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Abstract The paper presents a numerical investigation tfgpile blood flow in arterial vasculatures of a
mouse retina using a Womersley model incorporaim@ppropriate outlet boundary impedance at the end
of the terminal vessels of the arterial tree (ppiltary arterioles). The mouse retinal flatmouraswrepared
for confocal microscopy and the morphometric infation of the vasculature was obtained from the
confocal images. The pulsatile analysis focusedms of the arterial trees in the retinal vascutatiWe
included thein vivo viscosity evaluated from the mathematical modélBathraues-Lindquist effect and the
plasma skimming effect in the microcirculation. Guarative investigations of the pulsatile circulativere
carried out for cases of constant viscosityivo viscosity, zero and non-zero outlet boundary inapee. In
addition, the dependency of the oscillating inpupédance at the inlet of the arterial trees on langu
frequencies of the oscillation and vessel elagiciwas also studied. The study shows the puldzltied
flow prediction is largely influenced by the outledundary impedance. The oscillating input impedaaic
the inlet of the arterial tree is also found to dignificantly dependent on the angular frequency e

Young modulus of the vessel segment.
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vasculature,

1 Introduction

The blood flow in human retinal vessels is
pulsatile, especially in retinal arteries (Fedte
al., 1987; White, 2003; Racet al., 2008).
Pulsation is also reported in small arteriolar
vessels (Riva and Petrig, 1980) and
interestingly, in veins near the optic disc of the
human retina (Levine, 1998;
Balarathnasingam, 2007; Nicolela, 2007).
Therefore, it is useful to study pulsatile blood
flow in retinal vasculatures using a model that
includes the morphometric data and the
elasticity of the vasculature. This should lead
to a better understanding of retinal blood flow
under normal and pathological conditions.

The modelling of pulsatile blood flow in an
elastic vessel is carried out using the
mathematical model of Womersley’s solution.
The model was initially developed by
Womersley and afterwards used by many other
researchers, e.g., McDonalds (1960), Attinger
(1964), Atabek (1966), Pedley (1980), Zamir
(2005) and Olufen et al. (2000). The
Womersley obtained a frequency domain
based analytical solution, which is particularly

Network model,

Pulsatile Hdlodlow, Womersley solution,

useful for the evaluation of pulsatile blood

flow in a large vascular network. The

shortcoming of the model is that the nonlinear
advective term in the momentum equation is
neglected. However, in small vessels, the
nonlinear losses are minor and linear models
are adequate to describe flow velocity and
pressure waves. In a recent application, Huo &
Kassab (2006) found that the result of the
pulsatile blood flow of the entire coronary

arterial trees calculated from the Womersley
analysis was in close agreement with
experimental investigation.

The objective of the current work is to
conduct a theoretical investigation of the
pulsatile blood flow in an arterial tree of a
mouse retinal vasculature using the
Womersley analysis and incorporating an
appropriate boundary condition at the end of
pre-capillary arterioles and am vivo effective
viscosity. The pulsatile flow was generated by
imposing a single harmonic pressure pulse at
the inlet of the artery. Dynamic responses of
the blood flow in various locations of the
arterial network was studied for various
conditions, including constant viscosity aind
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Vivo viscosity, zero and non-zero impedances neglected as a first approximation for the
at the terminals of pre-capillary arterioles. The pulsatile blood flow. The validity of the

dependency of the oscillating input impedance approximation has been shown to be
at the inlet of the arterial trees on angular reasonable especially in a small vessel in
frequencies and vessel elasticises was alsowhich viscous effects overweighs the inertia

investigated. effects. A linear constitutive equation is used
that relates the cross-sectional area (or radial
2 Methodology deformation) of an elastic vessel to pressure.

