the behavior of the big bang i s unaltered. 
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Obviously for d i f f e r e n t values of X , we may have 
various models for the universe and so the cases X >0 and X <0 
w i l l be considered separately. 

X <0 
I f we look at the Freidmann equations we can see that 

R must be f i n i t e f o r R' to remain r e a l , also there i s a value of 
R, R say, such that G(R )=0 i.e. R'=0 when R=R . Equation 

c c c 
(4) then shows that R"<0 when R=R so the universe st a r t s to 

c 
contract at t h i s point. We therefore have an o s c i l l a t i n g model, 
t h i s i s true whatever the value of k. 

X>0 
2 

I f K<0, R' >0 for a l l R, so we have a monotonically 
expanding universe, the only difference from those with )\ =0 

2 2 
being at large R. R' /N^ R /3 so 

I f K=0,p.=0,X >0 we have the De S i t t e r model for which (7) holds 
for a l l t . I f we l e t K=l then there i s a c r i t i c a l value of X , 
Xj, , such that R=0 and R"=0 can be both s a t i s f i e d simutaneously. 
From (4) R"=0 implies 

(7) 

and then equation (6) gives 

0= (4Tt6poT'X"n; - kc^ (8) 
So 

page 5 



This means that there i s the p o s s i b i l i t y of a s t a t i c model of 
the universe, with R=R , for a l l time , t , provided 

and since pt>0, K must be positive for t h i s to happen. This i s 
of course the Einstein s t a t i c model, which was the f i r s t 
s olution of the general r e l a t i v i t y to be found that s a t i s f i e d 
the cosmological p r i n c i p l e . 

By studying the function G(R), (4), as a function of K, we 
can see what other possible X >0, K=-l models there are. 
Clearly G(R) tends to i n f i n i t y both for R and R" tending to 
i n f i n i t y , and reaches a minimum at R with G(R ) > or < 0 

c c 
according to X > or < X,̂ . 
6{P) f 

f i g . 2 G(R) f o r >0, K=+l Models. 

k > X c 
G(R)>0 for a l l R, so we have a monotonically expanding universe 
again. 
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\ = X r 
Apart from the Einstein s t a t i c model,there are two models 

that approach t h i s asyptotically,corresponding to the two 
branches of G(R) ( f i g 2). One expands out gradualy from the 
Einstein state at t equals minus i n f i n i t y and then turns in t o an 
exponential expansion.The other expands out from the usual 
big-bang and then tends asymptotically to the Einstein model as 
t tends to i n f i n i t y . These are the Eddington-Lemaitre models 
shown below;-

Fig 3. K=+l, X =X^models. E=Einstein s t a t i c model; 
ELI,EL2=Eddington-Lematre models. 

I f X =)̂ c(l"*"®)' ©•̂ •̂ l' we have the Lemaitre models. For a long 
period of time R i s close to R and the cosmological repulsion 
and g r a v i t a t i o n a l a t t r a c t i o n are almost i n balence. Finally the 
repulsion wins and the expansion continues again. 

0<X <X,-
There are no solutions for Rĵ <R<R2 ( f i g 2). The solution 
with R<R̂  i s an o s c i l l a t i n g model. In the one with ^^^2 
the universe bounces under the action of the cosmological 
repulsion as seen over;-
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Fig. 4. K= + l. 0< X< model! 

§3. The size of the cosmological constant. 

I f we define 
H(t)= '̂̂ ^̂  i s the Hubble parameter 
q(t) = - PvC-t̂i R."li> i s the deceleration parameter 

cr('t)= ^jiGpW) i s the mass density parameter, 
then i t only takes a l i t t l e work to show 

(12) 

The currently accepted values for these constants are 
Wo •= \0~'^ (13i) 
-\ < (\ ( I S i i ) 
0 •C[ ^ <i7- ̂  0 I ( I S i l i ) 

I f we accept that the universe i s expanding slower than what i s 
was e a r l i e r i n i t s history then q>0 and so, i f we put the 
estimates i n to (12) one obtains the upper l i m i t for the 

-122 -2 
cosmological constant of approximately 10 ^"^pl^ 
where t ^ i s Plank time, p l 
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§4. The cosmoloqical constant i n present day theories. 

The cosmological constant also plays an important role i n 
present day theories,such as Supergravity or superstrings. 

Both of these theories are b u i l t on a Quantum f i e l d theory 
approach i n that a l l the states are found from variation on a 
lagrangian,which w i l l include terms for the free p a r t i c l e s , the 
mass associated with the p a r t i c l e and a term for any 
interactions of the p a r t i c l e i.e. 

L. .=L^ +L +L. , t o t free mass i n t 
I f we compare t h i s lagrangian with the usual one used i n 

general r e l a t i v i t y then we see the cosmological constant comes 
i n t o t h i s lagrangian through the mass term. To i l l u s t r a t e t h i s 
i n a p a r t i c u l a r case l e t us look at the pa r t i c u l a r case of a 
supersymmetric u n i f i e d theory, SU(5), for which the lagrangian i s 

where i n t h i s case the mass term (cosmological term) i s 
(15) 

and W i s a super pot e n t i a l made up of SUSY multipets from the 
SU(5) group, and i s described by 

^•-i^[\IIVJ:^fr^ii^xH.(r^*wQH5 (16, 
Under certain conditions, i t i s not hard to show that because of 
t h i s cosmological term there i s spontaneous breaking of t h i s GUT 
in t o SU(4)*U(1) or SU(3)*SU(2) which corespond to the degenerate 
ground states of the vacuum i n t h i s theory. So the cosmological 
constant i s connected to the expected energy density of the 
vacuum. 
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The cosmological constant comes in t o Superstrings i n 
esse n t i a l l y the same way, as the states of the s t r i n g are 
derived from a lagrangian i n a similar fashion. 

î 5. The problem of the cosmological constant. 
At f i r s t sight there may seem to be no problem with the 

fac t the cosmological constant i s very small, or zero. However 
i f we look more closely we see that the cosmological constant 
i s made up of contributions from the quantum fluctuations of the 
g r a v i t a t i o n a l f i e l d and, also contributions from possible 
breaking of GUTS,SUSY and Salam-Weinberg symmetries a l l of which 
are large, i n exponential order, but, a l l of which almost 
exactly cancel. This obviously i s no accident and so i t i s the 
expllnatlon of t h i s curious fact which i s the problem. We should 
also consider that the constant comes in t o j u s t about a l l 
Physics today as p a r t l y shown above, but also comes into 
p a r t i c l e Physics through the Higgs vacuum expectation values, 
fermion and gauge f i e l d condensates, and others, through the 
vacuum energy density, which i s of course the cosmological 
constant.lt i s therefore a very serious problem indeed and one 
which at the present time i s nowhere near coming to a 
s a t i s f a c t o r y answer. 
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CHAPTER 2 

Visser's model of dimensional reduction. 

SI. Aims of the paper. 
Kaluza-Klein type theories assume that the space-time i s s p l i t 

i n t o M^*K where M^ i s a four dimensional manifold representing 
the observed universe and K i s a compact manifold of internal 
coordinates. To i l l u s t r a t e t h i s type of theory l e t us look at i t i n 
f i v e dimensions. The metric, i n t h i s theory, breaks down into 

^MN^^ab M,N-1,2,3,4. a,b-l,2,3,4. (1.1) 
9M5=95M M=l,2,3,4. (1.2) 
955=955 • (1-3) 

I f we assume that the metric i s periodic i n x^, so i n t h i s 
case K i s a c i r c l e ( t h i s i s sometimes called, assuming K to be 
compact), we can expand the metric 

/ N ri/ \ iny/13 

where the summation convention i s used and B i s the radius of 
the c i r c l e i n which g i s periodic,and i s considered to be small. 
The momentum i n t h i s case i s given by n/13 and the energy by 
2 2 

n / f i . I t i s assumed that the y dir e c t i o n i s not observed and so 
B i s very small, consequently the energy i s of the order of the 
Plank energy f o r a l l states with a nonzero n. I t i s not hard to 
see, therefore that a l l physics has n=0. This i s sometimes called 
the cylinder condition and wrote 
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I f we take the metric to be of the form 
M̂N̂ Sab'̂ ^̂ â̂ b M,N=1,2,3,4. a,b=:l, 2, 3, 4. (4.1) 

gj^g=K0A^ M=l,2,3,4. b=l,2,3,4. (4.2) 

955=0, (4-3) 
and perturb t h i s i n the f i e l d s 0 and A ,then i t i s not 
d i f f i c u l t to show that t h i s automatically gives general r e l a t i v i t y 
coupled with electromagnetism i n 4 dimensions, as was shown by 
Kaluza and also independently by Klien i n the e a r l i e r part of t h i s 
century. 

I n Visser's paper ( r e f . l ) , he uses a Kaluza-Klein type of model 
i n Which he arranges f o r an absence of tra n s l a t i o n a l invariance i n 
the i n t e r n a l coordinates. Then by using gravity, trap the p a r t i c l e 
near t o the submanifold M̂ .He then goes onto show that i n the f i v e 
dimensional case i t i s possible to obtain a zero cosmological 
constant i n four dimensions from a nonzero one i n f i v e . 

S2, The metric. 
Visser assumes that the Kaluza-Klein type metric has the form 

ds^ = -e2'^^^^dt^+dx.dx+dB'^ (5.1) 
where x^=(t,x,y,z,B) a=0,1,2,3,4. (5.2) 

This under certain conditions on 0(B) w i l l produce a f l a t 
submanifold M̂ . 

Without looking at the f i e l d equations one can say something 
about any p a r t i c l e following geodesies:-integrating the geodesic 
equation one finds that 

E=PV<^ (6.1) 
and 

p'-=P̂  i=l,2,3,4. (6.2) 
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where E and p""" are constants of motion, and P"̂  are the momentum 
components of the mass i n the f i v e dimensional universe. The five 
momentum i s defined i n the same manner as the four momentum, namely 

P2=M2-E2. 

Armed with t h i s one can say any p a r t i c l e having a de f i n i t e rest 
mass i n the f i v e dimensional universe w i l l s a t i s f y 

Consequently the momentum component i n the 13 direction w i l l 
s a t i s f y 

(p5,2={EV2''-(M,)2-p2)l/2 ,8) 
From t h i s i t i s obvious that i f 

E<{(M5)2+p2}^/2sup(e'^) (9) 
any c l a s s i c a l p a r t i c l e w i l l be bounded i n the 13 direction by the 
po t e n t i a l 0.We do not see the extra dimensions so must ris e 
very r a p i d l y and as Visser says, i t must be i n a length scale of the 
order of the Plank mass, which i s of course what we want for the 
extra dimensions not to be seen. 

