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Abstract

In this paper, scattering of electromagnetic waves by discrete, randomly dis-
tributed objects inside a (finite thickness or semi-infinite) slab is addressed.
In general, the non-intersecting scattering objects can be of arbitrary form,
material and shape with a number density of ny (number of scatterers per vol-
ume). The main aim of this paper is to calculate the coherent reflection and
transmission characteristics for this configuration. Applications of the results
are found at a wide range of frequencies (radar up to optics), such as attenu-
ation of electromagnetic propagation in rain, fog, and clouds etc. The integral
representation of the solution of the deterministic problem constitutes the
underlying framework of the stochastic problem. Conditional averaging and
the employment of the Quasi Crystalline Approximation lead to a system of
integral equations in the unknown expansion coefficients. With a uniform dis-
tribution of scatterers the analysis simplifies to a system of integral equations
in the depth variable. Explicit solutions for tenuous media and low frequency
approximations can be obtained for spherical obstacles.

1 Introduction

Multiple scattering of electromagnetic waves by a discrete collection of scatterers is
a well-studied subject, and many excellent papers are found in the journal litera-
ture, e.g., [3,5,12,23,28,29,31,34,48,51,52,56-60,62,64,66] and in textbooks, e.g.,
[15,16,30,37,53-55]. In some of these treatments, the Null-field approach (Water-
man’s method) has been employed to solve complex deterministic electromagnetic
scattering problem, which serves as a starting point for the stochastic analysis of the
problem. The Null-field approach is well-documented [63,65], and a comprehensive
database of the method has been collected [38-45,67]. A simple introduction to the
method is found in Ref. 25.

The geometry analyzed in this paper generalizes the scattering geometry of earlier
analyses further, so that different background materials are now possible to analyze.
The background material is practical for a controlled experimental verification of
the result. The deterministic analysis of the scattering problem in this paper is an
extension of the problems treated in [18-20,22,26,27|. Moreover, the present analysis
generalizes the established results in two previous papers [14,23] to a geometry with
a more general background material. The transmitted and reflected intensities are
conveniently represented as a sum of two terms — the coherent and the incoherent
contributions. In this paper we focus on the analysis of the coherent term.

The paper is organized as follows. In Section 2, the geometry of the multiple elec-
tromagnetic scattering problem and a representation of the incident field are given,
and in Section 3 the main tool to solve the problem, the integral representation, is
introduced. The integral representations are exploited in the various homogeneous
regions of the problem in Section 4, and the expansions of the surface fields are in-
troduced in Section 5. The final goal of the paper is to calculate the transmitted and
reflected fields of the problem. This is done in Section 6. The stochastic description
of the many-body problem in this paper is made in Section 7, and two natural and
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Figure 1: The geometry of a collection of the N scatterers and the region of
prescribed sources Vi. The positions of the local origins are r,, p = 1,..., N, and
the radii of the maximum inscribed and the minimum circumscribed spheres of each
local scatterer are a, and A,, respectively. The figure also shows the orientation of
the unit normals of the surfaces, the global origin O, and the local origins O,

important approximations — the tenuous media and low-frequency approximations
— are developed in Section 9. The paper ends with a short conclusion in Section 10
and several useful appendices. For convenience, a selection of the most important
symbols is outlined in Appendix F.

2 Prerequisites

This section contains a description of the geometry of the problem and a description
of the incident field with its sources in Vi.



2.1 The geometry

We study a collection of N different scatterers, where each scatterer is centered at
the location r,, which defines the position of the local origin O,, p = 1,2,..., N,
relative the global origin O, see Figure 1. The volume of the individual scatterer is
denoted V;,, bounded by the surface S;,, p = 1,2,..., N. The radii of the maximum
inscribed and minimum circumscribed spheres, both centered at the local origin, of
each scatterer are denoted a, and A,, p=1,2,..., N, respectively. We assume that
no minimum circumscribed spheres of the scatterers intersect. Each scatterer has
its own material properties, which do not have to be the same for all scatterers.

All scatterers are located in a homogeneous, isotropic slab, volume V5, — bounded
by the planes z = z; and z = 29 — with relative permittivity e, and relative
permeability ps, which can be lossless or lossy. No minimum circumscribed sphere
of the scatterers is assumed to intersect with the planes z = z; and z = z5. Notice
that the volume V5 is confined by the two planes, and excludes the finite scatterers
Vi p=1,2,...,N,ie, Vo={reR: 2y <z2<z29,7¢ Vop,p=1,2,...,N}.

The half spaces to the left and to the right of the slab are denoted V; and
V3, respectively, and they are characterized by the lossless, homogeneous, isotropic
(relative) material parameters ¢; and pu;, i = 1, 3.

The prescribed sources of the configuration are located in the region V;, which
is located in V;. These sources generate an electric field Ej(r) and a magnetic field
H(r) everywhere outside V;. Generalizations to other locations of the sources, such
as in V5, are possible, but not pursued in this paper.

With no loss of generality, we start with a collection of perfectly conducting
obstacles in V5, and then generalize to more complex scatterers below. The reason
for this assumption is to make the derivation of the results more simple. The final
result holds for a collection of scatterers with arbitrary materials and geometry, as
long as the transition matrices of the scatterers are known.

In each domain, V;, i = 1,23, the Maxwell equations are satisfied (the time
conventions e ! is used throughout this paper, where w is the angular frequency
of the problem)

V x E(r) = iwpop; H (1) = ikinon; H (7)

i reV, i=123
V x H(r) = —iweye E(r) = ———E(r)

o™i

where the wave number k; = w(eopoei;)'/?, and the wave impedances are given by
no = (1o/€0)"/? and n; = (s/€;)"/?, i = 1,2, 3, and €y and jiy denote the permittivity
and the permeability of vacuum, respectively.

Each scatterer is characterized by the boundary condition & x E = 0 on all S,
p=1,2,...,N. The boundary condition on the interfaces z = z; and z = 25 are

{ﬁxE(m+%@:axE4n+%@

] o =12
vXH (re+2z2z)=0x H, (r.+22)

where the subscript 4+ denotes the limit values of the fields on the surface w.r.t. to
the direction of the unit normal vector, and r. = x& + yy.



3 Integral representation

The deterministic scattering problem, which is the first problem we address, is solved
by the systematic employment of two main tools — the integral representation of
the solution in a homogeneous domain and the decomposition of the Green dyadic
for the electric field in free space [25].

Our starting point is the three integral representations of the electric field in the
domains V;, i = 1,2,3 |25, 50].

3.1 Integral representation in V;

The appropriate integral representation in Vi is (Vi = {r: z < z1})

- %v « {v y // Golkilr — 7)) - (& x o H(r'))., dS’}
1
S

(3.1)
E.(r), rinside V}

/ ~ / !

+V x Z/ Go(ki,|r —7|) - (0 x E(r')), dS' = {—Ei(r), r outside V:
where the boundary values are taken as limits from the positive side of the surface
S w.r.t. the unit normal vector. The total fields in the left-hand side of the integral
representation is the sum of the incident and reflected fields, i.e., E = E; + E..
To close the surface, we have added a half sphere in the left half space of V. This
surface integral, due to radiation conditions, gives zero contribution. The Green
dyadic for the electric field in free space Ge(k, |r — 7'|) is

1
G.(k,|r —7'|) = (Ig + EVV> g(k,|r —7'])

where the Green function g(k,|r — 7'|) in free space is

" ) eik\rfr’|
gtk Ir=r'l) = =
The top row in (3.1) holds for all points to the left of the dielectric slab. This

field, the reflected field E(7), is due to the slab and the inclusions in it. It satisfies
appropriate radiation conditions at infinity.



3.2 Integral representation in V5

The domain V5 is bounded by the planes z = z; and z = 2, and the domain excludes
all scatterers V;,, p=1,2,..., N. The pertinent integral representation is

N
1 / A~ !/ !
_IVX{VX E //Ge(k2,|r—r|)-(1/><770772H(7'))+ dS}
2 pit

VX {v ‘ z / / Gelks, [r = 'l) - (& X o H (7)) dS/} (3.2)
=

2

-V x 2_1:// e(k27 ’T‘ — T'/|) . (f/ % E(’l"/))i 49’ — {E("'), 7 inside V5

0, T outside V5
S;

where the boundary condition o x E = 0 on each S;,, p = 1,2,..., N, has been
used. The boundary values on the planar surfaces are taken as limits from negative
side of the surfaces w.r.t. to their unit normal vectors. In particular, the lower row
in (3.2) holds for all points inside a particular scatterer bounded by S;,.

3.3 Integral representation in Vj

The final integral representation of the domain V3 = {r: z > 2} is

1
VX {v < [ [ Guthaclr =) @ x ), dS’}
3
S

(3.3)

E(r), 7 inside V3
0, T outside V3

+V x // Go(ks, |7 — 7)) - (0 x E(r')), dS' = {
Sa

where the boundary values are taken as limits from the right-hand side of the surface
SQ.

The top row in (3.3) holds for all points to the right of the dielectric slab. This
field, the transmitted field E(r), is due to the slab and the inclusions in it. It
satisfies appropriate radiation conditions at infinity.

A simple count of the number of unknown surface fields gives four (two surface
fields on S; and two surface fields on S3) plus N unknown surface fields on the
N scatterers in the slab. In this count, the boundary conditions on each interface
have been used. The number of extinction parts (the number of different, distinct
locations of the position vector 7 in the lower rows) in the integral representations
is: one in (3.1), two plus N in (3.2), and one in (3.2). Consequently, the number of
unknowns and equations matches. The top rows in the integral representations then
give the fields in each specific volume. In particular, the reflected and transmitted
fields, which are the main fields of interest in this paper.



4 Exploiting the integral representations

The position vector, r, can take several principal positions. We exploit each of these
cases to connect the fields in the three different regions to each other.

4.1 The volume V]

Let the position vector r be located to the right of the surface z = 2y, i.e., 2 > 2.
The incident electric field has an expansion in terms of the planar vector waves
¢ (ky; k1, 7), see Appendix C for the definition, in the form

=y //a] (ko )of (ke ky,m) dbcdhy, 2> 2 (4.1)

]12

where the expansion coefficients a;(k), for a given incident field, are obtained by the
use of (C.6) in Appendix C.2. These coefficients are the excitation of the scattering
problem in this paper. If the incident is a plane wave, the form of the expansion func-
tions is given in Section 7.2.2. The extinction part in integral representation (3.1)
and the decomposition of the Green dyadic (D.2) imply that the expansion coeffi-
cients a;(k;) have the form

21k N
-k 1 // (ke; ky,7') - (0 x ingmH (")), dS’
1z

(4.2)

2ik
— kl ! // kt,kl, (I) X E(’l"/>)Jr dSl, kt € R2, j = 1,2
1z

where ky, = (k} — /{f)l/2 and where j is the dual index of j, i.e., 1 = 2 and 2 = 1.
Equation (4.1) is a representation of the incident field in the region z > z;, given
that the surface fields are known on surface S;. The null field equation (4.2) is an
equation for the unknown surface fields. The expansion functions of the incident field
on the left-hand side drive the equation and the whole system, since the null-field
equations are coupled via the boundary conditions on the surface S;.

Similarly, expanding the reflected wave in planar vector waves for a position
vector to the left of z = 21, z < 21, we have (using (3.1) and (D.2) and interchanging
the order of integration)

Z// (ko); (ke ki, r) dixdky, =<z (4.3)

]12

where the reflection coefficients are given by

_ 2ik N
k) = . ! // (kesky,7') - (0 x ingmH (1)), dS’
1z

(4.4)

2
klkl // e, r') - (0 x B(F)), S, k€ R2 j=1,2
1z



Hence, we need to know the two unknown tangential fields on Sy, (& x E)_
and (0 xinymH),, to compute the reflection expansion function r;(k;) for the
inhomogeneous slab by evaluating (4.4). This is done by a system of equations,
given by (4.2) and the extinction parts of equations (3.2) and (3.3). That is taking
into account all interaction between the scatterers and the discontinuity surfaces S;
and Sy, in combination with the standard boundary conditions at the interfaces.
This is done in the following sections.

4.2 The volume V5

The extinction part of the integral representation (3.2) has three principal regions,
corresponding to the position vector 7 not in V5, — 1) inside any of the scatterers,
2) to the left of z = 2y, and 3) to the right of z = 2,.

To prepare the analysis below, we decompose the Green dyadic, see (D.1). For
an observation point inside the inscribed sphere of a particular scatterer, say the
pth scatterer, we have |r — r,| < a,, where the vector r, denotes the local origin
depicted in Figure 1. The Green dyadic is then decomposed as

Ge(ka, |7 = 7)) = Ge(kz, [ — 1) — (r' = 7))
= ik, Z’l)n(k’g(’r — 1)) un(ka(r' — 1)), T €S,

for this particular scatterer. On all other scatterers, we have |r —r,| > |v' — 7],
where r is inside the inscribed sphere of Sy, and ' € S;,, ¢ = 1,2,..., N, q¢ # p.
The Green dyadic is then decomposed as

Ge(ka, [ = 7)) = Ge(kz, [r — 1y — (r' = 7))
=ik 3 wn(ka(r — ro))vn(ka(r’ — 7)) (4.5)

where ' € Sg;, ¢ =1,2,...,N, and q # p.
For this choice of position of 7, the integral representation in (3.2) implies with

the two decomposition of the Green dyadic above, and the plane wave decomposition
of the Green dyadic (D.2) (p=1,2,...,N)

= = ahvaha(r =) + 3 D flu (ko — 7))
" iz "
+ ) //cp] ki o, ) (k) dby dby

]12

+ Z//goj (Ki; ko, )y (ky) dhedky, |1 — 7| <a, (4.6)

]12



where the expansion coeflicients, af and fZ, are defined as

= k3 // (ko (v’ —1p)) - (D(r) X pomeH (r')), dS", p=1,2,....N (4.7)

and

fr= = [[oalalr’ = 1) 0l0) < B (), S, p=12 N (18)

and where the expansion functions a; (k) are

2k
_ 4 2// (s by, 1) - (& X o H (1)) S’

ik
_ 2k, //gojT(kzt;kg, V(b x B(r))_dS, koeR’ j—1,2 (4.9)

and

21]{32

Tk // (K kg, ') - (0 X ingone H (")) _ dS’
2z

21]{72
kQZ

// ey ko, ) - (0 x E(r'))_dS', k,€R? j=1,2 (4.10)

Equation (4.6) can be written as

EeXCp def Z apvn k)g(’l" - ,rp Z Z fqun kQ ’I" - rlI))

qg=1 n
q#p
+ Z//% ki ko, )t (k) di dk,
7j=1,2
+ Z//go] ki ko, r)a; (k) dkodky, |r—r,| <a, (4.11)
7j=1,2

where EeXCp(r) is the exciting field at the position of the scatterer located at r,.
This field consists of the contributions from the two planar surfaces S; and Sy plus
the scattered fields from all scatterers except the contribution from the pth scatterer
itself.

