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ABSTRACT

The nonlinear optical phenomena which occur in semiconductor materials on
a femtosecond to picosecond timescale have recently generated much interest, es-
pecially in the field of telecommunications where the development of all-optical
switching devices based on semiconductors promises a considerable reduction in
the complexity of design coupled with a large increase in the speed of operation.
This thesis examines the underlying ultrafast physical processes with the aim of
providing a clear understanding of the mechanisms involved.

The two main regimes of operation are investigated, namely off-resonance ex-
citation where virtual processes are important and on-resonance excitation where
real carriers are photogenerated, and in each case a particular system of interest is
studied. For the virtual regime of operation, a recent proposal is examined which
suggests the use of bandstructure engineering for a semiconductor quantum well in
order to enhance the nonlinear optical response by the introduction of additional
resonant transitions between subbands. A number of descriptions of the device
are presented, and it is concluded that the technique does not necessarily lead to
an improved response. An example of on-resonance phenomena is provided by the
modelling of the fast refractive index changes in semiconductor laser amplifiers
which have been observed in recent experiments. A simple physical model is de-
veloped which predicts the behaviour seen in the experimental observations. The
nonlinear optical response of the laser amplifier promises the development of fast
all-optical switching based on these devices.

The thesis also examines the difficulties associated with describing the interac-
tion of semiconductor material and electromagnetic field, and in particular looks
at the formulation of a gauge invariant procedure for calculating values of the sus-
ceptibility. The propagation of a light beam along the plane of a semiconductor
quantum well is discussed, and the gauge invariance of susceptibility calculations
performed in the so called A.p and E.r gauges is explicitly demonstrated. Finally,
a brief exploration is undertaken of the effects of bandstructure on the optical
response of a semiconductor, and two quantum well models for the calculation of

a more realistic bandstructure are presented which employ infinite and finite wells

respectively.
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‘God sard, “Let there be light.”
And there was light.’

Genesis 1 3
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CHAPTER ONE

Introduction

The advent of the laser with the inherent strong fields that it provides has
provoked much interest in the study of nonlinear optics in various material sys-
tems. Of particular interest here are semiconductor materials and microstructures
and their potential use in integrated all-optical switching systems for applications
in the field of telecommunications. The current approach is to use transducers
to interface optical and electronic subsystems but an integrated all-optical design
would reduce the overall complexity of the system and also promises much faster
speeds of operation. Electronic technology currently limits transmission rates to
around one gigahertz, but switching with optical pulses of picosecond duration or
less is theoretically practicable. In this thesis a study is made of the so called ul-
trafast nonlinear processes in semiconductor materials and microstructures (which
typically occur on the timescale of 10fs to 10ps), with the aim of understanding
these processes for eventual use in novel all-optical switching devices.

The second chapter of the thesis is devoted to providing a basic understand-
ing of the theoretical concepts and calculation techniques required in the study

of ultrafast nonlinear optical phenomena. In chapter three, consideration is given



to the problem of describing the interaction of the semiconductor material system
with the electromagnetic field of an intense light beam. In particular the issues
relating to the choice of electromagnetic gauge are examined and the gauge invari-
ance of the susceptibility calculations is demonstrated in an example of practical

importance.

Chapters four and five contain the major investigations of the thesis. Chapter
four looks at off-resonance phenomena where optical excitation of the semicon-
ductor is produced by radiation at a frequency slightly below the absorption band
of the material, and a detailed discussion of the response in this so called virtual
carrier regime is presented by employing a perturbative approach. In chapter five,
on-resonance phenomena are considered where the excitation occurs within the
absorption band of the material. In this case the perturbative approach of chapter
four is no longer satisfactory and the use of the Bloch equations to model the
resonant excitation is necessary. Chapter five is dedicated to modelling the fast
refractive index changes in semiconductor laser amplifiers that have been observed
in recent experiments, and it considers the effects of thermal relaxation of carriers

within the device to equilibrium energy distributions.

In chapter six, the approximation of parabolic bands is questioned and a more
realistic bandstructure is calculated for a typical quantum well structure. The
chapter also examines the variation of optical response over the Brillouin zone

and how this is influenced by the plane of the polarisation of the light beam.
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Throughout the thesis the Coulombic interactions which lead to the formation of
excitonic states are neglected, but chapter seven outlines how such effects may be
included within the framework presented here. Also the thermal relaxation pro-
cesses discussed in chapter five are modelled using a number of phenomenological
time constants, and chapter seven briefly examines some theoretical techniques for

the calculation of the scattering rates involved in these processes.



CHAPTER TWO

Fundamentals of ultrafast nonlinear optics

This chapter provides a brief introduction to the basic concepts and methods
of calculation applicable to a study of ultrafast nonlinear optics. The first section
describes the wave equation for a light beam propagating through a semiconductor
material and extends the ideas of linear optics to the nonlinear regime. The con-
stitutive relation between electric field and induced polarisation is presented, and
the susceptibility coefficients x(') are defined. Next the density matrix formalism
is developed and the calculation of the density matrix from the Liouville equation
is discussed. For a semiconductor illuminated by a light beam, the density matrix
permits the determination of the electronic state occupation probabilities and also
of the optically induced polarisation for the semiconductor material. A diagram-
matic approach for the rapid calculation of the maximally resonant contributions
to the density matrix is described. The final section examines ultrafast pulses and

introduces the notion of optically generated virtual carriers.



Section 2.1. The wave equation and the constitutive relation.

The wave equation [1-3] in free space is given by

9’E

VX(VXE)-l-Eo/J,o

where the electric field vector E(r,t) is a function of position r and time t, and
€o and po are the permittivity and permeability of free space respectively. Now
consider a field E = E, expli(ko.r — wt)| which propagates in the direction defined
by ko perpendicular to E,. From the wave equation (2.1) it follows that the field

travels at the velocity of light

w 1

C = — —

ko \/eoro

(2.2)

However when a light beam is incident on a material, the electric field of the light
is responsible for inducing a displacement of charge within the material which
varies in sympathy with the incident field. This polarisation of the material can
be described for sufficiently low values of the incident field by a linear relationship

between the incident field E(r,t) and the induced polarisation P(r,t) namely

P =¢xE (2.3)

where the constant of proportionality x is known as the susceptibility. The oscil-

lating polarisation of charge corresponds to a current

_op
ot
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which modifies the wave equation

O'E o'P
V x (V X E) + eoUo——F = —uow

ETe (2.5)

to account for the current source term. However, substituting for P from equa-
tion (2.3) reproduces the wave equation in free space but with the free space
permittivity eg replaced by €9(1+ x). Thus the presence of the material increases
the effective permittivity by a factor €, = 1+ x, the relative permittivity, which in
semiconductors typically has a value of £, = 3.5. The effect of the polarisation is

to alter the velocity of the light propagating through the material via the relations

1

w c
k  Jeoerpo n

v = (2.6)

where n = /g, is the refractive index of the material. If a light beam propagates a
given distance L in the material it undergoes a phase shift A¢ which depends di-
rectly on the refractive index. For the plane wave solution E = Eq exp [¢(k.r — wt)]
of equation (2.5) the phase shift is A¢ = kL = nkoL. As described in chapter one
this refractive index dependent phase shift is useful in optical switching devices.
Further if the frequency of the light is such that the photon energy lies in the
absorption band of the material this results in a component of the polarisation
oscillating in quadrature to the applied electric field. The corresponding compo-
nent of the current is in phase with the field as would be expected for a dissipative
process. The quadrature component of the polarisation contributes an imaginary

part to the relative permittivity e, and equation (2.6) shows that the wavevector

6



k of the light is consequently a complex quantity. Now k = nkg + ta so that after
a distance L the exponential term in the plane wave solution contributes a factor
exp[tA¢ — aL]. Hence the real part of the wavevector determines the velocity of
propagation of the light, whilst the imaginary part describes the absorption of the
light beam with 2a being the intensity absorption coefficient.

Now if the intensity of the light beam is increased the relationship between
the electric field and the induced polarisation becomes nonlinear. However, the

polarisation may be expressed as a power series in the electric field
P =eoxWE + eoXDE? + eox®PE® + ... (2.7)

which is known as the constitutive relation [4-6], and where x(") is the r** order
susceptibility. It is assumed that in the semiconductor materials considered the
induced polarisation is collinear with the electric field so that the tensorial nature
of the susceptibility may be neglected. It is further assumed that the materials
possess inversion symmetry so that if a field E induces a polarisation P then a

field —E will induce a polarisation —P and consequently x(2) = 0. In this case
P=c(x +xOEHE (2.8)

to third order. The response of the material at the driving frequency of the electric

field is of concern here so that, for example, the description of third harmonic

generation by x(3) is not considered. Thus the nonlinear relative permittivity may

be defined as

e, = el 4 A E? (2.9)



and has a constant component s$°) together with a term which depends on the
intensity of the incident field. Hence by varying the intensity of the light beam (or
perhaps by employing a separate control beam) it is possible to influence the re-
fractive index or the absorption experienced by the beam as it passes through the
material. Later chapters of this thesis concentrate on examining these particular
effects in more detail, although it should be noted that many other processes [4,7]
(such as harmonic generation, Raman frequency shifting and parametric amplifi-

cation) are also possible in the nonlinear regime.



Section 2.2. Liouville’s equation and the density matrix.
The evolution of the quantum mechanical state of a semiconductor system sub-
ject to illumination by a light beam may be described by the system wavefunction

W(t) calculated from the Schrodinger equation [8,9]

m%ﬁt) = (Ho + Hy) ¥(t) (2.10)

where Hy is the Hamiltonian of the unperturbed material system whose eigenstates
{¥,} are used as basis states and where Hy is the interaction Hamiltonian which
describes the influence of the electromagnetic field on the material system. The
wavefunction W(t) may be used in the calculation of the expectation value of
some observable with corresponding quantum mechanical operator O through the

standard relation

(o(t)) = / U (2,8)0(t) ¥(z, ) dz (2.11)

where the wavefunction ¥(z,t) is normalised to unity
/ U (z,8)¥(z, t)dz = 1 (2.12)

Alternatively the evolution of the system may be described in terms of the

density matrix [7-9] of the system whose operator in the Schrédinger picture is

pPs = Z pnml\yn><\ym| (213)

n,m
This is particularly useful in the problems considered here as there is a clear cor-

respondence between certain elements of the density matrix and the light-induced

9



polarisation of a material with inversion symmetry. Also the density matrix formal-
ism allows external effects (such as electron-hole pair recombination and thermal
scattering processes) to be easily included in the equations. The matrix elements
in the basis {¥,} are clearly pnm. The interpretation of the density matrix el-
ements is best made by considering an ensemble of identical systems. Then the
diagonal matrix element p,, describes the probability of finding a system in the
basis state ¥, whilst the off-diagonal matrix element p,, describes the probability
of finding a system whose wavefunction includes a coherent mixture of the basis
states ¥, and ¥,,.

Now if the system wavefunction is ¥ then the density matrix may be written

as
ps = [U)(Y] (2.14)
Also the Schrédinger equation is
. 4|¥)
h——- = Hg|¥ 2.15
th=— s|¥) (2.15)
and its complex conjugate is
d(¥
—1h Eit | = (V|Hg (2.16)

where Hg = Hy + Hj is the total Hamiltonian in the Schrédinger picture. It

follows from equations (2.14) to (2.16) that

L d(Y]

., 9ps

d|v
1h =ih| )

ot dt

10



= Hg|U)(¥| — [¥){(¥|Hs
= Hgsps — psHg

= [Hs, ps] (2.17)

where use is made of the commutator notation. This is the Liouville equation [7-
9] for the density matrix which will be used extensively throughout this thesis to
describe the evolution of the quantum mechanical state of a semiconductor system
subjected to pulsed electromagnetic radiation. Further the expectation value of

an observable O as defined in equation (2.11) may be calculated as

(0) = (¥|0]¥)

=D (VO] ¥n)(¥n|¥)

= (T, |T)(T|O]¥,)

= > (Un|psO|¥n)
n

= Trace (psO) (2.18)

so that once the density matrix has been determined the expectation value of
the observable may be obtained directly by using the trace operation. Hence the
density matrix provides a complete description of a quantum mechanical system
and offers an alternative to the wavefunction approach. The Liouville equation is
employed in preference to Schrédinger’s equation when external events influence
the development of the state of some otherwise isolated system. The advantages

of the Liouville equation are particularly apparent in chapter five where thermal

11



effects are considered.

Now to establish the connection between the density matrix and the polarisa-
tion of the material system noted previously, consider the simple example of a two-
level system perturbed by a periodic electromagnetic interaction E = Eq cos wyt
with photon energy E, = hw, close (but not equal) to the energy separation
E4 = hw, of the two states. The ground state ¥o is assumed to have odd par-
ity (as for a p-like valence state in a semiconductor) and the excited state ¥, is
assumed to have even parity (as for an s-like conduction state). The system is
initially in the ground state, and at time ¢ the system wavefunction consists of a

mixture of the two states

U(t) = Uoe 08 4 o(t) Ty~ ™1! (2.19)

where a(t) is small for a low intensity electric field and Aw; is the energy of state

V;. From elementary time-dependent perturbation theory [8,9]) a(t) is given by

aft) ~ N’;L'(Ij: (f’;))l‘)m e ~Hwr—wg)t (2.20)

where Hj(w,) exp(—iwpt) is the interaction Hamiltonian written to explicitly show
the periodic time dependence at frequency w,. The current operator (discussed
further in chapter three) may be written as J = —(e/m)p and equation (2.18)

may be used to calculate the expectation value

(Jy = —(e/m)(por1P10 + P10PO1) (2.21)

12



Also from equations (2.14) and (2.19) it follows that p1o = Por = a(t) exp(—iw,t)
where the bar denotes complex conjugation. Thus the first term in equation (2.21)
describes the response at frequency —w, whilst the second term describes the
response at frequency +wp, and the current oscillates at the driving frequency in
sympathy with the electric field. The induced current is in fact in quadrature with
the driving field (see equation (3.56)) and so the interaction produces a refractive
index change with no absorption.

The mixing of the basis states is a coherent effect and is subject to external
influences (for example the interaction of an electron with other electrons or with
phonons) which tend to force the system wavefunction to correspond to definitely
one or other of the two states. This destruction of mixing between states is known
as dephasing [4]; in the above example it removes the phase coherence of the two
states Ug and ¥; apparent in equation (2.19) which is induced by the electromag-
netic interaction. With a system comprising a number of individual subsystems
(as with electrons in a semiconductor), the total polarisation is the resultant of all
individual polarisations and once the applied field has been removed it decays to

zero under the influence of dephasing.

13



Section 2.3. Introduction to double Feynman diagrams.
The Liouville equation (2.17) presented in section 2.2 is described as being in

the Schrodinger picture [8,9) which is denoted by the subscripts S. The relations

Uy =Utwg (2.22)
and
O; =UlosgU (2.23)
where
U = exp(Hot/th) (2.24)

transform the wavefunctions ¥ and the operators O from the Schrédinger picture
to the interaction picture [8,9]. Applying the transformation in equation (2.23) to
the operators Og = Hy and Og = pg allows the Liouville equation to be written

in the interaction picture
. 9pr

th—— = [Hr, p1] (2.25)

In a similar fashion to the expansion (2.7) of the polarisation in powers of the
electric field, the density matrix may also be expanded in a perturbation series

pr = p(IO) + p(Il) + p(f) + pf,s) +... (2.26)

where p(I') depends on the 't power of the electric field E”. Now omitting the
I subscript on the density matrix elements and concentrating on just r*h order

terms in the Liouville equation gives

(r)
z‘hd‘;';m - [H,, p([")] (2.27)



which may be integrated to obtain

n_ 1t ( (r-1) _ (r-1) )
T /tozl: Huply, * =Py " Him ) dt (2.28)

In this form the Liouville equation may be particularly easily solved through the
use of a pictorial method involving double Feynman diagrams. Single Feynman
diagrams [10] represent the evolution of a wavefunction in time by a series of
smooth propagations (shown as straight line segments) interrupted by perturbing
interactions (shown as nodes between line segments). Double Feynman diagrams
[7,11-14] represent the evolution of the density matrix in a similar fashion, but
with the evolution of both the ket-vector |¥) and the bra-vector (¥| depicted.
Thus for the perturbation calculation of the density matrix elements pyym,, the
Feynman diagrams consist of a pair of vertical lines representing the bra and ket
parts of the density matrix together with one electromagnetic interaction node
for each stage of the perturbation calculation. At the rth stage of the calcula-

(r-1)

tion the (r — 1)th order density matrix pj has already been determined and
equation (2.28) is used to calculate the rth order density matrix p(I'). The term in-
volving anpl(:n_l) represents an interaction with the ket part of the density matrix
causing a transition from the ket-state |¥;) to the ket-state |¥,). This is depicted
by the diagram in figure 2.1a where the optical field at frequency {1 acts via the
operator Hy;(Q) = (U, |H()|¥;) on the (r — 1)* order density matrix element

(r)

pf:n_l) to produce the rt order density matrix element pnm. The photon involved

in the interaction has frequency 1 and is depicted in the figure by the wavy photon

15



()

Pnm

[¥n) (U ]

AAVIVAVE =

[¥y) - (U
plrrn— )

Figure 2.1a. Interaction involving a photon of frequency {1 (represented by the wavy photon
arrow) which results in a transition of the density matrix from ket-state |¥;) to ket-state
[¥.). The vertical lines depict the propagation through time of the bra- and ket-parts of
the density matrix.

