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ABSTRACT

A simple asymptotic analysis, based on the smallness of the ratio of the borehole radius
to the wavelength, reveals the interaction between tube waves and seismic waves. The
pressure field in a tube wave acts as a secondary source of seismic waves and conversely
an incoming seismic wave excites a tube wave. The asymptotic analysis leads to a
characterization of these sources in terms of the solution to two-dimensional elastostatic
problems. These may be solved exactly when the borehole has an elliptical cross-section
even in an anisotropic formation. Also the borehole need not be straight provided that
its radius of curvature is large compared with a wavelength.

INTRODUCTION

The Aim of This Paper

This paper is concerned with acoustics in and around a narrow fluid-filled borehole in
an anisotropic or isotropic solid. An important wave mode here is the tube wave, which
is primarily a longitudinal vibration of the fluid. It propagates with a speed depending
upon the properties of the fluid and, because of some compliance of the borehole wall,
the geometry of the hole and the properties of the solid. If the solid were perfectly rigid
the tube wave speed would be the characteristic acoustic speed in the fI uid.

1Also at: Earth Resources Lab., Dept. of Earth, Atmospheric, and Planetary Sciences, M.LT.
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Because of the compliance of the borehole wall a tube wave may act as a source
of seismic waves in the surrounding solid. In a fast formation, where the tube wave is
slower than the S wave in the solid, a steadily moving tube wave produces a disturbance
which is confined to the neighborhood of the hole, but seismic waves are excited where
the tube wave behaves discontinuously, such as near the source and as the wave passes
through significant interfaces. In a slow formation, where the fluid wave speed is faster
than the S wave in the solid, in addition, a propagating tube wave will continuously
shed a conical shear wave as it travels.

Recently there has been much interest in cross-hole tomography in which sources
are placed in one borehole and receivers in another. One may think of the sources
acting on the solid only through a tube wave as an intermediary, and reciprocally, the
receivers reponding to the seismic wave only through intermediate tube waves excited
in the second well. Thus it is important to understand the interaction between the tube
wave and the seismic wave. Moreover, the recent emphasis on anisotropy requires that
the solid not be restricted to isotropy. Also, the existence of horizontal and deviated
wells means that we cannot assume that the borehole has any particularly symmetrical
orientation with respect to the symmetry planes of the anisotropic medium or that the
borehole has a circular cross-section, especially along highly curved sections.

Most previous related work has been confined to circular holes in isotropic solids
because wave problems in such a structure can be solved exactly in terms (of infinite
sums and integrals) of Bessel functions and exponentials. See, for instance, Lee and
Balch (1982), where the authors obtain an exact solution and then consider the low
frequency regime, where the borehole radius is much less than a wavelength.

In view of the difficulty (perhaps impossibility) of solVing analytically any but the
most symmetrical dynamical problems, and the difficulty at this time of obtaining three
dimensional numerical solutions, we have developed a method of obtaining the low
frequency (or narrow-borehole) approximation directly without first obtaining an exact
solution. The method consists of introducing the ratio of borehole radius to wavelength
E as a small parameter and then obtaining an asymptotic solution in ascending powers
of E. In this way we obtain a sequence of problems which are solvable.

The first problem is a two-dimensional static elastic problem for the inflation of a
hole in an arbitrary anisotropic solid. The relevant theory was developed to study stress
concentrations around holes in plates under tension. See Lekhnitskii (1963) and Savin
(1961). In those works the solution is obtained in terms of stress functions. For variety,
in this paper, we present the theory in terms of displacement, since this relates more
closely to the physics under consideration. The next problem arising in the asymptotic
approach involves a one-dimensional hyperbolic system of equations for pressure and
longitudinal particle velocity in the fluid. The coefficients in this system involve the
solution to the static elastic problem just mentioned.
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The next and final step is to find a source of seismic waves in the solid, which is
equivalent to the traveling tube wave. That is, we replace the solid with a hole by an
intact solid and construct a moving system of body-force dipoles concentrated along the
location of the centerline of the hole, which generates the same seismic radiation as the
propagating tube wave in the actual hole. As final generalizations we allow the cross
section of the borehole to be elliptical and allow the borehole centerline to be curved,
provided that the radius of curvature is long compared with a wavelength. We assume
the ratio is O(l/E).

Other Previous Work

White and Sengbush (1963) computed the low-frequency far-field radiation from a point
source in a fluid-filled borehole by integrating the contribution from the pressure wave
propagating along the borehole at the tube wave speed. In doing this they used a result
obtained by Heelan (1953) who computed the far-field low-frequency displacements due
to a transient pressure applied to a short length of an empty cylindrical borehole. The
far-field low-frequency displacements thus obtained are a generalization of the results
obtained by Lee and Balch (1982) who derived them by a stationary phase approxi
mation to the exact solution for a point source in a fluid-filled borehole. White and
Sengbush (1963) addressed also the case where the shear wave speed of the formation
was slower than the tube wave speed.

Based on the results of Lee and Balch (1982), Ben-Menahem and Kostek (1991)
recognized that under certain circumstances the far-field low-frequency radiation from
a point source in a fluid-filled borehole was equivalent to that generated by a suitable
combination of a monopole source and a vertical dipole source localized in the formation
in the absence of the borehole. Kurkjian et al. (1992) showed that the exact radiation
pattern was obtained if the mechanism above was allowed to move up and down the
borehole at the tube wave speed.

Outline of the Paper

In Section 2 we define borehole-centered coordinates, which are a curvilinear orthogonal
system in which one coordinate is arc-length s along the centerline of the hole and the
other two are cartesian coordinates in the plane perpendicular to the borehole at the
point specified by s. As s varies this system does not rotate around the centerline. The
system is singular at the center of curvature of the centerline. The acoustic equations in
the fluid, the elastodynamic equations in the solid, the appropriate interface conditions
on the surface of the borehole, and the conditions at infinity are stated first in cartesian
coordinates and then in the borehole centered coordinates.
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In Section 3 we introduce the small parameter E, assuming the radius of the hole is
0(1), the wavelength is O(l/E), and the radius of curvature of the borehole centerline
is 0(1/E2). We then specify that the solution should depend on time t and s only
through T = Et and S = ES and assume an asymptotic power series in E for each
dependent variable. The leading-order equations tell us that to this order the fluid
motion is longitudinal (along the well) and that the displacement in the solid is related
to the pressure in the fluid by a two-dimensional elastostatic problem. The equations
involving terms of the next order yield the one-dimensional acoustic system for pressure
and longitudinal particle velocity in the fluid, showing how the coefficients depend upon
the solution of the elastostatic problem which arose at the leading order. This one
dimensional system is then solved for a volume-injection source concentrated at a point
in the borehole.

In Section 4 we derive the distribution of body force which, when acting in the
intact solid, would produce the same radiation as the tube wave in the borehole. This
turns out to be a line distribution of dipoles, concentrated along the borehole centerline,
which depends upon linear operators defined by the elastostatic problem. In Section 5
we use a complex variable technique to solve that elastostatic problem and so obtain
the linear operators which occur in the expression for the body force distribution. It is
interesting that the linear operator involves the product of three matrices, one depends
upon the elastic constants of the solid, one on the fluid pressure and any incident stress
field, and the third on the profile of the borehole cross-section. The calculations are
analytical except that a sextic equation has to be solved for an eigensystem.

In Section 6 the configuration is specialized so that a plane perpendicular to the
borehole axis is a plane of symmetry for the anisotropic medium. When this is so
the 3 x 3 elastostatic problem of Section 4 decouples into a 2 x 2 and a 1 x 1 system
which may be solved analytically. Further specialization to transverse isotropy with axis
parallel or perpendicular to the borehole, and finally to isotropy, enables one to calculate
analytically the operators giving the coefficients in the one-dimensional acoustic system
and the body-force distribution.

In Section 7 we quote a form for the far-field Green's function in an anisotropic
medium and then combine it with the body force distribution to calculate the far field.
Results are obtained for situations where the tube wave is either faster or slower than the
quasi-shear waves. The case of two boreholes with a source in one well and a receiver in
the other well is also analysed. The solution is obtained in a form which clearly exhibits
reciprocity.

In Section 8 the far field is specialized first to a circular borehole in an isotropic
medium, and shown to be identical to those of Lee and Balch (1982) and Ben-Menahem
and Kostek (1991). Then, the nontrivial case of a borehole in a transversely isotropic
medium is considered, where we show the radiation patterns and wavefront surfaces for
various situations involving media with symmetry axis parallel or perpendicular to the
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borehole axis, and also with triplication of the quasi-shear wavefront.

EQUATIONS OF MOTION IN BOREHOLE-CENTERED
COORDINATES

Borehole-Centered Coordinates

Let x = (Xl, X2, X3) be cartesian coordinates and let

x = X(s)

be the equation of the borehole axis parametrized by arclength s. Then

e3(s) = X'(s)
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(1)

(2)

(3)

is a unit tangent vector to this curve. We complete e3 into an orthonormal triple
{e1, e2, e3} by requiring that as s varies, this frame does not rotate about e3(s); that
is, the component of its angular velocity about e3(s) is zero. To do this we regard e3(s)
and e~(s) as given and choose e1(s), e2(s) so that

e~(s) -[e~(s)·e1(s)]e3(s),

ej(s) = -[e~(s)·e2(s)]e3(s).

