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Abstract We study magnetophoretic capture of magnetic particles in microfluidic devices and present a
parametric characterization for the capture efficiency. We model particle transport and capture using a
computational fluid dynamic, CFD-based, Lagrangian-Eulerian approach that takes into account the
dominant particle forces and particle-fluid coupling. We introduced two dimensionless groups that
characterize particle capture, one that scales the magnetic and hydrodynamic forces on the particle and
another that scales the distance to the magnetic field source. We use the model to parameterize capture
efficiency with respect to the dimensionless numbers for both one-way and two-way particle-fluid coupling.
We demonstrate that for dilute suspensions, the simplified one-way coupling analysis marginally under-

predicts the capture efficiency computed using the two-way fully coupled analysis.

Keywords: Magnetophoresis, magnetic particles, microfluidic devices, MEMS

1. Introduction

Over the last several years the interest
in  Magnetophoretic Particle Capture in
Microfluidic Systems has grown dramatically,
especially for applications in fields such as
microbiology and biotechnology (Furlani
2010a; Furlani 2010b; Ganguly 2010;Gijs
2004).  Magnetic  particles can  be
functionalized to selectively bind to target
biomaterials such as proteins, enzymes,
nucleic acids or whole cells thereby enabling
magnetophoretic control of these materials
(Pankhurst et al. 2009; Berry 2009; Arrueboa
et al. 2007; Majewski and Thierry 2007;
Safarik and Safarikova 2002). This capability
is being leveraged through advances in
microfluidics that enable miniature
biochemical laboratories to be integrated into a
single microsystem, i.e. Lab-on-a-chip and
“micro total analysis systems” (uTAS). Such
microsystems typically range in size from
millimeters to the centimeters and are usually
made using planar glass-, silicon- or polymer-
based substrates. Fluidic structures within
these systems such as mixing chambers and

flow channels range from several to hundreds
of microns in size. Magnetic functionality can
be integrated into these systems by embedding
magnetic field source elements in the
substrate, in proximity to the flow channels.
These elements can be magnetically passive
structures such as nickel-based microbars, or
active voltage-driven conductors (Choi et. al.
2001; Furlani 2001; Smistrup et. al. 2005;
Furlani 2006; Furlani and Sahoo 2006; Furlani
et al. 2007; Smistrup et. al. 2008). In the
former case, an external field source is used to
magnetize the elements. In the latter case,
circuitry is required to activate the conductors.
In either case, the source elements generate a
magnetic field distribution that gives rise to a
magnetic force on magnetically labeled
material as it flows through a microchannel,
thereby enabling magnetophoretic control to
sort or immobilize the material.

Continuous flow separation enables a
relatively high throughput of a sample and it
allows for real-time monitoring of separation
efficiency. The latter capability enables on-line
feedback for optimization, which can be
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achieved by adjusting parameters such as the
flow rate and the induced force. In addition,
the  continuous flow approach can
accommodate multiple inlets and outlets for
the simultaneous separation of multiple sample
components. The continuous nature of the
separation process lends itself to a high level

of integration with other upstream or
downstream process. Various mechanisms
have been wused to fractionate sample

components in continuous flow applications
including electric forces, standing ultrasonic
waves and arrangements of obstacles in the
flow path. Magnetic separation has also been
successfully used for this process. An early
commercialized magnetic cell separation
system that utilized permanent magnets to
generate the magnetic force was employed to
separate cells labeled with biotinylated
superparamagnetic ferrit-dextran beads
(Miltonic et al. 1990). Other systems using
micromagnetic elements have been used for
the complete separation of 1lpm magnetic
particles (Smistrup et al. 2006).

In this paper, we develop a scaled fully-
coupled particle-fluid model for predicting the
transport and capture of magnetic particles in
microfluidic systems. The model involves a
CFD-based Eulerian-Lagrangian analysis that
includes the dominant forces on the particles
and two-way momentum transfer between the
moving particles and the flow field. To our
knowledge, this is one of the first studies of
particle separation in microfluidic system that
is based on fully-coupled particle-fluid CFD
analysis. Our model takes into account key
magnetic variables including the size and
magnetic properties of the particles and the
magnetic field parameters, i.e. the magnitude
and gradient of the field as well as the distance
of the field source to the microchannel. It also
accounts for fluidic parameters including the
dimensions of the microchannel and the fluid
viscosity. Several simplifying assumptions are
made in the analysis. Specifically, we assume
the fluid is incompressible and that the flow is
laminar, which is usually the case in
microfluidic devices. We further assume that
the particle suspension is sufficiently dilute so
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that particle-particle interactions can be
neglected. Particle coagulation as well as
build-up and subsequent channel blockage are
also neglected. The particle magnetism is
assumed to be in the linear range, below
saturation. We also assume that the particles
enter the channel with a uniform spatial
distribution.

