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Abstract. Applying the two-operator approach, the mixed (Dirichlet-Neumann) boundary value
problem for a second-order scalar elliptic differential equation with variable coefficient is reduced to
several systems of Boundary Domain Integral Equations, briefly BDIEs. The two-operator BDIE sys-
tem equivalence to the boundary value problem, BDIE solvability and invertibility of the boundary-
domain integral operators are proved in the appropriate Sobolev spaces.

1 Introduction

Partial Differential Equations (PDEs) with variable coefficients often arise in mathematical mod-
elling of inhomogeneous media (e.g. functionally graded materials or materials with damage induced
inhomogeneity) in solid mechanics, electromagnetics, thermo-conductivity, fluid flows trough porous
media, and other areas of physics and engineering.

Generally, explicit fundamental solutions are not available if the PDE coefficients are not con-
stant, preventing reduction of Boundary Value Problems (BVPs) for such PDEs to explicit boundary
integral equations, which could be effectively solved numerically. Nevertheless, for a rather wide class
of variable-coefficient PDEs it is possible to use instead an explicit parametrix (Levi function) asso-
ciated with the fundamental solution of the corresponding frozen-coefficient PDEs, and reduce BVPs
for such PDEs to systems of Boundary-Domain Integral Equations for further numerical solution of
the latter, see e.g. [2, 3, 8, 9, 10, 12] and references therein. However this (one-operator) approach
does not work when the fundamental solution of the frozen-coefficient PDE is not known explicitly
(as e.g. in the Lamé system of anisotropic elasticity).

To overcome this difficulty, one can apply the so-called two-operator approach, formulated in [11]
for a certain non-linear problem, that employs a parametrix of another (second) PDE, not related
with the PDE in question, for reducing the BVP to a BDIE system. Since the second PDE is rather
arbitrary, one can always chose it in such a way, that its parametrix is known explicitly. The simplest
choice for the second PDE is the one with an explicit fundamental solution.
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The corresponding BVPs are well studied nowadays, see e.g. [6, 5, 7], but this is not the case
for the two-operator Boundary-Domain Integral Equations associated with the BVPs. The BDIE
analysis is useful for discretisation and numerical solution of the BDIE and thus of the associated
BVP. The BDIE numerical applications are beyond the scope of this paper being however the subject
of other publications, see e.g. [18, 19, 17, 15, 8, 9, 16].

To analyse the two-operator approach, we apply in this paper one of its linear versions to the
mixed (Dirichlet-Neumann) BVP for a linear second-order scalar elliptic variable-coeficient PDE
and reduce it to four different BDIE systems. Although the considered BVP can be reduced to some
other BDIE systems also by the one-operator approach, it can be considered as a simple “toy” model
showing the main features of the two-operator approach arising also in reducing more general BVPs to
BDIEs. The two-operator BDIE systems are nonstandard systems of equations containing integral
operators defined on the domain under consideration and potential type and pseudo-differential
operators defined on open sub-manifolds of the boundary. Using the results of [2], we give a rigorous
analysis of the two-operator BDIEs and show that the BDIE systems are equivalent to the mixed
BVP and thus are uniquely solvable, while the corresponding boundary domain integral operators
are invertible in the appropriate Sobolev-Slobodetski (Bessel-potential) spaces. This paper extends
our publication [1].

2 Function spaces and BVP

Let © = QF be a bounded open three-dimensional region of R?, Q~:=R3\Q* and the boundary 92 be
a simply connected, closed, infinitely smooth surface. Moreover, 92 = GD_QU&V_Q where 0p§2 and
On§) are open, non-empty, non-intersecting, simply connected sub-manifolds of 92 with an infinitely
smooth boundary curve dpQ (OnQ € C=. Let us denote 9; := 0/dz; (j = 1,2,3), 9, = (01, 0a, 03).
We consider the following PDE with a scalar variable coefficient a € C*°(R?), a(x) > C > 0,

ou(x)

U
al’z‘

[a(a:) } = f(z), zeQF (2.1)

Lou(x) = Lo(z, 0p)u(x) == Z 88%

where u is the unknown function and f is a given function in Q.
In what follows, H*(Q%) = H5(Q7), H; (") = Hs ,,.(27), H>(0Q) = H3(0S) denote the
Bessel potential spaces (coinciding with the Sobolev-Slobodetski spaces if s > 0). For S; C 012, we
shall use the subspace ﬁs(Sl) ={g: g€ H*(09), supp(g) C Si} of H*(9Q), while H*(S;) = {rs,9:
g € H*(09Q)}, where 7y denotes the restriction operator on Sj.

By the trace theorem (see, e.g., [6]) for u € H*(QF), it follows that u|%, := v*u € Hz=(09), where
~* is the trace operator on 99 from QF. We shall write yu for y*u if v u = y~u. We shall also use
the notation u* for the traces u|%,, when this will cause no confusion.

For a linear operator L,, we introduce the following subspace of H*(Q%) [5, 4]:

H* (% L) = {g € H*(Q) : L.g € Lo(Q5)},



HQH%{S’O(Qi;L*) = gl + ||L*9||12r{0(9i) = llgllzs + ||L*9||ig(9i)-

In this paper, we will particularly use the space H'°(QF; L,) for L, being either the operator L,
defined in (2.1) or the Laplace operator A, and one can see that these spaces coincide.