Then

where

e~ (s) =
ej(s) =
e3(s)

-0<1e3(S),
-0<2e3(S) ,
0<1e1(S) + 0<2e 2(S),

(4)

We set

(5)

(6)x = X(s) + q1e1(S) + q2e2(S).

Then q1, q2, s = q3 are borehole-centered coordinates.

dx = [X'(s) + Q1e'1(S) + q2e;(S») ds + dq1e1(S) + dq2e2(s)

= dQ1 e1 + dq2e2 + (1 - 0<1Q1 - 0<2q2) dq3e3, (7)

and so
(8)

where
(9)

Thus (q1' Q2, Q3) form an orthogonal curvilinear coordinate system. We shall next state
the equations of motion in cartesian coordinates and then rewrite them in borehole
centered coordinates.
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The Equations of Motion in Cartesian Coordinates

The momentum and constitutive equations in the borehole fluid are

PIY,t + \lp = 0,

ap,t + \l.y = G,t.

(10)

(ll)

Here PI and a are the density and bulk compliance of the fIuid, p and yare the pressure
and velocity, respectively, and G is a source term representing the production of volume.
Let P be the density, u the particle displacement, w = U,t the particle velocity, and T

the stress in the solid. Then the momentum and constitutive equations in the solid are

PW,t - \l'T = 0,

T = c: \lu,

(12)

(13)

where c is the fourth rank tensor of elastic constants (stiffnesses). Equation (13) may
be differentiated with respect to t to obtain

'T,t = c: \7'w, (14)

Together with (12) they form the eiastodynamic equations as a first-order hyperbolic
system.

On the interface between the fluid and the solid (the borehole wall) the normal
particle velocity and traction are continuous:

n·(w + wI) = n'Y,

(T +TI).n = -pn.

(15)

(16)

Here n is the unit normal to the interface pointing into the solid; wI and T I are the
particle velocity and stress fields due to an incident wave. They satisfy the homogeneous
elastodynamic equations outside the borehole and enter our equations only through the
interface conditions (15) and (16). To complete the specification of the problem we
require the boundary condition at infinity that u, w,and T tend to zero as the field
point recedes from the borehole.

The Equations of Motion in Borehole-Centered Coordinates

Using the formulae presented above we rewrite the equations of motion as follows.
Equation (10) becomes

PIVI,t + P,l

PIV2,t + P,2
PIV3,t + h-lp,3

= 0,
0,

= o.
(17)
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Equation (11) becomes

oP.t + Vl.l + V2.2 + h- 1
(V3.3 - O<lVl - 0<2V2) = G.t .

The interface equations (15) and (16) become

nk(wk + w{) = nkVk,

and
(7"ij + 7"B)nj = -pn;.

The boundary condition at infinity becomes

u, W, T -+ 0 as Jqr + q~ -+ 00.

The momentum equation in the solid becomes
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(18)

(19)

(20)

(21)

{YWl.t = 7"11.1 + 7"21.2 + h-1
7"31.3 + h-1

(-0<17"11 - 0<27"21 + 0<17"33),

{YW2.t = 7"12.1 + 7"22.2 + h-17"32.3 + h-1
(-0<17"12 - 0<27"22 + 0<27"33), (22)

{YW3,t = 7"13.1 + 7"23.2 + h-1
7"33,3 + 2h-1

(-0<17"13 - 0<27"23).

The differentiated constitutive law becomes

where

r,t = c: \7w,

(

Wl.1 Wl.2 h-1
(Wl.3 + 0<1W3) )

'Vw = W2,1 W2.2 h-1
(W2.3 + 0<2W3) .

W3.1 W3.2 h-1
(W3,3 - 0<1WI - 0<2W2)

Substituting (24) into (23) and writing the result in full, one obtains

7"ij,t = CijkOWk,o + h-1
Cih3(W..,.3 + 0<..,W3)

+h-1
Cij33(W3.3 - O<IWl - 0<2W 2),

where the repeated Greek subscripts are summed over the values 1,2.

ASYMPTOTIC ANALYSIS

The Small Parameter €

(23)

(24)

(25)

In this -section we shall make some assumptions about the relative sizes of the borehole
radius, the wavelength, the radius of curvature of the centerline of the borehole, and
the length scale on which the material properties vary, in terms of a small parameter €.

We shall assume that, in the units of the coordinates qi, the borehole radius is 0(1) as
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E-> O. We shall assume that the wavelength is O(l/E). The scale on which the medium
properties vary and the radius of curvature are both 0(1/E2). Under these assumptions
0<1 and 0<2 are O(E2). SO, let us write

0<; = E2f3;, f3; = 0(1),

and

Let us introduce new "slow" variables T and S defined by

T = Et, S = ES.

Then
at = Ear, as = EaS.

(26)

(27)

(28)

(29)

We shall suppose that all quantities depend upon t and S only though T and S. Thus
we may rewrite (17) to (20) as

EptV".T +P ,,,

PtVS,T +p,s
(30)

(33)

(31)

(32)

EO'P,T + EVS,S + VI,I + V2,2 - EG,T = 0(E
2

),

n"(w,, + w~) + Em3(W3 + wi) = n"v" + Em3VS,

(T"tJ + T~tJ)ntJ + Em3(T,,3 + T~3) = -pn",
(T3tJ + TltJ)ntJ + EmsTS3 = -Epms,

where the Greek subscripts range over 1,2 only. Because the equation of the borehole
wall depends upon q3 only through S, we have written

_ 2
n3 - E m3.

Next (22) becomes

EPWI,T = TII,l + T21,2 + ET31,S - E2f3"T,,1 + 0(E3),

EPW2,T = TI2,1 + T22,2 + ET32,S - E
2

f3"T,,2 + 0(E
3
),

EPW3,T = T13,1 + T2S,2 + ETS3,S - 2E
2

f3"T"3 + 0(E
3
),

and (23) and (24) become
T,t = c: '\7w,

(34)

(35)

(36)

and
Wl,2

W2,2

W3,2

(37)
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€Tij,T = C;jk8Wk,8 + €C;jk3Wk,S

+€2C;j-y3P'..,W3 - €2C;j33P'aWa + O(€3).
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(38)

(39)

We shall assume that the field quantities can be expanded in powers of €. However,
they do not all start at the same power. Thus let

v v(O) + €v(l) + O(€2),

P = prO) + €p(l) + O(€2),

u u(O) + m(1) + o(€2),

w = €w(O) + €2w (l) +O(€3),

T T(O) + €T(l) + O(€2),

u I uI(O) + mI(I) + O(€2),

wI = €WI(O) + €2 w I(I) + O(€3),

T I = TI(O) + €TI(I) + O(€2).

Also
U,W,T -->0 as Jqr+q~-->oo.

The Leading Terms in € and the Elastostatic Problem

We next write (30) to (38) to leading order in €, using (39):

(0)
P,a 0,

PjV(O) + prO) = o.
3,T ,8

V(O) = 0O:,a .

0= navi,°).

(T(O) + TI(O»)n = _p(O)n
cx.j3 a{3 j3 Q:,

H~) + TJJO»)n/l = 0,

_ (0)o - Taka',
(0) (0)

Tij,T = Cijk'j'Wk ,"'('

which may be integrated in T to get

T(O) = e. 'k U(O)
1) '-"f,J r k,I"

The boundary condition gives

u CO) --> 0 as Jqr + q~ -+ 00.

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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Equation (41) implies that p(O) is independent of ql and q2. Thus

(49)

Assuming irrotational fluid motion,

\l x v = 0,

equations (42) and (43) imply that

via) = 0, v~O) = O.

Equations (50) and (51) imply that

V(D) = 0
3,0: ,

so that

(50)

(51)

(52)

(53)

Equations (44), (45), (47), and (48) form a two-dimensional elastostatic problem for
u(O) and reO) with forcing terms rICO) and p(O) in (44). Thus

u(O) and w(O) depend linearly upon r~(O) + p~)I.

Terms of the Next Order in E

We proceed to the next order in E in (31) and (32), making use of (39),

(0) (0) (I) (I)
<TP.T + v3,s + vI,1 + V2,2 - G.T = O.

n (W(D) + wI(O») = n V(I)
QO' Q QQ:.

(54)

(55)

(56)

Integrating (55) across the borehole, and using the two-dimensional divergence theorem
with (56), we get

(

<TAp(O) + Av(O) - rG T dA
,T 3,S Jr. ' - r n",v~l) ds

Jar;
= - r n",(w~O) + w~(O») ds.