In the development of the model we introduce
two dimensionless groups that characterize
particle capture, one that scales the magnetic
and hydrodynamic forces on the particle and
another that scales the distance to the magnetic
field source. We use the model to parameterize
capture efficiency with respect to the
dimensionless numbers for both one-way and
two-way particle-fluid coupling. For one-way
coupling in which the particle motion does not
alter the flow momentum, we develop
correlations that provide insight into system
performance  towards optimization. We
quantify for the first time the difference in
capture efficiency predicted using one-way
versus two-way coupling analysis. Our work
demonstrates that one-way coupling provides a
conservative estimate of capture efficiency.
Specifically, it over predicts the magnetic
force needed for particle capture compared to
the more rigorous fully-coupled analysis. As
such, one-way coupling can be used for rapid
parametric screening of particle capture
performance. However, more accurate
predictions require two-way particle-fluid
coupling analysis. This is especially true when
considering higher capture efficiencies and/or
higher particle concentrations.

2. Mathematical Formulation

Broadly speaking, two approaches are
commonly used to model particle transport in
microfluidic systems, the Eulerian and the
Lagrangian approaches. In the Eulerian
approach particles are modeled collectively in
terms of a time-dependent spatially-varying
concentration. The concentration is governed
by a PDE that accounts for both force-induced
drift and Brownian diffusivity of the particles
(Khashan et al. 2011; Furlani and Ng 2008).



The Eulerian method is used to study the
behavior of sub-micron particles when the
Brownian diffusivity, as modeled by a Stokes-
Einstein-like equation, has a significant impact
on the particle transport. In this case, the
particles are assumed to  respond
instantaneously (with a negligibly short
acceleration) to a balance between the fluidic
drag and magnetic forces. The particle moves
at a constant terminal velocity relative to the
base fluid, which is commonly referred to as
the magnetophoretic velocity. This velocity
adds to fluid velocity to define the overall
particle motion that drives its convective flux
in the Eulerian frame work. The PDE that
governs the particle concentration has the
same form as the fluidic momentum equations
and can be solved simultaneously with these
equations using almost the same numeric
algorithm. Thus, an Eulerian-based particle
transport model can be readily integrated into
Eulerian-based CFD codes (Khashan et al.
2011; Khashan and Haik 2006).

In the Lagrangian approach, particles are
treated as discrete entities and the trajectory of
each particle is determined by integrating the
Newtonian equations of motion. The fluid is
governed by the Navier-Stokes equations and
the flow field is usually considered to be
incompressible. This approach is appropriate
for larger particles when Brownian motion is
negligible.

In this paper we use a combined Lagrangian-
Eulerian CFD-based approach to model the
fully-coupled  particle-fluid  behavior of
magnetic particles in a microfluidic channel
under the influence of a magnetic force. We
use a Lagrangian analysis to track the motion
of individual particles, and we couple the
particle motion to the fluid by introducing a
particle force sink into the Navier Stokes
momentum equations, which are solved using
an Eulerian-based CFD analysis. The
application of two-way coupling is a key result
of this work and distinguishes it from most
other studies that consider only one-way
particle-fluid coupling. We quantify for the
first time the difference in capture efficiency
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predicted using one-way versus two-way
coupling analysis as described below.

The magnetic force as applied on the magnetic
particle suspended in a state of dilute
suspension in a non-conducting carrier fluid
can be expressed as (Furlani EP 2010c)

Emag Z%ﬂOZmVpVH 2 (1)

where 4, is the free-space magnetic

permeability and ym (dimensionless) is the
effective volume-averaged susceptibility of the
linearly magnetic particle, which is estimated
based on its magnetically active volume and
relative to the susceptibility of the carrier fluid,
i.e. the magnetic moments of the polymeric-
based microparticles are derived completely
from the magnetic nanocrystals encapsulated
or embedded in the polymer matrix . Here

H =(|—"|.|-"|)M is the magnitude of the applied
external magnetic field (A/m), which can be

related to the magnetic field induction B (in
T) of a particle suspended in a non-magnetic
or weakly diamagnetic fluid by B=H/y, .