()

Pnm

[¥r) (Ul
M/\/b’*

v,
V) (1) (9]

nl

Figure 2.1b. Interaction involving a photon of frequency Q which results in a transition of

the density matrix from bra-state (¥,| to bra-state (¥

m|-



arrow. The convention adopted is that () is positive when the direction of the pho-
ton arrow is towards the right. Similarly the term involving pf{l_l)H 1m is depicted
in figure 2.1b where the interaction operator is Hj,,,(0?). Note that interactions
occuring on the right of the diagram introduce a minus sign in the corresponding
algebraic expression. Higher order density matrix elements may be obtained by

extending the diagram upwards, adding an interaction on the left or on the right

of the diagram at each stage.

To illustrate the above ideas consider as an example the two-level system of sec-
tion 2.2 with the ground state initially occupied and no coherence between states
so that p(()%) is the only non-zero density matrix element to zero order. Suppose that
the system is illuminated by light with electric field vector E = E, cos wpt where
E, = hwy is close (but not equal) to the energy separation E; = Awy of the two
states. Then the frequency components of the interaction Hamiltonian are Hy(wp)
and Hy(—wp). The calculation of the first order density matrix element p%) uses
the double Feynman diagram shown in figure 2.2a which depicts an interaction of
the ket-state with the electromagnetic field at the frequency ;. The magnitude
of the first order interaction depends on the energy difference fi(w, — wy) which
appears in the denominator of equation (2.20). For w, ~ w, the magnitude of
the interaction becomes large and this is consequently termed a resonant interac-

tion. In fact the expression in equation (2.20) neglects a non-resonant term which

involves the denominator #i{wp + wy). Thus in figure 2.2a a resonant interaction

16
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Ql = Wp
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ot

Figure 2.2a. Feynman diagram depicting the resonant contribution to the first order density

(1) -

matrix element pjy .

o5y
I‘IIO} <\p1,
~ YU
Ql —_— —wp
|¥o) ) (W
Poo

Figure 2.2b. Feynman diagram depicting the resonant contribution to the first order density

(1)

. 1
matrix element pg, .



is obtained with }; = w, ~ w,; and a non-resonant interaction is obtained with

(1)

2 = —wp. The calculation of the first order density matrix element pol1 uses the
double Feynman diagram shown in figure 2.2b. In this case ()} = —wp ~ —w,
gives the resonant interaction and 1; = wp gives the non-resonant interaction.
The general rule is that the sum of the frequencies >./_; Q; from the bottom of a
diagram to the top must be compared with the frequency difference wam = wp—wm
associated with the density matrix element pﬁ,’,ll at the top of the diagram in order
to determine if the diagram represents a resonant interaction. In figure 2.2a the

(1)

frequency difference associated with the matrix element pjy is wio = wy whilst in

figure 2.2b the frequency difference associated with pc()ll) is wor = —wy. It is possible

to calculate higher order density matrix elements retaining only resonant diagrams
at each stage; the resultant matrix elements are termed maximally resonant. For
(2)

1

example figure 2.3 shows a maximally resonant contribution to p;;’ where {1; = wy,

and ﬂl +ﬂz = 0.
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Figure 2.3. Feynman diagram depicting a maximally resonant contribution to the second

order density matrix element pg)



Section 2.4. Fermi’s Golden rule and ultrashort pulses.

This section examines the applicability of Fermi’s Golden rule [15] to the de-
scription of pulsed excitations. For a semiconductor excited by continuous-wave
electromagnetic radiation at a single frequency wy the rate R of transfer of an
electron from an initial state ¥y to some final state ¥; is given by Fermi’s Golden
rule

R= g— [ Hiof?8 (e —wo = wp)p(oor)den (2.29)
where Hyo = (¥1|Hj|¥o) is the interaction Hamiltonian, Awo and hw; are the
energies of initial and final states, and p(w;) is the density of final states.

Now consider the excitation of the two-level system of previous sections by a

pulsed electromagnetic interaction having gaussian envelope with time constant 7
E = E, cos wyt exp(—t?/7?%) (2.30)
And following the method of derivation of Fermi’s Golden rule suppose that
—iwpt . —t% /12
H]o(t) = Hlo(O)e Pte (2.31)

and

U = Uge ™0l 4 o)W et (2.32)

where all time dependence is shown explicitly. Assuming that initially the ground
state Wy is occupied so a(t = —oo) = 0, then «a(t) may be determined from

Schrodinger’s equation

ih% = 10t H6(2)

18



= Hyo(0)ewro—wplte=t7/7" (2.33)

Now integrating over all time

+00 .
a(t = 0o) HIO(O)T/ eV e ATy

T h e O
. Hlo(O)T —A272/4
=—0 Ve (2.34)

where A = w, — wyo. So the eventual occupation probability of the excited state

¥, is given by

p11(o0) = |e(o0)|?

_ alHoOF 7 _asa

= = (2.35)
Also from equation (2.31) it follows that
+00
/_ _ [Hio®)Pdt = |Hio(0)*ry/7/2 (2.36)
and by writing
T 2.2
§(A) = ——e AT /2 2.37
(8) \/2_7re ( )
then equation (2.35) may be expressed as
2 [t 9
p11(00) = — [{Hyo(2)|*dt 6(A) (2.38)
| )
If the pulse width is assumed to be large then by noting that
+00
/ 5(A)dA =1 (2.39)
—00
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and

§(A#0)—>0 as 7 - 00 (2.40)

it is clear that 6(A) approximates to a delta function. In this regime Fermi’s
Golden rule is applicable so that equations (2.29) and (2.38) are equivalent. How-
ever, the result in equation (2.35) is directly applicable to ultrashort pulses and
agrees with values calculated from Liouville’s equation by numerical methods (see
figure 2.4). In this regime 6(A) no longer approximates to a delta function and
now represents the spectral dispersion of the ultrashort pulse. Figure 2.4 shows
that significant absorption of the pulse is avoided only if |A7| > 1, that is if the
detuning A = wp —wyg is much greater than the spectral width of the pulse ~ 1/7.

Further the 7 dependence of p;;(00) provides some indication of the population
of the excited state throughout the pulse. This is particularly apparent for a square
pulse since if the pulse is turned on at ¢t = 0 then the excitation produced up to
time t = 7 is exactly the same as that produced by a complete pulse of width 7.

For such a pulse

0 2
p11(o0) = J—Ifl;;#ﬂsincz(zl’rﬂ) (2.41)
or alternatively
2T +co 9
pu(OO) = —h—z oo |H10(t)| dt&(A) (242)
where
5(A) = {;sincz(Arﬂ) | (2.43)



0.7 x 10-6

: ,011(00) /

7 (ps)

Figure 2.4. Relationship between the final occupation probability p;;(oo) of the excited state
¥, and the pulse width 7, for various values of the detuning A. The continuous curves
show values determined by equation (2.35) whilst the discrete points show values calculated

numerically using Liouville’s equation. A value of Ho(0) = 1072%] is used throughout.



Now suppose that an ensemble of two-level systems, all initially in the ground
state W, are excited by the pulse. At the start of the pulse (cf. short pulses) the
populations of the ground and excited states are determined by the 7% factor in
equation (2.41) so that some of the systems are initially excited, but as the pulse
continues (cf. longer pulses) the sinc?(A7/2) factor becomes more important and
the number of excited systems starts to decrease. If the condition |A7| > 1 is met
then there are practically no systems in an excited state after the pulse has ended.
The condition on A7 is closely related to the uncertainty principle connecting
energy and time, which allows non-conservation of energy on a sufficiently short
timescale. The transiently generated excitations which exist only during the pres-
ence of the pulse are termed virtual excitations. In the semiconductor context of
excitation across the band gap, the production of virtual excitations corresponds
to the generation of virtual electrons in the conduction band and of virtual holes

in the valence band.
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CHAPTER THREE

Electromagnetic gauge theory

In this chapter the description of the electromagnetic interaction with the
semiconductor system is considered in more detail. The electromagnetic fields
may be described in terms of vector and scalar potentials and these are to some
extent arbitrary. To specify the potentials exactly requires a particular choice of
gauge, so the question of the choice of gauge is considered with particular attention
paid to the two usual choices of gauge which give the so called A.p and the E.r
interactions. It is shown that the expectation values of observables (which are
the only physically meaningful quantities) are unaffected by the choice of gauge,
although a particular choice of gauge may provide a more elegant method for
obtaining the result. As an example of gauge invariance there is a discussion on the
connection between the susceptibility calculations performed in the A.p and E.r
gauges. Finally, an explicit expression is derived for the interaction Hamiltonian

H; in the electric dipole approximation for use in later chapters.
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Section 3.1. Gauge theory and Schrodinger’s equation.

The propagation of an electromagnetic wave through a material is described

by Maxwell’s equations

0B
VXE=—-—— 3.1
X ot (8.1)

1 OE
—V xB=¢g—+J 3.2
o 0% T (32)
eVE=p (3.3)
VB=0 (3.4)

The electric and magnetic fields E and B may be described [1-3] in terms of a

vector potential A and a scalar potential ¢

E=-V¢—— (3.5)

B=VxA (3.6)

These descriptions contain an element of arbitrariness in that the vector and scalar
potentials are not completely determined by the electromagnetic fields. The choice
of particular functions A and ¢ constitutes a choice of gauge. Consider two gauges I
and II related by the gauge transformation function A(r,t). Suppose that A and
¢ are the potentials in gauge I, then the potentials A and &S in gauge II are given

by the relations

A=A+VA (3.7)
- AA
¢:¢_E (3.8)



The transformation from one gauge to the other has no effect on the physically

observable quantities which are the electric and magnetic fields. Thus

E:-V&-%j%
:_V(qs—%—lt&)—g—t(AjLVA)
:—ws—%‘:i (3.9)
and
B=VxA
=V x (A + VA)
=VxA (3.10)

since V x VA = 0.
The transformation function A also defines the transformation of a quantum
mechanical operator O in gauge I to the corresponding operator O in gauge II

through the relation {16,17]

O =Uout (3.11)
where

U = exp (—qA/ih) (3.12)

and ¢ is the charge on the particle described by the operators O and O. For an
electron with charge ¢ = —e, the velocity operator v = (p + eA)/m in gauge I

transforms to the operator v = (p + eA)/m in gauge II [18-20].
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Thus
exp (eA/th) (p + eA) exp (—eA/ih)
= p + eA +exp (eA/ih) (—ihV exp (—eA/ih))
=p+eA (3.13)
Similarly the energy operator O = ih% +e¢ in gauge I transforms to 0= ih% +e<?>
in gauge II [18-20].

exp (A /ih) (mﬁ + eqS) exp (—eh ih)

ot
0 [exp (—eA/ih)]
poieCail)

d
= iha + e¢ + exp (eA/1h) (z

L 0 -
= zhE +ed (3.14)

The time dependent Schrodinger equation for an electron in a semiconductor sub-

jected to an electromagnetic field described by the potentials A and ¢ is

oY
H(A,8)¥ = ih" (3.15)

where
H(A, ) = ﬁ (p+eA) +V —ed (3.16)

and V is the potential energy of the unperturbed material system. The formulation
of the Schrodinger equation should yield physically observable results which are
not dependent on the choice of gauge. In gauge I the Schrédinger equation may

be written as S¥ = 0 where

1 ., 0
S = % (p -+ €A)2 + V — (Zh& + 6¢)] (3.17)
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and for gauge invariance the Schrodinger equation should be expressible in gauge II

as S¥ = 0 where

N ~ L0
S = [% (p + c:A)2 +V - (zh& + eqﬁ)] (3.18)

Indeed equations (3.13) and (3.14) show that § = USU' and it follows that the

wavefunctions ¥ and W in the two gauges are related by

=X

=UV (3.19)
where

U = exp (eA/ih) (3.20)

Further, the expectation value of an operator O in gauge II is given by

(0) =

oo ey (3.21)

(¥|01%) _ (¥|UTOU|Y) _ (¥[O[¥)
(¥|¥)

and hence equals the expectation value of the operator O in gauge I. This shows
that the expectation value of an operator is independent of gauge provided that
the appropriate potentials (dependent on gauge) are used in the definition of the
operator. Thus the operator O should be the same function of A and J) as the

operator O is of A and ¢, as for example is the velocity operator discussed earlier.
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Section 3.2. The use of gauges in perturbation theory.

The previous section discussed the application of gauge theory to the exact
solution of the Schrédinger equation. This section shows how the results can be
applied when calculating expectation values to some arbitrary order of pertur-
bation theory [21]. The wavefunctions for the two gauges I and II discussed in

section 3.1 may be expanded as perturbation series

v =900 £ g L g@ 4 ... (3.22)

¥ = ¢ + o) + w(2) 4o (3.23)

where ¥(r) and ¥{") have r*! order dependence on the electromagnetic perturba-

tion. The exponential U = exp(eA/:k) may be expanded as a power series

U=0@4+u®4y®4... (3.24)
to define the coefficients
1 /eAN\T
Ul = = <—> 3.25
r! \ih ( )

and from ¥ = UV in equation (3.19) it is reasonable to assume that the pertur-

bative terms for the two wavefunctions are related by

) = Syl gl (3.26)
s=0
In the exact solution
S¥ =USUUY = U[SY] (3.27)
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which implies that in the perturbative solution

(5T = S ulr=2)[sg)¢) (3.28)
s=0

for r = 0,1,2,... However, it remains to define the perturbative Schrodinger equa-

tions [S\Il](') =0 and [5’&’](') = 0 for gauges I and II in a gauge invariant manner

and to check that all definitions are consistent. So consider the Schrédinger equa-

tion S¥ = 0 in gauge I and extract all terms from the left-hand side which have
th order dependence on the electromagnetic perturbation to define [S\Il](') as

(59" = [— —+V —iho 9| gt 4 [L(A p+p.A)—ep| WD 4 A )
ot 2m ' 2m

(3.29)

Then [S\II](') = 0 is the r*® order Schrédinger equation in gauge I. Similarly in

gauge II [g\il](') may be defined as
[S¥])") = ——2—+V—zha ) 4 [ (Ap+p.A) —ep| I~ ’)+ \Il(' 2)
2m ot 2m 2m
(3.30)
so that [S'\il](’) = 0 is the r*! order Schrédinger equation in gauge II. To show that

these definitions are consistent, suppose that v 1) @) . are solutions of

the perturbative Schrédinger equations in gauge I
[5\1,](0) =
(S¥)V) =
[s¢]® =0

(3.31)
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Then the wavefunctions ¥, (1) ¥(2) . which are defined by equation (3.26)

should be solutions of the perturbative Schrodinger equations in gauge II

[S¥]©@ =0
(8% =0
159 =0

(3.32)

The basic approach is to assume that {S\Il](’) =0forr =0,1,2,... and to show

that

(8] =S ul-)[sg|e (3.33)
s=0

and hence that [S’ \il](’) = 0. Firstly, it is neccessary to derive a few operator

identities

2
P = o) L oy _ ()2
[2m’U ] Py [p( thVU\Y + UVp) - UVp ]

= -21— [p.(~ikVU ™) + (~iaVU).p]
m

= __2% [p.(UV4) + (UCVVA) p|

__° (r-1) 4 & gA (—shvyt=D
2m(p.VA + VA.p)U + 2mVA.( thVU )

2
- ——Ee—(p.VA + VAU - Z(VAVA UL (3.34)
m

2m

and

[Ap+p.A, U0 = A (-rVUD) + (—irVUD).A

= —e(A.VA+ VAA)UY (3.35)
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and

[ih%,U(')] = e%U('_l) (3.36)

Now consider

3 ur-9)[s9|)

8=0

r 2
ZU(r—~s)(2p_m ) +2Urls Ap-}-pA\I/(s +ZU(r23) \I,(s)

+=0 2m
(s) r-1
- Z ylr-s zha\gt — Y Ulr1=sleguls) (3.37)
5§=0

By using the operator identities (3.34), (3.35) and (3.36) this may be written as

3 Ur=)[sy])

8=0

P
2m

~1
+V) Z%U' s)\I/(s)-l-2—(VAp—i—pVA)Z_%U(’ 1- s)‘I’()-i-E—VAVAZ‘;U(' -2-8) g (s)
)

r—1
+2—e—(A.p+p.A)ZU('_1 D9+ (A.VA+ VLA T s gl

2A2
2m

§=0 s=0

—¢)y(s)

§=0

ATl
—zh———ZU'S +e—ZU'ls)\Il

_ed Z—: y(r-1-3) g (s) (3.38)

§=0

Finally, collecting terms in ¥("), (=1} and ¥(r=2) as defined by equation (3.26)

and using the transformation relations (3.7) and (3.8) for the vector and scalar

potentials gives

S U959

S=!