Flow and pressure are assumed periodic
and the governing equations are solved
analytically in the form of Bessel function.
This solution provides a frequency-dependent
relationship between the pressuiR} &nd flow
(Q) in the form of an impedance (BX)),

vasculature was obtained from confocal SR , )
scanning microscopic images of mouse retinas Which is the resistance of the flow. The input

that were prepared using flat-mount technique. 'MmPedance of a vessel segmei0cw) is
The confocal images provided data on 3D 9'Ven as a function of the outlet impedance,
distributions of the retinal vasculature. Using 4(L) as

such morphometric information and a model _ _

of uniformly distributed capillary vasculatures, 0w = ig " sin(al/c)+ Z(L,w)codal /c)

we built a detailed network model, which ’ COS{&J./C)HQZ(L,CU)SH‘(CJ./C)
includes arterial, veinal and capillary 1)
vasculatures, to determine nodal pressure and

segmental flowrate in the retinal network \yhere a and b are constants of integration, L is
assuming a steady laminar flow with a the |ength of vessel segment, the parameter g

constant viscosity (Ganesaet al). The and the wave propagation velocity ¢ are given
topologies of retina studied are given in Figure

1, in which the arterial trees are labelled Al to

2.1 Topology of the arterial trees and outlet
boundary impedance

The morphometric information of retinal

A6. The vessels branch dichotomously before ,—(—r

giving rise to capillary vasculatures. 9=yCAWL-F)/Ip (2)
The modelling of pulsatile blood flow to be = [A[-F,) 3)

reported here was carried out for the arterial =~ oC

tree A1 with boundary impedance specified at 23,(w,)

the terminal vessels of the arterial tree (end With, F, = (4)
nodes of pre-capillary arterioles). The diameter
of the vessel segments in Al is ranged from 25

2_:3,,2 2,2 H
to 5.75um. The boundary impedance info is Where, w=i"w” (W*=ro°/v is the Womersley

WO‘]O(WO)

obtained from the steady flow solution. number) ando(x) andJy(x) are the zeroth and
first order Bessel functions. The complianCe,
2.2 Mathematical model is approximated as
The mathematical formulation used is ~ . 3A.2 (5)
based on the Womersley solution of pulsatile 2Eh
flow in an elastics vessel. The detailed
formulation can be found in Mettet al. where, Ay is the cross-sectional area at

(2000) and Huo and Kassab (2006). Briefly, diastolic pressurea is the vessel segment
the equations of the conservation of mass andradius, E is the Young's modulus (strain
momentum are one dimensional (1D), linear, independent) andh is the wall thickness of
unsteady and axisymmetric. The non-linear vessel segment.

advection term in the momentum equation is



2.31n vivo viscosity

The viscosityn the vessel segments was

evaluated based on the mathematical model of

Pries et al.(1994) which is expressed as
l+(,70'45 _1j (1_ H D)C -1 (
n (1- 045)° -1

Mots - G001 30— p44re 0"
n

D 2
D—lJ

(6)
(7)

,7 vivo —
n

whereD, HD, nvivo, 710.45 17 are the diameter, the
hematocrit, the effectiven vivo viscosity, the
effective viscosity of blood with 45 per cent of
HD and the viscosity of suspending medium,
respectively. The parameter C is expressed as

C - (08+ e—0.075D {_14_ 1 j+ 1

1+ 10—11 D12 1+ 10—11D12
(8)

Hematocrit computation; The uneven
distribution of erythrocytes into daughter
vessels, which determinedD in a vessel

segment, takes place at vessel bifurcations.

The fractional flow of erythrocytes into one
daughter branchkQc is calculated from the
respective fractional blood flowFQg as
follows (Prieset al.,1989)

J 9)

where logit x=In[x/(1-x)] and the parameters
A, B, and X, defining the phase separation
characteristics of bifurcation of the
experimental study in the rat mesentery by
Pries et al. (1989). The parameters are
expressed as

FQsz B Xo

logit(F = A+ Bloqit
9it(FQupc2) g ( o 2X

2_11-H
A:—1329(D2/D3l 1" o, (10)
(D,/D,)*+1 D,
1_
B=1+ 698 (11)
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1- D
X, =0.964—

1

(12)

where subscripi, 2 and3 are the parent vessel
and the daughter branches, respectively.
Subsequently, hematocrit in the daughter
vessels is calculated according to
HD> = FQuc2Hp1.Q1/Q2 (13)
whereQ; andQ; are the flowrate in the parent
and daughter vessel, respectively.