Jar;

It follows from (54) that r n",wjO) ds depends linearly upon rIJO) +P(T
O)!. Thus

ja~ , ,

In (0) d AN (1(0) (0) < )no.ui S = iapq Tpq + P Upq,ar;

(57)

(58)
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r n"u~) ds = AN(-r1(0) +p(O)I), (59)
Jar.

where N(-r) = N",,,,pq7pq . Also differentiating (59) with respect to T gives

In (57) to (60) E is the right cross-section of the borehole at X(S), A is its area, and
8E its boundary. Hence we have

(O"+N(I))p(O)+v(O) =.!. rGTdA-.!. rw1(0)dA_N(-r1(O»). (61)
,T 3,8 AlE' Alr:. a,a ,T

1(0) 1(0) . ( )Because tpq = CpqijUi,j we may wnte 61 as

(0) (0) 1h 1(0)(O"+N(I))PT +vas = A GTdA- [Oij-titj + (omn -tmtn)NmnpqCpqij)uiJ"T· (62), , E ' ,

The One-Dimensional Acoustic System in the Fluid

Equation (61) together with the third equation of (41):

PtV~°J, + p(~) = 0,, , (63)

(64)

form a one-dimensional hyperbolic system for v~O) and p(O) . We should remember that
v(O), p(O), w(O), -r(O) are related to v, p, w, -r by (39), and that these are evaluated in the
coordinates ql, q2, qa, which have the same physical units as Xl, X2, Xa. Transforming
(61) and (63) back to the variables s, t using (28) and (29) we get

(0" + N(I))p(?) + v~01 = Al rG ,dA - Al ru~(~,dA _ N(-r~(O»),
, I Jr:.' Jr:.' ,

(65)

The One-Dimensional Acoustic Solution

We restate the system (64), (65):

PtVa(O) + p(O) = 0,t ,s 1 (66)

(67)
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specializing to a source concentrated at the origin and supplying accumulated volume
Vog(t) up to time t, and assuming that there is no incident stress field: 7"1(0) = O. If
the coefficients vary slowly, as we assume, we may solve (66), (67) by the method of
generalized progressing waves and so we assume a solution in the form

(
(0)) ( - ())Vs 00 Vn S

= I: fn(t - res»)
prO) n=O Pn(s)

(68)

(69)

away from the source. Here each In is one integration step smoother than the previous
one:

In = I~+l>

and travel time res), and coefficients Vn, and Pn are to be determined,

On substituting (68) into (66), (67), and then equating the coefficients of the suc
cessive Into zero, we get for n = -1

( ')(-) (0)PI -r vo

-r' cr + N(I) Po = 0 '

andforn=O

(
PI -r') (VI) ( Po ) ( 0 )
-r' cr +N(I) PI + va = 0 .

Equation (70) implies
r' = ±IT,

where IT is the tube wave slowness given by

IT = JPI(cr + N(I)),

Then
~O = ±(,
vo

where ( is the characteristic impedance given by

~
(= Vi+N(I)'

So we may write

(
- ) ( ±C

l

)
;: = ao(s) (~2 ,

(70)

(71)

(72)

(73)

(74)

(75)

(76)
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where an is a coefficient to be determined. Using (76) in (71) and multiplying on the
1 1

left by (±C2 (2) we find that

Thus, to a first approximation,

ao(s) = O. (77)

(78)

where at are constants and
(79)

We may now determine at ft by expressing (66) and (67) near the source as jump
conditions: .

(80)

v~°Jc+0, t) - v~O) (-0, t) = ~g'(t).

Since causality requires the waves to propagate away from the source, we shall assume
that the + or - sign in (78) is the same as the sign of s. Using (78) in (80) we see that

at ft(t) - aD' fort) = 0,

so that

Finally we get

a+ r+(t) _ a+ r-(t) = Vo(t(O)g'(t)
oJo oJo A(O)'

a+f+(t) = a-I-(t) = Vo(t (O)g'(t)
o 0 2A(0)'

(81)

(82)

(

v~O) ) ]I, ( ±(~(O)C~(s) ) s

= 2A 0(0) g'[t - sgn(s) fa "'Ir(s') ds'].
p(O) 0 (~(O)(~(s) 0

Isolating p(O) we have

1 1

( ) Vo(2(0)(2(S) , r
pO (s, t) = 2A(0) g It - sgn(s)J

o
"'Ir(s') ds'l.

(83)

(84)

This pressure distribution, which is a generalization of a standard result (White, 1983,
p. 147), radiates seismic waves into the formation and will be used later to calculate an
equivalent source body-force distribution in the formation.
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THE LINE DENSITY OF DIPOLES

Let us extend the definition of u and w to the interior of the borehole, defining them
to be zero there. Consider f; defined by

(85)

Then f; will be an effective source field. To evaluate f;, let us introduce a vector test
function <Pi and integrate using the distributional definition of the derivatives:

I = 1+=dtJ <pdi dx = 1+=dtJ [P<Pk,tt - (<Pi,jCijke) ,e]Uk dx. (86)
-00 v -00 v

This is an ordinary integral since the integrand is finite everywhere. Also the integrand
vanishes inside the borehole. Thus

1= r= dtJ <pdi dx = r= dtJ [p¢k,tt - (<Pi,jCijke),e]ukdx, (87)i-oo ~ i-co ~

where V. is the region exterior to the borehole.

Now let us use the divergence theorem in V. to get

I = 1+=dtJ [-P<Pi,tUi,t + <Pi,jCijkeUk,e] dx
-00 v~

(88)

where av. is the boundary of V" unit normal n points towards the exterior of the
borehole, and dA indicates an element of area. Integrating once more by parts we get

(89)

because Ui satisfies the homogeneous equation (85) in v.. Since the borehole is narrow

dA = dsds', (90)

to leading order in E, where s is arclength along the borehole and s' is arclength around
the circumference aL:s of the right cross-section at s. Let us also write for x on the
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<Pi(X) = <Pi(X(S)) + [Xm - Xm(S))<Pi,m(X(S)) + 0(c2 ),

Cijke(X) = c,jke(X(S)) + 0(c2),
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(91)

where c,jke(X(s)) is defined by the elastic constants of the material drilled out to form
the borehole. Then to leading order

But

[ = 1+00

dtJ ds r {<Pi,m(X(S), t) [C,mkeUkne
-00 JoE.

(92)

(93)

where p is the pressure in the borehole fluid at Xes), which is independent of s', p =
p(O)(s, t), to leading order in c. Thus the last term in (92) vanishes and (92) becomes

[=1+00

dtJdS r <Pi,m(X(S),t)[C,mkeUkne+p(O) (xm-Xm(s))n;jds', (94)
-00 JaEa

where in the integrand C,mke is taken to be Cimke(X(S)).

Let

gimes, t) r [c,mke(X(S))Uk(X(s), t)ne(S, S')
JeE,
+p(O) (X(S), t)(Xm - Xm(S))ni(S, S')] ds'. (95)

We now apply Stokes's theorem to (95). But first we write

(96)

where t = es is the unit tangent to the borehole axis, and t' is the unit tangent to [)l:,s'

Then

p(O) r (xm - Xm(s))ni ds' = p(O)tr r (xm - Xm(S))ciqrt~ ds'
JeE• JeE.

= p(O)tr r cqnp(xm - Xm(S)),nciprtq dA
JE•

= p(O) A(OqrOni - OqiOnr )trtqOmn
= p(O) A(O;m - titm). (97)
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The other term in (95) must be treated separately since Uk is not continuous up to
the boundary in 2;s' Let us extend C;jke smoothly and define the fictitious displacement
field uk inside the borehole so that

(98)

Thus u* satisfies the elastic equilibrium equations inside the borehole and has the same
displacement on the boundary as the external field. Hence using Stoke's theorem we
have

r C;mkeUkne ds' = r C;mklUkElqrt'gtr ds'
Ja~. JaElJ

= h, EqpnC;mklUk,pEenrtqtr dA

= h, (OqrOpl - OqeOpr)C;mkfUk,ptqtr dA

r (trtrC;mklUke- tetpcimklUkp)dAlEa ' ,
= h,C;mklUk,p(Oep - tetp) dA

= r Ti~dA, (99)JE,

where T* is the stress field belonging to the displacement u* inside 2;s. We have used the
fact that the tangential s-derivative tpuk,p is O(E2) at most, and so the term tetpC;mklUk,p
does not contribute. When the borehole is elliptical in cross-section T' is constant and
we may write

r CimkeUkn.e ds' = ATi~'
Ja'l:./J

Thus, using (97) and (100) in (95) we obtain

gim = Ah~ + p(D) (Oim - titm)J

= ApCD)[C;mpqNpqrs(ors - trts) + Oim - titmJ
ApCD) N',m'

(100)

(101)

say. Notice the similarities between the terms in square brackets in (62) and (101). In
the Appendix it is shown that Npgrs = Nrspq , and so the square bracketed expressions
are indeed identical. Comparing (86) and (94) using (95) and (101) we find that

J <Pili dx J <Pi,m(X(S)gim ds

J dxJ<Pi,m(X, t)O(x - X(S))gim(S, t) ds

= J dxJ - <Pi (X, t)O,m(X - X(S))gim(S, t) ds, (102)
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and since <Pi is an arbitrary test function we have
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fi(x, t) -JgimeS, t)6,m(x - Xes)) ds

-JA(s)Ni~(S)p(D)(s, t)6,m(x - Xes)) ds. (103)

The integrand above is a superposition of nine body force dipoles of differing strengths
gimeS, t) depending on position and time. In symmetrical configurations the off diagonal
terms are zero, thus reducing the force system to three mutually orthogonal dipoles
moving along the borehole (see Figure 1). As will be shown later, these dipoles move
away from the source at the tube wave speed.