Foru € H(Q*; A), we can correctly define the (canonical) co-normal derivative T¥u € H™2(9S2),
cf. [4, 7, 13], as

(TEu,w),, = j:/ [vEw - Lou + Ey(u,v5w)]de ¥V w e HY2(0Q), (2.2)
[9ES

where 7%, : HY/2(0Q) — H'(QF) is a right inverse to the trace operator y*,

E.(u,v) = Z a(z)agg) 8;:(5) = a(x)Vu(z) - Vo(x)

=1

and (-, -),, denotes the duality brackets between the spaces H ~2(09) and Hz2(09), which extend the
usual Ly (02) inner product; to simplify notations we shall also write sometimes the duality brackets
as integral. Then for u € HM0(Q*; A), v € H*(Q) the first Green identity holds, [4, Lemma 3.4], [13,
Theorem 3.9],

/Q | V@) Lau(z)dr = £ /8 ) vho(@) T u(x)dS(x) — / Eq(u,v)dz . (2.3)

[QE=

If u € H*(QF), the canonical co-normal derivative Tu defined by (2.2) reduces to its classical
form

TS awn(a) [aa—ﬂ — a(a)rt BZ—E” , (2.4)

i=1
where n(x) is the exterior (to Q%) unit normal at the point x € 9.

We shall derive and investigate the two-operator boundary-domain integral equation systems for
the following mixed boundary value problem.

Liu = f in €, (2.5)
Yrtu = on 0pf2, .
THu = 4y on 0N, (2.7)

where ¢ € H2(0pQ), ¥o € H 2(0xQ) and f € Ly(). Equation (2.5) is understood in the distri-
butional sense, condition (2.6) in the trace sense, while equality (2.7) in the functional sense (2.2).
Let us consider the auxiliary linear elliptic partial differential operator L, defined by

LbU<l’) = Lb(x7aw)u<x) = Z 8?13@ {b(x) a;:if)] ’

1=

(2.8)



where b € C*°(R3), b(z) > C > 0. Then for u € HY(Q*; A) = H'0(Q*%; A) the associate co-normal
derivative operator T, is defined by (2.2) (and for u € H?(QF) by (2.4)) with a replaced by b. If
v e HY Q% A), u e HY(Q), then for the operator L; holds the first Green identity,

/Qi uw(z) Lyv(z)dr = :I:/80 yru(z)TFo(r)dS — / Ey(u,v)dx. (2.9)

(o=

If u,v € HY(QF; A), then subtracting (2.3) from (2.9), we obtain the two-operator second Green
identity, cf. [11],

o {u(z) Lyv(x) — v(z)Lou(z)} dov =
+ " (v u(a) T v(x) — yHo(2) T u(z)} dS + /Qi la(z) — b(x)]Vo(z) - Vu(z)ds. (2.10)

Note that if a = b, then, the last domain integral disappears, and the two-operator Green identity
reduces to the classical second Green identity.

3 Parametrix and potential type operators

As follows from [14, 8, 2|, the function

1
Amb(y)|z — y|’

is a parametrix (Levi function) for the operator Ly(x;0,) from (2.8), i.e., it satisfies the equation

Py(z,y) = z,y € R® (3.1)

Lb<x7 ax)Pb($7 y) = (5(1‘ - y) + Rb(:E? y)

with
3

B Ti —Yi 9b(x)
Rb(may) - ; 47Tb(y>’$ _ y’3 83:1

,  zyeR’. (3.2)

The parametrix given by (3.1) is obtained as Py(x,y) = Fy(z,y;y), where

1

— 7 l‘,yERg
drb(y)|z — v/|

Fb<x7 y,a y) =

is the fundamental solution of the operator Ly(y, 0,) := b(y)A, with “frozen” coefficient b(x) = b(y),
ie.,
Ly(y, 0:) Fy(x,y'y) = 6(x — y).

For the parametrix B,(x,y), we evidently have,
Ly(y, 0x) Po(,y) = d(z — y).
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The parametrix-based Newtonian and the remainder volume potential operators, corresponding
to parametrix (3.1) and to remainder (3.2) are given, respectively, by

Pagly) = / Py(z,y)g(x)dz, Ragly) = / Ry, y)g(x)de. (3.3)

Let us introduce the single layer and the double layer surface potential operators, based on
parametrix (3.1),

Vig(y) == — / Afx.)g(a)ds., y & 00, (3.4)

Whg(y) == — / [an(e). 0 R la)dS,. ¢ 00 (3.5)

For y € 012, the corresponding boundary integral (pseudodifferential) operators of direct surface
values of the simple layer potential, V,, and of the double layer potential, W, are

Vigly) = — / . g()ds., (3.6)

Wigly) == — /a [Ta.n(e), 0Pl plg(a)dS,. (3.7)

We can also calculate at y € 0€) the co-normal derivatives, associated with the operator L,, of the
single layer potential and of the double layer potential:

TEVialy) = 5T Vig(o) (39
La9(y) =T, Wigly) = %Tﬁwz)g(’y) =: %Cfg(y)- (3.9)
The direct value operators associated with (3.8) are
Wag(y) = —/BQ[Ta(y,n(y),3y)Pb(x7y)]g(x)dS:c = %Wég(y), (3.10)
Wigy) = = [ [lonl).0)Ple.plo(e)ds.. (311)

From equations (3.3)-(3.11) we deduce representations of the parametrix-based surface potential
boundary operators in terms of their counterparts for b = 1, that is, associated with the fundamental
solution Pa = —(4x|z — y|)~! of the Laplace operator A.