The transition matrix of the pth scatterer, T ,, connects the expansion coeffi-
cients af in (4.7) and fP in (4.8) to each other, viz.,

=Tk, p=12... N (4.12)



The transition matrix 77 , is the linear relation between the expansion coefficients
of the scattered field, f?, in terms of outgoing spherical vector waves, w,,(kz(r—71,)),
at the local origin r,, and the expansion coefficients, of, of the local excitation in

n?’

terms of the regular spherical vector waves, v, (k2(r — 7,)), at the local origin r,,
see (4.11).

To proceed, expand the unknown surface field on the pth scatterer, i xngn. H , in
the tangential regular spherical vector waves. This set is a complete set of expansion
functions in the space of square integrable tangential functions [1]. We have

inone (1) X Zﬁnl/ ) X vp(kao(r — 7)), T€S,, p=12...,N

where 7 denotes the index set {7, 0, m,(}, and where 7 is the dual index of 7, i.e.,
1 =2 and 2 = 1. Introduce the two matrices

R —lk;?//vn ka(r — 7)) - (9(r) X v (ka1 — 7)) dS

Ssp

and

@y =183 [ [walhar = 1,)) - () x wirlhatr = v,)) 5

Sep

Then, from (4.7) and (4.8)
__ZRZWB£” QQIZQin/ﬁzu p=1,2,...,N

and formal elimination of the expansion coefficients 32 gives

= ZR QM) (4.13)

This is the classic construction of the transition matrix by means of the Null-field
approach (Waterman’s method). The mathematical justification of the Null-field
approach has been the subject of intensive research. Some of the efforts are reported
in the literature [8-10,21,49]. Next, rewrite (4.11) by translating the planar vector
waves to the local origin O,, i.e.,

Zaﬁvn(l@(r —ry,)) = Z Z fiwn (ka(r —1,))
" i "
Y //% i bay 7 — 7)€ o0t () dly iy

j12

+ Z //goj ki kg, 7 — 1,)el> rag (ki) dkcdky, |r—mry| <a,

j12



10

where k:;t = ki £ ko,z. We now use the translation properties of the spherical vector
waves, see Appendix B and [25]

Wy (kao(r — 7)) ZP"" (ko(ry, — 7g))vp (ka(r — 7)), |r—rmy| <|r,—174
and (D.5), i.e
(p;.t(kjt;k%’r' E:BiT ko)v,(ka(r — 7))
We get

S vl = 1) = DN P (ha(ry — 7))o (sl — 7))

q=1 nn/
q#p
+Y Y // B (k) vn (ko (r — 7,))e ™0t (ky) dky dky
n j=1,2
DD / / (evnlka(r — 1)) ™0 (k) dkedy,  |r— 7| < a
n j=1,2

The orthogonality of the regular spherical vector waves on a spherical surface implies

N
afL:Zng/Pn’n(kz(’rp Z //B+T lk Tpa (k.t> dk, dk:

q;l n’ =12
q7p

+ Z// k2 ooz (k) dkodky, p=1,2,...,N (4.14)

]12

Equations (4.12) and (4.13) will be used in (4.14), when we in Section 5.3 derive
the final system of equations for the deterministic system for a finite number of
scatterers in the slab.

For a position vector to the left of z = 21, z < z; (the global origin O is located
in V3, see Figure 1), we are using (4.5) for the expansion of the Green dyadic on
all Sy, in combination with (D.3), and (D.2) on S;, i = 1,2, in the extinction part
of the integral representation (3.2). The orthogonality of the plane waves $p; ona
planar surface yields

21/{ !
0= S Btk 3o 7 [ [oatr’ = 1)) - 00) (). as

Sy

2iky o o
- kzj Z// ‘P;_T(kﬁ ko, v') - (0 X ingnoH (r"))_ dS’

2iky A |
— k2: Z// (P;T(kt;kQWI”/) . (l/ X E('I‘/))i dSl, k:t c RQ, j= 1,2
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where k; = k; — ks,2, and where ks, = (k2 — k2)"/>. The surface fields on S,
t = 1,2, are taken from the inside of the slab.
For a position vector to the right of z = 29, 2 > 25, we get similarly

Qlk : / A / . / !
Ty B k:t e—lké* / / walks(r' — 1)) - ((r') X inemH(r')), dS
n =1 S

2ik o
- - ‘Pj_T(kt; k?; 'I"/) : (V X l??()?’/QH(’I",))_ dS/

21]{Z2

kt,kz, Y- x E(r))_dS', Kk, cR? j=1,2

where ki = k; + ko,2. The surface fields on S;, i = 1,2, are taken from the in-
side of the slab. These last two relations are not explicitly used in the paper, but
serve as consistency checks. However, these relations play a role in the elimina-
tion of the unknown surface fields if a different set of expansion functions than the
expansions (5.1) and (5.2) are used.

Finally, we let the position vector r be located in V5. Moreover, assume that the
observation point lies outside all minimum circumscribed spheres of the scatterers,
i.e., the position vector r satisfies [r —r,| > A, for all p = 1,2,..., N, and the
Green dyadic is decomposed as in (4.5).

Outside all circumscribed spheres, we get, using (4.5) in the upper row in (3.2)
and using (D.2) in the integrals over S; and Sy in (3.2)

N
= ZZfﬁun(kz('r —7p)) Z // @F (Ky; ko, 7)o (k) dky dky

n p=1 71=1,2

+ Z//soj (ks o ) (K) b by,

7j=1,2
'PEVQand r—7r, > A, forallp=1,2,...,N (4.15)

where fF and a; (k) are given in (4.8), (4.9) and (4.10), respectively This expression
gives the field 1n51de the slab provided the unknowns, f? and «; *(ky), can be found.

4.3 The volume V3

Let the position vector r be located to the left of 2 = 25, 2 < 25. The integral
representation (3.3), the decomposition of the Green dyadic (D.2) imply

_ 2ik N
=7 & // (Ki; ks, ') - (0 x inons H (")), dS’
3z

(4.16)

2
k”‘“S // s by r') - (0 x B(r')), dS', Ky €R%, j=1,2
3z
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where ks, = (k2 — k2)'/*.

Similarly, for a position vector to the right of the surface z = 25, 2 > 25, we get a
representation of the transmitted fields in planar vector waves. Analogously to the
analysis above, we obtain

E( Z// (ko )o! (ke ks, m) dkxdky, 2> 2 (4.17)

]12

where the transmission coefficients are given by

21k3

k) = T // ks k) - (0 % inonsH (r')), dS’

(4.18)

| ik
2 3// (kisks,t') - (0 % E(r')), dS', ke €R?, j=1,2
3z

5 Expansions of surface fields

To solve the reflection and transmission problem, we need to eliminate the unknown
surface fields & x E(r)|_ and the corresponding tangential magnetic fields on S} and
Sy. We also have to eliminate the tangential magnetic fields on the finite scatterers
Ss,,» which in (4.14) are contained in the unknown coeflicients o? and fZ for the
regular and radiating spherical vector waves that are used in the expression for
the exciting field (4.11) at each scatterer. One of these sets of coefficients, oF, are
eliminated by the use of the transition matrix (4.13) used in (4.12).

In fact, if the scatterers are not perfectly conducting conductors, as assumed
above, the results above still hold. The main reason for the assumption of perfectly
conducting scatterers was to simplify the theoretical work. If a more general scat-
terer is present, replace the transition matrix of the scatterer with the appropriate
one. Therefore, the results above hold for any set of scatterers — single or multiple,
transparent or not, homogeneous or not — only the individual transition matrices
of the scatterers (non-intersecting minimum circumscribed spheres) are known.

5.1 Expansions on the surfaces z = z; and z = 2

The electric field close to the surface z = z; has an expansion given by (4.15). This
expansion is assumed valid in the domain z > z; and z < miny,{z-7r, — A}, i.e., we
assume no minimum circumscribed spheres of the scatterers intersect the surface S;.
Similarly, the electric field close to the surface z = 2, is also assumed to be given
by (4.15) in the domain z < 25 and z > max,{z - r, + A4,}.

Representation (4.15) gives us an expression of the traces (limit values) of the
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tangential electric fields on z = z; and z = 2, i.e.,

vxE(r Zprvxunkgr—rp))

n p=1
+Z// (k) x @F (ke ko, ) dky diy
312
+Z// (k)0 % @5 (K ko, ) dbdly, z=2 (5.1)

]12

and

vxE(r ZprI/X’U,nkQT‘—T‘p))

n p=1
+Z// (k¥ x @ (ki ko, ) dky dky
]12
+Z// (k)o x @ (ki ko, 7) dhxdly, z=2 (5.2)

j12

respectively. Note the similarities between these expressions of the tangential fields.
Only the values of z vary.

It is convenient to introduce a new notation that contains the unknown f?. We
define

+
) = e YO e (5.3

n p=1

With the use of (D.3) and this notation, we rewrite (5.1)

U x E(r Z// (ko )o x @F (K ko, ) dky diy

j12

+ Z // “(ky) + aj (ko)) U % @5 (ks ko, 7) dkgdky, 2=z (5.4)

]12

In this relation = —Zz. Similarly, we obtain from (5.2)

b % B(r Z// (F (ko) + o (k) & % @ (R Ko, ) b

j12

+Z// (ko) % @7 (ki koyr) dydky, 2=z (5.5)

j12

where, in this relation, v = 2.
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We also obtain the corresponding tangential magnetic fields. The use of the
Maxwell equations and the representation (4.15) imply

inome U x H(r Z// (k)P x @7 (kis ko, ) dy dky

j=1,2
+ Z// (k) + o (k) B x @7 (ki kayr) dhdhy, 2 =210 (5.6)
j=1,2
where U = —z, and
inone U x H(r Z// (Ff (ko) + o (ke)) & x @F (e ko) i dky
j=1,2
+Z// (k) X @5 (ki ko, 7) dhgdhy, 2=2 (5.7)
j=1,2

5.2 Elimination of the surface fields

We have several unknown coefficients that we have to eliminate and express in the
expansion coefficients for the incident field, a;(k;), which are assumed to be given
in the direct, deterministic scattering problem.

The unknowns in the scattering problem are *(ky), f? and of. The aim is
to eliminate the expansion coefficients «; *(ky), fP and aP and express them in the
known coefficients a;(k;). The coefﬁments r;(k¢) and t;(k;) can then be expressed
in a;(k), which solves the deterministic reflection and transmission problems. This

elimination is accomplished by the use of the equations (4.2), (4.12), (4.14), and

(4.16).
We start the elimination of the unknown quantities with (4.2), the boundary
conditions & x E|_ = v x E|, and ¥ x H|_ = ¥ x H|_ on S, and insert the

surface expansions (5.4) and (5.6). Changing the order of integration and the use of
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the orthogonality in (C.3) imply

2ik
ajlk) = = // b, ) - (0 x i HL(r))_ dS'
ki, 2

_ 2};’{1 // (ks k') - (& x E(r'))_ S’
1z

k —1k1221 k- ' ) '
_ e T I, (ozj(kt)elk?zzl + (=1 (F]_(kt) + Oéj_(kt)) e—1k2z21)

2k, M2 k5
kle—ik1z21 k. . - . (58)
G (o (e 4 (17 (Fy (ko) + a5 (k) )
2k, K J
klefik'lzzl eikQZzl ,’71 kj k] "
= —_— 4 Lz . k
T (772 k’j + k?j a]( t)
ke k12210 1k2, 21 m k} k; 3 3
-1y | === - =2 | (F; (k “(k
+ 2k, ) (772 ks ok (F5 ) + 5 (k)

k,eR? j=1,2

where again we make frequent use of the dual index j, i.e., 1 =2 and 2 = 1.

To simplify the expressions, we identify the numerator N jl and the denominator
Djl- in the reflection and transmission coefficients of the surface z = z; (the Fresnel
reflection coefficients). The explicit expressions are |25, Sec. 10.6.1.2] or [17, Sec. 7.3]

, koky, — mkik =1 9 kj, k=
N]l(kt> :_(_1)] {772 2Nz MmRi1KR2,, ] ( )’)’]1]{31]{52( _ﬂ)

n?kleZ - n1k2k1z7 .] = 2 m k: k?
(5.9)
and
kok kik =1 kj ks
D]l(kt) — 772 2 1z+?71 172z, ] :nlkle <@ Dz 4 JZ> (510)
Noki1ka, +mkoki,, =2 M k; ks

The Fresnel reflection and transmission coefficients for the surface z = z; (reflection
from the left side of S; and transmission from left to right) are

( Nk, .
1 _ " 2ik1,21

j
ij kjklzeiklzzl

Dj(ky)k; kk;,

_ 2n2k2klzeiklz
Dj(ky)

T} (ki) = 2n2k1ks e ke ke R? G =1,2 (5.11)

Z1e*ikzzz1

\

respectively, where the exponential factors are due to phase corrections, since the
surface S; is not located at z = 0. Note the extra minus sign for j = 2 in the
reflection coefficient due to the change of sign in the definition of the plane waves
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n (C.1), and the last factor in the definition of the transmission coefficient, which
adds an extra factor for the j = 2 polarization.