0

2 232 5(r)

_ (P AQ IR G- EA G-y _ SOV s e
(2m + V) VAR 2m(A.p + p.A)¥ + v ih " ed ¥

= [59]") (3.39)
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Hence [S'\il](') =0 and so ¥(") for r = 0,1,2,... as defined by equation (3.26) are
indeed solutions of the perturbative Schrédinger equations (3.32) in gauge IL.
Finally, it remains to show the equivalence of the rth order expectation values

(0)(") and (é)(') of an operator calculated in gauges I and II. So define

[ v|0|D) ](")
f

II

\I/|\1/

(0),...,N(0), NO(1),..., N(1)) (3.40)

where N)(0) = (¥]9|¥)(*) is the sum of all s** order terms from (¥|6|¥). The
function f represents a binomial expansion of the denominator and the arguments
of f with § = O derive from the numerator whilst those with § = 1 derive from

. the denominator. The term N(*)(4) is expanded as

S

N (8) = S (wl| g @) (3.41)

=0

whilst the expansion of [0|\Il)](l) depends on the explicit form of the operator 4.
For 0 equal to the total operator S in the Schrédinger equation the expansion is

given by equation (3.29). Now in gauge II the rth order expectation value is

)
= [ (NO(D),...,N(0), NO(1),..., N)(1)) (3.42)

where N(*)(6) is defined in an analogous manner to N©)(8). Because the same
function f appears in gauges I and II it follows that (O)(") and (0)(") are equivalent

if N(9)(8) = N()(8). So assume that

31&)] " = 3 vt sy (3.43)

n=0
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This has just been demonstrated for the operators S and S (see equation (3.33))
and also holds for the operators of interest here, such as the velocity operator.

Hence

0
N’
—
<
g’
!
—_——
=K
EX
=K
S~
—
N

(§6-0] [o1)]

Il
-
I M«.
o
w
|
L

™~

(@@t gy

i
Mw

1l
o
o 3
1l
o
3
Il
o

I
]
N

M«

!
3

(qj(s—n—-v) |U(U—W)U(w) [0I‘I/>](n)

s
w )

o
» e
]|

S O
€
{l
o

(26 6yo [0]2))

I
]

=
Il
=]
<
Il
o

~—~

=) (8] )™

i
Mm

(P

2
Il
o

= (v|o|)™

= NG)(g) (3.44)

Thus N()(8) = N()(6) and (0)(") = (0)(") so that the expectation values are

independent of gauge to any order of perturbation theory.
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Section 3.3. The A.p and E.r gauges.

In this section the general results of the previous section are exemplified with
the aid of an example of practical importance, namely that of the connection
between calculations performed in two particular gauges I and II which give the
so called A.p and E.r interactions [22,23]. Consider a plane electromagnetic wave

propagating in the z-direction

E = F(w) [ei(kz_wt) + e‘i(kz_m)] e (3.45)

B = B(w) [ei(kz_wt) + e_i(kz_“’t)] ey (3.46)

where E(w) = (w/k)B(w). Suppose that the wave propagates in the plane of a
semiconductor quantum well with the electric field vector oriented in the quanti-
sation direction e, of the quantum well. It is assumed that the electronic states
{¥,;} are bound in the z-direction so that matrix elements of the position operator

z are defined and the standard relation [8,9]
<\Ilmlpz|\1/1> = imwml<qlm|z|\yl> (3.47)

is applicable. Also suppose that initially the system is in the electronic state ¥,
and is subsequently perturbed by the electromagnetic wave. The fields can be

described by the gauge

¢=0 (3.48)

C) [eilke—ut) _ emilkeut)] ¢, (3.49)



The first order Schrédinger equation in this gauge is

aw(t)
ot

How() 4 —A p¥(® =n (3.50)

where the electromagnetic interaction is provided by the (e/m)A.p term, so that

gauge I is commonly called the A.p gauge. The zero order wavefunction is
U0 (1) = e7wety, (3.51)

and the first order wavefunction may be expanded over the orthonormal basis set

of time independent states {¥;} as
v(t) = S af(1) 9, (3.52)
Substituting into the first order Schrédinger equation (3.50) gives

’hd ( (1) wlt) _ C-E(w) [ Wiy —w) Zplm sz_ (wyy+w)t Zplm "kz] (3.53)

tmmw

so that by integration

E —1(w,+w 1wy —w)t ks
agl) — _e. (w) l Zplm 1kz _ Zplm ik l (3.54)

thmw | wis—w 5 wis +w &

The first order current may be calculated as

30 = —Zptea)
m

== Z (agl)plse_wat + eintpsla§1)> - E:"Ass (3'55)
m m



Now considering just the component at frequency w gives

2E(w) 1
Jo = tkz 1
(w) hm2w Xl: W1 tw %:esmpmlpls

and the time integral of the current provides the polarisation

2
(1) ) 1kz tkz € E(w) tkz
P; (w) hm2w2 Zl: [Wls+w Zesmp::nlpls + -W—ls E :pszpzm I R €., €z

(3.57)

With the polarisation in gauge I determined, suppose that gauge Il is defined by

the transformation function A = —A.r. In gauge II the dominant electromagnetic
interaction term is provided by —ec;S = eE.r so that gauge II is commonly called
the E.r gauge. The scalar and vector potentials for the plane electromagnetic

wave of equations (3.45) and (3.46) are given in gauge II by

55: —zE(w) [ei(kz—wt) + e~i(kz—wt)] (3.58)
A _ —%E(w) [ei(kz—-wt) + e—i(kz—wt)] e, (3.59)

The zero order wavefunction is unchanged from equation (3.51). The first order

wavefunction may again be expanded over the basis set {¥;} as

¥ = 55y, (3.61)
{



and the coefficients determined by substitution into the Schrédinger equation (3.60)

E e~ Hwstw)t e~ Hws—w)t
agl) — _ € (w) [ lemetkz leme tkz}

h Wi —w 5 Wis W W ooy
—t{ws t —t(ws;—w)t
n ekE(w) |e i(ws +w) N e H(ws—w) le ecike
Amw Wi — W ol m*mntns wis +w ot m*mn Fns
esz(w) e~ H(wstw)t zkz e~ H(ws—w)t it
Timems — ————— ) Tim€nm 3.62
2mw { Wi — W zn: fm wys +w %: fm=ms ( )

As in the first gauge the polarisation may be obtained from the time integral of

the current

e .’I: P!
wls+w; sm SmiPls ¥

oyl
>

{

zhmw
e’kE(w)
thm2w?
2Ic2E

St

2:m?

1
z _tkz
Z psnenmzmlpls
WistW mn

tkz
Z esmzmlpls

zkz]
tkz 2z
mnpns}
1kz}

3 zimence, (3.63)

m

wistw
e’k E(w)

tmw?
From the general discussion given in section 3.2 the two expressions (3.57) and
(3.63) for the polarisation should be equivalent, but this can be demonstrated
explicitly. Consider the expression (3.57) for the polarisation derived in gauge I

and substitute for p%; and pf,, by means of the standard relation py; = MWy Tyl

of equation (3.47) before employing the relations

omt 1 wem 1 (3.64)
wlws tw) wstw wwstw) w
and
1 1
Pm__ S me 4 (3.65)
wlw —w)  w—w wws—w)  w
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to obtain

¢ E(w) i ~
P(l) w elkz 1kz
I ( ) zhmw Z wistw & Z smImiPls + Wla—w Zn:pslzlmems
Zw el Dy + . > PuiZimeiiw
zhmw2 w SMmEsm=—m 8 wls_w - 8 metms“vms
zhmoﬂ (ellf,fxmzpls Paizimetss)
— CZE(w) 1kz . (3 66)
mwz 88 *
Now consideration of [Ho,exp(+ikz)] yields the relations
k . hk? |
Wsmehn = - > Pl — %‘e:ﬁ: (3.67)
n
and
k hk?
u)mselmkj = m Z :Ylf,lepf‘l.s + %e:ﬁj (3.68)

n

which may be substituted into the expression (3.66) for P(Il)(w) to obtain

Pgl)(w) - _e::”(::) ZI: [w,s+w ;esmxmzpzs wlsl_w m :ﬁ]
+ iZhI:nEZ(c:)Z) z[: wzs-i-w Z Pon® :Lk:‘zmlpls : :’ﬁpf‘s}
- e;f:ngg;) ZI: [w13+w 2 S miPls ~ wlsl—w ;pszzl’neiﬁjl
%((%) [eikzx,p]ss - em—liu(;u—)eiﬁzez (3.69)
Finally expanding the commutator
% [e“‘zz,p]ss = ’kzez + 1k Z xsme’kze (3.70)

and comparing equation (3.69) with equation (3.63) shows that Pf,l)(w) = P(III) (w)
so that the value calculated for the first order polarisation is independent of the

gauge.
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Now Ehrenfest’s theorem [8,9] states that for a bound system the time deriva-
tive of the expectation value of the position operator r equals the expectation

value of the velocity operator v, that is

3 | | T e &1

5 [<W|r|w>] _ (w9

Thus for the quantum well system considered above the polarisation in the z-

direction may be calculated directly as
P = —e(z) (3.72)

and Ehrenfest’s theorem guarantees that this gives the same result as obtaining

the polarisation through time integration of the current since
p= /Jdt - —e/(v)dt — _elg) =P (3.73)

This will be demonstrated for the example problem shortly, but first it is shown
that the first order polarisations calculated from equation (3.72) are equivalent in
(1)

the two gauges I and II. Thus taking the wavefunction coeflicients a;”’ in gauge I

from equation (3.54) the polarisation in the z-direction is given by

1 .
zzszpfme:s:] (3.74)

N R 1 :
P () = S2W) [ S ettt o+

thmw 7 {wistw 7 Wis
Similarly taking the wavefunction coefficients &El) in gauge II from equation (3.62)

the polarisation is given by

2
(1 e‘E(w) 1 " 1 N
PI(I)(w) = - zl: [wls+w 0 el,,f:cmlxls + m %::cslrclme:nj
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2
€ kE(w) 1 tkz _z
hmw ZI: wls+w 7;‘LPSTL nmxmlxls mnpns
ik k
Z [Wls+w lnfxml-’l?ls — o %: xslxlme:nf] (3.75)

Now applying the standard relation pZ%; = tmwp Ty of equation (3.47) to sub-
stitute for pZ; and p}, in the expression (3.74) for P}l)(w) and using the rela-

tions (3.64) and (3.65) gives

2
. e*E(w) 1 1 :
P(l) — 1tkz
7 (w) - 21: oy ;esmxmms + pr— zm::cs,:clmems
e2F(w 1 1 }
- hu() ) ZI: wistw % Zwsmesﬁnmmlxls + e Zzslzlme:szwms
m
2
e‘Ew :
T(f)—)- Z ( ;’f,fxmlxls - zslxlme:ﬁ) (3.76)
lm

and then using the relations (3.67) and (3.68) gives

tkz
€ TmiT]
s y Z smem s

) - 2 5| L

l

1kz]

e’k E(w)

k
P [ L S st i)
21.2
ek E(w) tkz -
2mw zl: [Wls'l‘w %:esmzmlxls 1k
eZE(w) tkz
- ) (g ] o

and since the commutator [exp(ikz)z, ] = 0 then comparison with equation (3.75)
shows that PI(I)(w) = IA’I(})(w)
Earlier it was shown that the calculation of polarisation by time integration

of the current yields identical results in gauges I and II, so that PI(I) = ( ). Also

the values obtained in the two gauges by direct calculation of the polarisation are
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equivalent, so that 131(1) = }A’}}) It remains to show that PI(I) = (1) so that all

four methods of calculating the polarisation produce the same result. So consider

pl!

' ) from equation (3.74) and use the relations

1 —Wys 1
= + = (3.78)

wtw  wlwstw) w

and

1 - 1
S S (3.79)

ws—w  ww —w)  w

to obtain

PIw) = -5

1kz tkz
E e I)sWis + E WelT
1 [wls+w smpml 1sWlis w sl slplm,

thmw? 2 ls—
e?E(w
7{”1(72) Z ( :‘sl:rip:rznlzls xslplm 'Lmk§> (3'80)
I,m

and then the standard relation p}, = tmw;,z;s of equation (3.47) shows that

PI(w) = ‘;.:mEZ(;"Q Zl: [wzs 3 > eoppupls + Zpszmm e
ot 7. a0
and the commutator is
= [ tkz s z] = _e'gl;z (3.82)

so comparing equations (3.81) and (3.57) shows that PI(I) = ]31(1) as required, and

all four methods of calculating the polarisation are equivalent.
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Section 3.4. The electric dipole approximation.
The electric dipole approximation [4,24] neglects the z-dependence of the elec-
tromagnetic wave defined in equations (3.45) and (3.46) so that exp(ikz) = 1. The

magnetic field B is neglected and the electric field
E = E(w) [e 7 + e e, (3.83)

polarises the quantum well system in the z-direction. The first order polarisation

in gauge I may be approximated using PI(l) whilst the first order polarisation in

gauge Il may be approximated using P}}) Thus from equation (3.57)

ZE(w) pz pz pz pz CZE(w)
P(l) ~ € slPls st¥ls | 3.84
1 () hm2w? ZI: wis +w + Wi — W mw? (3.84)

Also using the relations (3.67) and (3.68) then equation (3.75) gives

w

A e E
M - By | oy

2
L€ E(w) > [ TslZls | _TalTls l (3.85)

h D lwis tw o ws —w

By application of the sum rule [8,9]

Ipf> _ hm

3.86

I#s

to the last term in equation (3.84) the polarisation in the first gauge may be

approximated by

2E(w) 1 1 2¢°E(w) « [pf[*
Py = & AR :
1 (w) hm2w? 51: wys+w * Wi —wW e hmw? l#zs Wis
2 (w) 1 Ak
_ 3.87
hm? ZI: Wis + W * Wis — W wl23 ( )

Wsm kz wms
smxmlxls (1 - w > 2:2:51xlmel
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so that the two gauges produce identical results. However, if a two-level approx-

imation is made directly from equations (3.84) and (3.85) to obtain the suscepti-

bilities
) 2
M) = —° [ 1 ! ] z (2 _° 3.88
X () gohm2w? lwyo + w i wip — W IPiol gomw? (3.88)
and
D) = = [ b (3.59)
w) = .
i eoh lwg +w  wo—wl°

then the first result produces a 1/w? dependence for small frequencies whilst the
second result does not. Further, near resonance (w =~ wyo) the last term in equa-
tion (3.88) may be neglected to obtain the dubious result xf,l) (w) = (wlo/w)zx(lll) (w).
As the equivalence of equations (3.85) and (3.87) indicates, these inconsistencies

are not a direct consequence of using different gauges but result from the two-level

approximation.
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or
e A?

2m

ﬁ; -5 (A.p+p.1§) +

o — e (3.96)

The potentials for the first gauge are given by equations (3.48) and (3.49) (so that
p.-A = A.p) whilst the potentials for the second gauge are given by equations
(3.58) and (3.59). In the electric dipole approximation the vector potential A
in the first gauge becomes a function of time only so that in the second gauge
55 = —E.r and A = 0. Further, because the term e2A2/2m is a function of time
only, it commutes with the density matrix operator and so may be neglected in

the calculations. Hence the interaction Hamiltonians for the two gauges are taken

Hr=—Ap (3.97)
and
H; = eEx (3.98)

in the Schrodinger picture, whilst in the interaction picture these become

Hy = exp(—Hot ik) (%A.p) exp(Hot /it) (3.99)
and
H; = exp(—Hot/1h) (eE.r) exp(Hot /ik) (3.100)
It should be noted that equations (3.97) and (3.99) must be used when extended

states are involved and that equations (3.98) and (3.100) are appropriate for use

with bound state systems only.

44



CHAPTER FOUR

Off-resonance phenomena

In this chapter the response of a semiconductor system to an ultrashort optical
pulse is considered for the case of excitation slightly off-resonance with the allowed
transitions, that is with a photon energy just below the bandgap energy. At mod-
erate illumination levels this results in the generation of virtual carriers whilst at
very high intensities it is possible to produce real carriers by an effect analogous
to the Landau-Zener transitions found in atomic systems. The usefulness of oper-
ating in the virtual regime is apparent for ultrafast switching devices where device
recovery time is not limited by the recombination rate for electron-hole pairs. A
proposal for enhancing the effectiveness of the nonlinear response in this regime
by tailoring the conduction bandstructure of a quantum well device has recently
been put forward by Morrison and Jaros [25-29], and the viability of this proposal

is examined in the final section of the chapter.
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Section 4.1. Model of a two-band semiconductor system.

The model used here of a typical semiconductor quantum well employs a simpli-
fied bandstructure as depicted in figure 4.1. In each of the valence and conduction
bands only a single subband is considered and these are labelled n =0 and n =1
respectively. In subband n at a parallel wavevector k the Bloch function Wy, is a

solution of the Schrodinger equation

HO\I/nk = En(k)\I/nk (4.1)

where Hj is the Hamiltonian of the unperturbed system. It is assumed that the

in-plane dispersion of the energy E, (k) with electron wavevector k is parabolic,

hk?