Py = —PAg, Rbg———zam (9;)], (3.12)



a 1 a b 1
“Vag = Vog = 7Vag; —Wa< g) = Wyg = EWA (bg), (3.13)

b b b a
Yo = Vg = vag W (M) = Wig = s (b) (3.14)
b ad = bgd = b AY, b a a — b — b A\OG ), .
/ _ a / _ E / 2 1
W g = ngg = b{Wa(bg)Jr [ban<b)}mg}, (3.15)
- P 9 (IN] +
tho = §a50 = {Lat0) + [ogn ()]st} (3.10)

It is taken into account that b and its derivatives are continuous in R* and L (bg) := LL(bg) = L1 (bg)
by the Liapunov-Tauber theorem.

The mapping and jump properties of the parametrix-based volume and surface potentials follow
from [2] (see also [12]) and are provided in Appendix A to this paper.

3.1 Two-operator third Green identity

For v(x) := Py(z,y) and v € HY(2; A), we obtain from (2.10) by standard limiting procedures (cf.
[14]) the two-operator third Green identity,

u+ Zyu+ Ryu — ViTobu + WyyTu = PyLau in Q, (3.17)
where
o
Zyuly) = —/Q[a(x) — b(2)|VoPy(z,y) - Vu(z)dr = @Z@‘PA [(a=0)0ju] (y), vy €
=1
(3.18)

Using the Gauss divergence theorem, we can rewrite Z,u(y) in the form that does not involve deriva-
tives of u,

zut) = [58-1|utn) + o), (3.19)
Zauly) = %Wa*ﬁu(y) — Wiytu(y) + %Rau(y) — Ryu(y), (3.20)

which allows to call Z;, integral operator in spite of its integro-differential representation (3.18).
Note that substituting (3.19)-(3.20) in (3.17) and multiplying by b(y)/a(y) one reduces (3.17) to
the one-operator parametrix-based third Green identity obtained in [2],

U+ Rou — VT u+ Woytu =P, Lu in Q.

Relations (3.18)-(3.20) and the mapping properties of P,, R,, Ry, W, and W, see Appendix,
imply the following assertion.



Theorem 3.1 The operators

1
2, : H*(Q) — H*(Q), s> 3
Z,  H*(Q) = HO(:A), s> 1,

are continuous.

If u e H'YO(Q; A) is a solution to equation (2.5) with f € Ly(Q), then (3.17) gives

u+ Zyu+ Ryu — ViToiu+ Wyytu = Ppf  in Q, (3.21)
1
§7+u + " Z0u + YT Ryu — VT u+WeyyTu =+"Ppf  on 99, (3.22)
<1 — 2%) Tru+ T Zu+ TRy — W o Tiu+ Ly u =T Pyf  on 0. (3.23)

Note that if Py is not only the parametrix but also the fundamental solution of the operator Ly,
then the remainder operator R, vanishes in (3.21)-(3.23) (and everywhere in the paper), while the
operator Z, does not unless L, = L.

For some functions f, ¥, ®, let us consider a more general “indirect” integral relation, associated
with (3.21),

u+ Zpu + Ryu — VW + W = Py f, in Q (3.24)

Lemma 3.1 Let f € Ly(Q), ¥ € H2(00), & € H2(09Q), and u € H(Q) satisfy (3.24). Then
u e HY(Q;A),
Lou=f inQ (3.25)

and
Vo (U —Tfu) =W, (®—~7*u) =0 in Q. (3.26)

Proof. We generalize here the proof of Lemma 4.1 given in [2] for equation (3.24) without Z,u.
First of all, let us prove that u € H*°(2; L,). Indeed, since

3

L,u = Aau) — Z 0;(ud;a),

=1

and the last term belongs to Lo(2), we need only to show that Afau] € Ly(Q2) (the derivatives are
understood in the distributional sense). Furthermore, by (3.24) due to (3.19) we have

au = bPyf — bRyu — bZyu + VU — bW, ® = P f — bRyu — bZyu + Val — W (b®)
We notice that the last two terms in the right-hand side are harmonic functions. It is clear that

Ryu € H2(Q), Zyu € HYO(Q) for u € H'(Q) and A[Paf] = f € L(2). Therefore A(au) € Ly and
thus Ly(x, 0 )u € Ly(f2). So we can write two-operator Green identity (3.24) for the function w.
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Subtracting (3.24) from (3.17), we obtain
VU + Wyd* = Py[Leu— f] in (3.27)
where U* := Tty — U, &* := vTy — &. Multiplying equality (3.27) by b we get
VAT + Wa(bD*) = Pa [Lou— f] in Q.