Similarly, the reflection coefficient from the right side of S; and the transmission
coefficient from right to left are

( Nk
R (k ) I —2ik2,21
S Dj (k)
k;, kikas o
T (ky) = 21k ks 2omiknngihua e R? j=1,2  (5.12)

Dl(k:t)k kgkr

_ 2771 kl k2z —iko,21 elk1z21
DX (k,)

\

The reflection and transmission coefficients in (5.11) and (5.12) give in (5.8)
T} (ki)aj (ki) = of (k) — Rj(k) (Fy (ki) +aj (ki)), ki€R? j=1,2 (513)

We proceed with (4.16). Using the boundary conditions, o x E|_ = U x E|,
and  x H|_ = U x H|,_ on S,, and insert the surface expansions (5.5) and (5.7),
we get

=B / / (ki ks, ') - (2 X ingno H (7)) _ dS’

// kg ks, r') - (2 x E(r'))_ dS'

1k3z

22 gik2,22 an k'+1 kﬁ‘-ﬁ-l
:——.(—1)] (— I —Q> F+(k)+a (ky)
4 M2 kivr kg ( t V)

iks,zo n—iko, 2 k}*
elR3z22¢0 2772 773k'+1 1 B
_ 05 Ty 4 Jtlz as (kt)
1 J

(5.14)

4i n2 ki ki
eik3z326ik2z22 9 n
- - N F
Tinghgks 7 (k) ( (ki) + o (kt))

eik3z2267ik2zz2 ) )
— ——Di(ky)a: (ky), kieR* j=12
4i772]€2]€3 ‘7( t) J ( t) ’ J
where we also used the orthogonality relation (C.4), and the numerator N7 and the
denominator Dj2- in the reflection and transmission coefficients of the surface z = 25
(Fresnel reflection coefficients), viz.,

. ksko, — nokok =1 , 3 k; k>
N? (k) = —(—1)/ 18%3%2s = 1252832, J = —(=1)nokaky (@J_“ _ J_H)
n3k2k3z - 772]{:3]{:227 J = 2 2 kj-‘rl k7+1

(5.15)
and

kak kok =1 3 k k=
D?(kt) I RUEL 27 T NokakK3,, ] — nokaks ( Rj+ly, n g+1z) (5.16)
nakoks, + nokska,, J =2 N2 ki1 ki
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The Fresnel reflection and transmission coefficients for the surface z = zy (reflection
from the left side of Sy and transmission from left to right) are

( 2

NZ(ke) o
Rz(kt) = Djz(kt)e2 k2222

J

ki1 kjii1ka, | . .
T2(ky) = 2nskok Itly IRz ikayz ks e R2 5 =1.2 (517
J( t) 132 3D?(kt)kj+1 kaj+1Ze € t y J ) ( )
_ 2nksks,

 Di(ky)

ik2z22e—ik3z22

respectively!, where the exponential factors are due to phase corrections, since the
surface Sy is not located at z = 0. The reflection coefficient relation in (5.17) is used
in (5.14)

aj (k) = Ri(ke) (F}' (k) +of (ky)), ke€R? j=1,2

J

which used in (5.13) yields

T} (k)a;(ky) = (1 - Ri(k)R2(ky)) of (k)
N le(kt) (Fji<kt) + R?(kt)FjJr(k’t)) )
k. cR? j=1,2

Solve for the unknown o] (k) and o (k).

7}1(’90%‘(’{70 1 Fi (ki) + Rgz(kt)F;(kt) 9 .
aj (ki) = = R (k) 2 (k) + R;(kt) IRk (k) kieR%, j=1,2
(5.18)
and
_ R (ko) T} (ki )a; (k) 9 Lo E (R + R (R F(Ky)
aj (k) =3 —RI(k) R (k) By (ko) R; (k) 1 — R (ko) R2(Ky)
+ R2(k)FS (k) = By ()T, (koo (k) (5.19)

1 — Rj(ki) 1 (k)
Ri(ke)F; (ki) + F (k)

R2(k
) R e k)

kt€R27 .7:172

The coefficients Oéji(kit) are now expressed in the reflection and transmission prop-
erties of the surfaces Sy and S;, the given coefficient a;(k;), and the factors Ff(kt).
The later quantity contains the unknown coefficients f?, which contain all interac-
tion contributions from the N finite scatterers. The elimination of these coefficients
is made in the next section.

Do not misinterpret the super index as the square of the reflection or transmission coefficient.
It denotes the surface number — in this case Ss.
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5.3 Matrix equation

The elimination of the coefficients f? is done by solving a matrix equation. This
matrix equation is developed in this section.

We multiply (4.14) with 7P , and sum over the free index (notice change in
index p and ¢ in the translation matrix and the use of P*(kd) = P(—kd)). The use
of (4.12) leads to the result (p =1,2,...,N)

Py T:n,{z S~ P hafra — )

g=1 n"

q#p

+ Z // B+ T kt ik Tpa (k )+B— T(k’t) iky rpa (kt)} dk‘xdk‘y}

312

Insert the expression of o (k) and o; (k) given in (5.18) and (5.19) and use (5.3).
The result has the form

N
=Y N TP AN f =dh, p=12,...,N (5.20)
n'n!' q=1
where
2 dk, dky
pq —
An”n/ - P”””'(kQ(Tq R TP Pq lez // koks,

B, (k:t)e’l’% Te 4 R?(kt)B:,j(k:t)e’ik;Tq
1 —Rj(ke) R (k:)
B (ke % + R (k) By (i) *a s }
1 —Rj(ke) R (k:)

X {B://J-T(kt)eik;'rple-(kt)

+ By, (k)™ ™ R2 (k)

which contains only known geometrical material properties for a given scattering
problem, and

N/

]12

B+ T kt 1k Ty
{1 - R1 (ko) R2(Ky)

R (k) By, () ™
L= Rl (ko) R(R)

}le(k:t)aj(kt) dky dk,

We are now in a position to summarize the solution procedure of the determin-
istic problem presented in this paper. The complete solution of the problem, for a
given incident field, i.e., given a;(k;), and consequently known d?, and a scattering
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configuration, is found by solving (5.20) for f?. Then, (5.3) is used to get Fji(kt)
and (5.18) and (5.19) to get oz]i(k:t). The surface fields on S; and Sy are now known.

The coefficients for the expansions of the reflected and transmitted fields, r;(k:)
and t;(k;) are given by (4.4) and (4.18), respectively. The reflected and transmitted
fields are then determined by (4.3) and (4.17), respectively. The details of this
analysis are given in the next section.

6 The transmitted and reflected fields

We are now in a position of calculating the transmitted and reflected fields from the
entire scattering configuration.

6.1 The transmitted field
The transmitted field is, see (4.17)

E(r)=)_ //tj(kt)go;’(kzt;k:g,r) dkedky, 2> 2
j:172 R2

where the transmission coefficients, with the use of the boundary conditions, are
given by (using (4.18), the boundary conditions, (5.5), and (5.7))

kSe_ikSZZQeikQZZQ 773 kj+1 kj_i_l
ti(k.) = LIz Tz ) (B (K Tk
i (k) ks, (772 b Koy (F" (ko) + af (k)
k e—ik3zz’2e—ik‘2222 . k: kf
4 T o BRRY) (@% _ ];le) @;(kt)
3z M2 Fj+1 J+1
e*ikszzzeik‘zzzz ) N n
e 1kaz22 g —ik2, 22 ) 5 .
_ WNj (kt)ozj_(kt), kieR* =12

where we used the orthogonality relation (C.5) and the expressions for the numerator
and denominator of the reflection coefficient of Sy, see (5.15) and (5.16). Insert (5.18)
and (5.19), and we get

efikgzZQQikQZZQ Tl(kt)a(kt)
ti(ky) = ———— D (k) | Fif (k : d
) = ks, ¢ ”( k) R 2R
Rt P+ R ()} oosetacs (T o )
JA 1 — R (ki) R3 (k) 2komaks, A 1 =R (k) R3(ky)

R (ko) F; (k) + F (k)
[ RIe) T2

+ R?(kt) )7 kt € RQ’ .] = 172
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Simplify, and we get

(k) = e—;k:zzeik2zzz D?(kt)wkt)ﬂl(kt) +2Fj+(k:t)
212k, 1- Rj(kt)Rj (k)
_ e_i;zZQe_ik2zZ2 Nf(k:t)R?(k:t)le (k?t)Fg_1<kt) +2F}+(kt)
212k, 1 — R (k) 13 (Ky)
Dj?(k:t)e”f?zz2 — N]?(kt)e‘”%@R?(kt) le(k:t)aj(k:t)
1 — R (ki) R3 (k) 2komoks,

+ e k32 k,eR? j=1,2

Since, see (5.15), (5.16), and (5.17)

. . 47727]3]{Z2 kg kgkg B i
ika,z2 iko,z2 o Z'V57 iko,zo __ iks,z2
D?(kt)e _Njg(kt)e R?(kt) = D]Z(k:t) € = 2k27727€3z7}2(kt)e °

we can simplify further

ooy AR, (k) + F (k)
fke) = 2 k) R Ty B2 ()
T} (ko) T2 (k)
1 — R(ke)R2 (k)

a;(ky), ki €R? j=1,2

It is convenient to introduce the total transmission coefficient of the slab, which in
our notation reads [25, Sec. 10.6.1.1]

T (k) T2k
L) = TR B2y (61)

The final expression of the amplitude of the transmitted field is

o Ri(k)F; (ky) + F (k)
tike) = T3 ko) = R ) R )

+ Tj(ki)a;(k), ki €R? j=1,2

(6.2)
The amplitude of the transmitted field, ¢;(k;), consists of two terms — the last term
Tj(ki)a;(k;) is the direct transmitted contribution of the slab itself, and the first
term is the additional contribution to the transmitted field from the scatterers inside
the slab.

6.2 The reflected field
Similarly, the reflected field is, see (4.3)

E.(r)=)_ //Tj(kt)go;(kzt;k:l,r) dkedky, 2z <z

J=1,2"p5
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where the reflection coefficients are given by (4.4)

_ 2ik
k) — // H (Ko; kr, ') - (0 < inome H (7)) _ S’
klz 2

L2
”“1 // ke ko, ) - (0 x E(r'))_ dS', k,eR?, j=1,2

were we used the boundary conditions, v x E|_ = v x E|_ and v x H|_ =
U x H|, on S;. The surface expansions (5.4) and (5.6) and the use of the or-
thogonality in (C.2) imply

kyeikiz21 m k3,

ri(ki) = ST kf ((—Djaj(k:t)eikhz1 + (Fj_(kt) + aj—(kt)) e_ikZZZI)
keyeikien ko _ - ) ) o
% (=170 (ko)== + (Ey (k) + 0 (k) e o)

k eik‘lzzleikgzzl ) k‘f k
e e L)
1z 2 g J

k’leiklzzl e—ik2zzl m k’; kfj _ —
Lz Tz ) (F(k “(k
<772/€j+k‘j (J<t)+a1(t>)’

The numerator and denominator of the reflection coefficient on Sy, (5.9) and (5.10),
simplify this expression further. We get

eik1 271 eik2z21

(k)= — —
TJ( t) 2nokoky,

N; (K)o (k)

ik1 z —ik2221

ef1z*le

1 _ B ,
+WDj<kt) (FJ (ki) + o (ky)), keeR* j=1,2

Insert (5.18) and (5.19), and we get

7 (k)

| et o) T (ky)a, (k) Fy (ki) + R3(ko) Fff (Keo)
2mpkoky, V11— le<kt>Rg2<kt) L= le(k;‘?)R?(kt>
)

R {R§<kt)T;(kt)aj(kt) Fy (ki) + R (K, Ff(kt)}
T o 1. 1. i\t )

+ R (ki)

k:t € RQa .7 = 172
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We simplify this expression with the use of (5.11)

e~ ik1,21 o —ik2,21 F: (ky) + R (ko) F (Ky)
(k) = ——————— N (k)R (k)2 J J
) = iy, N RO T e R k)
elf1221 g —ik2,21 Dl-(k: )Fj_(kt) + R? kt)FjJr(k?t) Rl(kt) + R2(kt) Zilk1,—kz,)21 a; (k)
2mpkoky, 71— Ri(ke)R3(k) 1 — R(ko) R2 (k) s

(
Iz
Tk )(

t
F (ko) + R2(ko)Ff (k) Ri(Keo) + R2(Rey)e? 1k k)
1 —Rj (k) R (K 1 — R(ky) R (ky) t)
k. eR? j=1,2
since, see (5.15), (5.16), (5.11) and (5.12)

Admimaki ko ki ke
Dj (k)

D} (ky)e™ = — N (ky)e ™% R (ky) =

J

eiklzzl — 2k2n2klz7;1 (kt)eik:gzzl

It is convenient to introduce the total reflection coefficient of the slab, which in
our notation reads [25, Sec. 10.6.1.1]

Rl(kt) + RQ(k ) 2i(k1,—k2,)21
LRI (k) FE(R)
_ Ri(k) + Ri(ko) (T} (k)T (ki) — Ri(k)Rj(Ki))
- LRI (R

Rj(k¢) =

RS (k)

= Rj (ko) + T () 7— RE(ko) R2(ky)

T; (k)

where we also used the identity
ethmha = T (k)T (ko) — Rj (k)R (ko)

The final expression of the amplitude of the reflected field then becomes

F (ki) + R3 (K ) Fy (k)

ry(e) = T3 (k)= e e

+ Rj(k)aj(ky), ki €R? j=1,2

(6.3)
The amplitude of the reflected field, 7;(k;), consists of two terms — the last term
R;(ki)a;(ky) is the direct reflected contribution of the slab itself, and the first term
is the additional contribution to the reflected field from the scatterers inside the

slab.
7 Statistical problem — ensemble average

The solution of the set of equations in (5.20) for the unknowns, fF, is an unsur-
mountable task, if the number of scatterers is large. Fortunately, there are statistical
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methods that apply in this case, especially if the location and state (material prop-
erties, size, shape, and orientation etc.) of the scatterers are randomly distributed.
Moreover, with a large number of scatterers, we rarely have complete information
about the position and the state of each scatterer, and we are often not interested
in the physical quantities of a particular configuration, but ensemble averages suf-
fice. In particular, the average of the electric field is an appropriate quantity in
several radio and radar applications, but it is of limited value as an optical ob-
servable. The presentation in this section follows to some extent the one presented
in [23,31,52,60,61], but deviates in the method of solving the problem.