Low frequency flow ({—0); The input
impedance of zero angular frequency for any
vessel segment is analogous to the DC
impedance in the electrical terminology or the
resistance in Poiseuille equation (Olufsen,

1998; Huo and Kassab, 2006). This can be
obtained by lettingp—0 in Equation 1.:

Z(00)=1mZ(0,c)

—lim (s} S|n(aL/c)+Z(L w)co:{aj_/c)
-0 cogad /c)+igZ(L,w)sin(al / c)

B 700 (14)
7'8

where L and a are the length and radius of
vessel segments, respectivelyjs the angular
frequency; Z(0,0) and Z(,0) are the
impedance at entrance and exit of the vessel
segment respectively; ang is the blood
viscosity. The equation suggests that as the
angular frequency approaches zero, pulsatile
flow can be approximated using steady flow.

2.3 Boundary conditions

Two types of outlet boundary conditions
were tested at the terminal vessels of the
arterial trees, which are also the end nodes of
the pre-capillary arterioles. The first type uses
an finite impedance that is identified from the
steady circulation analysis of the network
model. The impedances represent resistance of
blood flow in the capillary and veinal
vasculatures. The second type is a zero
impedance boundary condition. For the zero
impedance, flowrate and pressure amplitudes
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are zero at the outlet boundaries. Computation of pressure and flowrate) a

Mouse heart beatf was taken as 500 reversed manner to the impedance
beat/min (angular frequency,is 52.36 rad/s). = computation, pressure and flowrate are
A constant blood viscosity of 4.9cP (according calculated from the root vessel segment to the
to Windbergeret al. (2003) at hematocrit and pre-capillary arterioles using the calculated
shear rate of 0.4 and 94srespectively) and input impedanceZ(0w) and load impedance,
Young modulus (E) of 0.5MPa were used. Z(L,w) at the nodes of a vessel segment.

A mean pressure of 40mmHg and a single Computation of steady calculatioSteady
harmonic pressure of 5(eo§ mmHg with flow calculations are carried out using the low
zero phase angle were applied at the inlet nodefrequency ¢—0) formulation and by
of the artery. The value of 5 for the amplitude specifying pressure at the inlet of the arterial
of oscillation is approximated based on the tree as 40mmHg. Impedance, nodal pressure

findings of Intaglietteet al. (1971). and segmental flowrate are calculated using
backward marching and forward marching
2.4 Method of solution computations. For the case of zero outlet

boundary condition, the steady pressure of

Computation of impedancénowing the OmmHg is specified at the end node of the pre-
radius of the vessel segmers, length of  capillary arterioles.
vessel segment, L, oscillation angular Computation of in vivo viscosityn vivo
frequency,w, density of bloodp, viscosity of  Viscosity in the vessel segments of the arterial
blood, , vessel wall thickness, and Young's ~ trees was calculated using the low frequency
modulus of the vessel segmeht,parameters  (w—0) formulation and by specifyingiD of
such asc, F;, w, C andg in Equations 1 to 5  0.45 at the inlet vessel segment of the arterial
can be calculated for each vessel segment intrees. There are six inlets for the six arterial
the vascular network. The computation starts trees. The computation begins by marching
from the end node of the pre-capillary backwards to calculate the impedance and then
arterioles and proceeds progressively to the marching forwards to calculate pressure and
root of the arterial tree. The outlet impedance, flowrate. Since the flowrate in each of the
ZsaudL, ) at the end of pre-capillary arterioles parent and daughter vessels is known,
is given as the boundary conditions. hematocrit andin vivo viscosity can be
Subsequently, the impedance at the beginning calculated in the daughter vessels using
of the pre-capillary arterioleZgaud0,0) can Equation 6. The backward and forward
be found using Equation 1. In vascular marching computations are carried out
network, two pre-capillary arterioles arise iteratively until the change of the input
from a parent vessel. The impedance at impedance of the vessel segments in the
bifurcation (or impedance at the end of the arterial trees is less than 0.1%.
parent vessel, i.e., the load impedance
Zpa(L,w) of the parent vessel) is found using 2.5 Simulations