THE BOREHOLE COMPLIANCE: THE ELASTOSTATIC
PROBLEM

The Complex Variable Method

In this section we set up the machinery for calculating the operator N and Ni~ of (59)
and (103). Thus we must solve the elastostatic problem (44), (45) and (46), which we
restate using the displacement u(D) instead of the particle velocity w(D). The constitutive
equation is

The equilibrium equation is
(0)

lia,Ct = 0,

(104)

(105)

where to this order of approximation the solution is (locally) independent of xs, the
coordinate parallel to the borehole axis. The boundary condition on the borehole wall
is

'Ti~)n" = -('Ti~D)n" + p(D)n;) , (106)

where n is normal to the borehole wall and ns = O. In equations (104), (105), (106)
Roman subscripts range over 1,2,3, whereas Greek subscripts range over 1,2 only, and the
summation convention applies. In solving this system of equations we use the complex
variable method of Lekhnitskii (1963), Savin (1961) and Muskhelishvili (1953). These
authors set up their equations in terms of stress functions, which leads naturally to the
use of elastic compliances, and this is most direct when one is concerned primarily with
stress concentration. But we are concerned primarily with displacements, and in the
following development we take the elastic stiffnesses and displacement components as
basic. However, a form of stress function will playa minor role in imposing the boundary
conditions. This complex-variable method is also known as the Stroh formalism and was
used by Stroh (1958) and (1962). See also Ting (1990) for a modern review.



296 Burridge et al.

The method requires that we seek the displacement as an analytic function of the
combination

(107)

Substituting (104) into (105) we get

(108)

where we have dropped the superscript (0) on u; we shall continue to drop it on u, 'T

and p in this section. Then, setting

equation (108) leads to

where

P('I))u" = 0,

(109)

(110)

Thus
det(P('I))) = o.

(111)

(112)

But this is a sextic in 'I) with real coefficients. So the roots are real or occur as complex
conjugate pairs. Actually it follows from energy considerations that there are no real
roots. Let the six roots be

'l)n, fin, S'{'I)n} > 0, n = 1,2,3. (113)

From (110) it follows that u" is a null vector of P('I)n) , and therefore a multiple of
a standard null vector Un'

(114)

where Un is a function only of the C;jld and not of the coordinates, and An(zn) is a
scalar coefficient depending on Xl, X2 through

Zn = Xl + 'l)nX2, n = 1,2,3, (115)

on which it depends analytically. Because Uk is real, we seek Uk as the real part of a
superposition of such solutions

3

Uk = 1R{L:UknAn(Zn)}, u = 1R{UA}.
n=l

(116)

Here A is the column vector with components An(zn), n = 1,2,3 and U is the matrix
whose columns are the null vectors Un, n = 1,2,3. An{zn) is an analytic function of
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its argument. Since 7}n and Un are independent of Xl and X2, depending only on the
elastic constants Ci",k{3, (104) and (116) give

3

rij = ~{:L(Cijkl + C;jk21)n)UknA~(Zn)}.
n=l

(117)

Before imposing the boundary conditions (106) we shall introduce the stress func
tions 7i such that

Til = -7"i,2, Ti2 = 11,1, (U8)

which exist by virtue of (105). Let us now consider the Xlx2-plane. The cylindrical
borehole wall cuts this plane in a curve, which we shall call the borehole profile, with
tangent t related to X", and n", by

(119)

where Xl,s and X2,s are the derivatives of Xl and X2 with respect to arclength s along
the borehole profile. Then using (118), (119) in the left member of (106) we get

(120)

and in the right member

-(r[",n" + pnl) =
-(r£,n", + pn2) =

I
-T3etno: =

(121)

Using (120), (121) in (106), with the fact that the r& are constant, we obtain

T l = -r[2xl + (r[l +P)X2'
T2 = -(r{2 +P)Xl +r{lx2,
T 3 = -r{2x l + rllx2.

(122)

Let us summarize (122) as

where

(123)

(124)

From (117) and (118) we have

3

ri2 = Ti,l = ~{:L(C;2kl + C;2k27}n)UknA~(zn)},
n=!

(125)
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and so integrating and using (123) we get

3

1R{L:(Ci2kl + Ci2k27)n)UknAn(Zn)} = (r!k + POik)Ek",X",
=1

on the borehole profile. Let us define the matrices K2l, K22' and A as follows:

(K2Ilik = Ci2kl, (K22 )ik = Ci2k2, A = diag{7)l, 7)2, 7)3}.

Then (126) may be rewritten

1R{(K2l U + K 22 U A)A} = (7
1 + pI)€x

on the borehole profile.

The Elliptical Borehole

(126)

(127)

(128)

(129)

Before proceeding further we shall specialize to a borehole having elliptical profile, with
major semi-axis rl, minor semi-axis r2, and whose major axis makes an angle a with
the 1-axis. Then the elliptical profile may be parameterized by r}, r2, and angle ewhere

z=Xl+ix2 = ei"'(rlcose+ir2sine)

~ei"'[h + r2)eiO + h - r2)e- iO).

(

Setting ( = eiO , (129) becomes

Z = Xl + iX2 = ~ei"'[(rl + r2)( + (rl - r2)~J on 1(1 = 1. (130)

But if we allow 1(1 > 1, (130) is a conformal mapping of the exterior of the unit circle
in the ( plane onto the exterior of the ellipse in the Z plane, and, because 'S{7)n} > 0,
the exterior of the unit circle in ( plane is mapped onto the exteriors of ellipses in the
zn-planes. Thus the An(zn(()) may be regarded as functions of ( analytic outside the
unit circle, constrained by (126) on the unit circle. So, rewriting (126)

3

1R{L:(Ci2kl +Ci2k27)n)UknAn(Zn(())} = (r~+pOik)Eklxl(()+(r~+pOik)Ek2X2(()' (131)
n=l

where from (129)

Xl(() = ~[(rlcosa+ir2sina)(+hcosa-ir2sina)t],

X2(() ~[(rl sin a - ir2 cos a)( + h sin a + ir2 cos a)~).

and 1(1 = 1.

(132)
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We may now use the Schwartz formula for a function F((), analytic outside the unit
circle, whose real part is given on the unit circle:

F(() = -~f lR{F(u)} 17 + (du,
2m 17 - ( 17

(133)

where the integral is once around the unit circle lui = 1, 1(1 > 1, and F(() is analytic
in 1(1 > 1. Applying this to the function in braces on the left of (131) we obtain

(134)

3

2:)C,2kl + C,2k21]n)UknAn(Zn(())
n=1

= _~f(D,u+E,.!:.)u+(dU
271"1 17 17 - ( (J

2E,
= T'

where D, and E, are the coefficients of ( and ~ on the right of (131) after (132) is
used for XI(() and X2((). From (134) we see that An(zn(()) is proportional to ~, and
referring back to (128), we have

(135)

Explicitly

(

TI cos a - iT2 sin a )
2E = (r1 + pI)E TI sin a ~ iT2 cos a

(

Tl sin a + iT2 cos a )
(r1 + pI) Tl cos a ~ iT2 sin a . (136)

Then from (116)

(137)

or
u = lR{2(K21 + K 22 UAU-I)-lE(cosB - isinB)}

at the point with parameter B according to (129), Le.,

u = lR{2(K21+K22UAU-l)-lE

[ (
cosa iSina) (Sina iCOSa)]}XI --+-- +X2 ----- .

rl r2 Tl T2

(138)

(139)

Thus, using (136), we may write the displacement gradient as

'Vu* = lR{L(r1 + pI)M}, (140)
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with corresponding strain
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where
L = (K21 + K22UAU-1)-I,

and, from (136) and (139), we see that

(142)

Equation (141) may also be written as

where

(144)

(145)

The three matrix factors in (140) depend respectively on, the elastic constants of the
material, the incident stress field (including the pressure p), and the geometry of the
borehole profile. The constant tensor \7u' is the uniform displacement gradient belong
ing to the interior problem mentioned after (99). The corresponding stress til is given
by

Thus the operator N of (59) is given by

N(r) = fR{(LrM)ac,},

and

(146)

(147)

(148)

Taking the borehole axis parallel to the 3-direction, we may now also write down the
operator Ntm of (101) and (103). Thus

and so

Cimk-rUk-r + p(O) (6im -63i63m )

p(O) [Cimk-rLkaMa-r + 6im -63i63m], (149)

(150)
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SPECIAL EXPLICITLY SOLVABLE CASES

Orthorhombic Symmetry with the Borehole Parallel to an Axis
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The matrix (K21 + K 22UAU-1)-1 is generally too complicated to evaluate in a per
spicuous form as a function of the elastic constants. However, when the coordinate
planes are planes of material symmetry, the 3 x 3 matrices split into a 2 x 2 and a 1 x 1
diagonal block so that U3 decouples from Ul and U2. The calculation is then manageable
analytically. The Cijkl are zero if any index appears an odd number of times. Thus P
of (111) reduces to

a+CT/2 (c+d)T/ 0

P(T/) = (c+d)T/ C+br}2 o (151)

o o

where
a = Cnn, b = C2222, C= C1212,

d = Cn22, e = C1313, 1 = C2323·
(152)

We see that det(P(T/)) factors as

det(P(T/)) = Q(T/)R(T/),

where
Q(T/) = (a + CT/2)(c + bT/2) - (C + d) 2"12,

R(T/) = e + 1"12.

We may set

-(C + d)T/l -(c + d)T/2 0

(153)

(154)

U=

o

a+CT/~

o

o

1

(155)

where "11 and 'T/2 are the zeros of Q, and "13 the zero of R, having positive imaginary
parts. Thus

.~
"13 = IVY' (156)
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o

We shall not need the explicit forms of 7}1 and 1)2. Inverting (155) we get

a(7}l + 7}2) (c + d)7}17}2
a - C7}17}2 a - C7}17}2

(a + C17I)(a + C7}~) -C7}17}2(7}1 + 1)2)

(c + d)(a - C7}17}2) a - C7}17}2
o (157)

o o 7}3

Since the matrix splits it is advantageous to deal separately with the 2 x 2 and the 1 x 1
blocks.