Both H and B can be determined from
Maxwell’s field equations under magneto-
static conditions. With the particle’s mobility

defined as (3zrd p)f1 the adopted particle
motion takes the form:
du, ~ —

mpK:b—l(u—ap)Jer(pp—p)g (2)
+%uoszpVH2

The wvariables U, p and n are the
instantaneous local velocity vector, density
and the molecular viscosity, respectively, of
the carrier fluid p,, a and V, are the

density, radius and volume of the particle, and
g is the gravitational acceleration. The

trajectory equations are solved by stepwise
integration over discrete time steps. Integration
of time in particle motion equation yields the
velocity of the particle at each point along the
trajectory as

=7 (a—ap)+a ©)




where
-1
Vp (pp _p) g +§/’lolmVpVH ?
m

p

and z=myb. The trajectory can be predicted
using
dx -
at Up )
Here 7 presents the time required for a
particle to respond to changes in the base fluid
motion, also, referred to as the particle
relaxation time. Note that Egs. (3) and (5) are
a set of coupled ordinary differential
equations. These can be integrated using a
number of different numerical techniques. We
have used a fourth-order Runge-Kutta method
for our analysis (Furlani and Sahoo 2006).

(4)

a=

We model the fluid phase using a Eulerian
approach. The fluid velocity field is described
by the Eulerian incompressible Navier-Stokes
equations

V-u=0 (6)
p[g—l:Jrﬁvﬁj =-VP +v-(77va)
(7)

1 N p,cell _

f
VceII = !

In this study, the particle volume fraction is
sufficiently low so that its effect on the
continuity equation and on the inertia and
stress flux terms of the momentum equation is
neglected. The two-way coupling is accounted
for through the last sink term that accounts
for the drag, buoyancy and magnetic forces
(the right-hand side of the Lagrangian
equation) for all particles in each fluidic
computational cell, where V¢ is the volume
of a computational cell, N is the number

p,cell

of particles in that cell and f_ is the fluid

fj
force on the j'th particle in that cell. In other
words, force f, simulates the interphase

momentum transfer from the continuous fluid
to a single j'th particle. This force is equal but
opposite to the force that a particle exerts on
the fluid (-f, ), which is thus the sink term for

continuous-phase equation. It is important to
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note that for this approach to work, the particle
size should be much smaller than the size of
the cells that make wup the fluidic
computational domain.

3 Flow-Magnetic Configurations

We apply the model described above to the
analysis of particle transport and capture in a
Newtonian fluid flowing in a two-dimensional
microchannel as shown in Figure 1. We
perform a parametric analysis of this system
about a base configuration in which the
microchannel has a height h =100 uzm and

a length L = 1000 «zm . A magnetic dipole field

source in the form of a pair of anti-parallel
current carrying conductors is positioned at a
distance vy, =100um beneath the lower

wall of the microchannel, midway along its

length (X,,,, =500m).
(L .h)
Inlet _'—D T X,
u=u(y) ——py h (mf‘m
v=0 —* l

(©,0) ©.0)

Magnetic Dipole Source

‘/ {-rmw- ')'nﬂwj

20
Figure 1: Microfluidic System with magnetic dipole
source.

In the following analysis the width of the
channel (into the page) is assumed to be
sufficiently large to justify a two-dimensional
flow analysis, i.e. we ignore flow variation in
that direction. The channel height is large
enough to justify a continuum Newtonian fluid
analysis and we ignore particle-wall
hydrodynamic interactions. The length of the
channel is sufficiently long so that
hydrodynamic effects at the inlet and outlet do
not impact the magnetic field-directed particle
motion near the mid-length of the channel.