A statistical evaluation of the relevant physical quantities involves ensemble av-
erages, which we denote by the symbol (-). The relation between the ensemble
average and the time average and use of the ergodic hypothesis are found in the
comprehensive review article [36] and in the excellent textbook [35].

The scatterer locations 7, p = 1,2, ..., N, are now random variables. Moreover,
the properties of each scatterer (geometry and material) are also random variables,
that we collect in a state variable &,, p=1,2,..., N. The common N-particle prob-
ability density function (PDF) is denoted P(ry,...,7xn;&1, ..., &n). More details on
this PDF are collected in Appendix E.

The explicit assumptions made about the scatterers in this section are:

1. the number of scatterers N is large, so that statistical methods are appropriate
to apply

2. the N scatterers are characterized by a common probability density function

3. the scatterers are indistinguishable insofar as the numbering of the scatterers
is arbitrary

4. the state variables of the scatterers, §,, are independent between different
scatterers and of the position variables, r,, p=1,2,..., N

5. no minimum circumscribed spheres of the individual scatterers intersect

The position variables cannot be statistically independent variables for scatterers
of finite size, due to the assumption of non-intersecting minimum circumscribed
spheres. The assumption of independence in Item 4 makes the averaging of scatterer
position separate from the averaging over their states in the transition matrix entries.

The random variables 7, and ¢, are now dummy variables in the integration
over all possible positions and states. As a consequence, the index p is eventually
dropped in the analysis below.

7.1 Transmitted and reflected fields

The ensemble average and the use of the conditional probability density function,
see Appendix E, imply the following expressions of the reflected and transmitted
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fields from (4.17) and (4.3)

Z// (k) @f (ki ks, v) dex dky, 2 > 2 (7.1)

j12

and

Z// ri(ke)) @5 (ke ko r) dicdky, 2 < 2z (7.2)

]12

These fields are the average or coherent contribution of the electric field outside the
slab, and the computation of these fields are the main purpose of this paper.

To evaluate the averaged transmitted and reflected fields, we need to obtain
(tj(ky)) and (r;(ky)), which both contain the factors <Fji(k:t)>, see (6.2) and (6.3).
All other quantities in (¢;(k;)) and (r;(k;)) are deterministic. We have

R (ki) (Fy (k) + (Fj (ky)
1~ RE(k) R (k)
+ Tj(ki)a;(ky), ki €R?* j=1,2 (7.3)

(tj(kee)) = T} (kt)

and
Fy (Ky)) + R3 (k) (FF (Ky))
=R (ko) R (k)
+ Rj(ki)aj(ky), ki €R? j=1,2 (7.4)

(rj(ke)) = 7}1(kt)<

The factors <Fji(kt)> are evaluated in the section below.
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7.2 Coeflicient average

The average of the functions F;"(k;) in (5.3) has to be computed. The definition of
the conditional probability density function implies, see Appendix E

= kzz Z Z B (ky) < fge—ikf-rp>

N
2 —ikZ.p
kzkzz 2 i k:t /// (ri,...,7n)fP(r1,...,7N)e ke Pgdvp
B, (k)
kzkzz;Z &

N
o+
X /// P(r)P(ry, ...,y 1, Tpits - Pr|Tp) fE(T1, ..y )e R T Hdvp
VA p=l

2 —1 i~r
~ o D2 Bk /// () F2) (ry)e ™57
k: ek 7.5
= Tl 2 t/// v (75)

since the variable r, now is a dummy variable and all integrals in the middle ex-
pression are identical. We can also skip the superscript p on f,. The volume V;
is the volume of possible locations of the local origins 7,, p = 1,2,..., N. If the
number of scatterers N — oo and the scatterers are randomly filled in the entire
slab (this requires that an appropriate limit procedure is employed), the volume Vj
is {r: 2z +a <z <2z —a}, where a = max, A,. This limit process implies that
NP(r) = ng as N — oo, where ng is the number density of the scatterers (number
of scatterers per unit volume). The geometry of a typical geometry is depicted in
Figure 2.2

To obtain (f,) (r), we need to take the conditional average of the set of matrix
equations in (5.20). Using the conditional probability density function, we obtain

Do) -3 /// (ralry) (T2 AT 1) (1743 €) g = (d2) (i 6y),

n'n'’ q=1

(F"(Ky))

p=12...,N (7.6)

2The notation of the slab geometry in this paper differs slightly from the notation employed
in Part II [13].
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zZ =21 Z = 29
b 1.5
z
kki
Vs
— - — -
a a

Figure 2: The geometry of the scattering region with randomly located scatterers.
In three dimensions the spheres do not intersect. However in this two-dimensional
graph some of the projections of the spheres overlap. The yellow region denotes the
region V4, which is the domain of possible locations of local origins, i.e., the interval
(21 + a, 20 — al.

where

Z <TTIL)R”AIT)L(’1’n’fg’> (rp7 Ty gp)
Z (60 P (ko (g — 1)) (FL) (1, 703 6) (1 — 8g)

T” (&) Z // kaka,

7=1,2
i B,k e‘l’% "o+ R2(ky) B (Ko )e 2 Ta
% B‘b/""(kzt)elk;.rpR]:(kt) n]( t) : j( tz n]( t)
'’ J 1 —Rj(ki) R (k)
B, (ke m + R%(koB;j(kt)e—ik;-rq
x d’f dky (fr) (1p 143 &)

n

+ By, (k)™ ™ R (k)
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and

B+T lk Tp
(dh) (rp;&p) = w (&) Z //{ 1-— Rl kt )13 (k)

7=1,2

R} (k) B, "(koy)eia v
IR (k)RR

}le(kt)aj(kzt) dky dky

where, as above, k3 = k; £ ky,2 and ko, = (k3 — k’g)l/2~

7.2.1 Quasi Crystalline Approximations

In practice, higher order density functions are harder to obtain. To break the hierar-
chy in (7.6) Lax [29] introduced the Quasi Crystalline Approximation (QQCA), which
states that the conditional average with two positions held fixed, () (7,74 &),
is replaced with the conditional average with one position held fixed, (f7) (74;&p),
i.e.,

(far) (P g &) = () (14 6p)

This approximation has been successfully applied in a range of concentrations from
tenuous to dense media, and from the low-frequency to intermediate frequency
range [66].

The Quasi Crystalline Approximation in (7.6) leads to a set of integral equations
in the unknowns, (f,,) (r';§), viz., (the indices p and ¢ are now superfluous and 7,
ry, and &, are dummy variables)

) ) =Y [[ [ Kolrars) (1) (72 a0/ = (@) ), v eV ()

where

]Cnn’ (ru T'/; 5)

(r'|7) ZTW w (ko (7 = 1))
k:3 (r'lr) ZTMH Z // koks,

]12

B, (ke k™' + R?(kt)B;j(kt)e*”“;
1 —Rj(k)R; (k)

B (ke % + RY(k)B,, (ke k2™

1 —Rj(k)R5(ky)

{B;,jT(kt)ei"’;’"R}(kt)

+ By (ke T R2 (k)

nwj

} dky dky
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and

-wrio T |

7=1,2
R2(ky) By, (k)es ™
1 — R (ky) B3 (ky)

}le(kt)aj(k:t) dky dky

Equation (7.7) is a system of integral equations for the unknown (f,) (r;¢), which
can be simplified under the assumption made in this paper. The state variable &
acts as a parameter in this system of integral equations. To average over this state
variable, we have to solve the system of integral equations for each value of the state
variable ¢ and then take the ensemble average of the state variable.

7.2.2 Plane wave incidence and uniform distribution of scatterers

In this paper, we apply the result to a plane wave incidence, i.e.,
Ei(r) = Btk

where the Complex—valued vector E satisfies F- k = 0 and the real-valued incident
direction k; satisfies k; - 2 > 0. The explicit form of the expansion function a;(k;)
for a plane wave incident field is

a;j(ky) = 0(ky — ki) A; (7.8)
The factor A; is a short-hand notation for

z X kyy )

_ W’ j=1

ik’i? — kiki,
K1k

Aj:4T[E0'
, J=2

where ki, = ky (8@ + 99) - ki = ko - ki, by = (82 — k2)"? and ki, = |ky|. The
delta function implies that the k; = k;; everywhere. This is usually called Snell’s
law. To derive the factor A; we have used the dyadic identity

éxktfzxkt+(kt+kz,%)><(2><kt)(kt+k‘zé)x(,%xkt)

I; — kk =
3 kt kt klkt klkt

For a plane wave incidence, the excitation term simplifies

(dn) (15€) = d (5 €)eieTe = ke Z T (&) Y T} (ka) 4,

7=12

B+ T(kit)eikzizz + R?(klt)B—, 'T<kit)e,ik2uz

n'j n’j

1 — R (ki) 17 (Kit)

(7.9)



29

where 7. = 2@ + y and ko, = (k2 — ks, |2)".

If the scatterers are randomly distributed within the volume between the planes,
the solution of the problem shows lateral invariance, which implies that the coeffi-
cients must have the form (f,) (r) = f.(2)e*+ ™ where f,(2) only depends on the
depth z of the slab.? The integral equation (7.7) then has the form (for simplicity,
we suppress the state variable £ which acts as a parameter)

kQZ/ Ko (2,2)fu(2) d2' = dn(2), 2z €[z1+a, 2 —d

z1+a

where a = max, A,, and where

Ko (2,2) —kQ// o (7, 7) ‘k‘t ) da’ dy’

Note that, due to invariance under translation in the lateral variables, this expression
of the kernel does not depend on 7., see the explicit expression below. The explicit
expression of K,/ (z,2') is (N — oo is assumed)

Kon(e Ejmw//{mwmqmﬂbwc+d2—zw

t2 // ok, ©

]12

1t_kt)

/j(kt>elk2zz + R?(kt>B;rlj(kt)e—ikgzz'
1 — R (ki) R3(ky)
+ By, (k) R (ky)e e

B+l k e—ikzzz’ +R1' kB~ " iko, 2’
By 0B )y
1 —Rj(k)R5(ky)

B
{Bt (k)R (R ethes —

X g(|lr + 2(2' — 2)|) da’ dy/

where we expressed the conditional probability density P(7/|r) in terms of the pair
distribution function g(r,r’), i.e., (N —1)P(v'|r) = nog(r, '), see (E.3). Moreover,
for symmetric scatterers, the pair distribution function depends only on the distance
between two scatterers |r —7/|, i.e., g(r,r') = g(|r — 7|), and the spatial integral is
invariant w.r.t. lateral translations. The assumption N — oo simplifies the factor
N/(N —1) — 1 that occurs in the second term.

3We require the integrand to vanish in an appropriate way as the lateral variables, x and v,
approach infinity. One way to accomplish this is to assume an infinitely small positive imaginary
part of the wave number k.
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At this point, it is convenient to simplify the notation by introducing the follow-
ing dimension-less quantities:

Cr (kg 2) = k; //g(!rc — 22|) P (ko (e — 2z))eik“'” dedy, |z] <zo—2—2a
R2

(7.11)
and the lateral Fourier transform of the pair correlation function
Gk 2) = k2 //g(|rC — zz))e * e dady, |2 < 20— 21— 2a (7.12)
R2

The simplest model for the pair correlation function g(r) is the hole correction
function, i.e., g(r) = H(r — 2a), where H(x) denotes the Heaviside function. The
function C,,(0; z) in (7.11) is investigated in Ref. 23.

I+
Cow(0:2) = Y L(—2)Auwa (7.13)
A=|l=V|+|7—7']

where A,/ is the azimuthal average of the translation matrix P, (kr), which are
explicitly evaluated in Appendix B.1, and where the important integral I)(2) is |24]

I(z) = k;g/ g(|re + z%|)hl(1)(k2\/'r‘§ + 22)P(z/\/12+ 22)re dre, z€R
d(z)

where

0, |z| > 2a

a(2) {\/4(12—22, —2a < z<2a
Z) =

Some effective iteration schemes to compute the integrals I)(z) are presented in |24].
The lateral Fourier transform of the pair correlation function, see (7.12), or the
hole correction becomes

G(ki;2) = k) //H(|’I‘C — 22| — 2a)e”* e da dy
R2

2n pd(z)
= 4n?k36(ky) — k%/ / e FTer. dr. do
o Jo

d(z)
= 4n?k36(ky) — 271]{;/ Jo(kere)re dre
0

2 J1(kid(2))

= 4E2]€§(5<kt> - 2K<k2d(2)) k’td—(Z)’

|2| < 29— 21 —2a

where
a(2) {\/4(12—22, —2a <2< 2a
z) =

0, |z| > 2a
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In this new notation, the kernel K,/ (z, z’) reads

2G(k it !
Knn’ ZTnn”{ n''n! 1t7 Z // ka;Z )

]12

B, (ke -|-R2. k)BT (k,)e ik2:?
o LB e R o yetane Drra BRI i) B e
n'y J ]_ — R] (kt)R] (kt)

o Bl (ke R+ R (k) By, (ki )eh2e™
"‘B,://jT(kt)R?(kt)e_lk?ZZ nj( t) ]( t) n)j( t) }dk’ dk} (7 14)

= Rk Rk

The plane wave incidence also simplifies the evaluation of <F -i(kt)> i

2
<F:t kt kzzz :I: kt // fn 1k1t Te— 1I<: T du

n (7.5).