Applying the Laplace operator A to the last equation and taking in to consideration that both
functions in the left-hand side are harmonic surface potentials, while the right-hand side function is
the classical Newtonian volume potential, we arrive at equation (3.25). Substituting (3.25) in (3.27)
leads to (3.26).

OJ

The following lemma is proved in [2].

Lemma 3.2
(i) Let U* € H-2(0Q). If V,U* =0 in €, then ¥* =0
(ii) Let & € Hz(9Q). If W,®* =0 in €, then ®* =0

(iii) Let 02 = S, U Sy, where Sy and Sy are nonintersecting simply connected sub-manifolds of 0
with infinitely smooth boundaries and Sy is nonempty. Let ¥* € H_%(Sl),q)* € H%(Sg). If
VWU — W, @* =0, in 2, then V* =0 and ®* =0 on 0.

4 Two-operator boundary-domain integral equations

Let &g € Hz(09) and ¥y € H2(99) be some extensions of the given data ¢y € Hz(dpS) from
OpS) to 02 and ¢y € H ‘%(8]\;{2) from On€2 to OS2, respectively. Let us also denote

FO = be + %\IJO - qu)o in Q.

Note that for f € Ly(Q), Uy € H2(99) and &y € Hz(IN), we have the inclusion Fy € H-(Q, L,)
due to the mapping properties of the Newtonian (volume) and layer potentials (cf. Theorems 3.1
and 3.10 in [2]).

To reduce BVP (2.5)-(2.7) to one or another two-operator BDIE system, we shall use equation
(3.21) in Q, and restrictions of equation (3.22) or (3.23) to appropriate parts of the boundary. We
shall always substitute ®o + ¢ for ytu and Wy + ¢ for Toru, of. [2], where &y € Hz(dQ) and
Wy € H™2(80) are considered as known, while 1) belongs to H=2(9p€2) and ¢ to Hz () due to
the boundary conditions (2.6)-(2.7) and are to be found along with u € H"%(2; A). This will lead
us to segregated BDIE systems with respect to the unknown triple

U= [u,,0]" € HY(Q) x H 2(0pQ) x Hz(dx).



4.1 Boundary-Domain Integral Equation System M11

Let us use equation (3.21) in €2, the restriction of equation (3.22) on dpf) and the restriction of
equation (3.23) on dy€2. Then we arrive at the following two-operator segregated system of BDIEs:

u+ Zyu + Ryu — Vb + Wy = Fy in €, (4.1)
Y2+ YT Ryu — Vot + Wy =~vTFy — oy on  0pQQ, (4.2)
T 20+ T Ryu — Wb + Lo =T Fy— 1y on OyQ, (4.3)

which we call BDIE system M11, where M stands for the mixed problem and 11 hints that the integral
equations on the Dirichlet and Neumann parts of the boundary are of the first kind. Note that due
to Lemma 3.1, all terms of equation (4.1) belong to H'(2; A) and their co-normal derivatives are
well defined.

System (4.1)-(4.3) can be rewritten in the form

Ay = 71
where
FIU = Bty o By — g0 rya T Fo— ],
I+2Z,+ Ry -V Wy
Al = T8D97+ [Zy + Ra) —Ty 0V Topa Ve
TonaTa 2o+ Re] =15 Wiy 7o 0l

4.2 Boundary-domain integral equation system M12

To obtain another system, we use equation (3.21) in © and equation (3.22) on the whole boundary
0f), and arrive at the two-operator segregated BDIE system M12:

u~+ Zyu 4+ Ryu — Vo + Wy = F in Q, (4.4)

1
S# T Y20+ v Ryu = Votp + Wyp =7 EFy — @ on 9N . (4.5)

System (4.4)-(4.5) can be written in the form
AlZu _ FlQ
where
F o= [Fo, v Ry — o,

I+2Z,+ Ry Vi Wi
"y+ [Zb -+ Rb] —Vb %[ -+ Wb ’



4.3 Boundary-domain integral equation system M21

To obtain one more system, we use equation (3.21) in 2 and equation (3.23) on 02 and arrive at the
two-operator segregated BDIE system M21:

u~+ Zyu + Ryu — Vo + Wy = F in Q, (4.6)
(1 _ %) 4+ TS Zgu+ T Ryu — Wath + Lo =THFy — Uy on 99, (4.7)

System (4.6)-(4.7) can be written in the form

AQlu — .FQI
where
Fi o= R, TSy Ry — 0]
I+ 2Z,+Ry —Vi W,
./421 N a , 4
Ta [Zb + Rb} (]' - 2_b>] - Wab ‘Cab

4.4 Boundary-domain integral equation system M22

To reduce BVP (2.5)-(2.7) to a BDIE system of almost the second kind (up to the spaces), we use
equation (3.21) in €, the restriction of equation (3.23) to dpf2, and the restriction of equation (3.22)
to On€2. Then we arrive at the following two-operator segregated BDIE system M22:

u~+ Zyu + Ryu — Vb + Wy = F in Q, (4.8)