*
n

En(k) = E,(0) + (4.2)

2m

where m}, is the electron effective mass for the subband. In chapter six a more
realistic bandstructure will be considered but the present model allows consider-
ation of the essential physical processes. The response of the material system to
optical excitation can be described using the Liouville equation for the density
matrix operator p as discussed in chapter two. The usual approximation that the
optical interactions do not change electron wavevector (because the photons have
very small wavevectors in comparison) is adopted and the differential equations
for the density matrix are consequently assumed to decouple at each particular
value of electron wavevector. It is thus possible to consider the optical interaction

at each value of k separately, and so for a given value of k the Liouville equation

46



subband n = 1

Ei1(k) — Eo(k)

subband n =0

Figure 4.1. In-plane bandstructure of a semiconductor quantum well with one valence

subband (n = 0) and one conduction subband (n = 1).



in the interaction picture may be written as

(r)
. dpnm r—
i = [H,,p(, ”]nm (4.3)

where ps,'% is the 7t order perturbative term in the density matrix element between
states ¥, and ¥,,,. The interaction Hamiltonian is taken from equation (3.99)

or (3.100) and has matrix elements

e .
Hyp = ;Z-A.pnm exp(twpmt) (4.4)

or

~

Hym = eE.rpm exp(twpmt) (4.5)

dependent on gauge and the energy separation between states is hwpym = Ep (k) —
E,.(k). The bandstructure influences the optical response in a number of ways.
Firstly, the energy dispersion within a subband results in variation of the detuning
A = wp — Wny, Where wy is the photon frequency. Secondly, the matrix elements
Prm and Ty, are dependent on the semiconductor wavefunctions which in turn
depend on the wavevector k. However, this variation of the matrix elements is
neglected in this chapter. Finally, the density of electronic states g(k) determines
the relative influence of the interactions throughout the Brillouin zone.

The optical perturbation is taken to be an ultrafast pulse with a gaussian

envelope

E(t) = E, cos wyt exp(—t?/r?) (4.6)
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which represents a plane-polarised light beam whose orientation is determined by
the vector E, and whose centre frequency is wp. It is pulsed with time constant 7
and thus has a frequency spectrum distributed about w, with bandwidth of order
1/7. The pulse duration is made sufficiently short that all thermal processes may
be neglected and so the decoupling of the Liouville equation assumed in equation
(4.3) is indeed valid. The pulse time constant is taken as 7 ~ 100fs and for optical
excitation below the bandgap energy, the thermal scattering typically occurs on
the picosecond timescale. The photon energy E, is set below the bandgap energy
E, and the curvature of the subbands further increases the detuning as k moves
away from the Brillouin zone centre. For E, — E, > /7 this ensures operation in

the virtual excitation regime with practically no photogeneration of real carriers.

At each value of k, the response of the subsystem is examined in terms of the
electron occupation of the two states ¥o and W, and of the electronic polarisation
produced by the mixing of these states through interaction with the electromag-
netic field. The electron occupation varies on the timescale of the pulse envelope
whilst the polarisation follows the more rapidly oscillating electric field vector. The
electron occupation probability for the valence state ¥q is given by poo and that
for the conduction state W, is given by pi;. The polarisation may be calculated
from the off-diagonal density matrix elements pg; and pjo. The linear response is a
polarisation of the initial electron population. There is also a transient generation

of electron-hole pairs and the nonlinear response arises from a polarisation of this
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photogenerated population. These phenomena are discussed at some length in the

following three sections.
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Section 4.2. Physical description of the optical interaction.
Suppose that initially the valence state of the subsystem is occupied, so that the
subsystem wavefunction is given by ¥(ty) = ¥y. The effect of the electromagnetic

interaction is to mix in some of the conduction state so that

U(t) = ¥o + at) ¥ (4.7)

where «ft) is small and may be calculated by elementary perturbation theory
[8,9]. As discussed in chapter two, this mixing of states results in a polarisation
of the subsystem when the dipole matrix element between the states is non-zero.
Hence the linear response is a polarisation which arises from the introduction of
an admixture of the conduction state to the initial valence state wavefunction as
depicted in figure 4.2a. The system is now prepared to make an upward transition
from the valence state to the conduction state by a further interaction with the
electromagnetic field.

Alternatively suppose that the system is somehow arranged with the electron
initially occupying the conduction state so that ¥(tg) = W¥;. The effect of the

electromagnetic interaction is now to mix in some of the valence state so that

U(t) = U1 — aft) T (4.8)

In this case the response is a polarisation which prepares for a downward transition
from the initial conduction state population to the valence state. This is depicted

in figure 4.2b. Note that the polarisation induced when the electron is initially in
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oy =1

¥y

Figure 4.2a. Polarisation of the initial valence state population resulting in an induced dipole

moment p.

Ay =1 Y

¥y

Figure 4.2b. Polarisation of the initial conduction state population resulting in an induced

dipole moment —p.

P =Af

oy = —Af

Figure 4.2c. Polarisation of the photogenerated populations resulting in a change in induced

dipole moment —2pA f.



the valence state is in antiphase with the polarisation induced when the electron
is initially in the conduction state. Thus if a dipole moment p is induced in the

former case, then a dipole moment —p is induced in the latter case.

Now returning to the case where all electrons are initially in the valence sub-
band, the optical pulse produces a transient change in the electron population of
the states in each two-level subsystem, decreasing the valence state population by
Af and increasing the conduction state population by Af. This results in two
equal contributions to the nonlinear polarisation depicted in figure 4.2c. Firstly the
reduced valence state population decreases the number of possible upward tran-
sitions, and secondly the optically generated conduction state population makes
downward transitions possible. Thus the dipole moment induced by polarisation
of the photogenerated electron-hole pairs is —2pA f and the nonlinear polarisation

is in opposition to the linear polarisation.

The generation of virtual carriers as the conduction subband is transiently
populated with electrons is depicted in figure 4.3 for a typical case (bandgap energy
E, = 1.5V, photon energy E, = 0.9E;, combined effective mass m* = 0.045m,
maximum electronic wavevector kpax = O.OSA_I, gaussian pulse time constant
7 = 100fs). A corresponding transient population of holes appears in the valence
subband. The figure shows the time evolution of the virtual carrier population
p11(k)g(k) which has been weighted by the density of states function g(k) ~ k. Itis

assumed that the bandstructure is isotropic so that the response is dependent only
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on the magnitude k of the wavevector. As a function of k the form of the response
is determined by the increasing detuning at large k£ which reduces the response,
and by the density of states which tends to zero at the Brillouin zone centre.
The real part of the frequency spectrum for the nonlinear polarisation is shown
in figure 4.4. The polarisation is calculated as P,SS) = -dk(pg%)(k) + p(():i) (k))g(k)
where d; is the dipole matrix element at electronic wavevector k and pg%) and
p(()?i) are third order density matrix elements discussed further in section 4.3. The
Fourier transform of P, provides the frequency spectrum about w = wp. The
imaginary part of the frequency spectrum is not shown as the pulse detuning is
sufficiently large to ensure no significant excitation of real carriers. The spectrum
is distributed around the optical centre frequency w, with a spread of order 1/7,
and the response is again weighted with the density of states function. The figure
shows the relative contributions due to polarisation of carriers throughout the

Brillouin zone and the shape is again determined by increasing detuning at large

k and by decreasing density of states at small k.
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Section 4.3. Feynman diagram description of the optical interaction.

The linear and nonlinear responses of the system are now examined using a
more mathematical approach. The maximally resonant terms can easily be selected
with the help of double Feynman diagrams- as described in chapter two. They are
identified by considering only resonant transitions at each step of the perturbation
calculation. It is assumed that all electrons are initially in the valence subband

and that there is no phase coherence between states, so pg%) = 1 and the other

) (9 (0)
1

zero order density matrix elements Po(i , P10 and pjy are zero. The linear response
is a polarisation of the equilibrium population which introduces an admixture of
the conduction state to the initial valence state wavefunction. The mixing of the
two states is described by the first order density matrix elements p%) and pgll)
for which the Feynman diagrams are shown in figures 4.5a and 4.5b respectively.
The resonant response for p%) results from the positive frequency term whilst
the resonant response for pgll) results from the negative frequency term. This is
illustrated in the figure by the direction of the arrow for the photon involved in

the interaction. From the density matrix elements the linear polarisation can be

calculated directly by means of the trace operation

Plinear(t) = —e/ Trace(rp(l))g(k)dk

= —¢ [ (roupft) + riopf)g(k)di (4.9)

where g(k) is the density of states function. The matrix elements may be written
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Figure 4.5a. Feynman diagram for the calculation of the first order density matrix

(1)

element plé .

[¥o)

[¥o)

A

(0)

Poo

(U]

(Vo
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directly from the diagrams in figure 4.5 as
1 ¢ .
A1) = i (0) = = [ Hiolta)ogdts exp(~iot) (4.10)
0

where Hj is given by equation (4.4) or (4.5) and the bar denotes complex conju-

gation. Alternatively the linear current can be calculated as

Jlinear(t) = ~%/ Trace(pp(l))g(k)dk

€
= /(Pom%) + Plop(()ll))g(k)dk (4.11)

where the plasma term is neglected as it provides only a non-resonant contribution.
The linear polarisation may then be obtained as a time integral of the linear
current.

Now consider the nonlinear terms, starting with those second order terms
which describe the photogeneration of virtual carriers. Figure 4.6a shows the
diagrams which relate to the generation of holes in the valence subband whilst fig-
ure 4.6b shows the diagrams for generation of electrons in the conduction subband.

The density matrix elements p(()%) and pﬁ) are given by the expressions

1 t to
pg%)(t) = _pgzl)(t) - (ih)2/t Hoy (t2) /to HlO(tl)Pg%)dtldtZ

0

- /tH (t)/tzH (t1)08 dt dt (4.12)
)2 Jeo tolt2) J, - Hoilhs Poo at1atz .
Figure 4.7 shows the nonlinear response due to the polarisation of these carriers.

Note the similarity of figures 4.7a and 4.7b to figure 4.5 which is attributable to

the linear response being a polarisation of the equilibrium population whilst the
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Figure 4.6a. Feynman diagrams for the calculation of the second order density matrix element pgy, .

Figure 4.6b. Feynman diagrams for the calculation of the second order density matrix element pj
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Figure 4.7a. Feynman diagrams for the calculation of the contribution to the third order
density matrix elements pgg) and p(()i) due to polarisation of photogenerated holes in the
valence band:
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Figure 4.7b. Feynman diagrams for the calculation of the contribution to the third order
density matrix elements p(lzé) and p((ﬁ) due to polarisation of photogenerated electrons in

the conduction band.



nonlinear response is a polarisation of the photogenerated population. These dia-

grams give a nonlinear response in opposition to the linear response either because

Poo

(2) 5 negative after removal of electrons from the valence subband (figure 4.7a),

or because the polarisation prepares for a downward transition from the con-

duction subband to the valence subband (figure 4.7b). The third-order nonlinear

polarisation is given by
P nontinear (t) = —e/(rmpg? + r1005)) (k) dk
or may be obtained from time integration of the nonlinear current
Jnontinear(t) = —% /(pomg? + props))g (k) dk
The third-order matrix elements are

2 rt .
p2(t) = 6(t) = = [ Huolta)old (ts)dts exp(—iwot)
1 to

which may be written directly from figure 4.7.
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Section 4.4. Optical Stark shift description of the optical interaction.

An alternative point of view is provided by the concept of dressed states [30,31].
Instead of considering the electromagnetic interaction as producing a change in the
occupancy of the ‘bare’ electronic states ¥y and ¥y, it can be regarded as producing
a set of ‘dressed’ states of the quantum well. These are states of the combined
system of semiconductor and electromagnetic radiation, whose electronic parts are
mixtures of the bare states. The shift in transition energy when bare states are
replaced by dressed states is termed the optical Stark shift [31-36]. The energy shift
provides an alternative (but equivalent) description of the nonlinear polarisation
to that provided by the state filling mechanism described in the previous sections.

The connection between the two descriptions is further discussed by Burt [37)].

The dressed states may be assigned a ‘quasi-energy’ which depends on the
magnitude of the optical electric field. With zero applied electric field the energy
levels Ey and E; are replicated at energy steps determined by the photon energy
E, to form a pair of energy ladders Ep + nEp and Ey 4+ nEp for n =0,+1,£2,...
shown in figure 4.8a. When the energy separation E; = E; — Ep is near to the
photon energy, this brings pairs of energy levels (one from each ladder) into close
proximity. As the magnitude of the applied electric field is increased from zero,
this proximity of energy levels results in a splitting of the levels and produces
the Stark shift illustrated in figure 4.8b. To calculate these energy shifts [38-40],

suppose that the Hamiltonian Hg = Ho + H of the interacting system is periodic
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Figure 4.8a. Energy ladders Ey + nky, and E| + nE, showing quasi-energies of the dressed

/
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Figure 4.8b. Splitting of a pair of adjacent quasi-energy levels as the electric field is increased

from zero.




in time with period T = 27 /w, but otherwise does not vary in time (i.e. there
is no pulse envelope). Then the matrix elements of Hg over the basis of time-
independent states {¥,} defined in equation (4.1) are Hpy = (Vy|Hg|¥p) and

these may be expanded as a Fourier series
Hpm = H(D) girovt (4.16)
r

Further, the theorem of Floquet states that an eigenvector ¥ of Hg may be written
as
U =e o (4.17)
where @ is periodic in time with period T = 27 /w, and ¢ is a constant determined
uniquely modulo wy. This is closely related to the theorem of Bloch where the
periodicity occurs in space rather than in time. Hence, expanding ® as a Fourier
series
(V| W) Z <I> Jgirwpteiat (4.18)
and equating coefficients of exp(trwyt) in the time-dependent Schrédinger equation

ov

gives
[HG79) + rhwpbysbum] B8 = hed(]) (4.20)
s,m
which may be written as
. M(rn)(sm)é)(sm) = Eq&)(m) (4.21)

(sm)
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so that E; is the eigenvalue of the eigenvector &, and is known as the quasi-energy

of the Floquet state. For the two-level system the matrix M may be written as

EBo—E, 0 0 Hy O 0
0 E -E, Ho 0 0 0
_ 0 Hy, Eo2 O 0 Hy,
M=\ H 0 o E  Hp 5 (4.22)
0 0 0 Hyy Ep+ Ep 0
0 0 Hy O 0 E, + E,

where Hyg = Ho1 = (V1|H(%wp)| Vo) are the frequency components of the inter-
action terms. Now referring to figure 4.8 and concentrating on the interaction of

a single pair of levels in close proximity, the matrix M may be truncated to

_ | E1 - Ep HIO}
M= [ ol (4.23)
and the eigenvalue problem det(M — E,I) = 0 solved to obtain
A A 2 1/2
Ey=Bo- 5+ [(5> + |H10|2l (4.24)

where A = E, — E, is the detuning and A < 0 in this case. For zero field |Hjo| = 0

and E, = Ey or E; = Ey — A which are the unshifted energy levels. And for low

fields with |Hyo| < |A| then

|Hiol?

X (4.25)

or

| Hiof?

~ (4.26)

so that the energy levels split as shown in figure 4.8b and the Stark shift is

2|Hyol?

= 4.27
EStark Eg — Ep ( )
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Now returning to the case of pulsed illumination, if the pulse envelope does not
vary too rapidly (such that /r <« E; — Ep) then the response is adiabatic and the
quasi-energies calculated for the continuous-wave case are valid. Figure 4.9 shows
how the curve of quasi-energies is traced out as the pulse amplitude increases
and then is retraced as the pulse amplitude decreases back from its maximum
to zero. There is a similar adiabatic evolution of the dressed wavefunctions as
the illumination is pulsed on and off. Initially the dressed state comprises just
the ground electronic state, but as the dressed state evolves a contribution of the
excited electronic state is introduced during the pulse, and then finally after the
pulse is ended the dressed state returns to its original composition with just the
ground electronic state present. This provides an alternative way to view the
processes described in section 4.2, where mixing of the bare electronic states here
corresponds to variation of the electronic components of the adiabatically changing

dressed state.

However, this approach also allows consideration of effects which occur for
very high illumination levels. As the amplitude of the electric field is increased
it is necessary to return to the large matrix M of equation (4.21) and solve the
eigenvalue problem det(M — E,I) = 0 numerically. The results for an example
three-level system are shown in figure 4.10a where wip = 10wy = 1.1lwy, = 101%s~1

and the matrix elements of the interaction Hamiltonian are related by Hjp =

Hso = 10H2;. From the figure it is clear that the quasi-energies are periodic in
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Figure 4.9a. Variation in time of the electric field amplitude as the light is pulsed on and

off.

Figure 4.9b. Variation in time of the quasi-energy of the dressed state of the system

(points A-E correspond to figure 9a).
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Figure 4.10a. Quasi-energy plot for three-level system with wp = 10wz = 10'%s7! and

wp = 0.9 wy for a range of values of the interaction Hamiltonian Hy = Hig = Hao = 10H>;-
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Figure 4.10b. Magnified view of anticrossing region taken from figure 4.10a.




energy with period equal to the photon energy E,. Also for larger electric fields
the quasi-energy curves anticross at certain values of the electric field Eypticross as
shown in figure 4.10b. In this case the anticrossing occurs between quasi-energy
curves which for zero optical interaction relate to the ground state ¥o and to the
second excited state ¥y. If the amplitude of the pulse is varied slowly through
one of these anticrossing regions then the adiabatic approximation still holds [41-
45). Indeed it continues to hold as long as h/7 < AE where AE is the energy
gap between the two quasi-energy curves shown in figure 4.10b. The reponse at
low fields is just a special case where AE = E; — E, is the difference between
the excitation energy of the material system and the photon energy. However, if
the electric field amplitude varies rapidly through the anticrossing region then the
wavefunction continues as a mixture of the two dressed states which correspond to
the two anticrossing quasi-energy curves [41-45]. There is a similar effect when the
electric field amplitude decreases back through the anticrossing region, at which
point the (Berry) phases of the two parts depend on the behaviour of the amplitude
in the intervening period. When the electric field amplitude finally returns to zero
the wavefunction has consequently been split into two parts. One of these parts
corresponds to the ground state (as for the virtual carrier case) but the other
part corresponds to an excited state. Hence there is some probability of making
a transition from the ground state to an excited state even though the photon

energy is less than the energy gap between the two states. Figure 4.11 depicts
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the response of the example system of figure 4.10 to an optical pulse with peak
electric field F.x and rapidly changing envelope. The figure shows the occupation
probabilities of the three states ¥y, ¥; and ¥, as they vary in time subject to
the optical excitation for the two cases Enmax < FEanticross @a1d Fmax > Fanticross-
The critical value F,icr0ss 1S defined as the electric field amplitude at which the
anticrossing occurs in figure 4.10. As noted above the anticrossing occurs between
quasi-energy curves which at zero optical interaction correspond to the states ¥y
and ¥y, so that in the case Enax > Fanticross there is a residual occupation of the

excited state ¥, (and not ¥p).
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Section 4.5. Enhancement of optical nonlinearity.