1 _ 1 N 1 15 Four groups of simulations were carried
Z(L&) . ZO, Dy 200 g (15) out: (i) S1: constant viscosity (4.9cP) with the
outlet impedance boundary condition

_ . . determined from the steady circulation
Equation 14 is given under the assumption that 4na1ysis (ii) S2: constant viscosity with zero
the flow is conserved and the pressure is gytet impedance boundary condition; (iii) S3:

continuou_s at vascular bifurcation. The 5551 put withn vivo viscosity; and (iv) S4: as
computations are repeated to the root of g5 byt within Vivo viscosity.

vasculature of the arterial tree in recursive
manner (backward marching) progressively.

par
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3 Results and Discussion the arterial trees behave lesser compliantly in
the cases of zero outlet impedance (S2 and S4)
3.1 Input Impedance than in the cases of non-zero outlet impedance

condition (S1 and S3). Such results show that

The normalised pulsatile flow and pressure the capillary and veinal vasculatures play a
waves at the inlet of the arterial tree are given Significance role towards dynamic response of
in Figure 2. In case S1, the amplitude of the (_)SClIIatlng pressure and flowrat_e in the
flowrate is amplified and the phase is shifted arterial vasculature. The approach with a zero
with respect to the pressure wave. The peak of Outlet  impedance  boundary  condition
the normalised flowrate precedes the peak of OPviously has a different dynamic response at
the normalised input pressure, which indicates the inlet of arterial trees from that with a non-
that the vasculatures behave as a compliantZ€ro outletimpedance boundary condition.
system. Much more data for the inlet nodes !t appears that the impedance of the
and vessel segments as stated in Figure 1b aré@pillary vasculature produces a reflection to
given in Table 1. The inlet pulsatile pressure, the characteristic waves, which increases the
which peaks at 0.12s, is used as a reference@Mplitude of the normalised pulsatile flowrate
wave to determine phase shift. and pressure waveform as the waves travel
from the inlet to the terminal vessel of the
arterial tree. The increase of amplitude further
dilates the nearest pre-capillary arterioles and

The steady flowrate at the inlets is temporally increases pressure drop between

241.69x104m3s and 257.23xTHm3s for the pre-capillary ar'geric_)les and_ capillaries. If_,
.however, the capillaries resistance remain

case S1 and case S3, respectively (Node 1a; . .
Table 1). The flowrate is lower in S1 because unchanged, the reflected wave is transmitted to
' the higher parent vessels. Therefore, the

the resistance of the arterial tree is higher for . .

the constant viscosity (0.0049cP) than for the comphant hature of the. arterial trees p'?‘y.s a

in vivo viscosity. The amplitude of normalised crucial role in determining the characteristics

pulsatile flowrate and phase shift are higher of the flpw. For pathologlcal con_dltlons such

for S3 than for S1 (Figure 2), which is due to as arteriosclerosis, the vessels in the arterial
’ trees become less compliant leading to

an increase of thén vivo viscosity in the . . o
arterioles at periphery. Such increases can beCNanges in the dynamic response of oscillating
pressure and flowrate.

noted by referring to the viscosity in the vessel
segments of 1a, 2b, 3c, 4d and 5e, which are o
0.026, 0.031, 0.038, 0.051 and 0.069cP, 3-4 Frequency of oscillation
respectively.

3.2 Constant andin vivo viscosities

The dependency of the input impedance at
the inlet of the arterial tree on angular
frequencies has been investigated. At zero or

g Near zero angular frequencyw-60), the

oscillating impedance is equal to the steady
input impedance, which is described by
Equation 14, and the phase shift of the