87[ n05 kt

2—a
1t ikoi, 2
BE, L (2)eTH2ia% dz
k2k2lz Z /21+a f ( )
8n2n05(kt — kit) +
koks, 5 (ki)
where e
Z B / fulz)eTik2iaz
z1+a

From (7.3) and (7.4), we obtain

(t:(ky)) = Tg(kit)8n2no(5(kt — ki) Rj (ki) O} (Kie) + CF (ki)
J J kakai, 1-— le'(kit)RJQ-(kit)
+ T](’Cm)Ajé(kt — kit)a kt c RQ, j _ 1’2

and

?nod(ky — ki) C; (ki) + B3 (ki) C; (ki
() = T k) 00— R € () 2 ) ()

J

+ Rj(ki) A6 (ky — ki), ke €R?, j=1,2
and the transmitted and the reflected fields in (7.1) and(7.2) are

81n, Ri(ki)C; (ki) + c (Kiy)
<Et(r>> = 2<k1t> ! Jl D) Sof(kit; kS’ T)
kakai, Pacy ! 1 — R (ki) 17 (k1 ) J (715
+ Y Ti(ki)Ajepr (ki ks, 7). 2> 2

=12
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Cy (ki) + R3 (ki) CS (ki)

J

1= Rj (ki) 2 (ki)

_ 1
(Bolr) = i 2 T3 (k)
j=12
+ 3 Rilki)Ajepy (kii ki), 2 <z

j=1,2

e (Kig; ki, 7)
(7.16)

Both expressions of the transmitted and reflected fields contain one deterministic
contribution of the slab itself without scatterers, and one stochastic contribution
from the scatterers and their interactions with the slab boundaries and all other
scatterers. The latter effects are contained in C’f(kit).

8 Special cases

There are a few special cases of the general result in Section 7 that are worth
special investigations. We identify three special cases: 1) the scatterers lie below
a homogeneous half space with sources in the other half space, i.e., the material
parameters are €5 = €3 and s = s, 2) the scatterers lie above a homogeneous half
space and in the same half space as the sources, i.e., the material parameters are €5 =
€1 and po = gy, 3) the surface Sy is a perfectly electric conducting (PEC) surface.
Moreover, the absence of a slab background, i.e., the background is homogeneous,
€1 = €3 = €3 and py = pe = pug, recovers the result in |23]. In the subsections below,
we exploit these we special cases one by one.

8.1 Scatterers in a half space I

In this section, we show the result for the special case when the material parameters
€ = €3 and po = pg. This correspond to a geometry when the scatterers are located
in a homogeneous half space with sources in the other half space. This special case
correspond to letting R (ki) = 0 and 77 (ks;) = 1.

From (7.15) and (7.16), we get the transmitted and the reflected fields for this
special case. To the right of all scatterers, z > z5, we have

(Et("“» = Z {8K o (Rgl‘(kit)oj_(kit) + Cj(kit)) + le(kit)Aj} 90;_<kit; k2,"")

=12

and

(Ey(r)) = {kaQ' T (ki) C; (kie) + R;(’Cit)Aj} o, (ki ki, r), 2<2z
=12 iz
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The kernel in the system of integral equations in (7.7) simplifies to

ICnn’ (Ira 7‘,; 5) "l“ Z Tnn” kg(’l" - ’l"))

1k1‘

2B, n''j - —ikS 7’
(7'|r) ZTW )Y / / kzkzz Rj(ke) By, (ke ™ 2" dky dky

j12

and the right-hand side simplifies to

i) = Tl 3 // B (k)™ T (ke Ja (k) b dky

]12

8.2 Scatterers in a half space II

If the scatterers lie in the same half space as the sources, we let the material pa-
rameters e = €; and us = pp. This special case correspond to letting le»(k:it) =0,
T} (ki) = 1, Rj(ki;) = 0, and T}'(k;;) = 1. From (7.15) and (7.16), we get the
transmitted and the reflected fields.

2 8m°ng -y +
= Z TJ (Ki) Cj (Kit) + A; P (ki k3, ), 2> 2

j=1,2 k2k2iz

and in the left half space to the left of all scatterers, z < z;

(E.(r)) = Z {8]1 o (Cj_(kit) + R?(kit)cf(kit)) + Rjz'(k’it)Aj} @ (kig; ki, )

The kernel in the system of integral equations in (7.7) simplifies to

Ko (v, 75 €) = P(r'|r) ZTnn” w (ko (' — 1))

1k:r

QB n'j _ikt !
(r'|r) ZTnnu > / / kszZ R3 (ko) B (ke 2™ dky dky

]12

and the right-hand side simplifies to

ZTWL Z// B+T ki T

j12

+ R2(k) By, (ke )e™ "}aj(k:t) dley dy
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8.3 Perfectly conducting surface

From an application point of view, the special case of a perfectly electric conductive
surface Sy is of interest. This special case corresponds to letting the reflection
coefficient R?(k;,) = (—1)’e**2:* and the transmission coefficient T7(k;,) = 0.
The reflected field is relevant in this special case, while the transmitted field is
inaccessible. From (7.16), we get

_ 81*ng C;("Ht) =+ (‘UjQQikaQCJF(kit)
<Er<7‘)> - Z {k2k2iz7; (kit) 1 — (_1)je2ik2i2zQRJ1<kit>

j=1,2

+ Rj(kit)Aj}‘Pj_(kit; ki,r), z2<zn

8.4 Homogeneous background

With a homogeneous background, i.e., ¢, = €3 = €3 and p; = po = p3, which imply
R;*(ky) = 0 and T;*(k;) = 1 and k; = ky = k3. The transmitted and the reflected
fields are, see (7.15) and (7.16)

8 2
(Ey(r)) = Z { - nocf(kit) +Aj} @) (ki ki), 2> 2
j=1,2

klkliz J
and o2
T™°ng . B
(Bu(r) = D 05 (k) (kaskir), 2 <2
j=12 1M1iz
and where

CHl) = Y Bl (k) [ 2 s

n 1+a

The kernel in the system of integral equations in (7.7) simplifies to

Knn’(rvr/;g) |T ZTnn” kQ(T —’l"))

g(r, )no Z T (€) Pt (ko (v — 7))

where we used the pair correlation function in (E.3), and the right-hand side sim-

plifies to
ZTm )Y / / B (K )e™ 7a(ky) dks dk,

7=1,2
which for a plane wave becomes, see above (7.8)

=3 Tw(©)ekm 3" B IDARREARYY

7=1,2

= Z Tnn’ (g)eiklki.rp4ﬂiliT+1ATn(’%i) . EO

n/



35

since A R
> (—1)Bi(ki)A; = 4ni T AL (ki) - By

7=1,2

The expansions coefficients of the incident plane wave in regular spherical vector
waves are [25]
E;(r) = Eoe™tki

where [25]
Arp = 4T[il_T+1A7—n(’;71) : EO

which implies

(dn) (7€) = ™8T YT (€)a,

This special case is in agreement with the results in [23].

9 Approximations

Two different approximations of the final expression of the transmission and reflec-
tion coefficients are of interest — tenuous (sparse) media and the low frequency
approximation.

9.1 Tenuous media

If the number density of the scatterers is small, we can approximate the solution
to the system of integral equations in (7.10) by the first iteration (first order in the
number density ng)

fu(z) = dy(2), z€[z1+a,z—ada
which implies from (7.9)

]{72/ fn(Z)e:tiinZZ dz = Z <Tnn’> Z 7}1 (kit)Aj

1ta n' j=1,2
I _ D
5, ) (15 ) + R, o) ()
1 - R} (kit)Rjz(kit)

X

zZo—a
[:I: — kQ/ e:l:?ikgizz dZ — :|: kQ (eiQikgiZ(zg—a) _ ei21k2iz(21+a))
21+a 21k2iz

Fikai, (22+21)
_ j:/fze oFikai, D _ eq:iinzD) _

2ik?iz

]{QQiikziz(ZQ-i-Zl)

sin k’gizD (91)
k?iz
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and D = zp — 2, — 2a. From (7.15) and (7.16) we obtain an explicit expression
of the coherent (averaged) transmitted and reflected fields (E(r)) and (E.(r)).
respectively.

= TQ(kt) le(klt) Zn B;j(klt) fzzf_;: fn(Z/)eiinZZ/ dZ/
kaQiZ 7=1,2 I 1— R]l<k1t>Rj2(k31t)

L Bk [ he e )
1= R (ko) B2 (K MU

+ Z T lt AJ(P] (k1t7k37 )7 Z > 29

7j=1,2

and

[ By (Ra) [ fal2 e d
(Br(r)) = kaksi, Z 7; (k’“){ 1— R}(Zit)Rg(kit)

Rjz(klt) Zn BL(klt) fzzlz—:aa fn(zl)e—ikzizz’ dz’ 7<k ‘kl )
1 — R (ki) R (ki) Y

+ Z Rj(ki)Ajp; (ki ki,m), 2 <2z

=12

9.1.1 Normal incidence

A more comprehensive expression of the coherent transmitted and reflected fields is
obtained if we specialize to normal incidence, ki, = 0. From (5.11), (5.12), (5.17),
and (6.1), we obtain (j = 1,2)

(R}(0) = ~(~1)'r. e
R}(0) = (~1)/r. e e

RA(0) = —(~1)r et
eZik‘Q (z2—21)

' 1\ Tz + T2 2ik121
\R](O) - ( 1) 1_'_Terz2eQik2(22—Zl)e

and . " "
T:(0) = t,, e " 1e 2%
Ui i
7-1(0> _t21 1k1zle ikoz1
Up)
TQ(O) — tz2 eleZz eflkgzz
t tz eikQ(ZQ—Zl)eiklzle—ikng
2

. p— Zl
L 7} (0) 1 + 7,,21 ng eQikg(zg—Zl)

where

_ 22—

Cmtm

_ 3 o 2m3
N3 + 12 B

21

z2
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and from (D.4)

. 20+1 . cos —sin 3
50— T, 27, (=301}

The upper (lower) line in this expression in the brace parentheses corresponds to
o=ce (0 =0),and

By

o I+7+7
(0) = (1) B,;(0)
and .
+ _ l4+7+j+1 p+

B;;'(0) = (1) B15(0)
The expansion coefficients of the plane wave are

Aj = 4TEE0 . (15]1,8 - 5]'2’2%)
The following sums are needed, see also (A.2):

> BL(0)A; =16,1v2nv/20 + 1By - {aﬂ {—y} — 67 {5}}

&
j=1,2
=4mi'" "M AL(2) - By (9.2)

and

> R¥(0)B;,(0)4

j=1,2
= i*l5m1\/ﬁv 21 + 17"Z2€2ik2z2E0 . {57—1 {_:Acy} + i572 {z}}

= 4ni T e A (2) - By (9.3)

and for normal incidence, we get

zZo—a t eik1z1 e—ikgzl
i z
kQ/ fu(2)et ™ dz = 4n !
4

1+a L4 7,7, e%k2(z2=21)

R N ] + (_1)Z,+T/+1]€2DT eQiszQ
U'—71"4+1 X + . Z2%
Z/ 1 <Tnn > An (Z) EO (ng + (_1)l +7 +1[,T22621k222

where, see (9.1)
I, = e*h2(2+20) gin (K, D)

and D = 2z — z1 — 2a.
To proceed, we need the sums

™ RH0)B,(0)p (0 ks, 7)

=12
‘6, /2041 oik —9 T ,
—_ m - - —21k221 _ 1]4;32
=0 - e {571{ & } 10,0 {g}}e
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and
s 1 20+ 1 -4 & .
k L 57_ R '57_ N iks3z
3,T) = A 81 { 1{3}}—1—1 Q{y}}e
7j=1,2
j—HT1 .
T 4n A”(é)elk&z
Similarly, we get
ll—T+1 "
Z B,;(0 0; ki,7) = = A, (z)e ™
7=1,2
and |
2 + _ i—l+T—1rz2e21k2z2 T
Z Rj(o)an(O)S"j (0; kb"‘) = - An(z)e 1
j=1,2
and
Z AjSO;_(O; ks, 1) = Eye'**, Z JA]% o, 1) = Ege it
=12 j=12

These results give the final expressions of the coherent (averaged) transmitted and
reflected fields, (E¢(r)) and (E.(r)), respectively, with a plane wave impinging
normally to the slab, see (7.15) and (7.16). We get

8*ng R;(0) >, B,;(0 )fzz afn(z/) 2
E(r)) = T%(0 " Zl*“
B 20 (e kez
% 40 L 1) o1 bt
- RIO)R0)
B 87[2710 tZItz2€1k121eik‘g(zz—zl)eikg(z 22)

. n nn n’ 2 . EO
k% (1 + 1T 821]62(’227'21))2 )

nn'

. N __ ! ) M . AT ! 3 _
% {l(l—H Y—(T+T7 )T,Zle 2iko 21 ]+ . 1(l —(t—7 )rz1 Tz2621k2(z2 Zl)k)gD

+ i(l’—l) T T)k D — (H—l Y+ (747 ) 21k222]_}

+ tslabe1k1Z1 Eoelkg(zfzz)’ Z> 2
where the transmission coefficient for the homogeneous slab is

tzl tzg eikz (zg —2z1 )

1+ 7, r,,e2ke(z2—21)

tslab =
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S2no [ 50 B (0) [ (el d
<Er(r>>=j172{ i 7}<0>{ 1 — RI(0)R2(0)

R2(0)Y, B(0) [0 fa(2)e ke d
+ J( )Zn 171]_( %{EBSQRQf(é) )e } + R](O)A]}Soj_(07 klar)

ik12z1 e72ik:2z1 e*ik‘l (z—21)

2 2
_ 8tngm t;e

An 2 Tnn’ ATL/ 2 . E
k% 12 (1—|—7’Z1rz282ik2(227z1))2 Z ( )< > ( ) 0

nn’

% {_i(l+l’)—(7+7’)]+ + i(l—l’)—(T—T’),r,ZQGQikgzz k?QD

. I _ _ !/ _ 3 (1 / H
+ 1(l —(7 T)TZ2621k2z2 l{/’gD —i V+D)+(r +T)r22e41k:222]_}

T rslabelk121EOeilk1(27Z1)7 Ly <z

where the reflection coefficient for the homogeneous slab is

T2 + TZ2621k2 (z2—21)

1+ 7, r,,e?k(z2-2)

T'slab =

This is an explicit expressions of the coherent transmitted and reflected fields
in the approximation of tenuous scatterers. The last terms in these expressions
are the direct transmitted and reflected fields, and they are obvious. The first
terms, however, are more complex, and not easy to derive from elementary physical
arguments. In these terms, the transition matrix appears to the first power, which
indicates that single scattering approximation has been adopted.