It has recently been suggested [25-29] that the bandstructure of a quantum well
may be engineered to provide a second conduction subband which will contribute
resonantly to the nonlinear susceptibility and consequently enhance the nonlinear
response. So suppose that as for the two subband system the energy dispersion of

the subbands is given by

h2k?

*
2m;,

(4.28)

for n = 0,1,2. The proposal is to ensure that the principal energy gap E2(0) —
E1(0) between the upper and lower conduction subbands is equal to the principal
energy gap E1(0) — Eo(0) between the lower conduction subband and valence
subband. As with the two band system it is possible to consider each point in the
Brillouin zone separately and restrict attention to the subsystem of three states,
one from each subband, at a given value of electronic wavevector k. However, due
to the curvature of the bands, the energy separations of the two states are equal
only at the Brillouin zone centre.

Suppose that the subsystem is somehow arranged with the electron placed in
the lower conduction state. The presence of the upper conduction state allows
polarisation of the system in preparation for an upward transition between the
conduction states as shown in figure 4.12a, and results in an induced dipole mo-
ment p'. Thus the introduction of the upper conduction state permits an extra

contribution to the nonlinear response because the optically generated popula-
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tion in the lower conduction state may be polarised in preparation for an upward
transition to the upper conduction state, as depicted in figure 4.12b. This leads to
a simple physical picture for the nonlinear response. As previously discussed there
is the reduction in polarisation across the lower transition due to the production of
electron-hole pairs, but this is opposed by polarisation of the optically generated
population across the upper transition and the presence of the third level actually
reduces the nonlinear response from —2pAf to —(2p — p')Af.

The relevant Feynman diagrams are shown in figure 4.13. They result in
a nonlinear response which is very like the linear response in figure 4.5 except
that it arises from polarisation of the photogenerated population across the upper
transition instead of polarisation of the equilibrium population across the lower
transition. The additional nonlinear polarisation corresponding to these diagrams

is

Pronlinear(t) = —6/(1’12/)&? + 121039 (k) dk (4.29)
or may be calculated from the nonlinear current

Tnontinear(t) = — [ (przefd) + purfy))o(k)dk (4:30)
where

1 rt .
Pg31)(t) = sz)(t) = E/t H21(t3)Pg21)(t3)dt3 exp(—iwy1t) (4.31)
0

and pgzl)(t) is given by equation (4.12).

As well as providing an additional way to polarise the photogenerated carriers
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in the lower conduction state, the presence of the upper conduction state also per-
mits second-order mixing to occur. The linear response of the system consists of a
polarisation (shown in figure 4.14a) which prepares for an upward transition from
the valence state to the lower conduction state. However, instead of making this
transition the system can move from participation in a one-photon interaction to
participation in a two-photon interaction as shown in figure 4.14b. In the linear
case the electromagnetic field introduces an admixture of the lower conduction
state via a one-photon interaction, whereas in the nonlinear case the electromag-
netic field introduces an admixture of the upper conduction state via a two-photon
interaction. The existence of the lower conduction state makes this two-photon
process possible (by providing allowed transitions) and its midway position en-
hances the interaction. The two-photon process prepares for the movement of
an electron directly from the valence state to the upper conduction state by the
process of two-photon absorption. This should be contrasted with the fourth-
order term derived from figure 4.12b where the electron is moved from the valence
state to the upper conduction state via the lower conduction state in a series of
two one-photon absorptions. The nonlinear polarisation which results from the
second-order mixing consists of two terms shown in figures 4.15a and 4.15b. The

corresponding nonlinear polarisation is given directly by

Prontinear (t) = '-6/(1’01/?%) + rlopgsl) + 1'12»0%) + rmpﬁ))g(k)dk (4.32)

or it may be calculated from the nonlinear current.

64



© _ v,
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Figure 4.14b. Two-photon interaction which introduces an admixture of the upper

conduction state to the initial valence state wavefunction.
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The nonlinear current is

€
Jnonlinear(t) = ——77; /.(pOIPg?)) + Ploﬂggi) + plZngi) + pZIng))g(k)dk (4'33)

and in equations (4.32) and (4.33) the density matrix elements are

5 1 t t t .
PO (1) = (1) = s [ Holts) [ (1) [ 7 Hro(ta)ofd dtrdiadis exp(—ivnot)

(4.34)

and

s 2 0) :
Hzl(tz) /t Hlo(tl)poo dt1dtqodts eXp(—ZWzlt)

0

§)0) = 00) =~ [ Holts) |

0 0

(4.35)

The contributions from equations (4.34) and (4.35) tend to cancel so that the
second-order mixing makes only a small contribution to the nonlinear polarisa-
tion. Indeed for wy; = wyo (as at the Brillouin zone centre) the two contribu-
tions cancel exactly regardless of the dipole matrix elements for the two transi-
tions. The nonlinear polarisation is separated into the three terms correspond-
ing to equations (4.13), (4.29) and (4.32). The real part of the frequency spec-
trum for each of these terms is shown in figures 4.16a-4.16c respectively where it
has been assumed that the electromagnetic interaction terms for the two transi-
tions are equal. The electron effective masses are taken to be mg = —0.5m and
m} = m} = 0.05m, the pulse time constant is 7 = 100fs and the transition fre-
quencies are wg; = wyo = l.lwy = 10'°s~!. Figure 4.16a shows the only nonlinear

polarisation present without the upper conduction subband, figure 4.16b shows
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polarisation of the virtual carriers across the upper transition, and figure 4.16c
shows the nonlinear polarisation arising from second-order mixing. The results
are given in units normalised so that the peak response in the two band case is
—1.0 units. Although the introduction of the upper conduction subband produces
additional contributions to the nonlinear polarisation, figure 4.16 clearly shows
that for a plane-polarised electric field it does not enhance the nonlinear proper-
ties of the device. As noted above the contribution due to second-order mixing
is small despite variation in the detuning energy across the Brillouin zone, and
the polarisation of the virtual carriers across the upper transition serves only to
oppose the nonlinear polarisation already present.

However, it may be possible to utilise the additional flexibility provided by the
third band by, for example, the use of unequal energy separations at the Brillouin
zone centre. If second-order mixing is ignored the following results (derived in

chapter five) for the low-intensity adiabatic response are applicable here

0 __@®_1_1 B\ ()
__(»_1_1 Bio N 1

o =0 (4.37)

p(3) = B (p(z) - p(z)) exp(—twpt) = —2 ﬂlo p(z) exp(—iwyt) (4.38)

10 27, ) P00 11 p 2A,,) 1 P
5 : B :

D = () (7 - o) expliont) = (7 ) ofY expl-int) (839

where Apym = wp — Wpm and
Brm = (e/h)Eq.Tnm exp(—t%/7%) (4.40)
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or

Bam = (e/hm)Ao.Prm exp(—t*/7%) (4.41)

is the Rabi frequency. Hence making As; positive (whilst keeping Ao negative)
should provide an enhancement. of the nonlinear response, certainly for a three-
level system. In a quantum well, where there is energy dispersion, the problem is
absorption, but it may be possible to make Ajp negative, Aq; positive and still
avoid absorption provided that wyg > 2w,.

Alternatively, a number of light beams oriented in different directions may be
employed and several studies have been performed for this situation by Jaros and
co-workers [26,29,95-96]. In these studies the influence of the bandstructure on the

optical matrix elements is important and chapter six briefly considers such effects.
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CHAPTER FIVE

On-resonance phenomena

In this chapter on-resonance optical phenomena are considered with particu-
lar emphasis on modelling the optical response of semiconductor laser amplifiers.
Recent experimental investigations [46-53] have indicated that such devices are
capable of providing a large nonlinear refractive index and if suitably biased they
can also provide recovery times on the order of picoseconds. The model must in-
clude a description of on-resonance excitation where the photon energy coincides
with an allowed transition of the semiconductor material. The assumptions made
in previous chapters which allowed a perturbative approach to be adopted are not
applicable here and it is necessary to return to the exact Liouville equation and
make a different set of simplifying assumptions. The first section of the chapter
introduces the formalism required to describe resonant transitions in a two-level
system. The bandstructure of the semiconductor material is modelled as a collec-
tion of two-level systems. Next follows a consideration of thermal effects as these
can no longer be neglected when illumination occurs in the absorption band of a
semiconductor. Finally, the newly discussed techniques are applied to a descrip-

tion of the laser amplifier and a comparison is made with experimental results.
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The laser amplifier possesses a nonlinear response which is generally greater than
that provided by the off-resonance mechanism of virtual carriers, and despite rel-
atively long recovery times it is nonetheless of considerable practical interest for

the design of fast all-optical switching devices.
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Section 5.1. The Bloch equations and Rabi frequency.

In this section the Liouville equation is taken as the starting point for the
derivation of the Bloch equations [4] which describe the state occupation prob-
ability and electronic polarisation of a two-level system subject to on-resonance
optical excitation. The Liouville equation in the Schrédinger picture is

L d
zh% = [Ho + H, ps] (5.1)

where Hj is the unperturbed Hamiltonian and H; describes the optical interaction.

The various components may be written explicitly as

. d

lh—g—:g = prohwio + Hio (poo — p11) (5.2)
4 dpo1

257 = po1hwor + Ho1 (P11 — Poo) (5.3)
4 @Po0

Zhw = Ho1p10 — po1H10 (5.4)
5 dp11

th prale Hiopo1 — proHor (5.5)

where the subscripts refer to the states ¥y and ¥, which are separated in energy
by hwyo and which have Hjg as the optical interaction matrix element. Suppose
that Hoy = Hig = Henycoswyt (for a pulsed interaction Heny(t) describes the
variation of the pulse envelope) and define f = Hepy/h and A = w, — wyo. Also

introduce two new real functions v and v such that
1 . .
P10 =3 (u + 1v) exp(—iwpt) (5.6)

so that using p1o = Po1 the functions u and v may be expressed as

iw,;t

u = proe™rt + poreTir!t (5.7)
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v = ploeiwpt _ pOle—‘int (58)
Also note the relation
i (p1o — po1) = usinwyt — v coswyt (5.9)

Now take fo = 1 — poo and fi; = p11 so that fp measures hole occupancy in the
ground state ¥y and f; measures electron occupancy in the excited state ¥y. Then

differentiating equations (5.7) and (5.8) and substituting from equations (5.2) and

(5.3) gives
% = —Av + Bsin 2wyt (1 — fo — f1) (5.10)
% = Au—B(1+cos2w,t) (1= fo— f1) (5.11)

Also equations (5.4) and (5.5) may be rewritten using equation (5.9) as

% = dd—];l = —% (1 + cos 2wpt) + %li sin 2wpt (5.12)
The terms in sin 2wyt and cos 2wyt result in rapid oscillations of u,v and fo, fi
but for excitation near resonance (wp =~ wyo) the magnitude of the oscillations is
negligibly small and the terms containing sin 2w,t and cos 2wyt may be dropped
from the equations. This is the rotating frame approximation [4] and is equivalent

to the omission of non-resonant terms in the solution of the Liouville equation as

discussed in chapter two. The equations (5.10) to (5.12) become

du

== A (5.13)
d

d—?:Au—ﬂ(l—fo—fl) (5.14)
dfo _dh _ _Pv

w a2 (5.15)
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which are amenable to the inclusion of thermal scattering effects as discussed in
the next section. As expected the equations predict that the optical excitation
generates equal numbers of electrons and holes since fo = f;. Further if the

substitution w = 1 — fo — f1 is made then the Bloch equations

du
-(E = —A’l) (516)
dv
dw
—_ = 5.18
% v (5.18)

are obtained and these may be written in a particularly compact form by em-
ploying vector notation. Hence defining rgjoc;, = (u,v,w) and @ = (43,0,4) the

equations (5.16) to (5.18) become

drBioch

& = (1 X I'Bloch (5.19)

The Bloch vector rgj,n rotates about the axis specified by the vector 1 (in a man-
ner analogous to magnetic spin precession). The magnitude of rpj is constant

since

d|rBloch |? drBioch
= 21'Bloch .
dt dt

- 2I'Blo<:h~ (Q X rBloch)

=0 (5.20)

The frequency of rotation is given by the magnitude of the vector {2 and is called the

Rabi frequency [4]. Since 0 = (8,0, A) it follows that for exact resonance (A = 0)
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)1/2. As

the Rabi frequency is given by § whilst for A # 0 it is given by <ﬁ2 + A?
the vector rgp,c, rotates about () there is a periodic variation in the coordinate
w = poo — p11 and this describes the continual movement of electrons between
the ground and excited states. This phenomenon is illustrated in figure 5.1 which
shows the time variation of the occupation probabilities of the two states for a
particular case. The ground state ¥ is initially occupied but an on-resonance
optical pulse excites the electrons back and forth between the two states ¥y and
¥, so that Rabi oscillations are clearly visible. The interaction Hamiltonian has a
gaussian envelope Heyy with time constant 7 = 100fs and peak value Heqv(peak) =
10207 at time t = 0. Note that the frequency of the Rabi oscillations is lower
during the time when the pulse is rising and falling, whilst near the pulse maximum
at t = 0 the Rabi oscillations become more rapid. The final occupancies of the

states depend on the integral of the Rabi frequency f(t) over the whole of the

pulse duration.

Although it is primarily applicable to the study of on-resonance phenomena,
the formalism developed here may also be applied to the virtual carrier regime
considered in the previous chapter. Suppose that the system is initially in the
ground state with fo = fi = 0 (w=1) and that there is no phase coherence
between states so that equations (5.7) and (5.8) give v = v = 0. Then for a
pulsed interaction with the photon energy detuned below the energy gap (A <0),

the vectors {1 and rg),c, are initially collinear with @ = (0,0,A) and rpjoch =
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(0,0,1). If the pulse amplitude increases sufficiently slowly then the Bloch vector
is able to follow the motion of @ = (3,0, A) and the two vectors remain collinear
(although with A < 0 they point in opposite directions). This is known as the
adiabatic following regime [54-55|. Also rpjocy initially has unit magnitude and

equation (5.20) shows that thenceforth it has constant magnitude. Hence
_1/2
I'Bloch = (ﬂz + AZ) (—6,0,—-4) (5.21)

From equations (5.21) and (5.6) it follows that

1 w
fO“fl—E_'é'
-1/2
11y AN / (5.22)
T2 2 A ’
and

Uit _ B gt 5.23
P10 26 2A(/000 pu)e ( )

which may be used to derive the low intensity results with (/A) < 1 that were

presented at the end of chapter four.
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Section 5.2. Thermal effects in the relaxation approximation.

In the previous chapter the effect of thermal interactions on the optical re-
sponse of the system was neglected because the thermal scattering rates of virtual
carriers were assumed to be slow in comparison with the pulse width. However,
when considering illumination by a light beam where the photon energy lies in
the absorption band of the semiconductor, it is no longer possible to the neglect
the thermal effects due to carrier-carrier and carrier-phonon scattering. These
processes occur on a timescale of approximately 10 femtoseconds to picoseconds
[66-57] which is comparable with the shortest pulse widths currently available.
Thus it is necessary to find some way to include the effects of the scattering pro-
cesses within the Liouville-Bloch formalism. The relaxation approximation [58-63]
provides a simple method for inclusion of these effects, whereby the density ma-
trix elements are allowed to relax to equilibrium values at rates determined by a

number of phenomenological time constants.