3.3 Zero and non-zero outlet impedance

Case S2 does not incorporate capillary an
veinal vasculatures and a pressure of OmmHg
is specified at the terminals of the arterial tree.
This makes the resistance of Al for case S1 N . .
higher than for case S2, which can be inferred osc_;|llat|ng |mpedan_ce IS z€ro. In I_:lgure 3, the
from inlet steady flowrate (e.g., steady ratio of the o§C|IIat|ng Input |mpedqnce,
flowrate is 241.69x18m¥s and 393.02x10  |Znie0)| at the inlet of Al over steady input
Ymdls for S1 and S2, respectively, in Table 1). |mpedanpe of S1 is plotted versus angular
It is interesting to note that the amplitude of frequencies for th_e cases Si, 8.2’ S3 and 34. In
normalised pulsatile flowrate and phase shift general, the osplllatlng input impedance and
of S1 is greater than that of S2 although the the phase_: shift angle decreases as the
inlet flowrate is much greater in S2. Besides, frequency increases.
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The heart beat of mouse ranges from 300 4 Conclusion
to 500 beat/min (or 31 to 55 rad/s) and for
such angular frequencies, there is a significant
reduction in the oscillating input impedance
and an increase in phase shift for case S1 (or

S3) in Figure 3. Unlike the case S1 (or S3), the \,qe of 4 finite load impedance at the terminal

ang.“'a'f fre_quen_cy has a s_maII effect on the \egse of the arterial trees. The load impedance
oscillating input impedance in case S2 (or S4). a5 determined from a steady circulation

The prediction of the oscillating input oha\veis of a very detailed network model,
impedances for cases S1 and S2 are quite cIosthich includes  capillary and  veinal

beyond 100 rad/s and such a condition is | ccylatures of the mouse. The load

similar to cases S3 and S4. The change of thej,yaqance represents the true impedance of
_oscnlatlng Input w_npedance bey_ond 300 rgd/s the blood flow in the capillary and veinal
is very small. At higher frequencies, gespemally vasculatures; 2) The use of an appropriate
beyond 300 rad/s, the phase shift of the ;,q \iscosity in the mice retinal vessels
oscillating input impendence of the arterial obtained from Pries et al. (1989, 1994)
trees settled at a single value, which is_abou_t ~ mathematical models. The viscosity includes
45 and -50 degree for _the.constant VISCOSItY tha yneven distribution of erythrocyte at
(cases S1 and S2) and in vivo viscosity (Cases yifrcation and description dfi vivo viscosity,

S3 and S4), respectively. which consider the role of endothelium surface
, layer (ESL);

3.5 Young's Modulus, E The outcomes of the present work are; 1)

o ] The flowrate at the inlet of the arterial trees

The dependency of oscillating input responded in a different manner for the non-

impedance at the inlet of the arterial tree on E ;g1 and the zero outlet impedance conditions;
values has been investigated for S1, S2, S3 andz) The frequency of heart beat and the

S4. Angular frequency was fixed as 52.36 g|asticity of vessels play a crucial role in
rad/s. In Figure 4, the ratio of the oscillating lowering oscillation input impedance. At the
input impedance, |4e(0.0)| at the inlet of AL angular frequency near to the heart beat of
over the steady input impedance of S1 iS phyman (6 to 10 rad/s), oscillating input
plotted versus E values for cases S1, S2, S3jmpedance is found to reduce for cases S1 and
and S4. In general, the oscillating input s3. 3) The presence of capillary and veinal
impedance reduces as the value of E reducesyascylatures reduces the oscillating input
(Figure 4). A compliance vessel reduces the impedance of the arterial tree.

oscillating input impedance of blood flow in a The critiques of the model are; 1) The

network. _ S Womersley solution mathematical model does
~ The reduction of the oscillating input not incorporate nonlinear advective losses, but
impedance of cases S1 and S3 starts at E valughe size of mice retinal vessels are small and
1x10' Pa (Figure 4). In the cases of a zero gych assumption is not expected to introduce
outlet boundary condition (S2 and S4), the gjgnificant uncertainties; 2) The evaluation of
value of E of the vessel segments must be lessin vivo viscosity is based on steady flowrate.
than 2x10 Pa in order to bring changes to the 3) The information on the retinal vessel wall
oscillating input impedance and therefore, properties is very limited and insufficient. In
suggesting  that capillary and veinal fytyre studies, the present model will be
vasculature play a role in lowering oscillating extended to represent the entire retinal circuit
input impedance in much harder vessels. of arterial and veinal trees and capillary
vasculature. Future studies are also required to
determine the mechanical properties of the
retinal vessein vivo.