The 2 x 2 Block

We rewrite the 2 x 2 of (157) as

UAU-1 = 1 (
a - C7}17}2 (a + c7}f)(a + C7}~)

c+d

(158)

Let us reduce the 21 entry by setting

Then Q(7}) = 0 implies

~[C+ b(~-a)]_ (c+d)2(~-a) =0.
c c

The product of the roots of this quadratic equation in ~ is

2 2 a(c + d)2
66 = (a + C7}l)(a + C7}2) = b .

Thus (158) may be rewritten

( ,(~ +",l (, + d),.", J
UAU-1 = 1

a - C7}17}2 a(C: d)
-C7}17}2 (7}1 + 7}2)

From (127)
0 c 0 C 0 0

K 21 = d 0 0 , K 22 = 0 b 0

0 0 0 0 0 f

(159)

(160)

(161)

(162)

(163)
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Then, retaining only the 2 x 2 block,
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(164)

To eliminate 'h, and 7]2 we need the symmetric functions 7]1 +712 and 7]17]2. But these
are easily obtained from the equation

Q(7]) = 0

satisfied by 7]1, and 712. Thus
2 2 a

7]17]2 = Ii'

and so, because 7]1 and 7]2 have positive imaginary parts,

7]17]2 = -J""f
Also

(165)

(166)

(167)

Hence

2 2
'h +7]2 =

ab - d2 2d
bc +/)" (168)

=
ab-d2 2d -2 ~

bc + b Vii"
(169)

Again, because of the disposition of 7]1 and 7]2 in the complex plane,

Thus, after some reduction,

(170)

(

i.;acJ..JO.b - dJ..JO.b + 2c + d

-c( ..JO.b - d)

c( ..JO.b - d) )

iVbcJ..JO.b-dJ..JO.b+2c+d '

(171)
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-i ~c vaii+2c+d
V7, vaii-d

1 (172)

The 1 x 1 Block

-1 o~-Yc
vaii+2c+d

vaii - d

The calculation for the 1 x 1 block is trivial:

and

Thus finally

(173)

(174)

(175)

L=

-i b(vaii + 2c + d)

vaii + d c( vaii - d)

-1

o

1

vaii+ d

-i a( vaii + 2c + d)
vaii + d c(vaii - d)

o

o

o

-i

Vi!

(176)

The Body-Force Dipoles

Since we now have both M and L explicitly from (143) and (176) we may calculate N(I)
and Ntmo From (148) and (150) we see that these depend on Land M only through
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the matrix product ~{LM}, which we easily find to be

~{LM} = d [_ (1 0) +
ab+d 0 1
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+ Jab +2c +d
Jab-d _ I! (rr - T~) sin a cos a

VC rlT2
(177)

where we have presented the leading 2 x 2 block only. Equation (148) gives N(I) as the
trace of this:

1 [ -2+
Jab+d

N(I) =

+ Jab + 2c + d (yaTf + Vbr~) cos2 a+ (yaT~ + v'bTf) sin2 a]
Jab - d y'CTI T2 .

(178)

The expression for Ntm in (150) involves contractions of tensors rather than multi
plication of matrices and so, as a preliminary, we shall write the components of ~{LM}
as a 4-vector in the order 11, 12, 21, 22 and the components of Cimk"y as a 6 x 4 matrix,
and then form the matrix product of these. The order of the components in the matrix
will be

Cllll Cll12 Cll21 Cll22

C221l C2212 C2221 C2222

C331l C3312 C3321 C3322
(179)

C231l C2312 C2321 C2322

C3Ill C31l2 C3121 C3122

C1211 CI212 CI221 CI222

Now we use (152) and the fact that the Cimk-y vanish if any subscript appears an odd
number of times to reduce the matrix to

a 0 0 d
d 0 0 b

CIl33 0 0 C2233
(180)

0 0 0 0
0 0 0 0
0 C C 0
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Using (176) and (180) in (150) we find the only non-zero components of Ntm are

(dy'arr + aVbr~) cos2 a + (aVbrr + dy'ar~) sin2 a]
vc r j r 2 '

(C2233 y'arr + C1l33Vbr§) cos2 a + (C1l33 Ji;rr + C2233 y'ar~) sin2 a]
vc r j r2 '

(by'arr + dVbr§) cos2 a + (dvbri + by'ar§) sin2 a]
vc r j r 2 '

1 [ ,Jab+2c+d
N33 = ,Jab + d -(Cll33 + C2233) + ,Jab _ d x

vat [,Jab-a +ab+d

= vd [,Jab- b+ab+d

,Jab+2c+d
..:....c:.,Jab-'-,a=';b~_-'-d-'--"-x

,Jab + 2c + d
-,Jab-'-,a=b~_-d-x

(181)

(182)

(183)

and
VC(y'a+ Vb)

,Jab+d
,Jab + 2c + d (rr - r~) sinacosa

,Jab - d rj r 2
(184)

Transverse Isotropy, Axis in the I-Direction

The only simplification is that

e = C, C1l33 = d, and C2233 = b - 2/.

Transverse Isotropy, Axis Parallel to the 3-Direction

Here the only relationships between the constants are

a = b, e = I, d = a - 2c, and C2233 = C1l33 = g.

Isotropy

When the medium is isotropic with Lame constants A, P

(185)

(186)

(

a = b = A+ 2p, C = e = 1 = p, C2233 = Cll33 = d = A. (187)

(
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Then

vab + 2c + d = 2(A + 2J.t) vab + d = 2(A + J.t),

leading to

N(I) = _1_[_1 + A+ 2J.t. d +T~],
A+ J.t 2J.t TjT2

and

N' _ A+ 2J.t [Ad + (A + 2J.t)T~] cos2 co + I(A + 2J.t)Tf + AT~] sin2 co
11 - 2J.t(A+J.t) TjT2

N' _ A+ 2J.t [(A + 2J.t)Tf + AT~1 cos2 co + [ATf + (A + 2J.t)T~] sin2 co
22 - 2J.t(A + J.t) TjT2

N' - _A_[_l + A+2J.tTf+T~]33 - A+ J.t 2J.t TjT2 '

and
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(188)

(189)

(190)

(191)

(192)

(193)

Circular Borehole

When Tj = T2, (178) and (181) to (184) reduce to

N(I) = vol [-2 +
ab+d

and

Nil = vol [vab-a+
ab+d

N;2 = vol [vaii - a +
ab+d

N33 = vol [-(C1133 + C2233) +
ab+d

and Ni2 and N;j vanish.

vaii + 2c + d.va + vb]
vaii-d ve'

vaii + 2c + d.dva + avb]
vaii-d ve'

vaii + 2c + d.bva + dvb]
vaii-d ve'

vab + 2c + d . C2233 va + C1133vb]
vab-d ve '

(194)

(195)

(196)

(197)
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The N(I) and N* for the Isotropic, Circular Case

Specializing (189) to (193) by setting Tl = T2 we get

1
N(I) =-,

J.l

A+2J.l
0 0

J.l

N* = 0
A+ 2J.l

0
J.l

0 0
A-
J.l

(198)

(199)

which may be written as

a2

0 0(32

N*= 0
a2

0 (200)
(32

0 0
a2

--2
(32

where a and (3 are the compressional and shear wave speeds in the isotropic medium.
They are given by

a2 = A+ 2J.l, (32 = I!:.. (201)
P P

Equations (198)-(200) agree with the results of previous authors [White (1983), Lee and
Balch (1982)].

THE FAR-FIELD RADIATION PATTERN

In this section we shall calculate the seismic far field generated by the pressure field
calculated in Section 3.5 for an acoustic volume source in the borehole. We shall need
Ntm from (150) and the equivalent source distribution of body-force dipoles given in
(103), we shall also need the far field Green's function in the anisotropic medium, and
finally we shall integrate the Green's function against the source distribution to obtain
the far field.
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We shall now calculate the seismic field radiated by the source distribution of equation
(103). The far-field Green's function for a uniform anisotropic medium is given in
Burridge (1967). In order to understand that result we shall need some background.
We shall consider plane waves of the form

u = P(~)f(t - ~ . x), (202)

where the constant vectors ~ and P(~) are the wave siowness and the polarization,
respectively. For (202) to satisfy the elastic wave equation, ~ must be restricted to
lie on a 3-sheeted surface S called the slowness surface. Each of the three sheets of S
surrounds the origin. The vector P must be an eigenvector of a certain symmetric matrix
whose entries are quadratic polynomials in ~ with elastic constants as coefficients. We
shall normalize P to be a unit vector. Then in the far field (Burridge 1967, Section 6),
the Green's function G(x, t; x, t') is given by

Gij(x, t;x', t') = LPi(~)Pj(~);' (x - x) 6*[t - t! - ~' (x - x')]. (203)
~ 47l'1GWI'ilx - x'I 2

For fixed x, t!, ~ and with t increasing from t!, each of the planes

~·(x-x')=t-t! (204)

(205)

in ~-space is orthogonal to x - x and its distance from the origin is

t - t!