In the semiconductor model the two states ¥g and ¥, of section 5.1 are as-
sumed to correspond to the valence and conduction states at a particular electronic
wavevector k in a two-band model. The off-diagonal matrix elements p;o and po1
(and hence u and v) decay due to dephasing, that is the phase coherence between
the states U and ¥, is destroyed by thermal interactions at a rate I'(dephasing).
The density matrix elements pgy and p;; (or equivalently fo and f;) are affected

by thermal processes which act to redistribute the carriers within a band so as to
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form various quasi-Fermi distributions. In addition electron-hole recombination
removes carriers from the bands (and current injection replaces them). Hence in

the relaxation approximation the Bloch equations (5.13) to (5.15) can be written

i —Av — T'(dephasing)u (5.24)
dv .
i Au— B (1 — fo— f1) — T'(dephasing)v (5.25)
d
% = _%’i — T'(hole — hole) (fo — fo(hole — hole))

— T'(electron — hole) (fo — fo(electron — hole))

— I'(hole — phonon) ( fo — fo(hole — phonon))

— T'(recombination) (fo — fo(recombination)) (5.26)
%ttl = —% — I'(electron — electron) (fi — fi(electron — electron))

— T (electron — hole) {f1 — fi(electron — hole))
— T'(electron — phonon) (f1 — fi(electron — phonon))

— I'(recombination) (f; — fi1(recombination)) (5.27)

In addition to the dephasing effects, there are four thermal relaxation processes.
Firstly, there is carrier-carrier scattering within each band at a rate I'(carrier —
carrier) to a distribution f;(carrier — carrier) which is a quasi-Fermi distribution
determined by the number of carriers in the band and their total energy. Secondly,
there is electron-hole scattering between the carriers in the two bands at the rate

T'(electron — hole) to quasi-Fermi distributions fi(electron — hole) which again are
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determined by the number of carriers in each band but now by the combined en-
ergy of both types of carrier. These two scattering processes are assumed to be
elastic so that in each case the total energy of the carriers involved is a conserved
quantity. Thirdly, there is carrier-phonon scattering as the carriers equilibrate
their temperature T with that of the lattice Tp, thus relaxing to a distribution
fi(carrier — phonon) at a rate I'(carrier — phonon). The quasi-Fermi distributions
fi(carrier — phonon) are determined by the number of carriers in each band but
the total energy of the carriers changes and is eventually set by the lattice temper-
ature Typ. Finally, recombination between the two bands restores the equlibrium
distributions f;(recombination) at a rate I'(recombination). These quasi-Fermi
distributions are determined by the lattice temperature Ty and by the number
of carriers pumped into the bands by some external mechanism such as injected
electrical current.

To calculate the distribution

1

T 1+ Aexp(E(k)/kgTo) (5.28)

fi(carrier — phonon)(k)

requires determination of the constant A = exp(— Ep/kpTs) where EF is the quasi-
Fermi energy of the distribution and kp is Boltzmann’s constant. A parabolic band
model is assumed so that E(k) = h%k%/2m* with m* the effective mass of the
band. The number of carriers n in each band is not altered by the carrier-phonon
scattering and so may be calculated from

n= [ f(B)g()e (5.29)
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where g(k) is the density of states function including spin. For a quantum well

g(k) is given by

2
and for the bulk by
g(k) = (zﬂ)34”k2 (5.31)

The number of carriers n may then be used to find A by inverting the integral

relation

n= /Ooo fi(carrier — phonon)(k)g(k)dk

_ | Kqwh for QW (5.32)
Kglhklz for Bulk
where the constants K are
Th?
K, .
W = T (5.33)
and
Y
Kpuk = —————7 (5.34)
(2m*kpTp)
The integral I, is defined as
o0 2z"dx
I, = / —_— 5.35
" Jo 1+ Aexp(z?) (5.35)

In the case of a quantum well the inversion may be achieved through the relation
nKqw = log(1 + 1/A) but for the bulk the inversion is most easily performed

numerically.
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Now to find the distribution

1
T 1+ Aexp(E(k)/kpT)

fi(carrier — carrier)(k) (5.36)

requires determination of the two constants A (related to the quasi-Fermi energy)
and T (the carrier temperature). The number of carriers n in each band is again

given by equation (5.29) and the conservation of this quantity yields the relations

n = /OOO fi(carrier — carrier)(k)g(k)dk

-1 4
_ { KgTh for QW (5.57)

Kzt T%/*1, for Bulk
where T = T /Ty is the carrier temperature normalised to the lattice temperature
To. As before, in the quantum well case the relation may be written as nKqw =
T log(1+1/A) which is easily inverted. Further, since the carrier-carrier scattering
is elastic the total energy of carriers in each band is also conserved and may be

calculated (in units of kpTp) as
o0
E= /0 f:(k)Ep(k)g(k)dk (5.38)
where Eg(k) = h®k?/2m*kpT,. The relations
o0
E = / fi(carrier — carrier)(k)Ep(k)g(k)dk
0

_ | KGwTs for QW

- A 5.39
{ Kgh, T%/%1, for Bulk (5.39)

may be solved numerically to find T by substituting for A from equation (5.37) and

then finally A may be calculated from equation (5.37) using the appropriate value
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of T. The case of electron-hole scattering may be treated in a similar fashion
except that the total energy of both electrons and holes together is conserved.
Thus a common value of T' may be found which is applicable to both valence
and conduction bands and from which the individual quasi-Fermi energies can be
calculated.

Finally, the distribution

1

1T Aexp(E(E)/k5T0) (5.40)

fi(recombination) =

is entirely determined by the number of carriers n that is established by the com-

peting forces of recombination and current injection. The integral relation
o0
n :/0 fi(recombination)(k)g(k)dk (5.41)

may be inverted to calculate A.
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Section 5.3. Application to laser amplifiers.

Recent experimental investigations [46-53] have studied the ultrafast optical
response of semiconductor laser amplifiers. The results show a large nonlinear re-
fractive index (An ~ 107%) and if the device is biased for unity gain (transparency)
the recovery time is on the order of picoseconds. This sort of response would be
particularly useful in the design of fast all-optical switching devices based on semi-
conductors. The basic experiment is to send pump and probe pulses through the
laser amplifier with orthogonal polarisations (so that there is little direct opti-
cal coupling from the intense pump beam to the much weaker probe beam) and
to vary the time delay between the pump and probe beams. The measurements
use a novel time division interferometry technique [64,65] which employs a third
reference pulse to determine the phase shift of the probe pulse. The pulses are
sufficiently short (around 100-500 fs) that it is possible to resolve the temporal
changes in absorption coefficient and refractive index experienced by the probe

beam due to the carrier dynamics of the semiconductor material.

The formalism developed in the previous two sections is now used to model
the experiments described above in an attempt to understand some of the results
observed. The Bloch equations with relaxation terms included may be used to first
calculate the effects of the pump beam on the carrier population in the valence and
conduction bands. The probe beam is then assumed to be sufficiently weak that

it has no further effect on the carrier populations, but simply produces a linear
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polarisation of the particular carrier distribution generated by the pump pulse.
The polarisation due to the probe is assumed to have a gaussian envelope like the
incident field and an amplitude P, corresponding to the electric field amplitude Ey
of the probe. The standard linear relation connnecting Py and Ep is Py = egxEo
where g is the permittivity of free space and x is the complex susceptibility. The
relative permittivity is €, = 1 + x and from this may be calculated the refractive
index n = Re,/e; and the intensity absorption coefficient a = (2wp/c)Im,/e,
where c is the speed of light. The electric field of both the pump and probe pulses
has the form

E = Eycoswpt et/ (5.42)

although the pump field amplitude Ey is greater and the pump pulse envelope is
displaced in time relative to that of the probe pulse. As a rapid dephasing rate
will be used in the model, the polarisation induced by the probe is assumed to

have a similar form

P = Pycos (wpt + 0) et/ (5.43)

where 0 determines the phase of the polarisation relative to the electric field of
the probe beam. The value of # depends on the time delay between the pump
and probe pulses. The Bloch equations (5.24) to (5.27) are solved to find the
populations fo and f; induced by the pump field and then are re-solved for the
probe field using the values of fo and f; calculated for the pump field in order

to find values of u and v appropriate to the probe field. The Brillouin zone is
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divided into discrete regions (spherical shells for the bulk and circular rings for the
quantum well) with steps Ak in the magnitude of the wavevector between regions,

and values u; and v are calculated for each region. The total polarisation is then

t) =Y P(t)g(k)Ak (5.44)
k
where

Py (t) = —dg (uk cos wpt + vk sin wpt) (5.45)

and d; is the dipole matrix element at a given wavevector k. In the case of a
quantum well d; must be divided by the well width in order to obtain P(t) as
a dipole moment per unit volume. The Fourier transform of the polarisation is

calculated as

1 .
P(wy) = o > P(t)e™r At
t

—’“- (ug + 1vg) g(k) AkAL (5.46)

Py 47

Finally from equation (5.43) Py = (4y/7/7)P(w,) so that

di )
Po=—) —= (ug +vg)g(k)AkAtL (5.47
%; T/T ( )

From this expression the values of the refractive index and absorption coefficient
experienced by the probe pulse may be predicted. The results for a variety of
situations comparing bulk and quantum well laser amplifiers are presented below.

For both the bulk and quantum well studies the energy gap at the Brillouin

zone centre is taken as E, = 1.5eV, and the effective masses for the valence and
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conduction bands are taken as mj = 0.5 and m] = 0.05 respectively. The dipole
matrix element dj, is assumed independent of k with a value of dy = 10728Cm cor-
responding to an electronic displacement of about 10A. In the case of the quantum
well this is divided by the well width of 100A. The pump beam has a gaussian
envelope of time constant 7 = 100fs and the peak value of the pump beam elec-
tric field is Eo = 107V /m. The probe beam is much weaker (Eo ~ 10*°V/m) and
is displaced in time relative to the pump beam in the range lps ahead of the
pump to 5ps after the pump. Experimental observations [56,57] have indicated
that rapid dephasing occurs and a value of I'(dephasing) = 10'%s™! is used in
the model. For the sake of simplicity, the carrier-carrier scattering is limited to
just the electron-hole scattering as this is the only one of the three carrier-carrier
processes discussed in section 5.2 to include both electrons and holes. A scattering
rate of T'(electron — hole) = 1013571 is chosen. The electron-electron and hole-hole
scatterings are ignored and further calculations are required to determine their
influence on the optical response. The carrier-phonon scattering rate in each band
is taken as I'(carrier — phonon) = 102571, All calculations are performed with a
lattice temperature Tp = 300K. In the numerical calculations, the discretization
in reciprocal space and in time uses steps of Ak = 4.5 X 10°m™! and At = 1fs

respectively.

For the pump photon energy equal to the bandgap energy (E, = E;), the

model predicts that the laser amplifier achieves transparency (i.e. the injected
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carrier density is unchanged after the pump pulse) when the bulk carrier density
is around Npy = 6 X 102*m~3 whilst for the 100A quantum well device the model
predicts that transparency is achieved with an injected carrier density of around
Nqw = 2.5 X 101®m~2. These values agree with the typical values seen in actual
devices. The distribution of holes fo(k) and of electrons fi(k) corresponding to
these injected carrier concentrations are depicted in figure 5.2 which shows that
the electrons are to be found nearer to the Brillouin zone centre due to the higher
curvature of the conduction band. Figure 5.2 also shows the function fo+ f; which
determines whether absorption or stimulated emission occurs at a particular value
of electronic wavevector k. This function appears in equation (5.25) and as ex-
pected results in stimulated emission when fy + f; > 1 and in absorption when
fo+ fi < 1. Hence carriers (holes in the valence band and electrons in the con-
duction band) are removed near the Brillouin zone centre where the pump beam
stimulates recombination and are generated further out in the zone (k > 0.05A)
where fo + fi < 1. The changes in the bulk carrier densities relative to the initial
values obtained from figure 5.2 are shown in figures 5.3 and 5.4 for holes and elec-
trons respectively. The quantum well model provides qualitatively similar results.
It is possible to see the recombination-generation response described above (par-
ticularly in figure 5.4 which depicts electrons) but within 0.5ps the distribution is
smoothed by the carrier-carrier scattering to a quasi-Fermi distribution at temper-

ature T. Over the next 5ps the carrier-phonon scattering equilibrates the carrier
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Figure 5.2a. Transparency carrier distributions plotted against wavevector k showing holes
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temperature T with the lattice temperature 7. Because figures 5.3 and 5.4 show
the response at transparency, the change in the total number of carriers in each
band is zero. Hence when T reaches T the initial carrier distribution is restored
and the change in carrier density is zero at all values of electronic wavevector.
The variation of the carrier temperature as a function of time is shown in fig-
ure 5.5. The pump beam excites carriers high in the band and removes carriers
lower in the band, thus the average energy of the carriers increases and their tem-
perature rises. Due to the higher curvature of the conduction band the electrons
initially reach a higher temperature than the holes, but the inclusion of electron-
hole scattering in the model means that the two carrier temperatures are quickly
brought together. In the following few picoseconds the carrier temperature drops
back to the lattice temperature as the carrier-phonon scattering takes effect. Fig-
ure 5.6 shows the changes in the bulk hole density for the injected carrier densities
Npux = 4 X 10%*m™2 and Npyx = 8 x 10**m™3. In the first case the injected
carrier density is below the transparency value so that more absorption occurs
than stimulated emission and there is an increase in the final carrier density of
some states. Conversely in the second case more carriers are removed by stim-
ulated emission than are generated by absorption so that there is a decrease in
the final carrier density of some states. These changes in the carrier density are
eventually removed by recombination (or injection) but this occurs on the much

longer timescale of nanoseconds.
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The absorption coefficient « and refractive index n experienced by the probe
beam are shown in figures 5.7 and 5.8 for the bulk and in figures 5.9 and 5.10 for
the quantum well. The photon energy E, of both the pump and probe beams is
equal to the bandgap energy E;. The optical response is plotted as a function
of time delay between pump and probe beams relative to the response at large
negative time delay and the three cases of injected carrrier density above, at and
below the transparency value are considered. In all three carrier density regimes
the absorption coefficient increases around zero time delay, although the size of
this increase becomes smaller as the injected carrier density is reduced. At trans-
parency the absorption coefficient returns to its initial value, but with a lower
injected carrier density the final value of the abgorption coefficient is reduced and
with a higher density it is increased. (Strictly speaking the values are ‘final’ only
on a picosecond timescale as recombination and current injection restore the initial
value eventually, but this effect is ignored here). The changes in absorption coef-
ficient are explained by the final changes in carrier density (depicted in figure 5.6)
induced by the pump beam which tend to move the absorption coefficient towards
its value at transparency. Similarly, in all three regimes the refractive index shows
a temporary increase with the formation of the quasi-Fermi distributions at the
elevated carrier temperature 7. The final value of the refractive index depends
on whether the total carrier density has been increased or decreased by the pump

beam. In chapter four it was shown that for below-resonance excitation the gen-
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eration of carriers leads to a decrease in the refractive index whilst a reduction
in the number of carriers produces an increase in the refractive index (and that
for above-resonance excitation the converse is true). These relationships can also
be applied here so that, for example, with an injected carrier density above the
transparency value the carrier density is reduced by the pump beam and this leads

to a final increase in the refractive index.

The theoretical results may be compared (at least qualitatively) with the ex-
perimental measurements of Hultgren and Ippen [53] reproduced in figure 5.11.
The figure shows the pulse transmission coefficient and phase shift for propagation
through a 300um AlGaAs diode laser amplifier. All of the features noted above
are reproduced in the experimental observations, but there is another feature seen
in the experiments which does not appear in the theoretical results presented so
far. This is the occurrence of a negative spike in the refractive index at zero time
delay. However, this feature is also predicted by the model described here if the
photon energy E, is increased above the bandgap energy E; so that there is a
larger contribution from the absorptive region of the Brillouin zone. The changes
in the electron and hole densities near transparency (Nqw = 2.6 x 10®m™2) are
shown in figure 5.12 for the quantum well system with E, ~ 1.03E,;. An additional
feature (cf. figures 5.3 and 5.4) is apparent near ¢t = 0 (particularly in the hole
distribution) and this is responsible for generating the negative spike in the refrac-

tive index before it is destroyed by the carrier-carrier scattering. The absorption
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Figure 5.12. The change in quantum well electron (top) and hole (bottom) densities plotted
as functions of electronic wavevector k and time t. At each value of k the graphs show the

density of carriers with a wavevector in the range k to k + Ak.



coefficient and refractive index experienced by the probe beam at the new photon
energy are shown in figures 5.13 and 5.14 respectively. The theoretical results
now display all of the major features exhibited by the experimental observations

depicted in figure 5.11.
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CHAPTER SIX

The effects of bandstructure on optical response

In previous chapters the ultrafast nonlinear optical response of various semi-
conductor systems has been examined using a simple parabolic band model for
both the valence and conduction bands. Whilst this is a reasonable approxima-
tion for the conduction band, the proximity of the heavy and light hole subbands
near the valence band edge produces significant mixing of nearby states resulting
in a strong non-parabolicity of the energy dispersion for the valence subbands.
Further, it has previously been assumed that the optical matrix elements are in-
dependent of the in-plane electronic wavevector k) and of the orientation of the
electric field vector of the illumination. In this chapter two k.p based models
are described which can provide a more realistic bandstructure. The first model
employs an infinite well approximation and has the advantage of being relatively
simple to implement computationally, whilst the second model takes into account
the penetration of the wavefunctions into the barrier regions that occurs with a
finite quantum well. The final section discusses the calculation of optical matrix
elements from the wavefunctions obtained using these models and presents a brief

investigation into the effects of bandstructure on optical response.
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Section 6.1. Infinite well bandstructure.