S3. Quantum Mechanical Trapping. 
To see how t h i s trapping works i n quantum mechanical vein Visser 
assumes that there i s a f i e l d , w i t h the background meteric described 
above, which can be described by the Klein-Gordon equation; 

Substituting (1) i n t o (10) yields the e x p l i c i t form 
^ . M 9 / 4 - / G ' 6^1 ,<^'^. n \ - ( 1 1 ) 
He now seeks a plane wave expansion of the form 

(12) 
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which when substituted i n t o (8) gives the Schrodinger l i k e equation; 

or i n terms of an eigenvalue problem I- (14) 

where V(w,B)= ^" "h ̂'^' - ^ 
4 % 

The e x c i t a t i o n spectrum i s now found by solving 
XX^U)= (15) 

Visser notes that i t i s possible to put a bound on t h i s 
equation.By a suitable normalization i n t i t i s possible to get 
inf('0)=O, and so V(w,6) w i l l be bounded by 

V(w=G,6)^V(w,B):?V(w=0,6)-w2/2 (16) 
and so the n^^ exited state w i l l be bounded by 

Xr ^ \i t ̂  (17 ) 
To get at the spectra i n the lower dimensional world he defines 

U;:.X;'(-H^ (18) 
to be the inverse of 

Xo (20) 
and so 

u . ( v . , ^ ^ . v r ' L i ^ L l L ] (21) 
Of course we would l i k e a f l a t space to res u l t and so we would 

l i k e the spectrum to have 0(1,3) invariance. This i s not 
necessarily so but we would l i k e i t to show up i n some 
approximation. Towards t h i s end Visser examines the rest mass i.e. 
he sets k=Q, and so 

w^{£l:)Z^^ (22) 
He now uses f i r s t order perturbation techniques to evaluate 

near J l ^ and so 

page 14 



(23) 

Hence t h e spectrum may be o b t a i n e d by s o l v i n g 

(V\ 4 C - Y ^ ^ - a : V = K ^ ^ ' (24) 

Thus i f we are i n t h e r e g i o n where f i r s t o r d e r p e r t u r b a t i o n i s 

v a l i d , w h i c h o f course depends on t h e exa c t form o f 0 which w i l l be 

d i s c u s s e d i n t h e n e x t s e c t i o n , t h e spectrum i s Lo r e n t z i n v a r i a n t and 

has a r e s t mass o f i l ^ w i t h c^ b e i n g t h e expected speed o f l i g h t 

f o r t h e n^^ e x i t e d mode. 

§4.'The f i e l d e q u a t i o n s . 

To see t h e r o l e o f t h e c o s m o l o g i c a l c o n s t a n t i n t h e t r a p p i n g o f 
p a r t i c l e s , V i s s e r c o n s i d e r s t h e f i e l d e q u a t i o n s where T a t t h i s time 
i s unknown, 

° a b = > W T a b (25) 
By use o f t h e reduce program (appendix 1) i t was a simple m a t t e r 

t o v e r i f y t h e nonzero components o f t h e E i n s t e i n t e n s o r are 
G^^=G22=G33 = e"'^(e'^)" (26) 

P u t t i n g ( 5 . 1 ) i n t o ( 25) one e a s i l y sees t h a t t h e nonzero 
components o f t h e energy s t r e s s t e n s o r are d e f i n e d by 

T°Q=T^4 (27.1) 
( e * ^ ) " = (X+T^j^)e'^ (27.2) 

^1=^22=^33 (27.3) 
T h e r e f o r e i t i s t h e p r e s s u r e ^ ~'^11~'^22~'^33' ^^^^ produces 

t h e B dependence o f 0 whereas t h e d e n s i t y must be independent o f B. 

To c o n s t r u c t t h e s t r e s s - e n e r g y t e n s o r 

T v. = F F^°-g . ( F , F'^^)/4 (28) ab ac b ^ab*" cd " 
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V i s s e r chooses t h e s i m p l e case o f a c o n s t a n t e l e c t r i c f i e l d w i t h 

components o n l y i n t h e 6 d i r e c t i o n . T h i s o f course i s h i g h l y 

a r b i t r a r y and i n t h e n e x t c h a p t e r a more n a t u r a l model w i l l be 

c o n s i d e r e d . 

W i t h t h i s t y p e o f f i e l d i n mind V i s s e r chooses 

AQ=a(B) (29.1) 

A^=A^=A^=A^=0 (29.2) 

and 
.ab_^„-20, 

F^^F--=-2e - - ( a - ) ^ (29.4) 

By d e f i n i n g 

E=e-*^a' (30) 
The components o f t h e s t r e s s t e n s o r t u r n o u t t o be 

TQ°=a'(-e^'^a' )+EV2 (31.1) 
=-E2/2 

T̂ '̂  = -E2/2 (31.2) 

T^-^=T^'^=T:^^=E^/2 (31.3) 

I f we p u t (31.1-3) i n t o (27.1-3) we o b t a i n t h e e q u a t i o n s 

>̂  =E2/2 (32.1) 

(e'^)"=E2(e*^) (32.2) 

E q u a t i o n s (30) and (31.2) are e a s i l y s o l v e d f o r 0 and a t o g i v e 

e*^=cosh(EB) (33.1) 

a =sinh(EB) (33.2) 

V i s s e r s i n t e r p r e t a t i o n o f t h i s i s a nonzero c o s m o l o g i c a l 

c o n s t a n t i n f i v e dimensions has i n some way coupled w i t h a c o n s t a n t 
1/2 

e l e c t r i c f i e l d E=(2 )^) t o produce a f l a t s u b m a n i f o l d i n which 
t h e e f f e c t i v e c o s m o l o g i c a l c o n s t a n t i s zero.The p o t e n t i a l 

4 
0 = l n ( c o s h ( E 6 ) ) t r a p s t h e p a r t i c l e s i n t h e B ( x ) d i r e c t i o n and 
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t h i s t r a p p i n g i s governed by t h e Schrodinger l i k e e q u a t i o n which on 

s u b s t i t u t i o n o f (33.1) i n t o ( 1 3 ) , i s ; 

I ' i - ( v i ' ) " ' > > ^ ( e * > ) ] ' ' l J u - . f O - -N.-n. (34) 

The p o t e n t i a l i n (34) i s t h e w e l l known Rosen-Morse, f o r which 

t h e e x a c t e i g e n v a l u e s are 
Xrv-- i t (-^- (^^^"-"i^V- ^ X ] (35) 

We may now s o l v e f o r t h e e x a c t spectrum, t o g i v e 

UjU,/1)^ ( M V ^ y t <Y ( ^ ) N <V\̂  + kn''^ (36) 

To go any f u r t h e r w i t h t h e e x a c t t r e a t e m e n t V i s s e r d e f i n e s now the 

f o u r d i m e n s i o n a l mass by 

m42=M^2+(E/2)2 (37) 

'One w i l l n o t e t h a t t h i s needs t a c h y o n i c masses i n t h e h i g h e r 

d i m e n s i o n t o g i v e low ,and hence observed,masses i n t h e lower 

d i m e n s i o n a l w o r l d . 

P u t t i n g ( 3 7 ) i n t o ( 36) g i v e s t h e spectrum 

w(n,k)=(n+l/2)E-(m^2+K2)^^2 (38) 

There are two problems w i t h e q u a t i o n s (37) and (38) , i n (37) i t 

needs t a c h y o n i c masses t o make t h e lower d i m e n s i o n a l space low 

energy, b u t perhaps more i m p o r t a n t l y i n (38) t h e momentum 

independent s h i f t i s n o t observed i n n a t u r e where 

w2=m^2+k2 

and so V i s s e r s model i s u n r e a l i s t i c . S quires model ( r e f . 2 ) , 

d i s c u s s e d i n t h e n e x t c h a p t e r , has been c o n s t r u c t e d , h o p e f u l l y a t 

l e a s t , t o overcome these problems. 

§5. C o n c l u s i o n . 

I f one t a k e s V i s s e r ' s paper a t face v a l u e t h e n indeed p a r t i c l e s 

o f t h e h i g h e r d i m e n s i o n a l u n i v e r s e are g r a v i t a t i o n a l l y t r a p p e d on a 

f o u r d i m e n s i o n a l s u b m a n i f o l d , whose energy spectrum can be made i n t o 
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low energy and which a l s o possesses, g e n e r a l l y a t l e a s t , an 

appr o x i m a t e 0 ( 1 , 3 ) i n v a r i e n c e . 

V i s s e r s model a l s o g i v e s a t e c h n i q u e f o r c a n c e l l i n g a f i v e 

d i m e n s i o n a l c o s m o l o g i c a l c o n s t a n t i n c o n j u n c t i o n w i t h an e l e c t r i c 

f i e l d . T H e model i s however u n r e a l i s t i c i n t h r e e main ways; 

a) t h e c h o i c e o f t h e e l e c t r o - m a g n e t i c f i e l d i s c o n t r i v e d as 

ma t h e m a t i c a l convenience and no r e a l J u s t i f i c a t i o n was g i v e n . 

b) i t need a t a c h y o n i c mass i n t h e h i g h e r d i m e n s i o n a l u n i v e r s e 

t o g i v e low energy p h y s i c s . 

c ) t h e momentum independent s h i f t i n (38) i s n o t observed i n 

n a t u r e . 
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CHAPTER 3. 

Dim e n s i o n a l r e d u c t i o n and t h e S q u i r e s model. 

51. B a s i c aims. 

As was s t a t e d i n t h e p r e v i o u s c h a p t e r , V i s s e r s model f o r 

d i m e n s i o n a l r e d u c t i o n had s e v e r a l f l a w s i n i t which made i t 

u n r e a l i s t i c . 

I n t h e paper by S q u i r e s , ( r e f . 2 ) , he aims f o r a s i m i l a r process 

o f d i m e n s i o n a l r e d u c t i o n by a l a r g e c o s m o l o g i c a l c o n s t a n t , but which 

doesn't have t h e d e f i c i e n c i e s o f V i s s e r s model. Namely t h e r e i s no 

need f o r t h e i n t r o d u c t i o n o f a r b i t r a r y e l e c t r i c f i e l d s and t h e mass 

spectrum conforms t o what we see i n n a t u r e . 

52. The empty space f i e l d e q u a t i o n s . 

Towards t h i s end S q u i r e s s t a r t s from t h e empty space f i e l d 

e q u a t i o n s 

«ab=->9ab 
Where t h e c o s m o l o g i c a l c o n s t a n t i s p o s i t i v e so, c l a s s i c a l l y a t 

l e a s t , we have a m o n o t o n i c a l l y expanding u n i v e r s e (see chapter 1, 

§2). T h i s a u t o m a t i c a l l y avoids t h e i n t r o d u c t i o n o f a r b i t r a r y 

f i e l d s , as was done by V i s s e r . 

A t t h e o u t s e t i t was d e c i d e d t o work i n t h r e e dimensions so as 

t o g a i n an u n d e r s t a n d i n g o f t h e g r a v i t a t i o n a l t r a p p i n g and then 

e x t e n d t o a h i g h e r d i m e n s i o n a l case. 