(1 — %) 'Qb + T;_Zbu + T;_Rbu — W/abZZ) + EZbQO = TJFO — \IJD on GDQ, (49)
1

5P+ Y Zu+y T Ryu = Vb + Wap = Ff —®;  on Q. (4.10)

System (4.8)-(4.10) can be rewritten in the form

A22u — FQQ
where
‘F22 = [FO, TBDQ(T;_FO - qu)’ TBNQ(’V—’_FO o (po)]—r’
I+ Z,+ Ry —Vy Wi
a
A? = Topala 2o+ Ryl (11— %)I — TopaWab PopaLap
T8N97+ [Zb + Rb] _TastVb %I + TastWb
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5 Equivalence and invertibility

Now let us prove the equivalence of BVP (2.5)-(2.7) with the BDIE systems M11, M12, M21 and
M22.

Theorem 5.1 Let f € Ly(Q) and let &y € Hz(9Q) and U, € H_%(aQ) be some fized extensions of
wo € H2(8pY) and vy € H™2(OnSY), respectively.
(i) If some u € H'(Q) solves the mm?ed BVP (2 5)-(2.7) in ), then the solution is unique and the
triple (u,1), o) € HY(Q) x H™2(dpQ) x Hz(9xQ), where
@/):T;“u—\llo, o=~ u—d, on 01, (5.1)
solves the BDIE systems M11, M12, M21 and M22.

(ii) Vise versa, if a triple (u,1,p) € HY(Q) x H™2(0pQ) x Hz(dy) solves BDIE system M11 or
M12 or M21 or M22, then the solution is unique, the function u solves BVP (2.5)-(2.7), and
relations (5.1) hold.

Proof. Let u € H'(Q) be a solution to BVP (2.5)-(2.7). Then it is unique (cf. Theorem 2.1 in
2]). Set ¢ := Tu— Wy, ¢ :=~yTu— &y Evidently, v € H 2(8pQ) and ¢ € Hz(dyQ). Then it
immediately follows from relations (3.21)-(3.23) that the triple (u,,¢) satisfies the BDIE systems
M11, M12, M21 and M22, which completes the proof of item (i).

We give below proofs of item (ii) for the four BDIE systems M11, M12, M21 and M22 one by
one.

M11. Let a triple (u,1,¢) € HH(Q) x H™2(0pQ) x H2(yQ) solves BDIE system (4.1)-(4.3).
Let us consider the trace of equation (4.1) on dpf2, taking into account the jump properties (see
Theorem A.6), and subtract equation (4.2) to obtain

vru = g on 0Opfl, (5.2)

i.e., u satisfies the Dirichlet condition (2.6). Taking the co-normal derivative 7, of equation (4.1)
on Oy, again with account of the jump properties, and subtracting equation (4.3), we obtain

T:ru = 4y, on Iy (5.3)

i.e. u satisfies the Neumann condition (2.7). Taking into account that ¢ = 0, ®¢ = ¢ on Ip2 and
=0, Uy =1y on On 2, equations (5.2) and (5.3) imply that the first equation of (5.1) is satisfied
on dy§2 and the second equations (5.1) is satisfied on dp<Q.

Equations (4.1) and Lemma 3.1 with ¥ = ¢ + ¥y, & = ¢+ & imply that u is a solution to (2.5)
and

VU™ — W, @* = 0, in

where U* = Wy + 1) — T.Fu and &* = $y+ ¢ — yTu. Since first equation (5. 1) on dy<) and the second
equation (5.1) on dp€, already proved, we have ¥U* € H-2(9pQ), &* € H2 (On€?). Then Lemma 3.2
(iii) with S; = 9pQ2, Sy = Iy, implies ¥ = & = 0, which completes the the proof of conditions
(5.1).
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M12. Let the triple (u,1, ) € HL(Q) x H2(0pQ) x H~2(Oy) solve BDIE system (4.4)-(4.5). Let
us consider the trace of equation (4.4) on 052, taking into account the jump properties, and subtract
it from (4.5) to obtain,

Yru=®,+¢p on . (5.4)

This means that the second equation in (5.1) holds. Since ¢ = 0, &g = o on Ipf) we see that the
Dirichlet condition (2.6) is satisfied.

Equation (4.4) and Lemma 3.1 with ¥ = ¢ + ¥, & = ¢ + ®; imply that u is a solution to
equation (2.5) and

V(U + v — Tiu) — Wy(Po + ¢ — 7 u) =0 in . (5.5)
Due to (5.4), the second term in (5.5) vanishes, and by Lemma 3.2 (i) we obtain
Ug+v¢—T u=0 on 00, (5.6)

i.e., the first equation in (5.1) is satisfied as well. Since ¢ = 0, ¥y = 1)y on Iy equation (5.6)
implies that u satisfies the Neumann boundary condition (2.7).

M21. Let now a triple (u,1, ¢) € HX(Q) x Hz(dpQ) x H™2(dxQ) solve BDIE system (4.6)-(4.7).
Taking the co-normal derivative of equation (4.6) on 92 and subtracting it from equation (4.7), we
obtain

Y+ Uy —Tru=0 on 0. (5.7)

which proves the first equation in (5.1). Since ) = 0 on Iy and Wy = 1Py on I, we see that u
satisfies the Neumann condition (2.7).