Ix - x'l'

When t = t' the plane (204) passes through the origin and intersects all the sheets of
S. For large t - t! the plane is outside S and does not intersect it. For certain values
of t the plane is tangent to S at certain points ~ (see Figure 2). These are the points
~ over which the sum is taken in (203). If these points ~ are points where S is smooth
then they may be characterized as the points where the outward normal to S is parallel
to x - x. For each such point ~, (203) yields a singular wavefield arrival with time
dependence

where

6*[t - t' - ~' (x - x')],

{

6, if S is convex outward at ~;

6* = -1i6, if S is saddle shaped at ~;

-6, if S is concave outward at ~'

(206)

(207)

Here 1i is the Hilbert transform. The quantity G(~) in (203) is the Gaussian curvature
of S at ~' It is respectively positive, negative, and positive in the three cases of (207).
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Formula (203) does not apply when C(~) = 0 at any of the~. Then a further more
complicated expression for that particular term is required, which we shall not describe.
It corresponds to a cuspidal edge on the wavefront and is akin to the expression for the
wavefield near a caustic. Such points arise when the sheets of S fail to be convex.

Notice that each term of (203) has the form

Gij(X, t; x', t') = Fij(x, x /)8[t - t' - ~ . (x - x')], (208)

where Fij is a smooth function of x, x' away from x = x', which never holds in the far
field. If the medium is not homogeneous then Gij has a similar structure in the ray
theoretical approximation when no ray focussing occurs:

Gij(X,t;x/,t' ) = Fij(X,x')8[t -t! -T(x,x/)], (209)

where Fij and T are smooth functions, T being the characteristic travel time along the
ray joining x and x'. Since (103) is a distribution of dipoles we shall need the gradient
of G with respect to x':

Gij,x" (x, t; x', t') = ax" Gij(x, t; x', t') = -Fij(x, x/)J:x" 8/[t - t' - T(x, x')]. (210)

But -Tx' is just the wave slowness for the ray at x'. Let us write
, k

Then

The Far Field

Gij,x" = Fij~~8/lt - t' - T(x, x')).

(211)

(212)

The far field radiated by the source of (103) may be written as a sum of terms like

u? (x, t) = JJfj(x/, t')Gij,x" (x, t; x', t') dx' dt!

= JJJA(s)Njm(s)p(O}(s,t')8,m[x' -X(s)]dsGij,x"(x,t;x',t')dx'dt'

= JJA(s)Njm(s)p(O}(s, t')Fijlx, X(s)]~;"8/lt - t' - T(x, X(s))] dsdt' ,

(213)
where we have performed the x' integration and used (212). Now the superscript .;
labels the different ray contributions. Performing the t' integral we obtain

u?(x,t) = JA(s)Njm(s)p(O)[s,t-T(x,X(s))]Fij[x,X(s))~;"ds, (214)



(217)

(218)
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and then using (84) we get

e JVoA(s). 1 1
Ui (x, t) = 2A(0) N jm (S)(2 (0)(2 (s)

xg"[t - sgn(s) fa',T(S') ds' - T(x, X(s))]Fij[x, X(s)]~;" ds. (215)

It is convenient to write this integral in the form

t::G(S)g"[t - ¢(s)) ds = t::G(s)8[t - ¢(s)] ds *t g"(t)

= I(t) *t g"(t), (216)

say. We shall now investigate I(t), which appears to represent the response to g"(t) =
6(t), i.e., g(t) = tH(t), where H is the Heaviside step function. However, because of
the restriction to slow time variation, (216) is only relevant when g varies slowly and
smoothly in time. Because of the occurrence of 6 in I we may evaluate the integral

I(t) = JG(s)8[t - ¢(s)) ds

L G(s)
{sl¢(s)=t} W(s)I'

where the sum extends over all values of s for which ¢(s) = t. We shall assume for
simplicity that ¢(s) has only one local minimum So. We shall distinguish two cases:
So = 0, and So # 0, in which case we shall assume for definiteness that So > O. In fast
formations, for which IT > f!.' . t, So = O. In slow formations this inequality may fail for
some positions of the receiver, and at s = 0 we may have IT < e' .t. We shall consider
these two cases separately. We shall see that when so = 0 the only geometrical wave
arrival emanates from the source point s = O. When So > 0 there are two arrivals,
one of which emanates from the source, but there is an earlier "conical" wave arrival
corresponding to the point So.

Let us now examine the function ¢

¢(s) = sgn(s) fa',T(S') ds' + T(x, X(s))

say. Thus
¢j (s) = sgn(shT(S), ¢z(s) = -e' .t. (219)

For a fast formation IT > f!.' . t at s = 0, so that ¢ = 4>1 + 4>2 has the form shown in
Figure 3. In this case 4>(8) has a unique minimum at s = 0 with

4>'( -0) = -[,T + f!.' . t)s=o < 0,
(220)

4>'( +0) = liT - e' .t)s=o > O.
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(222)

Thus for t < </>(0) there are no terms in the sum (217) and I(t) = O. When t > </>(0)
there are two values, Sl < 0 and S2 > 0, of s for which </>(s) = t, and from (217) we may
write

I(t) = G(Sl) + G(S2) . (221)
IT(Sl) + e(Sl)" t(Sl) ,T(S2) - e(S2)'· t(S2)

At t = </>(0) + 0

I(t) G(O) (iT(O) + ;(0)' . t(O) + 'YT(O) - ;(0)' . t(O)) ,

2G(OhT(0)
IT(O)2 - (~(O)" t(0))2'

and so I(t) jumps by this amount at t = </>(0) and is smooth elsewhere. I(t) therefore
has a graph as shown in Figure 4. In a slow formation, let us suppose that for the field
point under consideration So > O. The graph of </> is as in Figure 5. Then </>(so) < </>(0)
and for t < </>(so) there are no s for which </>(s) = t, and so the sum (217) is vacuous.
For t > </>(so) there are two such S, Sl < So and S2 > So. When t - </>(so) > 0 is small
then Is, - sol, i = 1,2, are both small and we have approximately

</>(s,) - </>(so) = !</>"(so)(s, - SO)2,
(223)

</>'(s,) </>"(so)(s, - so).

Then approximately for i = 1,2

</>'(s,) = sgn(s, - so) J2</>"(sO) [</>(s,) - </>(so)).

Thus for t > </>(so), I(t) has a reciprocal square-root singularity

(224)

2 1
I(t) = ¢,'(so)[t _ </>(so)] G(so) + O([t - </>(so)P)·

At t = </>(0) - 0, s = +0 and

(225)

1</>'(+0)1 = eM· t(O) -'T(O). (226)

At t = </>(0) + 0, s = -0 and

(228)

(227)

'Y? - (e(O)' . t(0))2 < O.

1</>'( -0)1 = e(O)' . t(O) + IT(O).

Thus at t = </>(0), I(t) jumps by

1(</>(0) + 0) - 1(</>(0) - 0) = G(O) (,T H(~)" t(O) + IT - e(~)'. t(O))

2G(OhT
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The graph of I(t) is now as shown in Figure 6.

We notice that formulae (222) and (228) are identical. Thus in all cases there is an
arrival corresponding to the jump discontinuity, which seems to emanate from the source
point. On referring back to (215) we identify C(O) and then, interpreting convolution
with a step function as integration, we obtain

~ e ~PfVoN;m(O)Fij(x, O)e;" I
Ui(X, t) = LJU; (x, t) = LJ 2 _ (cl .)2 9 It - T(x, 0)).e e /T" t

(229)

For a uniform medium we may identify Fije;" by comparing (208) and (203). Thus

(230)

and so the wave arrival which emanates from the source is

In addition, in slow formations and at certain positions of the source, there will
be an arrival corresponding to the stationary point 80 with a pulse shape which is the
fractional derivative of order ~ of the g' appearing in (231). This pulse shape arises by
convolution of g" with the reciprocal square root. In the isotropic case this arrival has
a circular conical wave front. Explicitly we may write this contribution in the form

Ui(X, t)

(232)

J 1
x I g'(t') dtl

[t - t' -<;1>(80)]2

The slowness emust be evaluated at the point 8 = 80 and the quantity <;1>"(80) may be
evaluated explicitly for isotropic media and will then be proportional to [xl-I. The sum
in (232) is over only those efor which e(O)' . teO) -/T(O) > O. Typically this will only
happen for the (quasi-)S waves.

The Two-Borehole Problem

We consider now the problem of a source in one well and a receiver in another well. The
source is of a volume injection type, supplying accumulated volume Vog(t) up to time t,
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(234)

and the receiver is sensitive to pressure. For simplicity, we will assume that the medium
surrounding the boreholes is homogeneous but anisotropic. The boreholes need not
be straight, and the distance between them is 0(1/<2). The one-dimensional acoustic
system in the receiver borehole follows from (62), (64), and (65), with the source term
G set to zero. This leads to

(a R + NR(I))p~?) + v~~l = -[Oij - titj + (Omn - tmtn)N~npqCpqij]U{,jo.), (233)

PRv(G) + p(G) - 0
f 3,t ,s - I

where s is the arclength along the receiver borehole, and the superscript R indicates
quantities related to the receiver as opposed to the source. We will use the superscript S
in relation to the source. The incident field u{(G) (x(s) , t) in the case of a fast formation
(with respect to the source borehole) is as given by (231), which we repeat here

u{(O} (x(s), t) = L P1VoN;~(0)Pi;~(S))Pj(~(s))~(s) . X(S)~m(S) g'[t - T
1
(x(s), 0)),

~(s) 47l'pIC(~(s))12Ix(s)12[(.,.f)2 - (~(s) . t S )2]

(235)
where ~(s) is such that ~(s) ·x(s) = t, and T1(x(s), 0) is the travel time from the source
to the point x(s) which is along the receiver borehole.