In our model, incompressible fluid enters the
channel at the left side (inlet) with a fully
developed laminar flow profile in which the
average velocity is u, = 200 um/s. The
outlet pressure is set to zero. Solid spherical
magnetic particles are injected into the



computational domain at the inlet with a
uniform distribution over the entrance plane.
We assume that the fluid is water, which is
essentially nonmagnetic. The viscosity and
density are 77 =0.001 Ns/m?

and p, =1000 kg/m* ,  respectively. The
properties of the magnetic particles are chosen

to be compatible with the MyOne™ beads
(www.dynabead.com), The particle has a

radius a=0.525 am , density
p, =1700 kg/m® ,  saturation magnetization
M, =4.3x10* A/m and an “effective”

susceptibility y=1.4. The magnetization of

the particles will be below saturation as long
as B<uM,/y where B=[B| (Furlani et

al. 2007). This will occur as long as B does
not exceed 38 mT, which was the case in all
simulations. The particle volume fraction for
our base analysis is 2%. It is important to note
that the particle size is much smaller that the
grid size in the computational domain so that
many  particles can exist within a
computational cell. This condition is needed
when computing the momentum transfer from
the particles to the fluid. Lastly, the channel
walls are assumed to be nonmagnetic and
therefore are treated as boundaries in the
simulation model.

3 Results and Analysis

The performance criterion for magnetic
separation is defined in terms of collection
efficiency, which is the percentage of
incoming particles that are captured (trapped)
in the microchannel by the magnetic force.
First, we sought a dimensionless group that
scales both the magnetic and drag force on the

particles.  Accordingly, we present the
following two dimensionless groups

B = N, ol (B’ ®)
and

Y =Yg I N €)
where p=1d/2z, | is the current in each

conductor and d is the distance between the
conductors It should be noted that g is
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independent of the location of the magnetic
source, while y depends on the position of
the source and therefore the field gradient that
it generates within the microchannel. Note that
scaling the magnetic and fluidic forces with g
directly accounts for the increased magnetic
force due to larger effective particle
susceptibility and size. It also account for the
particle’s mobility, defined as (6zna)™, in

different viscous base fluids.

215 pAm (critical capture)

p:

Figure 2: Comparison of predicted particle trajectories
using one-way coupling (left) and two-way coupling
(right) for the base problem (h=100 pum, L=1000 um,
yc = ymag=100 pm, xmag=500 um, ui=200 um/s,
dp=1.05 um, y=1.4, and n=10-3 N.s/m2). The
trajectories (sampled over a selected section of the
microchannel ) show an increased particle capture
efficiency with increased dipole field strength.

From this figure, we find that the one-way
coupling analysis under-predicts particle
capture relative to the two-way fully-coupled
analysis. That is, the magnetic force required
to achieve a given capture efficiency is
predicted to be higher using one-way coupling
as compared to the fully-coupled analysis. The
p=215 pAm calculations are illustrative of this
effect. Specifically, for one-way coupling, this
field strength renders critial particle capture,
i.e. all particles are captured, albeit some at
locations beyond the dipole field source.
However, it is obvious that the critial particle
capture occurs for at a lower field strength (i.e.



for p between 192 pAm 215 pAm) in the two-
way coupling analysis. One reason for this is
that two-way coupled particles act to decrease
the fluid velocity in proximity to the magnet,
which in turn promotes particle capture in this
region. Two-way coupled particles in effect
increase the bulk effective viscosity of the
fluid, whereas one-way coupled particles have
no impact on the momentum or viscoity or
fluid flow.

Next, we study the capture efficiency CE as a
function of the dimensionless number (3, where

E_ number of particles captured
total number of particles

Figure 3 shows the capture efficiency CE vs.

S with y fixed ( y=1) for one-way

coupling. Note that a single curve is obtained

for all variations of the inlet velocity, particle

diameter, particle magnetic susceptibility and
fluid viscosity as long as y is held constant.

(10)

In our study, particles are assumed to be
captured once they contact the lower plate (at
Y = Y )- I Many cases, they are captured at

locations well before the outlet as shown in
Fig. 2 ¢, and it might be more appropriate to
define capture efficiency with respect to a
desired target site rather than the whole length
of the lower wall. This is especially the case
when confined particle focusing or separation
is desired. The CE- /g correspondence at
fixed y is also illustrated in Fig. 3 for different
values of the hydraulic channel diameter h. It
is evident from the figure that the unique
correspondence holds even though the inlet
mass flow rate of the base fluid (~uh) is
doubled for each y cases.