The most g e n e r a l m e t r i c i n t h r e e dimensions can be w r i t t e n as 
d s 2 = f ( t , x , 6 ) d t 2 + g ( t , x , 6 ) d x 2 + h ( t , x , 6 ) d B 2 ( 2 ) 
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s i n c e a l l o t h e r t h r e e d i m e n s i o n a l m e t r i c s can be t r a n s f o r m e d i n t o 
t h i s m e t r i c (see P e t r o v ) . 

Now,to s o l v e t h e f i e l d e q u a t i o n s f o r f , g and h w i t h o u t any 

s i m p l i f i c a t i o n s would be v e r y complex, so S q u i r e s makes the 

s i m p l i f i c a t i o n t h a t f , g , h a l l o n l y depend on t h e v a r i a b l e B. Also 

f o r a r e a l i s t i c s o l u t i o n he a s s e r t s t h a t t h e space must be f l a t as 

So t h e m e t r i c which S q u i r e s i s s e e k i n g i s o f t h e form 

ds2=u2(B)dt2-v2(B)dx2-dfl2 ^ ( 3 ) 

S u b s t i t u t i n g ( 3 ) i n t o ( 1 ) y i e l d s t h e e q u a t i o n s 

V U (4.1) 

I . " \. 

Ĵ : -» V/ = A (4.3) 
I t i s n o t h a r d t o see t h a t w i t h a l i t t l e m a n i p u l a t i o n one can 

o b t a i n t h e s o l u t i o n 

a l o n g w i t h t h e c o n d i t i o n 

AD=-BC (5.3) 

R e s c a l i n g o f t ^ l o n g w i t h a s h i f t o f o r i g i n o f B p r o v i d e s t h e 

unique s o l u t i o n t o t h e f i ' e l d e q u a t i o n s 

u=cosh((X/2)^/2B) (6.1) 

v = s i n h ( ( V 2 ) ^ / 2 f l ) (6.2) 

I f however, one o f A,B,C o r D i s zero t h e n t h e above s o l u t i o n does 
n o t h o l d and so t h e f o l l o w i n g has t o be used 

S q u i r e s decides t h r o u g h o u t h i s work t o use t h e more g e n e r a l case 
as t h i s i s more unique. 

- j ^ i i f ' •—•• •• —' -.̂  
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S3. C l a s s i c a l l y bound p a r t i c l e s . 

B e f o r e c o n t i n u i n g t h e d i s c u s s i o n o f Squi r e s model i t would be 

i n t e r e s t i n g t o see i f c l a s s i c a l l y , p a r t i c l e s moving i n t h i s space 

are bound. Of course here I w i l l be assuming t h a t t h e r e i s 

n e g l i g i b l e back e f f e c t on t h e m e t r i c t h r o u g h t h e f i e l d e q u a t i o n s , o f 

any masses moving i n t h e space. 

To examine t h i s we must end up w i t h some e q u a t i o n which i s 
s i m i l a r t o t h e energy e q u a t i o n 

E=T+V ( 7 ) 

I f we adopt a s i m i l a r approach t o t h a t o f V i s s e r we f i r s t note 

t h a t a l l p a r t i c l e s f o l l o w t i m e - l i k e geodesies ( e x c e p t l i g h t 

p a r t i c l e s w h i c h f o r t h e moment we s h a l l i g n o r e ) ,so t h e geodesic 

e q u a t i o n reads 

d V r^: a x ^ . c 

From ( 2 ) i t i s n o t h a r d t o see t h a t t h e e q u a t i o n i n t and x are 

hk 4 ijC ja (9.2) 
^ ^ 

These o f course may be i n t e g r a t e d t o g i v e 

as 
- r , E ,s a. coA^-tcv.vt (10.1) 

and 

V ' " c i l - I I . 4- (10.2) 

(3> now y i e l d s 

(11) 
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We can now s u b s t i t u t e e q u a t i o n (10.1) and (10.2) i n t o (11) t o g i v e 

1 - - _ £ ! _ _ - - / i S V (12) 

I f we now l e t z = s i n h ( ( >/2 )-'-^-^ ) (13) 

t h e n i t i s a s i m p l e m a t t e r t o show 

which i s o b v i o u s l y t h e energy e q u a t i o n ( 7 ) f o r a p a r t i c l e o f mass 

A moving under t h e a c t i o n o f t h e r e p u l s i v e p o t e n t i a l 

(15) 
4 ^ e ) J 

One s h o u l d n o t e t h a t a l t h o u g h t h e p o t e n t i a l i s r e p u l s i v e i t i s 

s t r o n g l y so a t t h e o r i g i n and a l s o a t +«o , so t h e r e i s s t i l l t h e 

p o s s i b i l i t y o f t r a p p i n g so t h i s w i l l be lo o k e d a t f u r t h e r . 

C o nsider 

V ( z ) = J ( U V X 4 i \ ^ (W^"^)) (16) 
so 

f o r t u r n i n g v a l u e s 

V ( z ) = 0 

V ( z ) = 1(^X1^ 4 1 A (17) 

hence 
4 r 2 ^ z -L =0 

1 /2 
i . e . z=+L s i n c e z^O 
A l s o 

y 0 at - t u i A i . ^ ^ v<,^luA^ ( i S ) 

1/2 
Hence t h e p o t e n t i a l has a minimum a t z=L ' (see f i g 1.) and 

by Occums r a z o r t h e p a r t i c l e w i l l be t r a p p e d a t t h i s minimum 
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f i g 1. A s k e t c h o f t h e p o t e n t i a l ( 1 6 ) . 

T h e r e f o r e c l a s s i c a l l y a t l e a s t p a r t i c l e s o f mass X are bound i n 

t h e ^ d i r e c t i o n and so t h e e f f e c t i v e number o f dimensions are 

reduced from 3 t o 2. 

' For t h e case o f l i g h t p a r t i c l e s i t t u r n s o u t t h a t t h e y are not 

bounded, however we can n e g l e c t t h i s case as we expect t h e 

p a r t i c l e s , i n t h e low e r dimension t o have some mass. 

§4. Quantum f i e l d t h e o r v and bound s t a t e s . 

To r e t u r n t o S q u i r e s paper, he, t o s e t up quantum mechanical 

s t a t e s , assumes t h a t t h e r e e x i s t s a f i e l d w i t h t h e background 

m e t r i c d e f i n e d by ( 2 ) and ( 5 i - i i ) , which can be d e s c r i b e d by the 

Kl l e n - G o r d o n e q u a t i o n 

(19) 

T h i s o f course s u f f e r s from t h e same problem as t h e c l a s s i c a l 

approach i n t h a t t h e f i e l d J may have a back e f f e c t on the m e t r i c 

t h r o u g h t h e f i e l d e q u a t i o n s , b u t t h i s w i l l be di s c u s s e d l a t e r i n the 

c h a p t e r . 

I f one p u t s t h e m e t r i c i n t o ( 19) t h e n i t i s easy t o a r r i v e a t 

(20) 
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S q u i r e s now seeks a plane wave expansion i n t h e t and x 
d i r e c t i o n s and so 

f O - {-l^ i ^ iky)%lp>) (21) 
where 7^ s a t i s f i e s t h e Schrodinger l i k e e q u a t i o n 

(22) 

o r on s u b s t i t u t i o n (51-11) 

' To show t h a t p a r t i c l e s , i n t h e ̂  d i r e c t i o n are bounded, and t o 

g e t t h e mass spectrum i n t h e lower d i m e n s i o n a l , observed u n i v e r s e , 

one n o t o n l y has t o f i n d t h e mass spectrum b u t a l s o one has t o show 

t h a t [i^^ i s d i s c r e t e . 

To show t h e mass spectrum, o f Î IH , i s d i s c r e t e Squires examines 

two t h i n g s , t h e a s y m p t o t i c b e h a v i o r o f (23) f o r l a r g e \̂ \ and the 

i n v a r i a n t measure. 

For l a r g e \pI t h e s o l u t i o n t o (23) behaves l i k e 

The i n v a r i a n t measure i s 
r ^ ( K ^ J l x c ) i p > = ^ A V c l - t A x i p (25) 

so he s t a t e s t h a t f o r n o r m a l i s a b l e s t a t e s o n l y one o f (24) i s 

a l l o w a b l e and so t h e spectrum o f M^^ i s d i s c r e t e , c o n s e q u e n t l y we 

are d e a l i n g w i t h bound s t a t e s . 

To g e t t h e mass spectrum i n t h e lower dimension he makes t h e 

f u r t h e r assumption o f u and v b e i n g e s s e n t i a l l y t h e same. This i s 

t r u e , as he p o i n t s o u t , except f o r t h e r e g i o n IjSUX . 
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He t h e n s u b s t i t u t e s 

^/ ^ v/v X (26) 
t o f i n d t h e S c h r o d i n g e r l i k e e q u a t i o n 

So t h e e x i s t e n c e o f a s o l u t i o n f o r a g i v e n M^^ and X w i l l 

p r o v i d e a c o n d i t i o n on t h e square o f t h e observed p a r t i c l e mass, 

where "i^Qjjg/ where 

'"'obs="'-*'' (28) 
Since we would w i s h t h e observed p a r t i c l e mass t o be s m a l l , i t 

i s o b v i o u s t h a t 

M='H'̂ X/2 (29) 

To now g e t a r e l a t i o n between and m̂  he assumes t h a t 
H obs 

t h e k i n e t i c and t h e p o t e n t i a l e n e r g i e s i n (27) are a p p r o x i m a t e l y 
e q u a l i n magnitude, and so o b t a i n s , 

•"'obs (30) 
w h i c h a c c o r d i n g t o (29) i s indeed s m a l l . 

He j u s t i f i e s t h e a s s e r t i o n o f u and v b e i n g t h e same by s a y i n g , 

t h e wave f u n c t i o n ^ w i l l o n l y spread a d i s t a n c e o f t h e o r d e r 

m '''QJJS ^ because o f (30). He does p o i n t o u t however, around 

B=0 t h e s o l u t i o n needs more c a r e , b u t t h e e r r o r i s o f t h e o r d e r 

""^obs'^ and so he b e l i e v e s t h e a s s e r t i o n j u s t i f i e d . 

To r o u n d o f f he says t h a t t h e B d i r e c t i o n i s n o t observed 

because a l l s t a t e s have t h e sameV|/(B) f a c t o r and so t h e o n l y way i n 

w h i c h an e x i t e d s t a t e , \|^'(B), can happen would be f o r w^-k^ t o be 

l a r g e , say 0 ( X ) , so t h a t -(M2+X/2) now becomes t h a t e i g e n v a l u e o f 

t h e deeper p o t e n t i a l i n (27) 
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S5. C o n c l u s i o n . 