Following (101) and the reciprocity relation (A.lO) from the Appendix, equation
(233) can be rewritten as

(a R +NR(I))p(O) + v(O) = _N*R(s)uI(O)(x(s) t)
,t 3,5 1,J 'I.,JT I'

(236)

The solution of (234) and (236) follows from the results of Section 3. The pressure is
thus given by

-1+00 L P1VoNk~(0)N;'/(s')PiWS'))~k(~(S'))em(S')ej(s')~(s) . X(S)[(R(S')(R(s)]~

-00 e 87l'pIC(~(s'))12Ix(s')I2[(.,.f)2 - (~(s) . t S )2]

x o(t - T1(x(s'), 0) - T2(s, s')) *t gill (t) ds', (237)

where T2(S, s') is the tube wave travel time from s' to s in the receiver borehole. Using
the result obtained in (216) and (217) for the integral over s', we finally obtain

L P1P7VoN:~1(0)N;'/(S)Pi(~(S))Pk(~(s))em(s)ej(s)~(s), x(s)

~ 47l'pIC(~(s))12Ix(s)l2[(.,.f)2- (~(s) . t S )2][(.,.¥)2 - (~(s) . t R)2]

xg" (t - T1(x(s), 0)). (238)
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If the tube wave in either borehole is faster than the body wave under consideration,
then there will be additional "conical" wave arrivals which we shall not treat here. If
the slowness surface is not convex at .;, however, we may replace gil by g'" where, in
keeping with (207),

{

g, if S is convex outward at ';;
g' = -Hg, if S is saddle shaped at ';;

-g, if S is concave outward at .;.

SOME EXAMPLES

(239)

(241)

In this section we shall illustrate the results obtained in the previous sections with
examples of boreholes in isotropic and transversely isotropic homogeneous formations.

Circular Borehole in a Homogeneous Isotropic Medium

We consider a straight borehole of circular cross section of radius TO penetrating a
homogeneous isotropic formation characterized by a volume density of mass P and Lame
parameters A and JL. The compressional and shear wave speeds in the solid are a and
(3, as given in (201). The density of the fluid in the borehole is PI and its wave speed
al is given by

1
a2 = PICJ, (240)

I

[see (10) and (ll)J. Under these conditions, the expression for the equivalent body force
system [equation (103)) reduces to

f;(x, t) = -ANi'mJp(O)(x~, t)o,m(x - X(x~))dx~,

where A = 1l'Tg, the borehole axis is taken as X(X3) = (0,0, X3), and the tensor N' is
given in (200), which we repeat here:

(242)

The far-field displacements can be computed from (231). We first notice that due
to the homogeneity of the medium we have'; = .;'. Furthermore, due to isotropy
there are only two'; vectors, namely (, = xlalxl and ';13 = xl(3lxl. The Gaussian
curvatures associated with these vectors are C(';",) = 1/a2 and C(';iJ) = 1/(32, and the
polarization vectors are P(,;",) = x/lxl and P(';iJ) = YIlyl where y = x x (e3 x x).
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(243)

Ui(X, t) =

The third polarization corresponding to SH waves is not excited due to the circular
symmetry of the borehole. Finally from (73), (198), and (240) we have 7T = I/aT =

JI/aJ + Pt / pf32. The far-field displacements are then given by

PtV07i [~ (a2/f32 - 2cos2<p) g(t -lxi/a)
41rp a3 (cos2<p/a2-I/a}) Ixl

1 (Nti - a2
/ 132 + 2 cos2<p) g'(t - IXI/ f3)]

+133 (cos2<p/f32-I/a~) Ixl '

where the summation convention is suppressed for underlined indices, and '"'Ii = x·ei (i =
1,2,3) with 73 = cos <po The far-field displacements in terms of spherical coordinates
(R, <p, e) can be computed from

(244)

(245)

(246)

(247)

(1 - 2132cos2<p/a2) g'(t - R/a)
(1 - a~ cos2<p/a2) R

sin <pcos<p g'(t - R/f3)
(1 - a~cos2<p/f32) R

uR(R, <p, e, t)

U'I' = JUT + u~ '"(3 - U3JI - 7§,

resulting in the following expressions

Pta~Vo
41rpaf32

Pta}Vo
u'I'(R, <p, e, t) = 3

21rpf3

where R = (x. x) 1/2 . These expressions agree with the ones given by Lee and Balch
(1982), who derived them by using a stationary phase approximation to the exact in
tegral expression for the displacements induced by a point source inside a fluid-filled
borehole.

Distributed Versus Localized Sources Along the Borehole

The equivalent force system given by (241) consists of three mutually orthogonal dipoles
moving along the borehole axis at the tube wave speed. Carrying out the integration
indicated in (241) we obtain

(

(248)
(

Nil p(O)(X3, t)6' (XI)6(X2) )
f(x, t) = -1rr5 N22 p(O) (X3, t)6(XI)6' (X2) .

N33 p:~) (X3, t)6(xl)6(X2)

The pressure field p(O) (X3, t) can be further expanded in terms of multipoles by testing
it with a scalar function ¢(X3) and using the distributional definition of the derivatives
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From (84) we obtain

O( t) _ PtCtTVO 'et _ Ixsl )
p xs, - 2A 9 CtT'

which substituted into (249) gives

317

(249)

(250)

I = PtCtTVO f¢(n)(0)1+oox~ gl(t_ 1xs1 ) dxs
2A n=O -00 n. CtT

Vr 00 1000 2mPtCtT 0 L ¢(2m)(0) ~ g'(t - ~) dxs
A m=O 0 (2m)! CtT

Vr 00 1000 2mPtCtT 0 L Ct~m+l¢(2m)(0) ~ g'(t - y) dy.
A m=O 0 (2m).

(251)

The first term in the above expansion corresponding to m = 0 is simply given by

= PJct}Vo¢(O)g(t)
A

1+00 ptCt2 Vo
-00 I g(t)8(xs)¢(xs) dxs,

which when compared to (249) gives the following approximation for p(O) (xs, t)

(252)

(253)

Similarly, a multipole expansion of p~2) (xs, t) can be carried out resulting in the following
approximation

(0) PtCt}Va ) I )p.s (xs, t) "" A get 8 (Xs . (254)

Under these approximations, the force system in (241) has been localized at the origin. It
consists of three mutually orthogonal dipoles, or equivalently, a monopole with moment
Mo = PtCt}VaCt2/iJ2 and a dipole in the xs-direction with moment M = -2(iJ2/Ct2)Mo.
This same result was obtained by Ben-Menahem and Kostek (1991), whose analysis
assumed from the outset that a point monopole source in a fluid-filled borehole could
be replaced by a localized mechanism in an infinite homogeneous medium.

To investigate the consequences of this approximation we compute, as before, the far
field displacements induced by such a localized force system. The far-field displacements
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can be computed as in (231) giving the following displacements

Ui(X, t) =
Pta}VO/'i [(a2//32 -2cos2<p) g'(t-lxl/a)

47rp as Ixl
(Nii-a2//32+2cos2

<p) g'(t- IXI//3)]
+ /3s Ixl' (255)

Using expressions (244) and (245) we can express the far-field displacements in terms
of spherical coordinates as

uR(R, <p, e, t)

u",(R, <p, e, t) -

Pta}Vo
47rpa

Pta}Vo
27rp/3

(1 - 2/32 cos2<p/(2 ) g'(t - R/a)
/32 R

sin<pcos<p g'(t-R//3)
/32 R

(256)

(257)

Comparing these expressions with the ones derived earlier we notice that the bracketed
term in the denominator of (246) and (247) is missing in both of these expressions.
That term in the radiation pattern originates from the motion of the three mutually
orthogonal dipole sources, as pointed out by Kurkjian et al. (1992). The numerical
results in Ben-Menahem and Kostek (1991), for both the point source in a fluid-filled
borehole and the above localized mechanism in an infinite solid medium, are in good
agreement because their particular choice of parameters was such that 7r/4:<::: <p:<::: 37r/4
and aT < /3.

Borehole in a Transversely Isotropic Medium

We consider now a circular borehole in a transversely isotropic medium with symmetry
axis along the xs-direction, i.e., the borehole axis. The particular medium has the elas
tic properties of Cotton-Valley shale (Thomsen, 1986), and if we take a local reference
system with the xs-direction along the symmetry axis of the medium, the elastic con
stants are: Cll = 74.73; CI2 = 14.75; CIS = 25.29; Css = 58.84; C44 = 22.05; C66 = 29.99,
in units of GPa. The volume density of mass of this material is P = 2640.0 kg/ms. The
borehole fluid density is Pt = 1000.0 kg/ms, its wave speed is at = 1500.0 mis, and
the borehole radius is taken as ro = 0.1 m.

Using (228) we computed the radiation patterns of quasi-P (qP) and quasi-SV
(qSV) waves generated by the tube wave in the borehole. These are shown in Figures
7 and 11, while their corresponding wavefront surfaces are shown in Figures 8 and 12.
For comparison we also show the radiation patterns of P and SV waves in an isotropic
medium (Figures 9 and 13, respectively), with the same density as the transversely
isotropic medium defined above but with compressional and shear wave speeds given
by a2 = css/p and /32 = C44/ p, respectively. The corresponding wavefront surfaces are

(

(

(
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shown in Figures 10 and 14. These radiation patterns could have also been obtained by
the same technique as employed by Lee and Balch (1982), since the problem is amenable
to analytical calculations due to the symmetry.