Figure 4 below shows two distinct CE - g
relations for y equal to 1.0 and 0.5,
respectively.  These plots indicate that at
smaller y (i.e. the magnetic source closer to the
microchannel), a higher capture efficiency can
be obtained at smaller B. For instance, at g
=0.25, the capture efficiency is about 40% and
80%, for =1 and 0.5, respectively.
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Figure 5 presents the critical g, -y

correspondence at which complete capture
CE =1 can be achieved under the assumption
of one-way coupling. A lower particle
magnetization is needed when the magnetic
source is brought closer to the microchannel, a
condition that obviously corresponds to a
higher gradient and, therefore, a higher
magnetic force. Over the considered y range,
the critical p, can be expressed in the

following analytical form
1 —

0.8 —

u, d, 1. y.hn (Base problem)
2u,d, 1. y.hn
u, 2d,, v, y.h,n
u,d, 0.5y, y hn
u, d, 1y han
u,d,y 2y.2hm

(R

1 I ; ] | I
0 0.25 0.5 0.75 1

p
Figure 3: The capture efficiency CE verses (8 at y=1.0
(one-way coupling analysis). The base problem
corresponds to h=100 pm, L=1000 pm, Y, = Ymag=100
HM, Xmag=500 pm, ;=200 pm/s, dy= 1.05 pm, %=
1.4, andn=10° N.s/m?

1.25

1 —

0.8 —

—— any o, y-1
—®— anya,y=1/2

1.25

Figure 4: The capture efficiency CE verses B at y=1.0.
and 0.5 (one-way coupling analysis). The parameter
a, as defined by equation 20 can be any value.

2
— a pCI’

B =" ~1147°-0412+05y.  (11)



This equation provides a direct means to relate
the following parameters: o (a grouping of
hydrodynamics and magnetization
parameters), h (the microchannel height) and
Per (the required critical dipole strength) to
the parameter » Thus, we can use this
expression to correlate the critical g and y

values at which we have complete capture.
Furthermore, the definition of g indicates that

this equation may be used to relate a variation
in any of «, p, or h with respect to y at

complete capture. Another important point is
that this correlation, which is based on one-
way coupling, can be used as a conservative
design parameter for the more rigorous two-
way coupling.

Figure 6 shows a comparison of the predicted
capture efficiency using one-way versus a two-
way coupling analysis for two different values
of y. Note that for both values of y the one-
way and two-way coupled simulations yield
approximately the same functional profile for
values of g that render CE <0.6. However,
the former under predicts the latter for larger
vales of £. This last result is important, and is
a key finding of this study. Specifically, we
quantify for the first time the difference in
capture efficiency predicted using one-way
Versus two-way coupling analysis.
Specifically, we show that one-way coupling
over predicts the magnetic force needed for
particle capture as compared to the more
rigorous fully-coupled analysis, especially at
higher capture efficiencies and/or higher
particle concentrations.

4 Conclusion

There are many advantages to using magnetic-

based biomanipulation and it has been
successfully implemented in microfluidic
devices for applications that include

bioseparation and continuous cell sorting.
However, despite the versatility and potential
impact of this approach, the development of
rigorous transport models that account for
fully-coupled particle-fluid interactions are
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lacking. In this paper, we have presented a
model for predicting field-directed transport of
colloidal magnetic particles in microfluidic
systems taking into account two-way particle-
fluid coupling. The method involves the use a
CFD-based Lagrangian-Eulerian approach to
predict the transport and capture of particles
and the impact of their motion on the flow
field. We have demonstrated the method via
application to particle transport and capture in
a two-dimensional laminar flow field within a
microfluidic channel. The magnetic force on
the particles is generated by a dipole field
source, which is in the form of two anti-
parallel current carrying wires located beneath
the channel and midway along its length. We
have introduced two dimensionless groups for
this analysis that characterize particle capture.

Figure 5: CE map with respect to yand S (one-way
coupling analysis). The shaded area below CE=1.0
corresponds to complete particle capture.

One group scales the magnetic and
hydrodynamic forces on the particle and the
other scales the distance to the magnetic field
source. We show that one-way coupling over
predicts the magnetic force needed for particle
capture as compared to two-way coupling
analysis. As such, it can be used for rapid
parametric screening of novel magnetic
particle capture systems.



—_— u g, 7Y 0 (=1, One-way)
-, Y 0 (=1, Two-way)
—— 4u,d,1.Y..2h (y=1/2, One-way)
——+== 4u, d, LY. 2h (y=1/2, Two-way)
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Figure 6: The capture efficiency CE verses § at y=1.0
(one-way coupling analysis). The base problem
corresponds to h=100 pm, L=1000 pm, Y¢ = Ymag=100
MM, Xmag=500 pm, u;=200 pm/s, dy=1.05 pm, =
1.4, andn=10° N.s/m’,
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