A l t h o u g h t h i s paper produces some good r e s u l t s t h e r e are a l o t 
o f assumptions i n i t , and so may be prone t o e r r o r . I n t h e next 
c h a p t e r I s h a l l p r e s e n t an e x a c t t r e a t m e n t o f t h i s problem i n t h r e e 
dimensions and w i l l make some headway i n - t h e g e n e r a l case. 
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Chapter 4. 

An e x a c t t r e a t m e n t o f t h e S q u i r e s model. 

S I . I n t r o d u c t i o n . 

As s t a t e d i n t h e l a s t c h a p t e r . S q u i r e s s o l u t i o n t o t h e model 

a l t h o u g h good, f r o m an a p p r o x i m a t i o n p o i n t o f view does however 

c o n t a i n some dubious s t e p s . I n t h i s c h a p t e r t h e problem i s a t t a c k e d 

a n a l y t i c a l l y by t h e use o f s p e c i a l f u n c t i o n s and indeed i t comes t o 

l i g h t t h a t t h e r e are bound s t a t e s , i n t h e t h r e e d i m e n s i o n a l case a t 

l e a s t , b u t s t i l l more work w i l l have t o be done on t h i s as t h e 

p a r t i c l e s i n t h e l o w e r d i m e n s i o n a l , o b s e r v e d , space have a mass which 

p u t s them s q u a r e l y i n t h e unobserved r e g i o n . 

S2. Topology o f t h e t h r e e d i m e n s i o n a l space. 

B e f o r e we s t a r t t o seek f o r t h e bound s t a t e s o f p a r t i c l e s , i t 

would be o f b e n i f i t t o see what s o r t o f space these p a r t i c l e s move 

t h r o u g h c l o s e t o t h e o r i g i n , which i s where we expect them t o be 

bounded. 

The l i n e element i n t h r e e dimensions i s 

ds2=cosh2{ ( X/2 ) - ' - / ' ^ e}dt2-sinh2{( V2)-'-^'^3}dx2-de2 (1) 
w h i c h i f B i s c l o s e t o zero, reduces t o t h e form 

ds2=dt2-fl2d{( X/2)"'"^'^x}2-dB2 (2) 

I f we now l o o k a t j u s t t h e x and 6 p a r t o f t h i s , namely 

ds'2=B2dx'2+dB2 ( 3 ) 

we can see t h a t t h i s i n d i c a t e s t h e n a t u r a l t o p o l o g y o f t h e space i s , 

x' and B form p o l a r c o o r d i n a t e s , where x' i s e q u i v a l e n t t o and 6 

t o r , as shown on t h e t o p o f t h e n e x t page 
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f i g 1;-Topology o f t h e space. 

Of course t h e o t h e r p o s s i b i l i t y i s t h a t t h e t o p o l o g y forms a 

cor k s c r e w t y p e space b u t t h i s seems u n n a t u r a l and so o n l y t h e more 

n a t u r a l t o p o l o g y d e s c r i b e d on t h e p r e v i o u s page w i l l be considered. 

§3. Exact s o l u t i o n s i n t h r e e dimensions 

I f we t a k e e q u a t i o n (23) from t h e c h a p t e r 3 and make the 

s u b s t i t u t i o n 
,1/2, 

w i t h 

and 

z=cosh {(X/2)-^/^^} ( 4 ) 

we end up w i t h t h e d i f f e r e n t i a l e q u a t i o n ^ 

(5) 

;(6) 

(7) 

A t f i r s t s i g h t i t does'nt seem t h a t we have made much progress, 

b u t i f we compare t h i s w i t h t h e e q u a t i o n 

( 8 ) 
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w h i c h may be t r a n s f o r m e d , by t h e use o f 

i n t o t h e w e l l known Gauss's d i f f e r e n t i a l e q u a t i o n w i t h 
h y p e r g e o m e t r i c s o l u t i o n s ( r e f . 3 ) 

^ / 

(10) 

Comparing e q u a t i o n s ( 7 ) and ( 8 ) we end up w i t h t h e s e t o f r e l a t i o n s 

( H i ) 

( l l i i ) 

^ I ^ ( l l i i i ) 

So s e t t i n g a s i d e t h e problem o f bound s t a t e s f o r t h e moment we 
s h o u l d be a b l e t o f i n d a s o l u t i o n t o t h e d i f f e r e n t i a l e q a t i o n by 
j u s t s o l v i n g t h e s e f i v e e q u a t i o n s . 

( I l l ) <^ C = WX^ 

( 1 1 1 ) ^ ( 1 1 1 1 ) ^ cc+b t c = :>^-\ AoLAXf. 

: . ( i i i v ) o > ( l ( f ^ - X ^ 4 « L - X ( i ) . -VV^X 

t f{i,A.)\x^/X^] '''' 

A l t h o u g h i t does'nt m a t t e r about t h e c h o i c e o f s i g n f o r 

t r a n s f o r m i n g ( 7 ) i n t o ( 10) t h e r e may be o t h e r c r i t e r i a and f o r t h i s 

r e a son, t h e s i g n s h a l l be l e f t a r b i t a r y . 

( l l i i ) a = l 4 X o ^ - H p > - b (14) 

XX 
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f o r convenience s e t 

^ = (15) 

P u t t i n g ( 1 6 ) i n t o ( 14) y i e l d s 

a = I [ 0 ^ f ^ t : ^ T [ I +- ^ ^ ^ V ^ f ( 1 7 ) 

The c h o i c e o f s i g n f o r a and b does'nt m a t t e r s i n c e t h e r e are 

r e l a t i o n s h i p s between t h e two p o s s i b i l i t i e s ( r e f . 3 ) . So w i t h o u t any 

l o s s o f g e n e r a l i t y I s h a l l assume t h a t a has t h e p o s s i t i v e s i g n . 
Hence t h e s o l u t i o n t o o ( l l i - l l v ) i s 

C:^ \ 4 loi ( 1 8 i i i ) 

t= ot.-^ p> ( 1 8 i v ) 
w i t h 

and 

p> - ( |4Xoi^ + [ 0 + ^ Y " '^^Ay' ' ( 1 8 v i ) 

So t h e complete s o l u t i o n t o ( 7 ) i s 

X(^^ . ^ ' ' r i-?:/^AF(a>,C,2)4p ) f(^V+ l-C,b^ h^2-c;i^^ (19) 

We s h o u l d a l s o n o t e t h a t , because o f t h e t o p o l o g y , x c l o s e t o the 

o r i g i n i s e s s e n t i a l y an angle and, s i n c e we do n o t want a many 

v a l u e d wave f u n c t i o n , t h e o n l y v a l u e s k can t a k e are integer.We can 

t h e r e f o r e , w i t h o u t l o o s i n g v a l i d i t y , t a k e k=0, and so l o o k f o r a 

ground s t a t e t o t h e masses.This s i m p l i f i e s e q u a t i o n s ( 1 8 i - 1 8 v i ) t o o 

CK-- V f (WiC)+ptlW„ > ^ y"j ,201) 
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c - • ( 2 0 i i i ) 
( 20iv) 

w ith 

and 
^ ~ ~ ^ A v ^ ( CWoseA +o be -for C0'^'i^<,ki^ci^(20v) 

( 2 0 v i ) 
So, l e t us now examine i n d e t a i l the bound s t a t e s , i f any, of 

the d i f f e r e n t i a l equation.We should note before continuing that the 

s o l u t i o n (19) i s given as an expansion about the o r i g i n and i f we 

examine i n more d e t a i l the v a r i a b l e we have, we w i l l note that for 

the boundary c o n d i t i o n s we have, namely f i n i t e at the o r i g i n and 

a t i n f i n i t y , then i n the v a r i a b l e z t h i s would equate to X f i n i t e at 

z=l and z f i n i t e a t i n f i n i t y so the expansion we r e q u i r e i s one 

around z=l and not around z=0. We should a l s o note that c=l and so 

the second s o l u t i o n i s a degenerate case, and for consistency when 

both k and w are zero we must take the pUlS s i g n in p. 

I f we look at Abramovitz and Stegun ( r e f . 3 ) we see that the two 

unique s o l u t i o n s are 

i = F f a , 1^ I - ( 2 1 i ) 
and 

v ^ x - ^((\,\>,\) \'^ULi-€)-^ 1 (c^\L\>h ̂  ( 2 i i i ) 

where 

{c^)^-~^u^ = r c b t ^ ^ (c)..- c x ^ w ) ( 2 i i i i ) 

and 

i n 
( 2 1 i v ) 

which i s u s u a l l y c a l l e d the diagamma function ( r e f . 3 ) 

Hence the complete s o l u t i o n i s 
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I f we now impose the boundary condition at z = l , namely % f i n i t e 

t h e r e , we can see t h a t s i n c e the second s o l u t i o n u;^contains 

logarithms and so B=0. We a l s o want^C to be f i n i t e at i n f i n i t y , so 

i f we use (15.3.7) of Abramovitz & Stegun, i t i s obvious that for 

l a r g e z 

I f we now look at the powers of z more c l o s e l y , and remembering (22) 

i t i s not hard to see 

Since ^ must be f i n i t e at i n f i n i t y we r e q u i r e the second term of 

t h i s to v a n i s h , and to do so r e q u i r e s a to be a negative integer 

which i s because of the p r o p e r t i e s of the Gamma function. 

So we have our bound s t a t e s o l u t i o n , which i s 

I f we wish to see what the mass spectrum i s l i k e , a l l we have to do 

i s rearrange equation ( 2 0 i ) to obtain 

h ^ ( l t l d L 4 l ^ ' " - v ) (26) 

I f we examine the ground s t a t e of the mass spectrum then i t i s easy 

to see the energy spectrum i n the lower dimension i s 

The only problem with t h i s i s that, for any the p a r t i c l e 

mass w >2X and so they are once again i n the hidden s e c t o r of the 

mass spectrum . 

To sum up, i t i s p o s s i b l e i n three dimensions to obtain bound 

s t a t e s i n two of the dimensions and so get reduction from three to 

one dimension, but i n t h i s case i t does not seem p o s s i b l e to get 
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observed p a r t i c l e s i n the lower dimension but perhaps t h i s problem 
w i l l be r e s o l v e d i n N-dimensions. 

§4. Extension to higher dimensions. 

I n order to extend t h i s d i s c u s s i o n to higher dimensions we f i r s t 

put the same two c o n d i t i o n s on the metric, i . e . we use orthogonal 

c o o r d i n a t e s i n which i s diagonal and we r e s t r i c t the 

elementary g^^ to be functions of one v a r i a b l e only. 

So the m e t r i c t h a t Squires uses i s 

ds2=u2(6)dt2- . v^2(J3)(dx^)2-de2 (27) 

with the s o l u t i o n ( r e f . 4 ) 

( 2 8 i ) 

( 2 8 i i ) 
where 

and 

p + 2 i ^ , - O (281V) 

S q u i r e s i n h i s paper only s t a t e s t h at these types of metric 

d efined by ( 2 8 i - v ) produce confinement so I w i l l now give a p a r t i a l 

treatment of t h i s problem. 