The two k.p models described in this chapter both employ a quantum well
of width L grown in the z-direction. The calculations involve the construction
of quantum well wavefunctions from linear combinations of bulk wavefunctions.
The quantum well bandstructure is determined by fixing the in-plane wavevector
k” and scanning through energy E to find values at which it is possible to con-
struct wavefunctions that satisfy the boundary conditions of the quantum well.
The infinite well model described here [66-70] has been developed in collaboration
with G. C. Crow. It retains the assumption of parabolic energy dispersion in the
conduction band but examines the mixing of light and heavy hole states in the
valence band. The spin split-off band is neglected. When the double degeneracy of
spin is taken into account this leads to a four band model of the valence subbands.
Suppose that X*,Y+, ZT and X~,Y ™, Z~ denote p-orbitals oriented along the z-,
y- and z-axes with positive and negative spin respectively, then taking the z-axis

as the reference direction the basis states

up = —-\}—5 (x*+avt) (6.1)
ug = —\}—6 (x*—av*) + \/gZ‘ (6.2)
uz = —% (X~ +¥™) + §Z+ (6.3)
ug = % (X~ —av7) (6.4)

represent states with angular momentum quantum numbers j = 3/2 and m; =

+1/2,+3/2. The k.p Hamiltonian in this basis has a full 4 x 4 matrix but a block
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diagonal representation may be obtained through a unitary transformation of the

basis set. The new basis {v;} is given by v; = Ty,;u,, Where [66-68]
« 0 0 «
0 B8 B O
T = 0O -8 B 0 (6.5)
- 0 0 «@
and
1 .
o= 7§exp [¢(37/4 — 3¢/2)] (6.6)
8= \/iiexp [¢(—7/4 + ¢/2)] (6.7)

with ¢ defining the direction of the in-plane wavevector k)| = (kz,ky) through

ky = k” cos¢ and ky = k) sin ¢. In the new basis the matrix of the k.p Hamiltonian
becomes [66-68]
HY 0
H=\% g (6.8)
with

oI — hz [ (v +22)kf + (1 — 2m)kZ (v3/2) (72 + v3)kif — 4i73k||kz)}
(v3/2) ( (72 + v3) i} + 4i’73k||kz) (m = w)kf + (n + 2m2)k3
(6.9)

and

T _ nz [ (1 = )k} + (v +2m)k2 (V3/2) (02 + va)kf - mm,m)}
Vv3/2) (12 + 3)kif + diysky k. ) (n + v2)kff + (11 — 2m2) kS
(6.10)

where 41, 72,73 are the Luttinger parameters [71] and & is the perpendicular com-

ponent of the wavevector. The bulk state ¥; (k”, :(7)) at given in-plane wavevec-

tor k) may be expanded over the basis {v;} as
W (ky, k. Z ;jvi exp(ky.ry) exp(tk.(7)z) for j =1,8 (6.11)
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where the matrix F;; follows the block diagonal structure of the transformed Hamil-
tonian so that the states ¥y,..., ¥4 are combinations of the basis states v; and
vy whilst the states ¥s,...,¥g are combinations of the basis states vz and wvy.
The columns F; of the matrix F;; are determined by the eigenvalue equations
(H — EI)F; = 0 where H is the Hamiltonian and E is the energy of the state ¥;.
To obtain a non-zero solution for F; requires that det(H — EI) = 0. In the calcu-
lation of bulk bandstructure it is usual to fix k” and k, and to find E such that the
determinant is zero, but here quantum well wavefunctions are constructed from
bulk wavefunctions having particular values of k|| and £ so that it is more useful
to fix k) and E' and to determine k,. The choice of basis reduces the problem of

finding k, to the solution of two (identical) quadratic equations in kZ

[4(+2 — 442)] K2 +8 [(7F + 2% — 643)k] — k7]

+[(400F = 3) = 3(v2 + 7)) kf — B kkf + 4kt =0 (6.12)

where k2 = 2mE/h2. Hence for a fixed value of k it is possible to scan through
values of energy F and to determine the corresponding values of k, which are
labelled ki, ..., kg with k; 4 = k;.

With the bulk states determined, the quantum well states may be obtained as

linear combinations of the bulk states at the chosen in-plane wavevector k|

8
=3 AU
Jj=1

= exp(ik).r)) Z Z ;A jv; exp(ik;z) (6.13)
1=17=1
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There are two independent solutions for the vector A; corresponding to two energy

degenerate states. The block diagonal structure of the matrix F allows the first

solution to be chosen as a combination of the states ¥y,..., ¥4 whilst the second
solution is taken to be a combination of the states ¥s,..., Vg. Thus
4
ol =3 4,9 (6.14)
7=1
and
8
o= 5" 4,9, (6.15)
7=5

In the infinite well approximation there is no penetration of the wavefunctions into
the barriers so that ¥/ (£L/2) = 0 and ¥// (£L/2) = 0 where L is the well width.

Hence requiring that the coefficients of each v; should separately vanish gives

4
S FijAjexp (£ik;L/2) =0 fori=1,2 (6.16)
7=1
and
8
> FyjAjexp (£ik;L/2) =0  for i =3,4 (6.17)
J=5

Each of equations (6.16) and (6.17) leads to a set of four linear equations in the

coefficients A; which may be expressed in matrix form as MA =0 with

F11 exp(z'lclL/2) F12 exp(z'kgL/Z) F13 exp(ikgL/Z) F14 exp(ik4L/2)
Fy1 exp(tk1L/2) Fyg exp(tk2L/2) Fysexp(tksL/2) Fayexp(tksL/2)
Fy1exp(—ik1L/2) Figexp(—ikyL/2) Fisexp(—iksL/2) Fiqexp(—ikqL/2)

F21 exp(—ile/z) F22 exp(—ikgL/Z) F23 exp(—ikgL/2) F24 exp(—ik4L/2)
(6.18)

M =

for equation (6.16) and similarly for equation (6.17) but with k; ;4 and F3 ;44

and Fy ;.4 teplacing k; and Fy; and Fyy respectively. Now except at the zone
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centre where the basis states are decoupled it is possible to set Fi; = 1 and to
define F; = F3; (or to set F3; = 1 and to define F; = Fy;). Also by ordering
the wavevectors k, so that k;, 9 = —k; the value of det M may be obtained from

equation (6.18) as

det M = 2 (Fy — F2) (F3 — Fy)cos[(k1 + kq) L]
+ 2 (Fy — F3) (Fy — F3)

+ 2 (Fl - F4) (F2 - Fg) cOs [(kl — kz) L] (619)

A point on the quantum well bandstructure may be found by scanning through
energy F at a fixed in-plane wavevector k“ to find values of E for which det M = 0.
When a bandstructure point has been found the corresponding wavefunctions
may be determined by calculating the A; coefficients. Firstly choose the in-
dices {a,3,7v,6} = {1,2,3,4} for the wavefunction ¥y or choose the indices
{a,8,7,6} = {5,6,7,8} for the wavefunction ¥;;. Then set A5 = 1 and calculate

Ag (and equivalently Ag and A,) using the formula

4y = — (Fy — Fs)sin [(kﬁ - k5)L/2], (6.20)
(Fy — Fa)sin (ks — ko) L/2]

which is obtained from equation (6.16) or (6.17) by elimination. Now transforming
back to the original basis {u;} and defining G{j and G{]-I by

4 4
vl = exp(tky.ry) D > G{]-ui exp(ik;z) (6.21)
1=13=1

and
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4 4
wil = exp(k.r)) >3 G{J-Iui exp(tk;z) (6.22)
1=17=1

the wavefunctions ¥ and ¥/ may be combined to give definite parity states
4 4
¥ = exp(ik|.ry) X ) Gijuiexp(ik;z) (6.23)
1=14=1

So suppose that the envelope functions are defined as

Z Gl ; exp(ik;2) (6.24)
oH = Z G’H exp(tk;2) (6.25)
j=1

then definite parity envelopes are obtained from the combinations

@Sven — )\fvenq){ + “svenq’{l (6_26)
§odd — \oddpl  oddgl (6.27)
by ensuring that ®¢'*"(z) = ®¢'*"(—z) and &94(z) = —9949(~2). In fact the

envelopes form two parity sets Py = {®;,®5} and P, = {®3, D4} such that the
ratios pfV®" /A" and uidd//\Odd depend only on whether ®; € P, or ®; € Ps.

Further if ®; € P; and ®; € P, then

ufven//\sven = ul dd/)\odd (6.28)
and

#?dd/A?dd — 'ultven//\even (6.29)

Thus definite parity states ¥ may be obtained with the envelopes ®; and &; of even

parity and the envelopes ®3 and ®, of odd parity, or vice versa. The wavefunction
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¥ is normalised using

4 4 4
(U|W) = 4 > 303 GijGip Ly (6.30)
i=1j5=14'=1

where

L= /j:;iz exp [z'(kj/ - kj)z] dz

= Lsinc (ky — k;)L/2] (6.31)

and Ay = [ dr) is the cross-sectional area of the quantum well. From these definite
parity wavefunctions the optical matrix elements of the quantum well may be

calculated as discussed in section 6.4.
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Section 6.2. Finite well bandstructure.

In the finite well model the wavefunctions extend from the well region into the
barrier regions so that it is necessary to consider the form of the wavefunctions
in each of these regions and to determine the matching conditions which must be
met at the interfaces between them. With simplicity no longer paramount it is
appropriate to extend the model from four to eight bands with the inclusion of
the spin split-off and conduction bands in addition to the light and heavy hole
bands. The model presented here develops the earlier work of Wood [72]. The
same procedure is used to calculate the bulk wavefunctions as for the infinite well

model
. 8
Uik, kz(5)) = > Fiju; exp(ik|.r)) exp(ik; (7)) for j = 1,16 (6.32)
i=1

where the basis states

y = 5* (6.33)
ug = \/ii(x+ +iv) (6.34)
uz = \/ié(X‘ +iY7) - §Z+ (6.35)
ug = —\;—g(X‘ +14Y7) + %Z* (6.36)
us = 5~ (6.37)
us = \/i.i(x- —iyT) (6.38)
uy = ——\}—(_i(XJr —iY7T) - §Z‘ (6.39)
ug = —%(X* i) 52 (6.40)



of the well and barrier materials are expressed in terms of the appropriate p-

orbitals X* Y% Z%* and s-orbitals S*. The additions to the basis set u;,us and
ug4,ug are the zone centre conduction states and spin split-off states respectively.
Now in comparison to the infinite well calculations it is rather more difficult to
determine the values of k, corresponding to given values of energy E and in-plane

wavevector k”. The columns F; of the matrix Fj; may be determined from the

matrix equation

(Hok? + Hik, + Hy — EI)F; =0 (6.41)
where the Hamiltonian H has been written to explicitly show its dependence on

the powers of k,. Together with the trivial relation k,F; = k,F; this equation

may be rewritten in the form

0 1 F, 1 [ F
_HZ_I (HO _ EI) _Hz—lHl} [kzF]} = kz [kz i (642)

which is an eigenvalue problem for k, that can be solved by the usual methods.

The matrix “Hz_l is block diagonal

_g-l = Hblock 0 6.43
Hy 0 Hylock (6-43)
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where

(g g 0 0
mv
om| 0 HY o o0
Hblock - '}'7’7 0 (l)n Hl(ri? Hl(nsv) (6.44)
o o Hu HY

The components of Hyjocx are given by the relations

HO = (4, + 475) ™! (6.45)
H)) = 57! (6.46)
H) = (n = 2m) ™ (6.47)
Hi(:e = ’YIHi(x?v)Hi(fg (6.48)
Hi(:g =(n+ 272)Hi(r?3Hi(nZ\2 (6.49)
HYS) = 2v/2vHYy, ) (6.50)

where s is the conduction band s-parameter and ~;, 72,73 are modified Luttinger
parameters [73,74] which explicitly include the influence of the conduction band
in the Hamiltonian. The product matrix —HZ_IHO may be written as the sum of

a block diagonal matrix with

E;H,. 0 O 0
2m 0 00 0
Hyjock ? 0 0 0 _AHi(nssz (6.51)
o o0 0 —-ARY

inv

which is independent of k; = (kg,ky) plus the product matrix —H{lflo shown

overleaf.
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—H; ' Hy =

r

skpar|2HY V/YiaPhya Ho) 0 0
—\/iaPEp HY) — (1 + ) e PHE) 0 0
0 0 [kpar|? <—71H~() - H,(,w)) —3v2 s |kpar P H O HE)
0 0 —3v2yivalkpas P HE HL) |kpar|2< —nHE + 27, Hl(r(l)v))
0 0 VEyiaPhy H) VSioPkyHY)
0 0 ﬁ(—’yzmekzar \/é(—r72§}2ek2ar
—ieSm k) HY) ~inaSm kZ,,) H)
VESiaPky HY) V/3(1RekZ,, 0 0
+17v33m kpa.r) H 1(n23
VyiaPkyu HY)  V/6(1aRe k2, 0 0
+2’73~5mkpar)Hi(n2v)
0 0 —\/%iaPEparHi(:g \/—’apkpaerl\? W
0 0 ﬁ(qgﬁ?ekzar \/5(’72336 kZar
—1y3m kpar) H-l(xi? —1y38m kpa.r) H,(f\?
\/_zaPkpa,Hl(Ii? \/_( fyZERe/cpar 0 0
+173Sm kgar) H)
—\/_zaPkpaerz‘z \/_( '72§Rekpar 0 0]
+1y33m kpa.r) H, i(nzv)
3|kpar|2H1(nl\2 \/_mPkParHl(nv) 0 0
—\/_zaPkparHl(f‘z —(m +’72)|kparl2H1(x?v 0 0
0 0 |kpar,2( ’71H1(nv) '72H1(113) —3\/—71’72|kpar|2H,0)H1(:v)
0 0 —3v2ZnmlkpuPHO HY) |kparlz< B + 27, H ))J

(6.52)




where a = 2m/h2 and kp,; is the complex quantity kpar = kg + 1ky. The constant

E, is the bandgap energy, A is the spin orbit splitting and P is the Kane momen-

tum parameter [75] with P = —(ih/m)(S*|p®| X *). Similarly the product matrix

—H‘;lHl can be written as the sum of a block diagonal matrix with

0 0 —/2 zPHl(nlv NES PHl(nlv

" _2m 0 0
R R
—/LiPED) 0 0 0
which is independent of k” plus the product matrix
[0 0 0 . 0 )
0 0 2 \/5’73 kpar H,(nv) - \/6'73kpar Hi(n\z
—H, l_Hl = 0 \/—'7301)&}' inv 0 0
0 0 0 s 0
0 0 _3\/-2-'73kparHjn3 3‘v/§'7'3kpa-l‘fli(m2
i 0 0 — 3\/5’73 kpar Hl(:\2 3 \/5’73 l‘:I>?1-rI{i(r‘15\2
0 0 0 0
0 0 Y 5 o 3
0 0 3\/5’73kparHi(n\2 _3\/5'73kparHi(m2
8 8 3 \/5’73 IB par H 1(:3 -3 \/5'730]6 par H 1(115\2
0 0 2\/5'73kparHi(nz‘2 _\/6’73kparH
0 2\/?_"73kparH,(m2 0

(6.53)

- (6.54)

The bulk wavefunctions for the well and barrier materials may be obtained from

the eigenvector equation (6.42). As the barriers are semi-infinite in extent a re-

striction must be placed on the bulk solutions used in each barrier and only those

wavefunctions whose k, value ensures a decay with distance from the well are re-

tained. The set of sixteen values of k, derived from the eigenvalue problem are
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thus separated into two sets of eight, one set for each of the barriers on either side
of the well. The wavevectors on the negative z side of the well have Smk, < 0
and are labelled kZ,..., k2 whilst those on the positive z side of the well have
Smk, > 0 and are labelled k&,...,kE. A similar division of k, values is also
made in the well region with the set of wavevectors for which Sm k, > 0 being la-
belled k}'V, cees k;:/ni and those for which m k&, < 0 being labelled k St k}"é
This division is made to assist in the avoidance of a numerical problem which
is further discussed in section 6.3. With the well extending from z = 2z, to

Z = Zright, the barrier wavefunctions Wi (2 < zlet) and Wiight(2 > 2right) and the

well wavefunction Wyen(2lest < 2 < Zright) may be written in the form

8 8
Vers = exp(ik|.r)) Y exp [z'kf(z - Z]eft)] F A u; (6.55)
1=17=1
8 16 5B
Wpight = exp(tk).ry) > exp [ikf(z - zright)] Fij Aj uy (6.56)
1=17=9
8 Jmid W oW
Wywell = €Xp zk“ r” Z Z exp [zk (z - Zleft)] Fii Aj u
1=1 j=1
O W W AW
+exp(ikyry) > D exp [zkj (z — zr;ght)] FlAYw;  (6.57)
1=1 j=Jmid +1

where the superscripts B and W denote values in the barrier and well respectively.
The first boundary matching condition is that the wavefunctions match at the
two interfaces so that Wi (2iert) = Wwell(2iert) and Wrighs(2right) = Ywel (2right)-

Thus assuming that the basis states u; (for ¢ = 1 to 8) are comparable in the well

and barrier materials

Jl)]ld 16
Z FPAP = Z NP VEEDY 1F,§-VA§-V exp (—ik}’ L) (6.58)
] J=Imiat
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16 Jnnd 16

B 4B _ W W - W W 4w
291«“ Al ZF,.]. AY exp (i) L)+ >3- Fif A (6.59)
J J=Imid+1

where L = z;ghy — 2lert is the well width. The second boundary condition is that
the derivatives of the wavefunctions with respect to z match at the interfaces.
With one complete basis set applicable to both materials this is satisfied if the
derivatives of the envelope functions match at the interfaces [76], and although

used in conjunction with two incomplete basis sets the relations

Jmid

Z DBAP = Z DY AY + Z DY AY exp (—ik}' L) (6.60)
J=Jmia+1

16 Jmid 16

S DPAP = Z DY AY exp (i L)+ Y DY AY (6.61)