We can simplify this expression further by identifying the forward scattering and
backscattering dyadics of a single (deterministic) scatterer in the slab background
material [25, Ex. 7.1 and 7.2]

47[ ’ ’
5 oy 2T (U =1)—(1'—T) A A
S(z,2) = T E ,1 A, (2) T Ay (2)
and 1
5 o3y — _ 2N+ A (5 5
S(—z,2) = T E i A, (2)Thw Ay (Z)

n,n’

or by the use of the parity of the vector spherical harmonics (A.1)

4m ’ ’
PSS 1T o (R e ;
S(—z2,—-2) = T E /1 AT A (2)
and 4
A_A__iEJWMMWﬂ 5 5
S(z,—2) = T i A, (2)T Ay (2)

n,n’
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We get

2ming  tyapelFtetelks(z—22)
(Bi(r)) = —5 2ika (22—21)
ks 1471, r,edklz=-=

— 1, S(—%, —2)r, R0k D 4 S(2, 2)ky D

{—TZIS(—é, Z)e 2k

+ S<2> _2)7",22(32%2@[} -Eo+ tslabeik1Z1 Eﬂeiks(z_zz), Z > 29

and

27cin0 m t2 eik1z1 e—2ik2z1 e—ik1 (z—z1)
21

E.(r)) = X S —2,2 I
BT = o (s i) { (=2,2)1

+8(=2,—2)r,,e"2k, D + S(2, 2)r,,e""*k, D

22

+ S(z, —2)7“2 e41k2z2[} -Eo+ rslabelklzlEoe"kl(zle), z <z

If we restrict to spherical, dielectric obstacles of radius a and material parameters €
and p so that T, is diagonal in its indices (we adopt the notion ¢, for the transition
matrix entries |25, Chap. 8]), the expressions simplify [25, Ex. 7.3]. We get

o)

I

S(2,2) =S(—%,—2%) = ik > @1+ 1) (ty + ta)

and
I, —

S(z,—2) =S(—2%,%) = S > (1)1 + 1) (b — t)
=1

The transmission coefficient ¢ defined as (E(r)) = t Ege**(*=%2) then is

3f tslabeiklzl yik - 00
t= - 1—r,7, iko(z2—21) koD 9] e .
4(]6’2@)3 1+ Tz17“z2e21k2(227zl) ( T2 T2€ ) 2 lz:;( + ) ( u+ 21)
+ (ra —72) eik2(22—21) sin(kqo D Z 2[ +1) (ty — tzz)} T tgapeifia
=1

where we used the dimensionless volume fraction, f = ng4na®/3, and where we also
used

—2ikoz 2iko z
—rye L et
= —r, e Rt ) gin (ky D) + r,, 6?2226 2212 gin (k, D)

= (—=rs, +1,)e*22=20 gin(k, D)

where D = z5 — z1 — 2a.
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Similarly, the reflection coefficient 7 is defined as (E,(r)) = r Ege*1(*=21) where

3f fr]l tzleik‘lzje*QikQZl ik e}
r= — 21, e ko D 2 4+1)(t; + ¢
4(kaa)? no (1+ TZITZQezikQ(zrzl)f 2 2 ;( ) (tu + tar)
1:1

where we used

I +r2et™m] = eth2(z2+21) gin (K, D) + r22e4‘k2226_1k2(22+21) sin(ky D)
— (621k2Z1 + 7,32621]6222) elk‘g(zzle) Sln(kQD)

Further simplifications occur if the material on both sides of the slab are identical,
i.e., € = €3 and p; = pg. Then r,, = —r,, and

3f kD (1472 edkalaz)) &

_ ik121
t = tgane {1 + Ha) 112 Bt ;(% +1) (tu + ta)

1k2 (z2—21) ®

_6f 1y sin(kD) Z {20 +1) (ty —hz)} (9.5)

4(kga)® 1—12 e2ik2(z2—21) —

where ‘
(1 _ ,rzl) elkg(zz—z1)

_ 2 n2iko(z9—2
1 — 72 e2ika(z2=21)

Lslab =

This result shows several similarities with the corresponding result with no slab
present [23|, and a numerical implementation of the result in this section, simulating
air bubbles (e = €; = e3 and u = p; = p3) in a dielectric slab of resin, is illustrated
in Figure 3.

9.2 Low-frequency approximation

The aim of this section is to solve the integral equation (7.10) for low frequencies
for spherical particles of radius a, or, more precisely, small ksa.

9.2.1 Normal incidence

To simplify the analysis, we assume €; = e3 and 1 = pp = u3 (the same materials
on both sides of the slab, and all materials have the same magnetic properties) and
we assume the plane wave impinges normally to the slab, i.e., k;j; = 0.

If the spherical particles of radius a are of the same magnetic properties as the
slab, © = po, and with a permittivity ¢, then the transition matrix entries of the
scatterers to leading order in powers of kqa are [25]

21(]62&)3

—3 ¥ o0=¢eo0 (9.6)

tor = Tog11,2011 =
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Figure 3: The transmissivity 7' = |¢|* (¢ given in (9.5)) as a function of the electrical
size kya for a slab of thickness (25— z1)/a = 10 and constant volume fraction f = 0.01
consisting of spherical voids of radius a (same material as the outside the slab). The
materials parameters are identical on both sides of the slab, i.e., ¢ = €3 and p; = ps.
The material parameters of the slab are e5/¢; = 2.4(1+0.001i) and po/p1 = 1. The
tenuous approximation of the transmissivity with a slab background is depicted in
black. The blue curve corresponds to the transmissivity without scatterers, and the
curve T =1 is also shown.

where
€ — €9

€+ 2¢
All other entries of the transition matrix contribute with higher order terms in ksa.
We proceed by identifying the dominant power in ksa in the kernel K, (2, 2'; ),
see (7.14), which originates from [ = 1. The simplest model for the pair correlation
function g(r) is the hole correction function, i.e., g(r) = H(r — 2a), where H(z)
denotes the Heaviside function. With only [ = 1 and m = 1 contributing, the
function C,,r (ky; ) in (7.13), to leading order in powers of ksa, the transition matrix
entries are |23,24]

y:

0(1), |z| > 2a

Cro11,7011(0;2) = =21 Q12 — 3(2/a)? T=120=c¢e,0
’ ————— +0(1 <2
P2 o), o< 2a

The lateral Fourier transform of the pair correlation function, see (7.12), for the
hole correction becomes

2 J1(kid(2))

G(kjt; z) = 47‘[2/{33(5(’{7‘5) - ZK(de(Z)) k?td(Z)

= 0(1)
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These estimates imply that the kernel K,/ (z,2’) in (7.14) has the dominant term
(only 7 = 2 contributes due to the assumption that the scatterers have the same
magnetic properties as the surrounding slab)

v >
3ft21 O(1), |z — 2| > 2a

12 -3 (=2)
2(kqa)? |22~ 2\ T ) _
i o +0(1), |z—7|<2a

where the dimensionless volume fraction, f = ng4na®/3. All other components of
the kernel contributes with higher order terms in kya. The integral equation (7.10)
to leading order in koa is (we suppress the index 7 =2, m =1, and [ = 1)

3ifk72t21 z2ma / z— zl ? / !
fg(z)+m/21+a H(2a — |z — 2|) (12—3( - ) )fg(z) dz

=d,(z), z€[z,2)], c=¢e,0

K2011,2011(Z,Z/) g=2¢0

where H(x) is the Heaviside function. We notice that the two integral decouple, and
it suffices to solve one of them. Under the assumptions made in this section, the
right-hand side d,(z) in (7.9) is

T ikoz — T —ikoz
B;—an] (0)ek2 +R32'(0)32011j (0)e k2

=t Z Tl 1— R}(O)RJQ(O)

7=1,2

elkzz + T2, e21k2z2e—1k22

= 4Ttt21tz eiklzle_ik2zlA2011(2) . EO "
1 1 + TZITZQGQIkQ(Zszﬂ

ikoz + ng 621k222 efikgz

. . T e
= 6Kt21t21elklzle ik2z1 {@} . E(] - o =2¢&,0

1+ 7, r,,eke(z2—21)

where we used (9.2) and (9.3).

Our main goal is to evaluate the transmitted and reflected ﬁelds and for this
we need to compute the dominant contribution to the integrals [ fc,( Yetik2z dz,
Therefore, multiply the integral equation with kye™*2% and mtegrate over z € [z +

a, zy — a|. The result is (the domain of integration is depicted in Figure 4)

3if k3t 2\ ik
yr + 3ifkytn / / H(2a— |z —2])[12-3 etika(z==)
64: k’ga 214a z1+a

x ethe? £ (2 d2 dz = DE, o=eo0

where

yai — k2/ fa(z)ei“”z dz

1+a
and where the right-hand side is

zZo—a
DF =k, / dy(2)e* ™ dz =

1t+a
Bty e T {w} . Eq (f o+ ngrzzeQ?’f”Z)
1 ' Y

— 2
7"217’22621192(32 21) kQD + [77az26 k22
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Figure 4: The domain of integration in z and z’. The red area A shows the region
where the kernel K (z — 2’) is non-zero. The domain A is exaggerated.

where, see (9.1)
I = etike(z2t21) sin(kyD)

and D = zp — z; — 2a. The upper (lower) line in the parentheses corresponds to
the plus (minus) sign in the exponent on the left-hand side. Moreover, the upper
(lower) line in the braces corresponds to o = e (0 = o).

Make a change in variables in the integral equation, z — t = z — 2z’. The new
domain of integration is depicted in Figure 5. The integral equation (7.10) becomes
to leading order in ksa

31f/€ t21 ; ’
i 12 — +ikot tikoz ! / — Di _
(I 64 kga //( ( ) ) e fo(2') d2" dt =, 0=2¢e0
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Figure 5: The domain of integration in ¢ and 2’. The red area A’ shows the region
where the kernel K(z — 2’) is non-zero, and D = 25 — z; — 2a. The domain A’ is
exaggerated.

To leading order in powers of ksa, the integral is

A W
k3 // (12 -3 (—) ) etikateFka® £ (1) d2 dt
a
A/
2a ¢ 2 )
~ kzyf/ <12 —3 <—) ) etikat ¢
—2a a

2
= kgayf/ (12 — 3u®) e™™* du = 32ksay; + O((ka)?)
-2

which implies to leading order in ksa

D:t
+ o —
ycr — 1+ 3iftor O'—e,O
2(k2a)3

Finally, we can now form the transmitted field (E;(r)), see (7.15), by the use of
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the sums over j that is found in Section 9.1.1. The result is

810 1) [ RO 20 By (0) [, Sl A
(B(r)) = ZM{ : Tj(O){ D

2

3, BE(0) [ e a2

! 1 - RI(0)R%(0) +T5(0)4; p ) (0s ks, 7)
9ft21 tZl tZQGiklzleikQ(ZQ—Zl)eikg(z—zz) EO

CA(R2a) (14 ey 1 23(1152"5)13

X {—7“218_21’“2’21 I, — TZ1T32621’“2(22_21)I€2D + koD + 7“32621’“222]_}

+ tslabelklzl Eoeﬂcs(zfzz)’ 2> 2

where the dimensionless volume fraction, f = ng4na®/3. The transmission coefficient
t defined as (E(r)) = tEge***=%2) then is

B 9ftotaape™ | (r., —r.,)ef2(22=20 sin(ky D) N (1 -7, TZQeQikQ(ZZ_Zl)) koD
 A(k9a)® + 6iftn 14757 e2k2(2721) 1 7y rayehezzms)

+ tslabeiklzl (97)
Similarly, the reflected field is, see (7.16)

Setng [ S Byl0) S0 ful)e
(E\(r)) = Z{ 2 73(0){ 1—R;(O)R§(0)

j=1,2 2
Rz(ﬂ)z B+(O) fzz—a fn(Z/)e_ikQZ/ 4z’
J nong z1+a -
(0)A; - (0; k
+ 1 —R}(0)R2(0) + R;(0)A; pp; (03 Ky, 7)
9ftar m tzleiknle—Zikzzl B,

A(k20)3 02 (1 4 7y 7 eBkeeame))? 1 4 2

{I+ + T e21k2z2 ]{ZQD + 7,22621k2z2 ]CQD + 732 e41k2z2 I }e—lkl (z—21)
+ rslabelklzl Eoe_lkl(z—ZI), 2<%

The reflection coefficient r defined as (E,(r)) = rEge #1721 then is

tzl elk:l 21 e—21k221 1

r = 9‘]01521ﬂ
M2 (147, 7,,07k2(2m20)) 2 4(kza)? + 6iftyy

{2,’,22 e21k’222 k2D + (e21k221 + 7,326211627;2) elk‘z(zzle) Sln(kQD)} + rslabelklzl

To leading order in the volume fraction f, we get further simplifications of the
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transmission and reflection coeflicients.

t = 9ft21tSlabeiklzl (7’22 - TZI) eik2(22—21) Sin(k2D) + (1 —Txn rz2€2ik2(22_21)) kZD
4(/{261)3 1+ ranQeZikz(szZl) 1+ 71217-Z2e2ik2(z2721)
+ tslabeiklz1
and

9ft21 771 tzl eik’lzl e—2ik’221
T = _
A(k2a)? 2 (1 + 1,7, e%ik2(22=21))?
{2r,,e®"2k, D + (e*%2%1 4 p2 M%) etha(z2=21) sin(ksD) } + roape™ !

which agree with the results in Section 9.1.1 for a non-magnetic material at low
frequencies.

9.2.2 Further simplifications and approximations

Further simplifications occur if the material on both sides of the slab are identical,
i.e., €, = €3 and puy = pg. Then r,, = —r,, and (9.4) reads

2 iko(z2—2
(112 et

_ 2 a2ika(z2—2
1 — 72 e2ika(z2=21)

Lslab =

and from (9.7) (kod = ko(20 — 21))
te—ik121 31 fy { —27”Zleik2d Sin(k’gd) + (1 + rzlemed) de}

taab L+ 21— fy 1 — 72 e?ik2d 1 — 72 e2ik2d
where we approximated D = d and introduced the low-frequency expansion of the
transition matrix, see (9.6), and y = (e — €2) /(€ + 2€9).