We note t h a t the metric i n (27) i s not unique s i n c e there are 

many s o l u t i o n s to ( 2 8 i - 2 8 v ) , hence we impose now the a d d i t i o n a l 

c o n d i t i o n t h a t the space i s f l a t when \ i 0, ^-^'f^abcd^^ whenX-*»0. 

By use of the reduce program (appendix 1) i t was found that a 

c o n d i t i o n on the curvature tensor to be zero was 

where t h i s i s not summed over. 

I f we l e t P=qQ then the functions of the metric may be w r i t t e n 
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(30) 
so 

hence (32) 

Before going any f u r t h e r one should remember the behavior of sinh 
and cosh f o r small ^. 

i . e . SUW(BL(i^ <v OC , iOiVCoLf^)^ I for small A . 
Hence 

Although at f i r s t s i g h t t h i s appears to go to zero no matter 

what v a l u e s q̂ ^ take, a c l o s e r i n s p e c t i o n shows that one has to take 

more ca r e s i n c e there i s a factor©^ which may go to i n f i n i t y without 

a j u d i c i o u s choice of q̂ .̂ 

I t takes very l i t t l e working to see that the only choice of 

q^, to prevent t h i s and a l s o to have Kq^jc^j"^^ ^ X->C? are 

-V^ , O.i, .. .- ^J.l^ <3^^> 
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Of course we should now check to whether these values are s o l u t i o n s 

of the f i e l d equations, however i t takes very l i t t l e work to see 

t h a t they do. 

Hence the only s o l u t i o n to the empty space f i e l d equations which 

a u t o m a t i c a l l y produces an asymptotically(A-?f) f l a t space, i n N 

dimensions i s 

I t i s t h i s unique s o l u t i o n t h a t I s h a l l now concentrate. 

( 3 5 i ) 

( 3 5 i i ) 

( 3 5 i i i ) 

iS5. ' E xact s o l u t i o n s i n N+1 dimensions. 

The m e t r i c we are dealing with i s now, 

where 

On s u b s t i t u t i o n i n t o the Klien-Gordon equation we f i n d 

( 3 6 i i ) 

(37) 

So i f we now s e a r c h f o r plane wave s o l u t i o n s i n N dimensions such 

t h a t 

^ ' ^<p|'-c(tAJXa - lC/.>^] X(^) (38) 
with the aim of bounding a p a r t i c l e of mass 

i n the 6 direction,we obtain 

I f we now s u b s t i t u t e 
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2 ^ co^'^^^idi^ (41) 
i t i s not hard to f i n d the equation 

which i s the g e n e r a l i z a t i o n of the equation (7) i n §3 of t h i s 

chapter. We should now take note of of the topology of t h i s space 

as was done i n §2.If we do so, again i t i s not hard to see that 

we have a p o l a r p a i r (x^_^,B) hence again without loosing 

v a l i d i t y we can take ^j^_i=0 and so seek a ground s t a t e to the mass 

i n the .j^ direction.We t h e r e f o r e end up with the equation 

4- ( 1 - 1 ^ ) ^ 7 = - K t (43) 

Notice t h a t t h i s equation determines the value of m̂  (39), and there 

are no other degeneracies on any of the k^ so the model p r e d i c t s 

exact Lorentz i n v a r i a n c e . T h i s follows from the nature of the 

s o l u t i o n given i n 3 4 i and of course i s not true of the general 

s o l u t i o n to ( 2 8 ) . 

T h i s however i s as f a r as we can get with the a n a l y s i s of the 

d i f f e r e n t i a l equation as i t cannot be transformed i n t o the 

hypergeometric equation or anything s i m i l a r . 

§6. Conclusion. 

From t h i s work i s i s t h e r e f o r e p o s s i b l e to get dimensional 

r e d u c t i o n from not only three to two dimensions, as Squires 

i n d i c a t e d , but from three to one, but the masses i n the lower 

dimension are not i n the observed region of the spectrum, so there 

w i l l be c o n s i d e r a b l e back e f f e c t on the metric hence t h i s suggests 

t h a t we should be c o n s i d e r i n g the f i e l d equations with the 
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energy-momentum tensor but then we come back to the problem of how 

to c o n s t r u c t t h i s so t h a t i t i s the most n a t u r a l choice. 

I n the more general case by imposing another r e s t r i c t i o n on the 

space, namely ^3^,^,^ 0 as h-i>0, i t i s p o s s i b l e to have bound 

s t a t e s , although as y e t i t i s not p o s s i b l e to f i n d the mass 

spectrum, t h a t have exact Lorentz i n v a r i a n c e . 

I t seems t h e r e f o r e that many of the aims of Squires and V i s s e r 

have been achieved, however there s t i l l remains the problem of 

f i n d i n g the mass spectrum i n the more general case. 
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ChaiDter 5. 

The n o n l o c a l l i t y problem. 

§1. I n t r o d u c t i o n . 

Quantum Mechanics today, can be based around one of two 

i n t e r p r e t a t i o n s , the Copenhagen School of Thought or the E i n s t e i n 

Podolsky-Rosen (EPR), ( r e f . 5 ) . T h e Copenhagen i n t e r p r e t a t i o n a s s e r t s 

t h a t quantum mechanical d e s c r i p t i o n i s complete. This i s based 

around the p r i n c i p l e of n o n - s e p a r a b i l i t y of two p h y s i c a l systems A 

and B ,and, more g e n e r a l l y , of the p h y s i c a l system, the instrument, 

and the observer. 

On the other hand, E.P.R argued t h a t quantum mechanics i s not a 

complete theory, and they based t h i s on two assumptions:-

(1) The assumption of the e x i s t e n c e of an o b j e c t i v e r e a l i t y 
independent of any observation; 

(2) P h y s i c a l i n t e r a c t i o n are l o c a l i n character, the v e l o c i t y 

of which i m p l i e s the a c t u a l s e p a r a b i l i t y of two p h y s i c a l systems, 

separated by a space time i n t e r v a l . 

A f t e r formulating t h e i r idea about l o c a l i t y , E i n s t e i n put 

forward the argument t h a t i f the Copenhagen i n t e r p r e t a t i o n i s true' 

t h a t there must be a c t i o n at a d i s t a n c e , or f l o n - l o c a l l i t y as i t i s 

now c a l l e d . 

One p o s s i b l e way i n which one can understand n o n l o c a l l i t y i s 

too consider 'wave functi o n reduction', which c e r t a i n l y happens i n 

more orthodox t h e o r i e s , then the n o n l o c a l l i t y can be seen from the 

f a c t t h a t a p o s i t i o n observation automatically removes the whole 

wave f u n c t i o n to one point. Previous to the measurement of the 
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p o s i t i o n , f o r example a p a r t i c l e that might have been r e f l e c t e d or 

t r a n s m i t t e d by a p o t e n t i a l b a r r i e r , the wave function c o n s i s t s of 

two p i e c e s , as i n f i g . 1, whereas a f t e r a measurement i t c o l l a p s e s 

to f i g . 2. 

' l I 

f i q . l 

I , y ^ f i g . 2 

A more p r e c i s e understanding comes however from the E.P.R. type 

of experiment where B e l l ' s theorem shows t h a t l o c a l i t y and quantum 

mechanics are not compatible and i n f a c t recent experiments have 

show t h a t quantum mechanics and hence n o n - l o c a l i t y i s c o r r e c t 

( r e f . 5 ) . 

Since we are very attached to the concept of l o c a l i t y i t has 

been suggested ( r e f . 2 & 6) t h a t some form of i t might be maintained 

i f we l i v e i n a " b a l l of s t r i n g " u n i v e r s e . The idea here i s that 

our 4-dimensional space-time i s embedded i n a f l a t N-dimensional 

space i n such a way t h a t d i s t a n c e measured "along the s t r i n g " (i.e'. 

i n the p h y s i c a l 4-dimensions) might be large", although d i s t a n c e s 

measured by an observer, not constrained to t h i s p h y s i c a l space, 

might be s m a l l . I n t h i s analogy we can embed an i n f i n i t e l y long 

s t r i n g (of zero t h i c k n e s s , of course) i n an a r b i t r a r y small region 

of t h r e e space ( o r indeed two space, s i n c e i t i s of zero 

t h i c k n e s s ) . Since we want our 4-dimensional p h y s i c a l space to be 

f l a t (or a t l e a s t approximately) we cannot achieve t h i s i n 
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5-dimensions (as i s used i n K a l u z a - K l i e n ' s o r i g i n a l i d e a ) , on the 

other hand we can c l e a r l y achieve i t i n 8 (or more), s i n c e we can 

embed each dimension i n 2-space, 

W h i l s t i t i s not completely c l e a r what a l l t h i s means, i t i s 

c l e a r l y of i n t e r e s t to see whether there are s o l u t i o n s to the 

E i n s t e i n f i e l d equations i n which the "bottom of the v a l l e y " ( i . e . 

=0 i n chapter 4) follows a curve i n some higher dimensional space, 

i n which the i n t r i n s i c curvature i s small but the e x t r i n s i c 

c u r v a t u r e ( r e f . 7 ) i s l a r g e . 

§2. The m e t r i c . 

As a p r e l i m i n a r y to t h i s work we develop a metric i n 

3-dlmensions which, f o r r e a l i s m , i s a s o l u t i o n of the empty space 

f i e l d equations : 

(1) 

(2) 

The usual metric f o r f l a t three dimensional space i s 

i f we make the change of v a r i a b l e s 

-X. r ^ S\^d ( 3 i ) 

^ e [o^-{ ̂ cO<j)) ( 3 i i ) 

then t h i s i s s t i l l f l a t space, but now ^ =0 i s a c i r c l e i n space 

X 
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Note t h a t t h i s transformation i s used so that i n the 

g e n e r a l i s a t i o n we can break the symmetry of the space to achieve the 

b a l l of s t r i n g model. 

I t t h i s m etric which I s h a l l t r y and g e n e r a l i s e so that i t 

s o l v e s the empty space f i e l d equations but a l s o i s , a s t h i s one i s , 

a s y p t o t i c a l l y f l a t asX-^0, (so t h i s c o r r e l a t e s with ob s e r v a t i o n ) . 