Equation (4.6) and Lemma 3.1 with U = ¢ + ¥y, & = ¢ + &y imply that u is a solution to
equation (2.5) and

V(U + ¢ — T u) = Wy (Po+ ¢ —~yTu)=0 in Q. (5.8)
Due to equation (5.7) the first term vanishes in (5.8), and by Lemma 3.2 (ii) we obtain,
Sy+o—vtu=0 on 99,
which means the second condition in (5.1) holds as well. Taking into account ¢ = 0 on dp$2 and

Dy = ¢ on 0pf? , we conclude that u satisfies the Dirichlet condition (2.6).

M22. Let now a triple (u,1, ¢) € HY(Q) x Hz(8p) x H~2(Ox€2) solve BDIE system (4.8)-(4.10).
Taking the co-normal derivative of equation (4.8) on dp§) and subtracting it from equation (4.9), we
obtain

=T u— T on 0Jpfl. (5.9)

Further, take the trace of equation (4.8) on dy{2 and subtract it from equation (4.10). We get
p=7"u—®  on IO (5.10)
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Equations (5.9) and (5.10) imply that the first equation (5.1) is satisfied on dp$2 and the second
equation (5.1) is satisfied on Oy€2.

Equations (4.8) and Lemma 3.1 with ¥ = ¢ + Uy, & = ¢ + ®; imply that u is a solution to
equation (2.5) and V,¥*—W,¥* =0 in Q, where V* = ¥+ —T.fu and ®* = &g+ ¢ —y u. Due
to (5.1) and (5.10), we have U* € H2(0y€), ®* € Hz(dpS2). Lemma 3.2 (iii) with S; = dyQ and
Sy = 0pf) implies ¥* = ®* = 0 which completes the proof of conditions (5.1) on the whole boundary
0f). Taking into account that ¢ = 0 on dpQ) and @y = ¢y on Ipf2, and ¥ = 0 on Iy and Yy = )y
on dyf§, equations (5.1) imply the boundary conditions (2.6) and (2.7).

Unique solvability of the BDIE systems M11, M12, M12 and M22 then follows from the already
proved relations (5.1) and the unique solvability of BVP (2.5)-(2.7) stated in item (i).

0

The mapping properties of operators in (4.4), (4.6), (4.8) and (4.11) described in Appendix A
and Theorem 5.1 imply the following statement.

Corollary 5.1 The following operators are continuous and injective

A" HYY(Q: Ly) x H2(8pQ) x H2(0yQ) — HYO(Q; L) x H2(8pQ) x H™2(0xQ),  (5.11)
AZ 0 HYO(Q L) x H™2(0p) x H2(OnQ) — HYO(Q: L) x H2(09), (5.12)
A2 HYO(Q: L) x H2(9pQ) x Hz(OxQ) — HYO(Q; L,) x Hz(99), (5.13)
A% HYO(Q: L) x H2(8pQ) x Hz(OyQ) — H (4 L) x H™2(0pQ) x H2(0xQ).  (5.14)

Now we are in the position to analyse the invertibility of the operators A", A'?2 A%?'and A%2.
Theorem 5.2 Operators (5.11)-(5.14) are continuously invertible.

Proof. To prove the invertibility of operator (5.11), let us consider BDIE system M11 with an
arbitrary right hand side F1' = {FL, FL FINT e HYO(Q; L,) x H2(0pQ) x H™2(OxS2). Taking
Sl = 8NQ, SQ = 8[)9 and

_ 11 o + 11 11 _ + 11 11
F_*F*17 \Ij_raNQTaf*l_f*37 (P_TBDQ,Y ‘F*l_f*Q

in [2, Lemma 5.13|, presented as Lemma B.1 in the Appendix, we obtain that F!!' can be represented
as

-7:*111 =Py fi + VU, — W, P, in €,

Fia =7y 0 [V Fi — 0.,
]:*1?} = Tayo [T;—]:*lll - \II*} )
where the triple
(fo 0., @) = Coyaopa Fit € La(Q) x H2(89) x Hz(59) (5.15)
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is unique and the operator
Coyaropn @ HYO(% Ly) x H2(0pQ) x H™2(9nQ) — Ly(Q) x H™2(9) x H2(69) (5.16)

is linear and continuous.
Applying Theorem 5.1 with

f=Ff, Y=V, &=, 9= TaNQ‘I’oa Yo = T@ng)m (5-17)

we obtain that the system M11 is uniquely solvable and its solution is
Uy = (APN) T (fary o®ury o)1, Us =T, U =V, Us=~"U — O, (5.18)
while r, U =0, 7, Us=0. Here (APN)=L is the continuous inverse operator to the left-hand-side

operator of the mixed BVP (2.5)-(2.7), APN : HYXO(; L,) — Lo(9) x Hz(9pQ) x H™2(dxQ), cf. [2,