The result in this section is illustrated in Figures 6 and 7, simulating air bubbles
in a dielectric slab of resin. The low-frequency behaviour shown in Figure 6 shows
that all three curves agree in the interval kja € [0,0.5] — which approximately
corresponds to the interval Re koa € [0, 1.25] in the slab parameters.

If also the volume fraction f is low, we have agreement with the corresponding
expression in Section 9.1.

The dominant contribution in powers of the electric thickness kjd = ki(z2 — 21)
is also of interest. The transmission coefficient for the homogeneous slab has the
following expansion in powers of kid = kjad/a [25]:

— 2 llk2—k1)d
—ikid _ (L—r2)e

2 o2ikad
L —rz ek

tslab €

2

= (1 +i(ky — k1)d + O ((k1d)?)) (1 +2i5 B gd 40 ((kld)Z))

2
21

1+7r? €1+ €

1 _ 2y =1
1—7”‘21 kgd lkld—FO((lﬁd)) +12\/m

1+ 2 b ikd + O (d)?) = 1+ 12—
€1 261

=1+

kad — ikyd + O ((k1d)?)

€1

kid + O ((k1d)?)
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0.5 1 1.5

Figure 6: The low-frequency behavior of the transmissivity T = |[¢|*> (¢ given
in (9.7)) as a function of the electrical size kya for a slab of thickness (20 —21)/a = 10
and constant volume fraction f = 0.01 consisting of spherical voids of radius a (same
material as the outside the slab). The materials parameters are identical to the ones
in Figure 3. The black curve depicts the tenuous media approximation and the
blue curve the low-frequency approximation. The green curve gives the transmis-
sivity for a homogeneous slab with the homogenized permittivity in (9.8) and the

transmissivity for the slab without any voids is given in dashed curve.

and (to leading order in k;d)

e 3y (1—reed)’ 3 fy l—r.e

ikod

1+ kod =1+

tdab 21— fy 1—r2elkd 21— fyl+r,ekd 2d

P 1 ﬂ/@mo((kld)?):ué 1y \/§k2d+o((k1d)2)

21— fyl+r, 21— fy\ &

These approximations imply (to leading order in k;d)

. — 31 .
te—lk‘ld — (1 +i€22 €1 k‘ld) (1 + _1 fy 6—2]€1d) elk:1Z1

€1 21— fye
.62 — €1 i fy e ik
=11 kid + — —kid ) "t
(+1 %€, 1+21—fy€11>e

and the transmitted electric field is

_ 3i .
@y g IV 2 ) g
2€; 21— fye

(E,(r)) = (1+1+1

I

Z > 29
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Figure 7: The transmissivity [¢|* as a function of the volume fraction f for a slab
of thickness d/a = 10 and constant electric size kya = 0.01 consisting of spherical
voids of radius a (same material as the outside the slab). The materials parameters
are identical to the ones in Figure 3. The low-frequency approximation of the trans-
missivity is displayed in black and the tenuous approximation is given in blue. The
dashed line depicts the transmissivity in a slab without scatterers. The green curve
gives the transmissivity for a homogeneous slab with the homogenized permittivity
in (9.8).

This expression of the transmission coefficient ¢ can be compared with the trans-
mission coefficient of a non-magnetic, dielectric slab of thickness d = 2z, — z; with
permittivity €' in a background material ¢;. The thin thickness approximation is

(E\(r)) = (1 +i

Equating these expressions gives

€ 62+ 3fy €

€ — €

€1

l{ild + @) ((k?ld)2)> Eoeiklz

€1 €1 1—fye

3fyes _621+2fy
1=ty

or

€ =6+

which is the Clausius-Mossotti relation [17].

10 Conclusions

The results presented in this paper generalize the analysis reported in 23], where
the background material was identical everywhere. The generalization reported in
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Figure 8: The transmissivity [¢|> as a function of the volume fraction f for a slab
of thickness d/a = 10 and constant electric size kja = 0.01 consisting of spherical
voids of radius a (same material as the outside the slab). The materials parameters
are identical to the ones in Figure 3. The low-frequency approximation of the trans-
missivity is displayed in black and the tenuous approximation is given in blue. The
dashed line depicts the transmissivity in a slab without scatterers. The green curve
gives the transmissivity for a homogeneous slab with the homogenized permittivity
in (9.8).

this paper extends the results such that defects in a slab can be handled, e.g.,
air bubbles. The analysis solves the boundary value with an arbitrary number of
general scatterers inside a slab with different material parameters. Moreover, the
results explicitly identify the scattering contribution from the particles themselves.
In particular, a potentially lossy background material hosting the particles is covered.
A lossy background material has been causing controversial arguments over time
regarding extinction [2,32,33]. The method developed in this paper avoids this
controversy.

The complex scattering problem of randomly located obstacles in a slab with
different material is solved employing a systematic use of two main tools: 1) the
integral representation of the solution of the Maxwell equations, 2) decomposition
of the Green dyadic for the electric field in free space in spherical and planar vector
waves. In addition, we also employ transformations between planar and spherical
vector waves. The statistical treatment is general, but the details is only analyzed in
full detail for the uniformly distributed obstacles and for the hole correction. Several
generalizations of the results presented in this paper are possible as well as a numer-
ical implementation of the theory. These extensions and numerical implementations
are reported elsewhere.
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Appendix A Spherical vector waves

The vector spherical harmonics defined on the unit sphere are [4,25]

( ST X (rY,(r -1 T)XT
A () = sV X (15(#) = — e VY(7)
r ——1 r T
AQn(T> - l(l+1) VYH( )
kABn('f'> = I’AQYHOA")

where the (scalar) spherical harmonics are denoted by Y, (7) defined as

yumzﬂawﬁ)zv€%¢%;18;Z$FV@%@{;§z§}

where P"(z) are the associated Legendre functions, and where the Neumann factor
is defined as

60:1

Em = 2_5m07 7;.6.,
Em=2, m>0

The index n is a multi-index for the integer indices [ = 1,2,3,..., m =0,1,...,1,
and o = e,0 (even and odd in the azimuthal angle).* From these definitions we see
that the first two vector spherical harmonics, Ay, (7") and Ay, (7), are tangential to
the unit sphere Q in R3 and they are related as

i X A (i) = Aoy (7)
i X Aoy (i) = — Ay (7)

The vector spherical harmonics form an orthonormal set over the unit sphere (2
in R?, i.e.,

// ATTL(”An) : AT/TL,<7/;.) dQ) = ’I’Ln,(;TT/
Q

where df) is the surface measure on the unit sphere.
The parity of the vector spherical harmonics is

A (—7) = (=) AL((F), T=1,2 (A1)

The explicit values for © = z are
N [20+1 [—gy| 20+1,
Alaml(z) — 5m1 ] { f,AC } — _5m1 ] z X {
[20+1 (2
Asori(2) =0, .
20mi(Z) 1 . {y}

4The index set at several places in this paper also denotes a four index set, and includes the 7
index. That is, the index n can denote n = {o,l,m} or n = {7,0,l,m}.
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The radiating solutions to the Maxwell equations in vacuum are defined as (out-
going spherical vector waves)

i (kr)
k

u, (kr) = .

Aln(ff‘)

() = 1V <%Am(f~))

Here, we use the Riccati-Bessel functions & (z) = xhgl)(x), where hgl)(x) is the
spherical Hankel function of the first kind [46]. These vector waves satisfy

V x (V X Upp (k7)) — k2, (k) = 0, T=12

and they also satisfy the Silver-Miiller radiation condition |6]. Another representa-
tion of the definition of the vector waves is

w (k) &gjr)Aln(f')
& (kr) ) &i(kr) .
wan(br) = 2 Ao () + I 1) 5 A ()

A simple consequence of these definitions is
1
wy,(kr) = EV X U (k1)
1
Uop (k1) = EV X Wy (kr).

In a similar way, the regular spherical vector waves v, (kr) are defined [4].

v (kr) = wllil;r)Aln(f«)
wan(hr) = w;]iiT)Agn('f) VT 1)%143"(1%)

where the Riccati-Bessel functions ¢ (x) = zj;(x), where j;(z) is the spherical Bessel
function [46].

Appendix B The translation matrices

The translation properties of the spherical vector waves are instrumental for the

formulation and the solution of the scattering problem of many individual scatterers.

These translation properties are well know, and we refer to, e.g., [4] for details.
Let ' = r + d, see Figure 9. Then

wn(kr') =Y Pow(kd)vy(kr), r<d
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Y

Figure 9: The relation between the translated origins O and O’ and the position
vectors  and 7 at the different origins.

Translation in the opposite direction is identical to the transpose of the translation
matrices, i.e.,

P (kd) = P(~kd)

Denote the spherical coordinates of =, v/, and d by (r,0,¢), (r',¢,¢'), and
(d,n, ), respectively. The translation matrices for a translation d (d < 0) are [4]

/

731aml,1am’l’(k’d) = (=)™ le,m’l’(kda 1) cos(m — m’)w
+ (=1)7Copt, v (kd, ) cos(m +m/ )3
Plaml,la’m’l’(kd) - (_1)m/+J/le,mll/(kd, 77) sin(m — m')q/J
+ Coutmmrr (kd,m) sin(m +m'), o # 0
Plaml,ZU’m’l’(kd) = <—1)ml+JDml7m/l/(k’d, 77) COS(m — m,)i/)
— Dyt —merr (kd,m) cos(m +m' ), o # o’
Plaml,Zam’l’(kd) = (_1)m/Dml7m/l/(k’d, 77) Sin(m — m')@/)
—+ (_1>0Dml,—m’l’<kd7 77) sin(m + m/)¢
P2aml,7—a’m’l’(k7d) = Plaml,?g’m’l/(kd), T=1,2
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where

—1)mtm' e e
Oml,m’l’(kd7 77) = ( )2 4

I+
20+ 1) 2 + 1)(A = (m —m/))!
X)\Zl:l, A+ )\/Z(H—1)l’(l’+1)(/\+(m—m’))!

x(é f) 3)(7; v )[l(l+1)+l’(l’+1)—>\(>\+1)]

—m m —m

X h(;) (kd) P]"™™ (cos 7))

—1ymtm' e e
Dml,m/l’(kdv 77) = ( )2 4

L (20 + 1)(20 + 1)(A — (m — m))!
8 A:”z_;,ﬂ A 1)\/1(5 T+ DO (m—m))!

LU A=1\[(1 U A - —
X(O 0 0 )(m —m/ m’—m) At —(=1)
x /(L4 1+ 1)2 = X1V (kd) P (cos n)

where €, = 2 — d,,, ¢ is the Neumann factor, and where ( ) denotes Wigner’s
3j symbol [11], and

1, o=c¢e

(=17 = {—1 og=0

Note that the factors i¥’ =" in Crnimv (d,m) and AL gy Dt v (d,m) are always
real numbers, due to the conditions on the Wigner’s 3j symbol.
We notice that the translation matrices have the form
1+

Powlkd) = 3 1 (kd) <Ann/A(z/;)P;”’m/(cosn)—i—Bm/,\(z/;)Pf”m/(cosn))
A=|l=U|+|7—7|

B.1 Average w.r.t. the azimuthal angle

The integral of the translational matrix w.r.t. the azimuthal variable v is relevant,
see (7.13). Explicitly, the non-zero contributions for a general m > 0 are

( 27
/ Aleml 1em/l’)\<w) dw = 27[(_1>m5mm/ mlill'\

/ Aleml 20m/U' A 1/}) dquj = QK(_]-)m(Smm’Dmll’)\
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0

2n 21
/ AZoml 20m/l'\ ¢ d7/1 / Aloml lom’l’)\(w) dw

0
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and the average over the function B becomes
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The explicit form of the average is, see (7.13)

2n

2n
Ann’k = Ann’A(¢) d¢+/ Bnn’/\(qs) dﬁb
0

>~

le 20 lo 2e
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and ) )
Ann’A - / Ann’k(gb) d¢ +/ Bnn’k(gb) de
0 0
le 20 1o 2e
efC 0 0 O
= 270 2of 00 0 0 , m=0
1o 0 0 0 0
2e 0 0 0 C
where

C= lel’)\ =

AR 1) 2L+ )21 + 1)
2 I+ DI+ 1)

m —-—m 0

AL (9N 4+ 1 21 + 1)(2I' + 1
DD ( >\/< (20 +1)

><<é g S)C v /\)[l(l+1)+l’(l’+1)—)\(>\+1)]

2 I+ DI + 1)

x(é f) A81)<l g )‘)\/AQ—(l—l/)z\/(l+l’+1)2—)\2

m —m 0

Appendix C Planar vector waves

Planar vector waves are commonly used in this paper. The planar vector waves
go}t(kt; k,r), j =1,2, are defined as [4,25]

+ Z X Kt g potik, + Fhik, + k22 g posin,.
k k — tTc Z k k: — t°Tc 7
901( t ,'I”) 4Ttik't € ) 902( t ,'I") 4Ttk’k't €

where the lateral distance r. = x@ + yy, the lateral wave vector ky = ke + kyy,
the lateral wave number, k; = |k;|, and the longitudinal wave number £, is defined

by
k :(k2_k2>1/2: \/kQ—]ftz fOI‘ kt<k
’ ' iv/kZ — k2 for ky > k

From these definitions, we identify 7 = 1 with a TE mode or L electric polarization,
and j = 2 with a TM or || electric polarization.
The planar vector waves satisfy

V x @5 (ki k) = ko> (ke ko), =12

(C.1)

where the dual index j of j is 1 = 2 and 2 = 1. Consequently,
V x (Vx @ (ksk,r)) =k (kgkr), j=1.2

The planar vector waves satisfy orthogonality relations. These are collected in Ap-
pendix C.1.
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C.1 Orthogonality relations for the planar vector waves

In this appendix we collect a series of orthogonality relation of the planar vector
waves that is used in the analysis.
On a general plane surface S, which is defined as z = zj, we have