The metric turns out to be, when ( 3 i - i i i ) are s u b s t i t u t e d i n t o (2) 

I t i s obvious t h a t a g e n e r a l i z a t i o n of t h i s would be 

f ((/',C)(ie' + Hi)Af + a p (5) 
so the question now i s does t h i s s a t i s f y the f i e l d equations. Hence 

i f we s u b s t i t u t e (5) i n t o ( 1 ) , and by use of the reduce program 

(Appendix 1) we end up with the following s e t of equations to solve 
- L f l i f X + I c L ^ d c - i -L 4 X ( 6 i ) 

^ dp 41--^^(j 4̂  J? xc~Tf if(r[d^} 

X(r. 1 M ^ - 1 (i£\VH ( 6 i i ) 

( 6 i i i ) 

( 6 i v ) 

I t should a l s o be noted that the choice of s i g n of X was made 

so we have an a t t r a c t i v e p o t e n t i a l 

So G * ( 6 i ) - ( 6 i i ) - ( 6 i i i ) g i v e s the equation for consistency 

a G"(r - G"- - O (7) 
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Also one notes t h a t 

i s a l s o a s o l u t i o n of ( 7 ) . I f we now use the boundary conditions 

which we are employing, namely the space i s f l a t as X^O, i t doesn't 

take t h a t much work to see that the only s o l u t i o n i s 

c:= 'Lo^^y\[>^'^(\ (9) 

Hence the equations ( 6 i - i v ) b o i l down to the s e t of equations 

Here though ( l O i ) i s j u s t the sum of the equations ( l O i i ) and 

( l O i i i ) , so the problem of f i n d i n g F b o i l s down to the s o l u t i o n of 

Equation (11) may be rearranged to 

I , - ll, . XU'' (12) 
and so i f we make the s u b s t i t u t i o n 

U . F ' ' ^ (13) 
i t i s easy too see 

which of course has the s o l u t i o n 

where A and B are fu n c t i o n s of ̂ . 

Upon s u b s t i t u t i o n of F and G i n t o ( l O i - i i ) i t i s not hard to 

f i n d t h a t 

^" r 0 ( 1 6 i ) 
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%"r-V> ( 1 6 i i ) 
So the complete metric i s 

ei?.,b;C and c\ are d i f f e r e n t cons 
^ = 0 

( 1 7 i i i ) 

( 1 7 i v ) 

Where 1̂,1) ;C ar^d c\ are d i f f e r e n t constants than before. 

I f we now s u b s t i t u t e the values of F and G i n t o the o f f diagonal 

term we e a s i l y see t h a t t h i s vanishes and so the metric defined by 

equations ( 1 7 i - i v ) i s indeed the most general one. 

§3. A s y p t o t i c a l l y f l a t spaces. 

Although i t i s w e l l known t h a t a l l E i n s t i e n i a n spaces i n three 

dimensions have constant curvature, we have introduced another 

degree of freedom i n t o the equations with the cosmological 

constant, \ , hence the n e c e s s i t y of looking for a s y m t o t i c a l l y f l a t 

spaces. 

There now comes the problem of, which values of ^, ^, ^ a n d ^ , w i l l 

produce the a s y p t o t i c a l l y f l a t space t h a t we r e q u i r e . To do t h i s we 

s h a l l have to look at the curvature tensor and i f once again we use 

the REDUCE program of appendix 1 we see t h a t the nonzero components 

are R^^^^, R^g^g, R2323 and ^^^^^.^o i f we use the values we 

have f o r F and G we obtain 

^ ' ' " ^ \ (18111) 
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So i f now r e c a l l the behavior of s i n h and cosh for small values 

of the argument we f i n d the equations 

( 1 9 i i ) 

( 1 9 i i i ) 

( 1 9 i v ) 

Hence when we remember the boundary condition i . e . t h i s metric 

must tend to the one i n equations ( 3 i - i i i ) i t i s not hard to see 

t h a t the only v a l u e s t h a t 01, C and d can take are 

CX^U (201) 
\> ̂  of C v r t U Vvx 1)1- lit (2011) 

^ - (20111) 

0 (201V) 

Therefore the only metric of the type f i r s t defined i n (5) that 

tends to a f l a t space as X=*0 i s 

(2111) 

(21111) 

(211v) 

A c t u a l l y t h i s question of uniqueness need to be looked i n t o a u'Mi 

c l o s e r as i t i s p o s s i b l e t h a t t h i s metric and the one used I n 

chapter 3 are isomorphic however i f one examines the k i l l i n g vectors 

(appendix 2) of both these m e t r i c s then indeed the metric found here 
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i s unique. The s t r u c t u r e of Squires metric i s Isomorphic to an 

Abe l i a n group of order 2 and the one found here i s generated by only 

one element hence these two met r i c s cannot be isomorphic. 

§4. Conclusion. 

Although we have found a unique metric which produces f l a t 

space as , and one which looks l i k e l y to be extended i n t o the 

" b a l l of s t r i n g " , i t i s not c l e a r which curves we should be 

examining f o r i n t r i n s i c and e x t r i n s i c curvature. Since p a r t i c l e s 

f o llow geodesies i t would seem reasonable to assume that we should 

be examining these f o r the afore mentioned p r o p e r t i e s , however t h i s 

i s something which s h a l l have to be l e f t for the future. 
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CHAPTER 6 

P o s s i b i l i t i e s for future research. 

Throughout t h i s work, the metric has only been i n orthogonal 

coordinates,or i f we concider the group s t r u c t u r e of the isometry 

group then ( r e f . 4 ) i t i s the simple G(n),where n i s the number of 

independent k i l l i n g v e c t o r s of the metric. Hence one p o s s i b i l i t y 

would be to have a more complex metric or to put i t more 

mathematically ,to have a non-simple group s t r u c t u r e , perhaps one 

such as SU(3)*SU(2)*U(1) which of course would have the b e n i f i t of 

more r e a l i s t i c as w e l l . 

The meric as a consequence of the coordinate system i s diagonal and 

so i f we concider i t a l a K a l u z a - K l i e n , there are no i n t e r n a l 

f i e l d s . We could t h e r e f o r e 'turn on' these f i e l d s and see what 

consequence they have i n the Klien-Gordon equation. 

These f i e l d s are of course Bosonic i n nature, and so possess spin 

p r o p e r t i e s , i t t h e r e f o r e would not be unreasonable to concider_the 

D i r a c i n s t e a d of the Klien-Gordon equation.This would n e s s e s i t a t e 

working i n a C l i f f o r d algebra f o r the now non-constant s p i n 

m a t r i c i e s , but i t should be f e a s a b l e to a t t a c k the problem of bound 

s t a t e s u sing t h i s method. 

Aside from V i s s e r s paper a l l the work concidered here has been on 

the empty space f i e l d equations , i t t h e r e f o r e seems reasonable to 

t r y to extend the work to i n c l u d e a non-zero energy-momentum tensor, 

which should be chosen r e a l i s t i c a l l y and not a r b i t a r i l y to s a t i s f y 

the equations. 

There i s of course no reason why we should have the cosmological 
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constant as an o v e r a l l constant, a f t e r a l l as long as the f i e l d 
equations are s a t i s f i e d the cosmological constant can be whatever we 
l i k e , and so i n t h i s v e i n we could take i t t o be now a matrix where 
each o f the components are a f u n c t i o n of the cosmological time(ref.7 
& 8 ) . A l t e r n a t i v e l y we could take i t t o be a f u n c t i o n of the variables 
, so long as we remember t h a t t h i s must s a t i s f y the boundary 
c o n d i t i o n s o f i n f l a t i o n i . e . a large cosmological constant, and a 
small cosmological constant now. 

There i s also work t o be done i n the n o n l o c a l l i t y area since as 
was s t a t e d i n the chapter on i t t h a t work was only a pr e l i m i n a r y t o 
working i n N-dimensions. This should be of a geometrical nature and 
i n e'ssence be about the embedding of one space i n s i d e another w i t h 
s p e c i a l a t t e n t i o n being payed t o the p r o p e r t i e s of curves i n both 
the l a r g e r space and also the embedded space. 
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Appendix • I'i ! 

Reduce program w i t h some r e s u l t s . 

S I . I n t r o d u c t i o n . 

I n t h i s appendix I have used the algebraic manipulation language 
REDUCE t o con s t r u c t a program t h a t w i l l work out, at l e a s t i n the 
case o f orthogonal coordinates, such things as the C h r l s t o f f e l 
symbols, curvature tensor and other r e l a t e d tensors also some of the 
r e s u l t s which have been used throughout t h i s work are presented here 

As p r e v i o u s l y s t a t e d t h i s program only works f o r the simple case 
of the metric tensor i n orthogonal coordinates so anyone else 
wishing t o use t h i s program, not i n orthogonal coordinates w i l l have 
t o a l t e r the program accordingly. 
^2. How the program works. 

The only f u l l program shown w i l l be f o r the metric which Squires 
used, namely 

f o r the metrics 

) 
and 

only the r e l e v a n t changes t o the code w i l l be shown. 
Line 1:-This t e l l s the computer t h a t a l l zeros t o be p r i n t e d 

out, are suppressed. 

Line 2 : - I t i s t h i s l i n e which defines a l l f u n c t i o n s t h a t the 
program w i l l use and one w i l l note t h a t a l l the v a r i a b l e s used i n 
t h i s case are stored i n the indexed f u n c t i o n X, which i s the one the 
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computer a u t o m a t i c a l l y l i n k s w i t h variables.The v a r i a b l e s i n 
t h i s case, have t o be stored so as, there i s no other way t o the 
create loops r e q u i r e d t o c a l c u l a t e such things as C h r i s t o f f e l 
symbols, otherwise. 

Lines 3 - 4 ; - I t i s i n these l i n e s t h a t the functions U and V are 
defined t o be f u n c t i o n s of the v a r i a b l e X(3). 

Lines 5-13;-In these l i n e s , the covarient andcontravarient 
m e t r i c tensor are given the dimension 3 and the co n t r a v a r i e n t metric 
tensor i s computed.Therefore, i t i s i n t h i s place the m o d i f i c a t i o n 
r e q u i r e d f o r the more general inverse of the metric tensor should be 
made.Also, i t should be noted t h a t no other m o d i f i c a t i o n s are needed 
throughout the program as i t has been set up f o r the most general 
case already. 

l i n e s 16-20;-Calculate and p r i n t the C h r i s t o f f e l symbols. 
l i n e s 21-33;-Calculation and p r i n t out of the curvature tensor. 
l i n e s 34-38;-Calculation and p r i n t out of the R i c c i tensor. 
l i n e s 39-40;-These c a l c u l a t e and p r i n t out the curvature scalar. 
l i n e s 41-44;-These c a l c u l a t e and p r i n t out the E i n s t e i n tensor. 

I t should be noted, i n t h i s case the program works i n 3 dimensions 
(DIM=3) but could e a s i l y be made t o work i n 10 or some other f i x e d 
value, however the program cannot be made too work i n an a r b i t r a r y 
number of dimensions, as i s req u i r e d sometimes i n generalized 
t h e o r i e s . 