Corollary 5.16]. Representation (5.15), and continuity of operator (5.16) complete the proof for A
To prove invertibility of operator (5.14), we apply similar arguments Let us consider the BDIE

system M22 with an arbitrary right hand side F22 = {F22 F2 F2\T € HYO(Q; L,) x H™2(0pN) X
(GNQ). Taking now S; = 9p€), Sy = NS,

F= ]:*2127 v = Tap szT+‘F*212 }3227 ¢ = T3N527+f>k212 - ‘Ff??
in [2, Lemma 5.13], i.e., Lemma B.1 in the Appendix, we obtain that F2? can be represented as
]:*222 - TGDQ [ch_]:ff - \Il*] )
FZ=r,0 [T FE - 0.,

where the triple
(fo 0., @) = Copaona F2 € Ly(Q) x H2(89) x Hz(59) (5.19)
is unique and the operator
Conaopa + HYO(Q L) x H™2(0pQ) x H2(0yQ) — Ly(Q) x H™2(0Q) x H2(0Q)  (5.20)

is linear and continuous.

Applying now Theorem 5.1 with the same substitutions (5.17), we obtain that the system M22
is uniquely solvable and its solution is given by (5.18). Representation (5.19), and continuity of
operator (5.20) complete the proof for M22.

To prove invertibility of operator (5.12), let us consider the BDIE system M12 with an arbitrary
right hand side F12 = {F12, FI2\T € HY0(Q; L,) x Hz(99). Taking F = F12, & = v+ F12 — F12 on
0€) in Corollary B.1 in the Appendix, we obtain the representation

FR2=P f,+ V¥, — W, ®, in Q,
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F3 =~"F} — @, on 99
where the triple N 1 1
(fo, U, ®,)" = Coy F. € Lo(Q) x H2(09) x H2(99Q) (5.21)
is unique and the operator

Cow : HYO(Q: L,) x H2(9Q) — Ly(Q) x H™2(0Q) x Hz(09) (5.22)

is linear and continuous.

Applying Theorem 5.1 with substitutions (5.17), we obtain that the system M12 is uniquely
solvable and its solution is given by (5.18). Representation (5.21), and continuity of operator (5.22)
complete the proof for M12.

Finally to prove invertibility of operator (5.13), let us consider the BDIE system M21 with
an arbitrary right hand side F2' = {F2,, F2}7 € HMO(Q; L,) x H™2(d9). Taking F = F2,
U =TFrF2 — F4 on 9Q in Corollary B.2 in the Appendix, we obtain that

FL=Pyf.+ ViU, — W, ®, in Q,
Fiy = T F} — U, on 5.
where the triple N
(fo, 0, @) = Cy, F, € Ly(Q) x H2(89) x Hz(9) (5.23)

is unique and the operator
Cor : HYO(Q: Ly) x H2(89Q) — Ly(Q) x H™2(0Q) x Hz(09) (5.24)

is linear and continuous. Applying Theorem 5.1 with substitutions (5.17), we obtain that the system
M21 is uniquely solvable and its solution is given by (5.18). Representation (5.23), and continuity of
operator (5.24) complete the proof for M21.

0

APPENDICES

A Mapping and jump properties of the volume and surface
potentials

The mapping properties of the parametrix-based volume and surface potentials formulated in Ap-
pendix A are proved or immediately follow from [2] (see also [12]).

Theorem A.1 Let Q be a bounded open three-dimensional region of R® with a simply connected,
closed, infinitely smooth boundary 0S). The operators

P, : HY(Q)— H(Q), seR (A1)
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1

HHQ) = HP(Q), s> —, (A.2)
H(Q) — HPY(Q: L), s>0, (A.3)
Ry © H(Q) — HY(Q), seR, (A4)
(@) = H(Q), 5>~ (A.5)
H*(Q) = HY(Q; L), s> 1, (A.6)
YIPy 1 HY(Q) — H:(09), s> —g, (A7)
HY(Q) = H3(0Q), s> —%, (A3)
YRy + HY(Q) = H*2(0Q), s> —%, (A.9)
HY(Q) = H(09), s> —%, (A.10)
THP,  HYQ) — HYH0Q), s> _%, (A.11)
HY(Q) = H3(09), s> —%, (A.12)
TR, : Q) - HH0Q), s> % (A.13)
H*(Q) = H2(89), s> % (A.14)

are continuous and the operators
Ry : H(Q) — H*(Q), s> —%, (A.15)
H*(Q)) — H*°(Q; L), s> 1, (A.16)
re YRy 1 H(Q) — H2(S), s> —%, (A.17)
re TERy + HY(Q) — H*2(S), s> % (A.18)

are compact for any non-empty, open sub-manifold Sy of 02 with an infinitely smooth boundary.

Proof. For a = b, the mapping properties are stated in Theorem 3.8 in [2] and Corollary B.3 in [12].
The case a # b then follows by taking into account the relation T,” = ¢T;", for (A.11)-(A.14) and
(A.18).