A k,
// (e ko (z X 90?/("7;; k, "")) drdy = :FE%J-MS(’% — k)
ki (A > i(k/.k )) dzd _:l:(_l)j'kz i2ikz2057 (5(’(‘, _k/>
t7 , T z (Pj/ 1 1, T rdy = —4lk e i ¢ :

where the dagger 1 denotes a planar vector wave with reversed argument ki, i.e.,

o} (ki k,r) = @5 (—kiik, 7).
Explicitly, on the planar surface Sy, we have

[ ettt (-2 x o (s ) dody
S1

k?z

O(ky — K))oyeitatta | F 5 =1
- 41 klz .
—= =2
kl ) ]
‘ _ .
(F1)7 ok — k;)ajj,ewklzimazl#;
[ @ i) - (<2 x b b)) oy
S1
kZZ 1
. (5(k§t — k/t)(%j,e_i(klZ:Fk?z)zl :F k2 ) ] -
B 4 ko
- =2
R
j k=
(£1)70(ky — k/)(;, Le—ilki,Fha, )z i
- . L (C.3)
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On the planar surface S, we have use for

J[ @ teatar) - (2 x o (isha, ) dody
Sa

sz .
S(ky — k’)5 i(ks,tko,)z2 | £ T j=1
) 41 k?)z
-7 =2
ks’
(:Fl)j(s(kt — k| )5* L el(ka tka, )2 ’Z:l
- 4 (C.4)
// SOJ.—T(kt;k‘?,,r) (2 x (ki ko, ) dody
Sa
k2Z .
5(k k,)(S, e i(k3,Fha,)22 =+ k_27 ] =
) 4 k3z
- =2
ks’
(il)j(s(kt — K )(5 e_l(kSZ:FkQZ)ZQ 15111
- 4 == (C.5)

C.2 Expansion function for a given incident field

There is an alternative representation of the expansion functions a;(k;) for the
incident fields E; and H; in (4.2), see [25]

2
a; = ];kl // kt, k?l, (19 X inoani(T‘)) ds
1z

it | A . (C.6)
_ k gpj (kt; kl,’l"> . (l/ X El(”')) dS, kt cR y J = 172
1z

where the surface S is any plane surface to the left of S, but to the right of the
volume V;, which contains the sources of the incident field. For a given incident
field, this expression gives an explicit formula for the computation of the expansion
functions a; (k).

Appendix D The Green dyadic

An important tool is the decomposition of the Green dyadic for the electric field in
free space. We decompose the Green dyadic in spherical vector waves, see [4,25].

Gel(k, |r — ') =ik Y vn(kro)u,(krs) (D.1)
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where the index n is a multi-index,® and where - (r.) is the position vector with
the smallest (largest) distance to the origin, i.e., if » < ¢/ then r— = r and r- = 7/,
This expansion is uniformly convergent in finite domains, provided r # 7’ in the
domain [7]. The regular spherical vector waves v, (kr) and the radiating (out-going)
spherical vector waves w,,(kr) are defined in Appendix A.

The Green dyadic can also be decomposed in planar vector waves [4,25].

k dk, dk
Gelk. | — ) —me//% bk (ko) S50 (D2)

]12

where the upper (lower) is used if z > 2/ (z < 2/), and where (,ojﬂ(kt;k:,r) =
Py (ki o).

D.1 Transformation spherical and planar vector waves

Of frequent use in this paper is the comparison between the two types of solutions
of the Maxwell equations — the spherical vector waves and the planar vector waves.

The outgoing spherical vector waves, u,(kr), can be expressed in the planar
vector waves, gojt(kt; r), j = 1,2. This transformation reads, see |4, p. 183|

k dk, dk
o (kr) _22//3i (ko)or (ke k7 )k e Yo 220 (D.3)
j=1,2 z
where®
n o e Am cosmB| < —sinmf
Bi(hk) = i czm{ 15, <kz/k>{smmﬁ} % @/k){ S }} (D.4)
and

ng(kt> — (_1)l+m+r+j+1B;rj(kt)

where again the index j is the dual index of j, defined by 1 = 2 and 2 = 1, and
where ki = k¢(& cos f + ysin ), and

21 —I— 1(l—m)!
(l+m)!
5Depending on the context, the index n consists of three or four different indices, i.e., n = oml
or n =T7oml, where 7 =1,2, 0 =e,o,m=0,1,2,...,l, and [ = 1,2,3,.... Both conventions are

used in this paper. For more details abut this convention, we refer to Ref. 25.
6There is an alternative definition of the transformation coefficients B

nj (kt)

B (k) =i” { 0,56 - Az (k) — 5,58 A (k )}:i—l {iéTj[i~A1n(l%)—6T5d-A1n(fc)}

where k = &sinacos f + gsinasin + zcosa = (ky 4 2k.)/k, cosa > 0.
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The Neumann factor is defined as ¢, = 2 — d,,,9, and

4\ 1/2 m
Are) = L pry ey = ()

(l+1) I+ 1) (1—2)? !

where P/™(t) are the associated Legendre functions. Notice that the argument ¢ can
take complex values.
Moreover, we make use of [4]

o (ki k,r) =Y BE (kv (kr) (D.5)

n

where B (k) = (1) B (k).

Appendix E Probability density functions

The statistical distribution of the N scatterers, positioned at r,, p = 1,2,..., N,
and the state, which is collected in one symbol &,, p = 1,2,..., N, is described by
the N-particle probability density function P(rq,...,7n;&1,...,&x). This function
quantifies the probability of finding the first scatterer in a volume element dv;, cen-
tered at r; with its state in d&; centered at &;, the second scatterer in a volume
element dv, centered at ro with its state in d&; centered at &, and, in general, the
pth scatterer within a volume element dv, centered at position r, with its state in
d¢, centered at §, as

N
P, rwsén, o) [ dopds,
p=1

The assumption of the independence of the state and position variables implies
that the N-particle probability density function takes the form

N
P(rla"'arN;€17"'75N) :P(rla"'7TN)HPS(€p)

p=1

where P(ry,...,7x) denotes the probability density function depending on the lo-
cation of the individual scatterer, and Py(¢,) the probability density function de-
pending on the state of the pth scatterer. Conservation of probability implies

N
/P(rl,...,rN)HdUp =1
p=1

VN

s

and

‘/&@Mﬁzl

Qs
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where the integration is taken over Vj, which is the entire range of the scatterers’
positions,” and the states is assumed to take values in the abstract space .

The probability density function P(ry,...,ry) is expressed in terms of condi-
tional probability densities according to the definition of conditional probability
density functions®?

P(ry,...,rx) = P(r1)P(ry, ..., rN|r))
= P(T’l)P(’I"2|T‘1)P(’I’3, Ce ,’l“N|’I°1, ’I”Q)

where P(r;) denotes the probability density of finding scatterer 1 in a volume ele-
ment dv; centered at 71, and where the function P(rg,...,7y|r1) is the conditional
probability density of finding scatterer 2 in a volume element dv, centered at 7o
and scatterer 3 in a volume element dvs centered at r3 etc., given scatterer 1 in a
volume element dv; centered at ry. P(rs|r;) denotes the conditional probability
density of finding scatterer 2 in a volume element dv, centered at ry provided scat-
terer 1 is known to be in a volume element dv; centered at r;, and the function
P(rs3,...,ry|7r1,72) is the conditional probability density of finding scatterer 3 in a
volume element dvs centered at 73 and scatterer 4 in a volume element dv, centered
at ry etc., given scatterer 1 in a volume element dv, centered at r; and scatterer 2
in a volume element dvy centered at rs.

The single-scatterer and two-scatterer probability density functions P(r,) and
P(r,,r,) are computed as

N
P(’I"p): / P(T17r27"'7TN)Hdvra ///P(T) dv=1 (El)
yN-1 ;;}17 Vs
and
N

P(rparq) = / P(’l"l,’f'z,’f‘g, R 7TN) H dvr; /P(Tl,'rg) d’Ul dv2 =1 (EZ)

N—2 r=1 9

Vs r#p.q Vs

respectively. Moreover, we have by definition

/// P(ry,ry) dv, = P(r,)

"To be exact, the volume that the local origins, r,, can occupy. This volume is not the same
as the convex hull of all scatterer.
8The conditional probability density function is defined as [47, Sec. 7.2]

P(ry,...,r
P(req1,..,TN|TPL, .., TE) = P((7°11r]:))

9Since the order of numbering is arbitrary, we specialize to scatterers 1 and 2. Any other
combination of scatterers follows with a similar notation.



62

From these definitions and the definition of the conditional probability density func-
tion, we also have

N N
P(ry) / P(ry,...,rN|7T1) Hdvr = / P(ry,re,...,TN) Hdvr = P(ry)
yN-1 r=2 yN-1 r=2
and therefore
N
/ P(ry,...,rN|r1) Hdvr =
r=2

The two-scatterer probability density functions P(r,,r,) and the conditional
probability density function P(r,|r,) are related as

P(rp,ry) = P(ry)P(ry|T),)

and
/// P(r,r,) dv, =1
Vi
The average of a function f(71,...,7y;&1,...,&y) over all position variables is
denoted
N N
<f> = / / P<T‘17"'7TN)HPS<§p)f(r17"‘7rN;§17"'7§N)Hdvpd§p
QN VN p=1 p=1

If the position and state of the first scatterer are held fixed and all other scatterers
are averaged over, we use the notion

N

e = [ Prarsm [T R

=2
Qé\/—l VSN—l p

N
X f(ro,orns&n ) [ dep dg
p=2

and

qua//meﬂmea@>

QN yN-1 =1

N N
X (i€ &) [ dos [ dé
p=2 p=1

if we also include the average over the state variable &;.
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With scatterer 1 and 2 held fixed, we use the notion

e = [ f Plrs. .. el o) [ 26

=3
QN-2 yN-2 p

N
X<y En) [ doy g,
p=3

and a similar notation for any other combination of scatterers.

E.1 Number density functions
Of special interest is (single-scatterer) number density function n;(r) defined by

N

ni(r) = 25(7" —rp)

p=1

///nl(’r)dv:]\]

which gives the total number of scatterers in V. The average number density is
(use (E.1))

This definition implies

(ny(r)) = / P(ry,...,rn)na(r) [ dv, = Y P(r) = NP(r)

VN p=1 p=1
g

If the medium is statistically homogeneous, the single-particle probability density
function is simple (denote the volume of V; by |Vj]|)

1 Un)
=, TE ‘/s
Piry=< Vil N
0, ré¢V,
where the number density is'’
N
o = <n1(r)> = ’V|

The two-scatterer number density function ny(r, ') is defined as

ny(r,r') = ZZ(S(T —ry,)o(r' —r,)

p=1 ¢g=1
q#p

10More exactly, the density or concentration of local origins.
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The definition implies

///ng(r,r’) dv' = (N = 1)ny(r)

The average two-particle number density is (use (E.2))

(no(r, 7)) = /P(rl,...,rN)nz(r,r’)Hdvp

VsN

=35 P(r,#') = N(N — 1)P(r, ')
Sy s

The pair distribution function g(r,7’) is now defined in terms of the one- and
two-scatterer number densities. The definition of the pair distribution function is

(na(r, 7)) = (na(r)) (ma(r)) g(r, )

We expect the two-scatterer probability density function P(r,7') — P(r)P(r’) (in-
dependent random variables) as |r — 7| — oo, and we therefore predict g(r,r’') —
in this limit. We can express the two-scatterer probability density function P(r,r
in terms of the pair distribution function as

(na(r)) (m () g(r,7") _ NP(r)P(r')g(r,r’)
N(N —1) N-—1

1
)

P(r,r'") =

or in terms of the conditional probability density function P(r’|r) as

NP(r")g(r,r")
N -1

P(r'|r) =
For a homogeneous medium, we get

(na(r, ")) = ngg(r,r')
and

, Ng(r,7')  ngg(r,r’) non
P =y - vy P =

nog(r, ')
N -1

(E.3)
As the number of scatterers becomes large, the two-scatterer probability density
function P(r,r’) — g(r,r')/|V:|*> and the conditional probability density function
P(r'lr) = g(r,r")/|Vi|.

Appendix F  Overview of the notation

This paper contains many symbols and variables. In the following table selection of
the most important symbol are explained.



Symbol Explained Page
E Electric field 3
H Magnetic field 3
E; Incident electric field 6
E, Reflected electric field 6
E,; Transmitted electric field 12
G, Green dyadic for the electric field in free space 4
cpj[ Planar vector waves 56
Uy, Radiating spherical vector waves 52
(V. Regular spherical vector waves 52
A, Vector spherical harmonics 51
Pow (kd)  Translation matrix of spherical vector waves 52
ij, Bfij Transformation operators between spherical and planar waves 59
Fji(k:t) Expansion coefficients 13
C;—L(kit) Averaged expansion coefficients 31
Ton Transition matrix for the particles 8
Mo Wave impedance of vacuum 3
n Relative wave impedance 3
€ Relative permittivity 3
1 Relative permeability 3
k Wave number 3
21 Position of the left interface of the slab 3
2 Position of the right interface of the slab 3
d Thickness of the slab, i.e., d = 29 — 21

a Radius of the spherical particles

D z interval of possible origins, i.e., D = 2o — 21 —2a = d — 2a

le Reflection coefficient from the left side of the left interface 15
T} Transmission coefficient (left to right) of the left interface 15
R]l Reflection coefficient from the right side of the left interface 16
T} Transmission coefficient (right to left) of the left interface 16
R? Reflection coefficient from the left side of the right interface 17
T} Transmission coefficient (left to right) of the right interface 17
T2 Reflection coefficient at normal incidence of the left interface 36
T2 Reflection coefficient at normal incidence of the right interface 36
t., Transmission coefficient at normal incidence of the left interface 36
t.y Transmission coefficient at normal incidence of the right interface 36
T'slab Reflection coefficient at normal incidence of the slab 39
talab Transmission coeflicient at normal incidence of the slab 38
ti(k) Amplitude of the transmitted field 20
r;(ky) Amplitude of the reflected field 22



k Wave vector

k. Transverse wave vector

k, z component of the wave vector

a, B Polar and azimuth angle of the wave vector

f Volume fraction of particles

ng Number density of particles
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