When d e f i n i n g the metric f o r t h i s case, general functions were 
used but i f one has, instead, s p e c i f i c f u n c t i o n s then these would be 
entered d i r e c t l y i n t o the metric without having the need t o use the 
DEPEND statement. However i n a l l cases one must s t i l l define X t o 
be an OPERATOR as i t i s the indexing of t h i s , which i s used 
throughout the program, i n c a l c u l a t i o n s . 
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S3. Conclusion. 
This program, w i t h some minor m o d i f i c a t i o n s , works f o r a metric 

d e f i n e d i n s p e c i f i c number of dimensions, whose components are 
e i t h e r d e f i n i t e or general f u n c t i o n s , or indeed a mixture. However 
t h i s program only works i n orthogonal coordinates and so t h i s may be 
a t o p i c f o r f u t u r e research. 

Programs and r e s u l t s . 

The program d e t a i l e d below i s f o r the metric used by Squires i n 
chapter 3, namely 

I ON NERO; 
2' OPERATOR U,V,X; 
3 DEPEND U,X(3); 
4 DEPEND V,X(3); 
5 DIM=3; 
6 ARRAY GG(DIM,DIM),H(DIM,DIM); 
7 WRITE "COVARIENT METRIC COMPONENTS ARE:-"; 
8 GG(l,l) :=u ' ; 

9 GG(2,2):=-vt 
10 GG(3,3):=-1; 
I I WRITE ""; 
12 WRITE "CONTRAVARIENT METRIC COMPONENTS ARE:-"; 
13 FOR I:=1:DIM DO WRITE H ( I , I ) : = 1 / G G ( I , I ) ; 
14 ARRAY CS1(DIM,DIM,DIM),CS2(DIM,DIM,DIM); 
15 WRITE "NON-ZERO CHRISTOFFEL SYMBOLS ARE:-"; 
16 FOR I:=1:DIM DO FOR J:=1:DIM DO BEGIN 
17 FOR K:=1:DIM DO 
18 CS1(J,I,K):=CS1(I,J,K):=(DF(GG(I,K),X(J)) 

+DF(GG(J,K),X(I))-DF(GG(I,J),X(K)))/2; 
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19 FOR K:=1:DIM DO 
20 WRITE CS2(J,I,K):=CS2(I,J,K):=FOR P:=1:DIM SUM 

H(K,P)*CS1(I,J,P) END; 
21 ARRAY R(DIM,DIM,DIM,DIM),CUR(DIM,DIM,DIM,DIM); 
22 WRITE "NON-ZERO CURVATURE COMPONENTS ARE:-"; 

23 FOR I:=1:DIM DO FOR J:=I+1:DIM DO FOR K:=I:DIM DO 
24 FOR L:=K+1:IF K=I THEN J ELSE DIM DO BEGIN 
25 R(J,I,L,K):=R(I,J,K,L):=FOR Q:=1:DIM 
26 SUM GG(I,Q)*(DF(CS2(K,J,Q),X(L))-DF(CS2(J,L,Q),X(K)) 
27 + FOR P:=1:DIM SUM (CS2(P,L,Q)*CS2(K,J,P)-CS2(P,K,Q) 

*CS2(L,J,P))); 
28 WRITE CUR(I,J,L,K):=R(I,J,K,L); 

29 R(I,J,L,K):=-R(I,J,K,L);R(J,I,K,L):=-R(I,J,K,L); 
30 I F I=K AND J<=L THEN GO TO A; 
31 R(k,L,I,J):=R(L,K,J,I):=R(I,J,K,L); 
32 R(L,K,I,J):=-R(I,J,K,L);R(K,L,J,I):=-R(I,J,K,L); 
33 A; END; 
34 ARRAY RICCI(DIM,DIM); 
35 WRITE "NON-ZERO RICCI COMPONENTS ARE:-"; 
36 FOR I:=1:DIM DO FOR J:=1:DIM DO 
37 WRITE RICCI(J,I):=RICCI(I,J):=FOR P:=1:DIM SUM FOR Q:=1:DIM 
38 SUM H(P,Q)*R(Q,I,P,J); 
39 WRITE "RICCI SCALAR IS:-"; 
40 RS:=FOR I:=1:DIM SUM FOR J:=1:DIM SUM H(I, J ) * R I C C I ( I , J ) ; 
41 ARRAY EINSTEIN(DIM,DIM); 

42 WRITE "NON-ZERO COMPONENTS OF THE EINSTEIN TENSOR ARE:-"; 
43 FOR I:=1:DIM DO FOR J:=1:DIM DO 
44 WRITE EINSTEIN(I,J):=RICCI(I,J)-RS*GG(I,J)/2; 

The r e s u l t s f o r t h i s program are presented on the next page. 
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COVARIENT METRIC COMPONENTS ARE:-
GG(1,1):=U2 

GG(2,2):=-V2 

GG(3,3):=-l 
CONTRAVARIENT METRIC COMPONENTS ARE:-
H ( l , l ) : = l / U 2 
H ( 2 , 2 ) : = ( - l ) / V 2 
H ( 3 , 3 ) : = ( - l ) 

NON-ZERO CHRISTOFFEL SYMBOLS ARE:-
CS2(1,1,3):=CS2(1,1,3):=DF(U,X(3))*U 
CS2(3,1,1):=CS2(1,3,1):=DF(U,X(3))/U 
CS2(2,2,3) :=CS2(2,2,3):=-DF(V,X(3))*V 
CS2(3,2,2):=CS2(2,3,2):=DF(V,X(3))/V 
NON-ZERO CURVATURE COMPONENTS ARE:-
CUR(1,2,1,2):=DF(U,X(3))*DF(V,X(3))*U*V 
CUR(1,3,1,3):=DF(U,X(3),2)*U 
CUR{2,3,2,3):=-DF(V,X(3),2)*V 
NON-ZERO RICCI COMPONENTS ARE:-

RICCI(1,1):=RICCI(1,1): = (-U(DF(U,X(3),2)*V+DF(U,X(3))*DF(V,X(3))) )/V 
RICCI(2,2):=RICCI(2,2):=(V*(DF(U,X(3))*DF(V,X(3))+DF(V,X(3),2)*U) )/U 
RICCI(3,3):=RICCI(3,3):=(DF(U,X(3),2)*V+DF(V,X(3),2)*U)/(U*V) 
RICCI SCALAR IS:-

RS: = (-2*(DF(U,X(3),2)*V+DF(U,X(3))*DF(V,X(3))+DF(V,X(3),2)*U))/(U*V) 
NON-ZERO COMPONENTS OF THE EINSTEIN TENSOR ARE:-
EINSTEIN(1,1):=(DF(V,X(3),2)*U2)/V 
EINSTEIN(2,2):=(-DF(U,X(3),2)*V2)/U 
EINSTEIN(3,3):=(-DF(U,X(3))*DF(V,X(3)))/(U*V) 

Where DF(A,X(N),K) means d i f f e r e n t i a t e the f u n c t i o n A w i t h 
respect t o the v a r i a b l e X(N),K times. Elsewhere one w i l l see 
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DF(A,X(N),X(M) ), which of course means d i f f e r e n t i a t e the fun c t i o n A 
w i t h respect t o the v a r i a b l e X(N) then d i f f e r e n t i a t e w i t h respect to 
X(M). 

For the case of exact fun c t i o n s i n the metric, such as 

which was used i n chapter 5, the relevant changes i n the code are 
made between l i n e s 2-11 and are;-
2 OPERATOR X; 
3 DIM:=3; 
4 ARRAY GG(DIM,DIM),H(DIM,DIM); 
5 WRITE "COVARIENT METRIC COMPONENTS ARE:-"; 
6 • GG(l,l):=(A+X(3)*COS(X(2)))**2; 
7 GG(2,2):=X(3)**2; 
8 GG(3,3):=1 
So, as one can see the l i n e s of code w i t h DEPEND i n , have been 
missed out since we are now dealing w i t h exact functions, as was 
st a t e d i n the i n t r o d u c t i o n . 

The r e s u l t s f o r t h i s are shown below and indeed show t h a t the 
space defi n e d by the metric, i s f l a t . 
COVARIENT METRIC COMPONENTS ARE:-
GG(1,1):=X(3)2*C0S(X(2))2+2*X(3)*C0S(X(2))*A+A2 
GG(2,2):=X(3)2 
GG(3,3) :=1 

CONTRAVARIENT METRIC COMPONENTS ARE:-
H(1,1):=1/(X(3)2*C0S(X(2))2+2*C0S(X(2))*A+A2) 
H(2,2):=1/(X(3)2) 

H(3,3):=l 

NON-ZERO CHRISTOFFEL SYMBOLS ARE:-

CS2(1,1,2):=CS2(1,1,2):=(SIN(X(2))*(X(3)*COS(X(2))+A))/X(3) 

Page 54 



CS2(1,1,3):=CS2(1,1,3):=-COS(X(2))*)X(3)*COS(X(2))+A) 
CS2( 2, 1, 1 ) :=CS2( 1, 2, 1 ) : = { - ( X( 3 )*SIN( X( 2 ) ) )*( X( 3 )*COS(X( 2 ) )+A) ) / 

(X(3)2*C0S(X(2))2+2*X(3)*C0S(X(2))*A+A2) 
CS2(3,l,l):=CS2(l,3,l):=(COS(X(2))*(X(3)*COS(X(2))+A))/ 

(X(3)2*C0S(X(2))2+2*X(3)*C0S(X(2))*A+A2) 
CS2(2,2,3):=CS2(2,2,3):=-X(3) 
CS2(3,2,2):=CS2(2,3,2):=1/X(3) 
NON-ZERO CURVATURE COMPONENTS ARE:-
NON-ZERO RICCI COMPONENTS ARE:-
RICCI SCALAR IS:-
NON-ZERO COMPONENTS OF THE EINSTEIN TENSOR AREt-

For the more general metric of t h i s type, namely 

the r e l e v a n t changes t o the code would again be between l i n e s 2-11 
and are 
2 OPERATOR F,G,X; 

3 DEPEND F,X(2),X(3); 
4 DEPEND G,X(3); 
5 DIM:=3; 
6 ARRAY GG(DIM,DIM),H(DIM,DIM); 
7 WRITE "COVARIENT METRIC COMPONENTS ARE:-"; 
8 GG(1,1):=F; 
9 GG(2,2):-G; 
10 GG(3,3):-1; 

The r e s u l t s produced by the program f o r t h i s metric are;-
COVARIENT METRIC COMPONENTS ARE:-
GG(1,1):=F 
GG(2,2):=G 
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GG(3,3):=1 
CONTRAVARIENT METRIC COMPONENTS ARE:-
H ( l , l ) : = l / F 
H(2,2):=l/G 
H(3,3) :=1 
NON-ZERO CHRISTOFFEL SYMBOLS ARE:-
CS2(1,1,2):=CS2(1,1,2):=(-DF(F,X(2)))/(2*G) 
CS2(l,l,3):=CS2(l,l,3):=(-DF(F,X(3)))/2 
CS2(2,1,1):=CS2(1,2,1):=DF(F,X(2))/(2*F) 
CS2(3,1,1):=CS2(1,3,1):=DF(F,X(3))/(2*F) 
CS2(2,2,3):=CS2(2,2,3):=(-DF(G,X(3)))/2 
CS2(3,2,2):=CS2(2,3,2):=DF(G,X(3))/(2*G) 
NON-ZERO CURVATURE COMPONENTS ARE:-