O

Theorem A.2 The following operators are continuous

loc

Vy @ H*(09) — H* 3 (Q) [HS(OQ) S+2(Q‘)], s €R,
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W, @ H(0Q) — H5(Q) [HS((‘)Q)—>HS+%

loc

(Q—)], s €R,

s+= 1
Vi o HNOR) = BT, L) [H00) 5 Hi 0@ L) s>
loc

Wy o H(09) - B, L) [H(00) — Hi 07 L), s >

Theorem A.3 Let s € R. The following pseudodifferential operators are continuous

V, : H(0Q) — H*(0Q)
Wy H*(09) — H*™(09)
oo HA(0Q) — H5TH(00)
LE 0 HY(0Q) — H™H0Q).

Due to the Rellich compact embedding theorem, Theorem A.3 implies the following assertion.

Theorem A.4 Let s € R. Let S; and Sy with 051,05 € C* be nonempty open submanifolds of
02). The operators B
s, Vo H*(S1) — H*(S2)

rg, Wy o H¥(S1) = H*(S»)
ro, Wiy o H¥(S1) = H*(Ss)
are compact.

Theorem A.5 Let Si be a nonempty, simply connected sub-manifold of 0Q with infinitely smooth
boundary, and 0 < s < 1. Then the operator ry Vy : H*71(S)) — H*(S)) is invertible.

Similar to Theorems 3.3 and 3.6 in [2] (see also Appendix A and B in [12]), relations (3.13)-(3.16)
imply the two following jump relation theorems.

Theorem A.6 Let g € H2(99), and go € H2(09). Then there hold the following relations on
o090,
T Vit = Vg,

1
Vingz = :F592+ng2,

la
Tai‘/bgl = iéggl + W g

Theorem A.7 Let S; and O0\S, be nonempty, open, simply connected sub-manifolds of OQ with
an infinitely smooth boundary, and 0 < s < 1. Then

ob 1 ob (1
'Cjb + %% (—51 + Wb) =L, + %% (51 + Wb) on OS2
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Moreover, the pseudodifferential operator rg Lo H(S,) — H*Y(S,), where

N P -
Eabg = |:a£ab + % <:F§] + Wb):| g = EA(bQ) on aQ,

18 1nvertible, while the operators
b + ~ 7S s
T'Sl aﬁab — Eab - H (Sl) — H (Sl)
are bounded and the operators
b + ~ . ITS s—1
Ts, E‘Cab — L | - H (51) —H (Sl)

are compact.

B Representation lemmas

To prove invertibility of the BDIE operators we need the following representation statements.

Lemma B.1 ([2], Lemma 5.13) Let 0Q = S, U Sy, where Sy and Sy are nonintersecting simply
connected nonempty sub-manifolds of 92 with infinitely smooth boundaries. For any triple

Fo=(F,0,®)7 € HYO(Q; L,) x H2(S1) x H2(S,)
there exists a unique triple
(fo 0, ®,)7 =Cs,.5, F € La(Q) x H2(89) x Hz(59)
such that

Pyfet+ VU, —W, @, =F in Q,
Ts, v, =9 |
r52<I>*:<I> .

Moreover, the operator
Corsy  HYO(Q: Ly) x H2(S)) x H7(S3) — La(Q) x H2(89) x Hz(59)
15 linear and continuous.

The cases when S; = () or S; = () need to be considered separately. Let us first present a simplified
version of Lemma 5.5 from [12].
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Lemma B.2 For any function Fy. € H"°(Q; L,), there exists a unique couple (f., ¥,) = C, Fy. €
Ly(Q) x H2(09Q) such that

Fos = be* + %\If*, n Q+,
and C, : HYO(; Ly) — Ly(Q) x H2(09) is a bounded linear operator.

Considering a couple (F,®)T € HY(Q; L,) x H2(dQ) and employing Lemma B.2 for Fy, =
F 4+ Wy® € H"(Q; L,), we arrive at the following statement.

Corollary B.1 For any couple
(F,®)" = F, € H°(Q; L,) x H2(0Q)
there exists a unique triple
(£, U,, ®,)" = Copu Fu € La(Q) x H™2(09) x H2(9Q)
such that

b, =D on 0.

Moreover, the operator
Cow © HYO(Q: Ly) x H2(9Q) — Ly(Q) x H™2(0Q) x Hz(09)
18 linear and continuous.

Lemma 19 from [10] redone word-by-word to a more narrow space reads as follows.

Lemma B.3 For any function Fg, € H"0(Q; L,), there exists a unique couple (f., @) = C, Fax €
Ly(09) x H2(99Q) such that

.Fcp* = be* - qu)*, m Q,
and C, : HY(Q; L,) — Ly(Q) x H2(99) is a bounded linear operator.

Considering a couple (F,¥)T € HY(Q; L,) x H 2(99) and employing Lemma B.3 for Fp, =
F -V, W e HYY(Q; L,), we arrive at the following statement.

Corollary B.2 For any couple

(F,0)T = F, € HO(Q; L,) x H™2(09)
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there exists a unique triple
(fo, U,,®,)7 = Cyu F. € La(Q) x H2(39) x Hz(99)

such that

Pofu + VoV, — W, &, = F in ,
U, =T on Of).

Moreover, the operator
Co. : H"O(Q; La) x H72(00) — La(Q) x H™2(99) x H2(99)

18 linear and continuous.
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