A case which cannot be analyzed by their technique is, for instance, that of a trans
versely isotropic medium with symmetry axis perpendicular to the borehole axis. We
take the symmetry axis along the Xl-direction. In Figures 15 and 19 we show the qP
and qSV wave radiation patterns. The corresponding wavefront surfaces are shown in
Figures 16 and 20. Here, the qSV polarization is such that the particle motion is in
planes containing the xl-axis. For comparison, we also show the P and SV radiation
patterns for the isotropic medium defined above (Figures 17 and 21, respectively). The
P-wave radiation patterns shown in Figures 13 and 17 are the same, but the SV radi
ation patterns in Figures 13 and 21 are different because of the different definitions of
the SV polarization in both cases. The wavefront surfaces for the P and SV waves in
the isotropic medium are shown in Figures 18 and 22, respectively. Finally, we show
the SH radiation pattern in Figure 23 with the corresponding wavefront surface shown
in Figure 24. We also show in Figures 25 and 26 the radiation pattern and wavefron
t surface for the isotropic medium, with the definition that the polarization vector is
perpendicular to planes containing the Xl-axis.

CONCLUSIONS

We have set up a formalism for calculating the seismic radiation from a borehole asymp
totically in the limit as the ratio of the borehole diameter to wavelength goes to zero.
In this limit an acoustic source in the borehole acts indirectly as a seismic source. The
source first generates a tube wave, which is an acoustic wave in the fluid filling the
borehole, and the pressure field of the tube wave, by distorting the borehole wall, in
turn generates the seismic wave. The action of the tube wave is equivalent in the narrow
borehole approximation to a line distribution of body force along the borehole centerline
and acting in the intact elastic solid, I.e., the solid with no hole bored in it. We have
found expressions for this source distribution, which turns out to be a distribution of
dipoles.

In previous work the asymptotic limit of a narrow hole was calculated by taking the
low frequency approximation to an exact solution for a circular cylindrical hole in an
isotropic medium. By directly calculating the asymptotic limit one is able to find these
body-force equivalents and other aspects of the solution in quite general circumstances,
without the need for exact solutions. In fact we have found the asymptotic solution
for a curved hole with elliptic cross-section in an arbitrary anisotropic medium. When
these results are specialized to right circularly cylindrical holes in an isotropic medium
they agree with previously appearing work in the literature.
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We have also considered the radiation problem from the equivalent source distribu
tion in both fast and slow formations, and have provided far-field expressions for the
displacements. In slow (anisotropic) formations there can be either one or two "conical"
waves arriving earlier than the direct wave from source to receiver. We have illustrat
ed our results by plotting radiation patterns for quasi-P, quasi-BV, and BH waves in
isotropic and transversely isotropic media and the corresponding wavefront surfaces.
We illustrate the cases where the borehole axis and the T I axis are parallel, and also
when they are perpendicular. These two cases can be completely solved analytically.
More general situations may require the numerical solution of sextic equations. It is
interesting that the expression for the body-force distribution in the eqUivalent source
is obtained as a product of two matrices, one a function of the material properties of the
(anisotropic) medium, including its orientation relative to the borehole, and the other
a function of the parameters of the elliptical cross-section of the borehole.

Finally, we considered the problem of computing the pressure field in one borehole
induced by a volume injection sourCe in another borehole. The far-field solution is
obtained in closed form, and in particular it clearly shows the reciprocal nature of the
problem.

APPENDIX: A RECIPROCITY RELATION

Consider a borehole of elliptic cross-section with axis in the direction t, ItJ = 1. Suppose
that the surface of the borehole is acted on by a traction r . n derivable from a constant
stress r. Suppose, moreover, that there is no extension in the direction t. (This is the
anisotropic eqUivalent of plane strain.) Then it is known that the displacement u on
the borehole wall is, up to a rigid body motion, a linear function of position:

(A.l)

Here the matrix a may be taken to be such that

(A.2) (

(A.3)

We shall consider reciprocity between two such stress states {u(l), ".(1), r(l)} and
{u(2), ".(2), r(2)} for the same borehole in the same anisotropic elastic medium. Betti's
reciprocity theorem (Love, 1927, p. 173) implies that, in the notation of Section 4,

r u(l)r(2)n-ds' = r u(2)r(l)n-ds'
Jar:. t "'J J leI:. '" 'J J l

where ilE is the perimeter of a right cross-section E of the borehole, n is the unit normal
to the borehole wall, and ds' is the element of arclength along ilE. Let the constant
stress fields r(l) and r(2) be extended as constant functions of position into the interior
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of the borehole, and the displacement fields u(l) and u(2) as the linear functions of (A.l).
Using equation (96):

nj = Ejpqt;,tq (AA)

in the left member of (A.3), and then applying Stokes's theorem we get

= r uP\7)Ejpqt;,tq ds'
leE

= r ErnpU;~ ri]2\jpqt qt r dA
JaE '

= r (OqrOnj - OqjOnr)(J;~)T;j2)tqtrdA
leE
Ao-;~)(Onj - t ntj)rij2)

= Aa;YrA2) , (A.5)

by (A.2). Applying a similar calculation to the right member of (A.3) and equating the
two we obtain

(J(1)r(2) = (J(2)r(l)
tJ lJ 'lJ 'J,J •

But q is a linear function of r, say

Then using (A.7) in (A.6) we obtain

N .. ~(1)~(2) - N.. ~(2)~(1)
t]pqlpq lij - tJpqlpq 'ij .

The tensors r(l) and r(2) are symmetric but otherwise arbitrary, and so

and we may assume N has the symmetries
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Figure 1: Symmetrical distribution of dipoles for a straight borehole, corresponding to
the integrand in equation (103).
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Figure 2: qP and qSV slowness surfaces for a TI medium with symmetry axis along
the xs-direction. The indicated points on the two slowness sheets (touched by the
planes perpendicular to x) give the most singular contribution at x in the far field.
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Figure 3: Phase function <I>(s) = <I>,(s) + <l>2(S) for a fast formation. At s = 0, <I>(s) has
a finite jump discontinuity in its first derivative.
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Figure 4: Graph of I(t) for a fast formation. The arrow indicates the arrival time of a
ray emanating directly from the source.
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Figure 5: Phase function ¢(s) = ¢l(S) + ¢2(S) for a slow formation. At s = 0, ¢(s) has
a finite jump discontinuity in its first derivative. The stationary point (a minimum)
is shown at s = So.
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Figure 6: Graph of I(t) for a slow formation. The first arrow indicates the arrival time of
the "conical" wave. The second arrow indicates the arrival time of a ray emanating
directly from the source.
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Figure 7: Radiation pattern of the qP-wave for symmetry axis along the x3-direction
(parallel to borehole axis).

X3

x,

Figure 8: Wavefront surface of the qP-wave for symmetry axis along the x3-direction
(parallel to borehole axis).
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Figure 9: Radiation pattern of the P-wave for isotropic medium with (>2 - C33/P
and ;32 = C44/p.
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Figure 10: Wavefront surface of the P-wave for isotropic medium with (>2 = C33/P
and ;32 = C44/ p.
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Figure 11: Radiation pattern of the qSV-wave for symmetry axis along the X3

direction (parallel to borehole axis).
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Figure 12: Wavefront surface of the qSV-wave for symmetry axis along the X3

direction (parallel to borehole axis).
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Figure 13: Radiation pattern of the BV-wave for isotropic medium with a 2 = C33/P
and (32 = C44/ p.
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Figure 14: Wavefront surface of the P-wave for isotropic medium with a 2 = C33/P
and (32 = C44/ p.
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Figure 15: Radiation pattern of the qP-wave for symmetry aXIs along the XI
direction (perpendicular to borehole axis).
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Figure 16: Wavefront surface of the qP-wave for symmetry aXIS along the XI
direction (perpendicular to borehole axis).
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Figure 17: Radiation pattern of the P-wave for isotropic medium with 0<2 = C33!P

and (32 = C44!p.
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Figure 18: Wavefront surface of the P-wave for isotropic medium with 0<2 = C33!P
and (32 = C44! p.
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Figure 19: Radiation pattern of the qSV-wave for symmetry axis along the Xl

direction (perpendicular to borehole axis).
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Figure 20: Wavefront surface of the qSV-wave for symmetry axis along the Xl

direction (perpendicular to borehole axis).
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Figure 21: Radiation pattern of the SV-wave for isotropic medium with a 2 = C33/P
and ;32 = C44/ p.
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Figure 22: Wavefront surface of the SV-wave for isotropic medium with a = C33/P
and ;32 = C44/p.
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Figure 23: Radiation pattern of the SH-wave for symmetry aXIs along the x,
direction (perpendicular to borehole axis).
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Figure 24: Wavefront surface of the SH-wave for symmetry aXIs along the Xl

direction (perpendicular to borehole axis).
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Figure 25: Radiation pattern of the SH-wave for isotropic medium with 0:
2 = C33/P

and (32 = C44/p.
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Figure 26: Wavefront surface of the SH-wave for isotropic medium with 0:2 = C33/P
and (32 = C44/ p.
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