CUR(1,2,1,2):=(DF(F,X(3))*DF(G,X(3))*F+2*DF(F,X(2),2)*F 
-DF(F,X(2))2)/(4*F) 

CUR(1,3,1,2):=(2*DF(F,X(3),X(2))*F*G-DF(F,X(3))*DF(F,X(2))*G 
-DF(F,X(2))*DF(G,X(3))*F)/(4*F*G) 

CUR(1,3,1,3):=(2*SD(F,X(3),2)*F-DF(F,X(3))2)/(4*F) 
CUR(2,3,2,3):=(2*SD(G,X(3),2)*G-DF(G,X(3))2)/(4*G) 
NON-ZERO RICCI COMPONENTS ARE:-

RICCI(1,1):=RICCI(1,1):=(2*DF(F,X(3),2)*F*G-DF(F,X(3))2*G 
+DF(F,X(3))*DF(G,X(3))*F+"*DF(F,X(2),2)*F 
-DF(F,X(2))2)/(4*F*G) 

RICCI(2,2):=RICCI(2,2):=(DF(F,X(3))*DF(G,X(3))*F*G+2*DF(F,X(2),2)*F* 
-DF(F,X(2))2*G+2*DF(G,X(3),2)*F2*G 
-DF(G,X(3))2*F2)/(4*F2*G) 

RICCI(3,2):=RICCI(2,3):=(2*DF(F,X(3),X(2))*F*G 
-DF(F,X(3))*DF(F,X(2))*G 
-DF(F,X(2))*DF(G,X(3))*F)/(4*F2*G) 
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RICCI(3,3):=RICCI(3,3):=(2*DF(F,X(3),2)*F*G2-DF(F,X(3))2*G2 

+2*DF(G,X(3),2)*F2*G-F(G,X(3))2*F2)/(4*F2*G) 
RICCI SCALAR IS:-

RS:=(2*DF(F,X(3),2)*F*G2-DF(F,X(3))2*G2+DF(F,X(3))*DF(G,X(3))*F*G 
+2*DF(F,X(2),2)*F*G-DF(F,X(2))2*G+2*DF(G,X(3),2)*F2*G 
-DF(G,X(3))2*F2)/(2*F2*G2) 

NON-ZERO COMPONENTS OF THE EINSTEIN TENSOR ARE:-

EINSTEIN(1,1):=((F*(-2*DF(G,X(3),2)*G+DF(G,X(3))2))/(4*G2 

EINSTEIN(2,2):=((G*(-2*DF(F,X(3),2)*F+DF(F,X(3))2))/(4*F2) 

EINSTEIN(2,3):=(2*DF(F,X(3),X(2))*F*G-DF(F,X(3))*DF(F,X(2))*G 
-DF(F,X(2))*DF(G,X(3))*F)/(4*F2*G) 

EINSTEIN(3,2):=((2*DF(F,X(3),X(2))*F*G-DF(F,X(3))*DF(F,X(2))*G 
-DF(F,X(2))*DF(G,X(3))*F)/(4*F2*G) 

EINSTEIN(3,3):=(-DF(F,X(3))*DF(G,X(3))*F-2*DF(F,X(2),2)*F 
+DF(F,X(2))2)/(4*F2*G) 

Of course throughout the chapters I have s i m p l i f i e d the r e s u l t s 
i n t o a more manageable form although t h i s could also have been done 
by the REDUCE language. 

You might say t h a t the r e s u l t s here are questionable, however 
the r e s u l t s used throughout the chapters was only v e r i f i e d by t h i s 
program, which i n t u r n has been checked against many metrics f o r 
which the coresponding cu r v a t u r e , R i c c i etc, are known. 

Page 57 



Appendix 2, 

K i l l i n g vectors and isometry groups. 

51. I n t r o d u c t i o n . 
I f one wants t o get onto a more s t r u c t u r e d approach towards 

u n i f i c a t i o n or dimensional reduction, some s o r t of c l a s s i f i c a t i o n of 
the m e t r i c tensor i s requ i r e d . Towards t h i s end, there are several 
ways i n which the metric tensor may be c l a s s i f i e d , and f o r a 
d e t a i l e d t r e a t i s e see Petrov. One of the ways i n which the metric 
Is' c l a s s i f i e d i s by k i l l i n g vectors which are used t o form an 
isometry group, and i t i s t h i s isometry group t h a t i s used to 
c l a s s i f y the me t r i c . I t i s t h i s approach t h a t I have used, but 
moreover i t i s used i n Kaluza-Klien type t h e o r i e s t o c l a s s i f y the 
i n t e r n a l space (denoted by K i n the case of Visser) whereas the 
other approaches, f o r example, c l a s s i f y the metric tensor by 
eigenvalues of the R i c c i tensor i n a n u l l - ' n ' r a d of coordinates, and 
so not only are more d i f f i c u l t t o use but also do not r e l a t e t o 
c u r r e n t t h e o r i e s so w e l l . 

52. k i l l i n g v ectors. 
K i l l i n g vectors are best described as being the d i r e c t i o n i n 

which, when the metric i s transformed i n t o another coordinate system 
i t r e t a i n s i t s form. 

The metric i n primed and unprimed coordinates are r e l a t e d by 

Now form invariance under such a transform requires 
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9'ab(y')=93b(y') (2) 
I f we now consider an i n f i n i t e s i m a l t ransformation 

where \̂  ( y ) are the components of a vector f i e l d (these are i n f a c t 
the k i l l i n g vectors on the m e t r i c ) , and equate f i r s t orders in C we 
o b t a i n 

or 

Which i s c a l l e d the K i l l i n g equation a f t e r the man who f i r s t derived 
i t , and i t i s from t h i s t h a t w i t h a given metric the k i l l i n g vectors 
are derived, as w i l l be shown l a t e r i n §3 and §4. 

I f we now form-elements 

where K'̂  i s the a^^ component of the n^^ k i l l i n g vector, 
then they form a group which i s of course a l i e group, since they 
are continuous. I t i s t h i s , t h a t i s c a l l e d an isometry group, which 
i s used t o c l a s s i f y the metric tensor. 

This method of c l a s s i f i c a t i o n i s p a r t i c u l a r l y good as the purely 
geometric q u a l i t i e s are e l i m i n a t e d and so what we end up w i t h i s the 
d e s c r i p t i o n of the g r a v i t a t i o n a l f eatures. 

1̂ 3. K i l l i n g vectors and Sguires model. 
The metric from chapter 3 on Squires model f o r dimensional 

r e d u c t i o n i s 

C|,„ COi\v'-( o(xO ^ ^ . (̂ Y" (71) 
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From t h i s we can see t h a t the v a r i a b l e s x^ and x^ are missing 
and so, by one of the many t h e o r i e s associated w i t h k i l l i n g vectors, 
we a u t o m a t i c a l l y have two independent k i l l i n g vectors; 

KW ^\ and 3 / oK (8) 

\ 0 ) ^ o) 

I f we now s u b s t i t u t e the metric i n t o the k i l l i n g equation ( 5 ) , 
one ends up w i t h s i x equations t o solve f o r the remaining k i l l i n g 
v e c t o r s , 

V.^CO$\AUX^ { S\vv WCi^X^) t?;̂  ( 9 i ) 

cosVvV^xi)3.,K' - ),K^ . 0 ' ' ' ' ' ' 

oj , 3 ( 9 v i ) 
We can now make use of the two k i l l i n g vectors we have already found 
t o give f o u r equations 

d^K^ COsViikli.^ - O ( l O i ) 

^, c 0 ( l O i i ) 
) ^ ^ t) ( l O i i i ) 

which obviously have only one s o l u t i o n 

= 0 (11) 

I f we now form elements of the Lie group 

we can see t h a t t h i s i s Abelian w i t h 
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So the metric Squires f i n d s i n h i s paper has i t s s t r u c t u r e 
d efined by an Abelian Lie group of order 2. 

^4. K i l l i n g vectors and the n o n l o c a l l i t v problem. 
The m e t r i c which was found i n chapter 5 on the n o n l o c a l l i t y 

problem was 

= ^(K;.t>il) ( 1 4 i ) 

(yCy^^ ( i 4 i i ) 

dj33 ~ I ( 1 4 i i i ) 
where 

Pr I C^10M<^H) ̂  k "̂ ^̂ ^̂ ^ ̂ ^i -k^^O] \ X . f ( I 4 i v ) 
• ^ _ Ŝ vvVv'-( / X A (14v) 

I f we now use a s i m i l a r method t o what was used i n §3 then we 
end up w i t h s i x equations t o solve (the reason why we end up wi t h 
s i x once again i s t h a t these equations are formed from the metric 
which o f course i s symmetric w i t h s i x independent terms, or 
p o t e n t i a l s ) ; 

KV^t tVx, f X^d^k' - O ( 1 5 i ) 

F3,k' + = 0 ( i 5 i i ) 
F h ~ ^i^^ ^ ^ ( i s i i i ) 

G 'H^ iG-^v ^ O (15iv) 

However i f we take note of the metric then we can see t h a t i t i s 
independent of x̂ ^ and so immediately one k i l l i n g vector i s 

0 
0 

Page 61 



I f we now make use of t h i s then the above equations ( 1 5 i - v i ) b o i l 
down too 

(17i ) 
( 1 7 i i ) 

(17iv) 
(17v) 

Equations ( 1 7 i i i ) and (1 7 v i ) give 

k'̂  - f ^ - ^ i - ^ (18) 
I f we now look at equation ( 1 7 i i ) then we see 

With some work i t i s not hard t o show t h a t the only functions 
t h a t f and g can be are the zero f u n c t i o n 

O ( 2 0 i ) 
k"" 0 ( 2 0 i i ) 

This leads us t o a simple t r a n s l a t i o n group of order 1 f o r t h i s 
m e t r i c . 

S5. Conclusion. 

Since the group of isometries formed by the metric from Squires 
model i s an Abelian group of order 2 and the metric from the 
n o n - l o c a l i t y problem has a simple t r a n s l a t i o n a l group of order 1 
they are both independent s o l u t i o n s of the empty space f i e l d 
equations. This I must say though i s s u r p r i s i n g as one might expect 
from the geometry of the space at l e a s t one r o t a t i o n a l isometry, 
which may bare c l o s e r i n v e s t i g a t i o n at some l a t e r date. 
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The above b r i e f discussion, I hope, shows the power and 
s i m p l i c i t y of isometry groups which i n a view shared by many, i s the 
ri g o r o u s way t o attack the problems c o n f r o n t i n g Physics today. 
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