A model has been developed to simulate
pulsatile flow in mouse retinal vasculatures.
The features of the present work are; 1) The
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Figure 1: Network topologies of the mouse retinssuperficial layer; b) arterial tree Al; c) deaysdr.
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Figure 3: Normalised |Zinlet|/Zsteady(top) and
phase angle (bottom) at the inlet of Al versus
angular frequencies.
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Figure 2: Normalised pressure and flowrate
waveforms against it steady component at the

inlet of Al.
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Figure 4: Normalised oscillating input impedance
|Zinlet|/Zsteady; (top) and phase angle (bottom) at
the inlet of Al versus Young’'s modulus (E).

Table 1: Pressure (P), flowrate (Q) and wall slséraass (WSS) for nodes and vessels specified ur&igh.

Dia Vis Steady comp1o‘nent ratlo ( Oscllating / Steady)
Nodes HD NodalP Q(Ix10"°) WSS P Q WSS
(um) (Polse) {mmHg) (m®Is) (Pa) Amp Phase Amp Phase Amp Phase
81
1a 22.635 0.0049 0.450  40.000 241.695 10.358 0.125 0.00 0176  35.56 0.176  -144.43
2b 19.827 0.0049 0450  28.004 127.190 8.110 0.163 14.56 0.201 4435 0201  -135.64
3c 16.112 0.0049 0.450  21.380 52.192 6.202 0.200 28.77 0232 5537 0.232 -124.63
4d 13.164 0.0049 0.450  20.187 26.758 5.829 0.208 31.83 0.242  58.69 0.242  -121.30
5e 9.832 0.0049 0.450 16.436 6.642 3.472 0.237 44,96 0.288 76.85 0.288  -103.15
6f 5.750 0.0049 0.450 12.988 2.215 5.789 0.233 52.70 0.233  52.70 0.233  -127.30
82
1a 22.635 0.0049 0.450  40.000 393.017 16.843 0.125 0.00 0.135 17.84 0.136 -162.16
2b 19.827 0.0049 0450  20.572 203.397 12.968 0.135 13.54 0137  22.00 0.137  -158.00
3c 16.112 0.0049 0.450 10.247 75.352 8.954 0.138 21.33 0138 2575 0.138 -154.24
4d 13.164 0.0049 0.450 8.765 34.577 7.532 0.138 22.74 0139  27.24 0.139  -152.76
5e 9.832 0.0049 0.450 3.864 9.038 4.725 0.139 26.36 0139  28.81 0.139  -151.19
6f 5.750 0.0049 0.450 0.000 3.113 8.138 0 0 0 0 0 0
83
1a 22.635 0.0026 0.450  40.000 257.228 5.830 0.125 0.00 0189  41.19 0.189  -138.80
2b 19.827 0.0031 0.497  32.885 138.333 5.631 0.170 16.07 0.221 50.78 0221  -129.21
3c 16.112 0.0038 0514  27.664 59.474 5.505 0.219 32.95 0.262 62.28 0.262 -117.72
4d 13.164 0.0051 0.553  26.432 29.593 6.754 0.229 36.63 0.277  66.54 0.277 -113.46
5e 9.832 0.0069 0.556  21.651 7.592 5.587 0.270 52.07 0.335  84.50 0.335 -95.50
6f 5.750 0.0095 0.531 14.136 2.410 12.285 0.265 60.41 0.265  60.41 0.265 -119.59
S84
1a 22.635 0.0026 0.450  40.000 440.376 9.980 0.125 0.00 0139 2211 0.139  -157.89
2b 19.827 0.0031 0497  27.764 237.908 9.689 0.138 14.41 0144  27.70 0.144  -152.29
3c 16.112 0.0038 0.512 18.684 101.201 9.325 0.145 2513 0.147  32.66 0.147  -147.34
4d 13.164 0.0049 0.538 16.912 45.678 9.937 0.146 27.24 0.148  35.53 0.148  -144.47
5e 9.832 0.0069 0.558 9.788 12.436 9.196 0.148 33.77 0149 3884 0.149 -141.16
6f 5.750 0.0102 0.566 0.000 4.020 21.874 0 0 0 0 0 0
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