J=9 J=Jmia+1

are nevertheless applied here with D;; = ¢k;F;;. Indeed calculations with other
matching conditions [72| suggest that the exact choice of the derivative matching
condition does not have much effect on those subbands employed in section 6.4 for
the calculation of optical matrix elements. The equations (6.58) to (6.61) may be

written in a more compact matrix form

FgAp = FyAw (6.62)
DgApg =DyAyw (6.63)
where
FB (?=1’8) 0
Fp=| "V=18 . (6.64)
B(i=1,38
0 F2(i%0)
and
= : =1,8
Fy F“.;V (.’I 11:71:11) Fi‘;y eXp(_Zk;V L) (J'=J';uidl+1,16) } (6 65)
W w 1,8 w( =138 .
F":J. exp (7,]6] L) (.7 il;]mld) FU (j:jl]lid-i_l 16
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and similarly for Dg and Dy . The two boundary matching equations (6.62) and

(6.63) may be combined to give
FV;IFBDBIDwAW =Awy (6.66)

and by defining M = FVI,IFBDBIDW — I the bandstructure at a given value of
in-plane wavevector k| may be determined by scanning through energy F and
looking for det M = 0 as in the case of the infinite quantum well model. This
produces doubly degenerate states ¥/ and ¥!! which may be combined to obtain

definite parity states of the form

8 8
Wit = exp(ik).ry) > exp [z'lc]B(z — Z]eft)] Ggu,- (6.67)
1=135=1
8 16 5 5
Wright = exp(tkj.ry) > exp [ikj (z — Zright)] Gy (6.68)
i=17=9
) 8 Jmid W w
Wyen = exp(tk).ry) D> exp [zk]- (z — Zleft)] Gy Ui
1=1 j=1

8 16
+exp(ikyr) Y Y exp ik} (2 — zuigns)| Gl s (6.69)
t=1 j=4Fmnia+1

As with the infinite well, the envelope functions form parity sets P, = {®;, ®3, &7, ®3}
and P, = {®3, P4, 5, D6} so that a definite parity state ¥ has envelopes from one
set that are of even parity whilst those from the other set have odd parity. The

wavefunction ¥ may be normalised using the relation

8
(WO = Ay > > > GijGyjeLyj (6.70)
region 1=1 j5,7'
with
Ljy = / exp [z'kj:(z — zj1) — ik;(z — zj)] dz (6.71)
region
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where z; = zj = zjeq; if the region is the left barrier and 2z; = z; = zgy if it is

the right barrier. For the well region the values of z; and z;; depend on whether

J < Jmid OT J > Jmid- Hence defining kqig = kj» — EJ- then for the left barrier

1
L, = T
LJJ ikdiff (6 2)
and for the right barrier
Ly = —— (6.73)
T ki '
In the well L;;/ takes the values
[exp(tkaig L) — 1] [1kaig for 7,7' < Jmia
I [eXP(“Z%jL) - eXP(—ikj'L)] [tkaig  for 7 < Jmia < J' (6.74)
ii' = ) - : ) ) . .
[exp(zkj/L) - exp(zkjL)] [ikaig  for j' < jmia < J
(1 — exp(—tkaig L)] /tkaig for Jmia < 5,5
but it is possible that kg;z = 0 in the well and then
Ljj = L exp [~ik; (2 — 2)] (6.75)

The use of the normalised wavefunctions to calculate optical matrix elements is

considered in section 6.4.
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Section 6.3. Numerical considerations.

The first problem in implementing the bandstructure techniques described
above is to determine a method to search for det M = 0. As det M is a complex
quantity it is not possible to look for zero crossings directly (although for the
infinite well case det M makes abrupt changes from being wholly real to wholly
imaginary and vice versa which simplifies the problem). An alternative is to look
for minimum values of |det M| and then check that these occur for det M = 0.
The search procedure is divided into two steps. Firstly the energy range of interest
is scanned through in small steps of energy ~ 0.1 eV. Then a bisection technique
is used to narrow down the accuracy of the energy value for the bandstructure
to the order of micro-electronvolts. This degree of accuracy is required to avoid
numerical inaccuracies in the calculation of the wavefunctions. Assume that three
values f(a), f(b), f(c) of |det M| have been calculated at equally spaced points
a,b,c such that f(b) < f(a) and f(b) < f(c). This is a region where a minimum
value occurs and so the bisection technique is started by calculating two new values
f(d) and f(e) at the points d = (a+b)/2 and e = (b+c¢)/2. If f(d) < f(b) then the
three initial values may be replaced by f(a), f(d), f(b). Otherwise if f(e) < f(b)
then the three initial values may be replaced by f(b), f(e), f(c). If neither of these
inequalities hold then the three new values are f(d), f(b), f(e). In any case the
size of the interval has been halved and the procedure may be iterated to increase

the accuracy to the desired level.
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One numerical difficulty in the finite well calculations is the evaluation of ex-
ponential terms exp(¢k,z) at the well edges z = 2zj.; and z = zjgp; for wavevectors
with large values of |Sm k,| and the avoidance of this problem is the reason that the
form of the wavefunctions given in equations (6.55) to (6.57) is adopted. However,
as the wavevectors k, change with changing energy F this approach constantly
redefines the coefficients A p and Ay which appear in equations (6.62) and (6.63).

So suppose that Ap and Ay are subject to the linear transformations
AB = AgAp (6.76)
AW = AwAw (6.77)

This requires that the matrices F' and D used for the boundary matching also be

transformed as

Fp = FpAj! (6.78)
Fy = Fyw Ay} (6.79)
Dp = DpAZ! (6.80)
Dw = DwA} (6.81)

Then
det M = det [ Fp D' Dy — 1]

= det [Aw Fy;' FpA5' Ap D' D Ay — 1|

= det [Fy' FpD5' Dw — 1|

= det M (6.82)
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so that the transformation does not affect the value of det M. Hence, the intro-
duction of the arbitrary phase factors exp(—tk;2ies;) and exp(—tk;2yight) (and even
the re-ordering of the wavevectors k,) has no effect on det M and thus does not
interfere with the scanning technique described above.

Finally a well-known numerical problem appears in the finite well bandstruc-
ture calculation where the value of | det M| becomes very large at particular values
of energy E. In general the function | det M| is very smooth but spurious spikes
appear at unpredictable energy values. If the value of F is changed by an ex-
tremely small amount (on the order of nano-electronvolts) the spike is avoided
and the solution adopted was to calculate a number of values for |det M| near to
the chosen value of E and then to pick a value which produced a smooth func-
tion. The three previously calculated points f(a), f(b), f(c) were used to obtain
a parabolic extrapolation (or interpolation) to predict the value of the next point
to be calculated. Whilst stepping through in equal energy steps the value nearest
to f(a) — 3f(b) + 3f(c) was chosen and during the bisection phase the values of
(3f(a) +6f(b) — f(c)) /8 and (—f(a) +6f(b) +3f(c)) /8 where used to pick the

values for f(d) and f(e) respectively.
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Section 6.4. Calculation of optical matrix elements.

In this section the wavefunctions obtained using the techniques of the previous
sections are used to investigate the effects of bandstructure on the optical response
of a semiconductor quantum well. Of particular interest are the non-parabolicity
of the energy subbands and the variation of the optical matrix elements in relation
to the in-plane electronic wavevector k| and to the orientation of the electric field
E of the light. For definiteness an 80A (unstrained) quantum well of Ing 53Gag 47As
sandwiched between barriers of Ing 75 Gag 25 Asg.55Po.45 is investigated. This system
is of practical interest as it emits light in the 1.55um window suitable for optical
fibre communications. The material parameters used for the well and barriers are

tabulated below [77,78).

Ings3Gagq7As  Inp.75Gag.2s Asos5P0.45
E, 0.75eV 0.99eV
A 0.33eV 0.25eV
m[001] 0.42 0.47
my [111] 0.95 0.90
m} 0.052 0.078
m?, 0.16 0.17
m; 0.041 0.059

The effective masses m;} and 7} (heavy hole), m; (light hole), m}, (spin split-off),

m? (electron) are used in the calculation of the parameters s, 71, 2, 3, P for the
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finite quantum well model [73,74].

szi—<1+3—%)l1 PRI 2] (6.83)
m} 287 [my, mp  my,
B, [1 1 2 A
= ot o (4 ) (089
1] B, (1 1 1 E;\ 1
Y2 2 [—ﬁ (mz + ;f) + me <1 + _A—> - r—n_;;] (6.85)
1 1
=3 [’71 - m;] (6.86)
,\:<1+—E—g>{1 T 2] ' (6.87)
A/ {my mj mi,

(6.88)

The data values above are used in conjunction with equations (6.83) to (6.88) to

obtain the following parameter values used in the calculations.

Ing 53Gag.47As Ing.75Gag.25 Aso.55P0.45
S —14.2 -2.7
P 1.76 x 10728 Jm 1.42 x 107%8Jm
- —3.52 0.36
g —2.94 —0.89
- —2.28 ~0.38

The bandstructure near the band edges is shown in figure 6.1. The interband
energy gap is 0.80eV which corresponds to a wavelength of 1.55um. The conduc-
tion subband is essentially parabolic whilst the valence subbands display strong
non-parabolicity with the first two subbands anti-crossing at a parallel wavevector

of k” ~ 00247, Figure 6.2 depicts the envelope functions of states at the Brillouin
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Figure 6.2. Envelope functions of zone centre states from the first conduction subband
(top) and from the first valence subband (bottom) of figure 6.1 plotted against distance

z in the growth direction (with the well edges at +L/2). The units are arbitrary but

common to figures 6.2 and 6.3.



zone centre and shows that the conduction subband state consists principally of
the conduction envelope ®; with smaller contributions from the valence envelopes
®3 and ®4. As a result of the energy degeneracy there is a complementary state
(not shown) comprising of the envelopes ®5, &7 and ®g. Figure 6.2 also shows
that the only significant envelope function of the zone centre state from the first
valence subband is ®3. (The other energy degenerate state has ®¢ as the only
significant envelope). Further from the zone centre the states of the first valence
subband exhibit increasingly large contributions from the envelopes ®7, ®3 and
®¢ (see figure 6.3) as the anti-crossing of valence subbands results in a mixing of
adjacent energy states.

Now to calculate some optical matrix elements using the A.p approach dis-

cussed in chapter two. Consider two normalised wavefunctions

Wregion = exp(ik).r|) > Gyju; exp [ik]-(z - zj)] (6.89)
]
and
‘i’region = exp(tk).r|) > éiljluz'l exp [ifcj:(z — 21-:)] (6.90)
i”jl

which have the same in-plane wavevector ky . For the infinite well model the z
co-ordinate is measured relative to z; = 0, whilst for the finite well model it is
measured relative to z; = 21y or 2; = zgny dependent on the value of Smk; as

described in section 6.2. The momentum matrix element may be calculated from

(‘I’regionlpl\i’region> o Z ai]'éilj/ Zexp ['L.I’(\?J'I(Zn — 21-/) - ikj(zn - Zj)] ./;ell E,-(p + hlA(J-;)u,-:dar

VRV
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Figure 6.3. Influence of energy anti-crossing on first valence subband state showing increasing

mixing with second valence subband state at larger values of k.



~ Ay Y GijGupLjji(hki + hkjisy) (6.91)

i)jlil ’j,

where

Lip = /region exp [z'l::j:(z — 2p) —ikj(z — zj)] dz (6.92)

may be evaluated by substituting l::j: for kjy in equations (6.31) and (6.72) to
(6.75). Also ﬁjr =k + Ich:ez and the momentum matrix element for the unit cell
is defined by hk; = (u;|p|ug)cen. The values of ks are determined from the
basis states in equations (6.1) to (6.4) for the infinite well and in equations (6.33)

to (6.40) for the finite well using the relations

(ST|p"|XT) = (STIpY|Y™) = ($T1p%|27)

= (STFIXT) = (ST ) = (ThHIZT) = - T (699)

where P is the Kane momentum parameter and with all other momentum ma-
trix elements between S*, X% Y* Z* being zero. The term containing Ak, is
the dominant term in equation (6.91). The momentum matrix element (\II|p|\il)
is calculated using wavefunctions ¥ and U obtained for the Ings3Gag.47As —
Ing 75Gag.25 Aso.s5Po.45 quantum well presented above. Although the energy dis-
persion is essentially isotropic in k| space, the value of (\Il|p|\i/) does depend on
the orientation of k. For kj taken along the k; direction and with the states
¥(k)) and ‘i’(k") taken from the first conduction and valence subbands respec-
tively, the values of |(¥|E.p|¥)| are shown in figure 6.4 for E (the electric field

direction of the light) oriented along the z-, y-, and z-axes. The scale of the graphs
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Figure 6.4. Variation with in-plane wavevector (along the k, axis) of the magnitude of the

optical matrix element for three orientations of the electric field vector.



is of the order 107%* kg m s~! which corresponds to an electronic displacement
of the order of 10A. For E = e, the magnitude of the optical matrix element is
zero at the Brillouin zone centre. Figure 6.2 shows that the valence state \iJ(O)
comprises only the envelope ®; (or ®¢) and hence only the p-orbitals X and Y
but (S|p?|X) = (S|p*|¥Y) = O so that for E = e, the optical matrix element
(¥(0)|E.p|¥(0)) must be zero. As the in-plane wavevector is increased along the
k, axis, the magnitude of optical matrix element increases for B = e,, whilst for
E = e, the magnitude decreases and for E= e, it remains approximately constant
over the range considered. If k) is instead taken along the ky direction, the graphs
for E = e, and E= e, appearing in figure 6.4 are interchanged whilst that for
E = e, is unaffected, as would be expected from symmetry considerations. This

behaviour has been described [79] for a simple parabolic band model which yields

the relations

(U|p*|¥) = M (cosf cos ¢ — isin @) (6.94)
(U|pY|¥) = M (cosfsin ¢ + i cos ¢) (6.95)
(U|p?|¥) = —M sin @ (6.96)

where § and ¢ are the polar and azimuthal angles of the wavevector k = k" +k.e;

and M is constant. For example, along the k; direction ¢ = 0 and

(2 ]p*| )] = [M] cos 6 (6.97)

(Z]p?|8)] = M| (6.98)
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[(@]p°|¥)] = [M]sin 6 (6.99)

At the zone centre § = 0, and 6 increases with k, so that equations (6.97) to (6.99)
describe qualitatively the behaviour seen in figure 6.4.

The non-parabolicity of the valence subbands causes the first valence subband
to be relatively flat over the region shown in figure 6.1. The effect on the optical
response is to reduce the detuning in this region and hence to increase the mag-
nitude of the contributions for these values of wavevector. Figure 6.4 shows that
the orientation of the electric field does influence the optical response and fur-
ther investigations are necessary to determine, for example, the nonlinear effects
achievable with several light beams oriented in different directions. A number of
studies with this arrangement of light beams have been performed by Jaros and
co-workers [26,29,95-96] using pseudopotential bandstructure calculations. Finally,
the equations (6.94) to (6.96) show that different regions of the Brillouin zone can
contribute responses with different phases and the influence of this on second order

mixing, for example, offers another possibility for investigation.
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CHAPTER SEVEN

Conclusion

The work presented in this thesis has been directed at establishing a clear
physical picture of the ultrafast nonlinear optical phenomena which occur in semi-
conductor materials. In particular the two main regimes of operation have been
examined, namely off-resonance excitation where virtual processes are important
and on-resonance excitation where real carriers are photogenerated.

The difficulties in obtaining gauge invariant results when using the so called
A.p and E.r gauges were investigated in chapter three, and the equivalence of first
order susceptibilities obtained using the two gauges was explicitly demonstrated.
The study of off-resonance phenomema in chapter four centered on two- and three-
level quantum well systems, and it was shown that the concept of state-filling which
is commonly used to describe a two-level system can be extended to the three-level
model provided that second order mixing contributions can be neglected. The
modelling of recent experimental investigations into the ultrafast optical properties
of semiconductor laser amplifiers presented in chapter five provides a clear physical
picture of a mechanism which predicts the observed behaviour. However, other

theoretical explanations for the experimental observations have recently appeared
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in the literature [80,81]. Whatever its origins, the nonlinear optical response of the
laser amplifier promises the development of practical all-optical switching systems
based on these devices. Finally, in chapter six a brief exploration of the effects
of bandstructure on optical response has been made, and this has prompted a

number of suggestions for further research.

The model of thermal relaxation processes developed in chapter five employed a
number of phenomenological time constants, but it is possible to formulate theories
of the scattering rates for these processes which start from first principles [82-84].
A deeper study of the scattering mechanisms and their relation to the optical
response would be of interest, especially on the origins of the destruction of phase
coherence (dephasing). A more complex description of spectral broadening than

that provided by a Lorentzian line-shape has also been proposed [85-86].

Throughout this thesis, the influence of excitonic effects arising from Coulom-
bic interactions has been neglected. In the study of the three-level systems pro-
posed by Morrison and Jaros [25-29], this can be justified by arguing that such
effects are small in the narrow bandgap materials capable of providing the equal
spacing of energy levels required. Whilst with the work on laser amplifiers, the high
carrier densities will substantially screen the influence of the Coulombic attractions
between electron-hole pairs. Nevertheless, there has been much work devoted to
investigating many-body effects and their influence on the optical properties of

semiconductors [34-36,55,87-94] and these include the use of a density matrix de-
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scription which could be employed to extend the model presented here.
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