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Let G be a reductive group over a number field k. It is shown how Emerton’s methods
may be applied to the problem of p-adically interpolating the metaplectic forms on G,
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involved split at the infinite places of k.
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1. Introduction
1.1. Metaplectic groups

Let k£ be an algebraic number field, A the adele ring of k, and G a connected
reductive group over k. Let u be a finite abelian group. By a metaplectic cover of
G by u, we shall mean® a topological central extension

1—=p— GA) = GA) =1,
such that the subgroup G(k) of rational points lifts to a subgroup G(k) of G(A).
We shall recall some results on the construction and properties of metaplectic covers
in section 2.1 below.

This paper is concerned with p-adic interpolation of automorphic representations
of a metaplectic group G(A) (specifically, those representations which show up in the

& The notation G(A) is standard but a little misleading, since this group is a topological group,
but is not the group of adelic points of any linear group.
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cohomology groups of its arithmetic quotients.) More precisely we prove metaplectic
versions of the results of [3], [7] and [10], which were originally proved there for
automorphic representations of G(A).

We shall write Go, for the Lie group G(k ®g R) and G2, for the connected
component of the identity in G,. We have a topological central extension of real
Lie groups

1= pu—GY =G —1, (1.1)

where G2 is the pre-image of G2 in G(A). We shall divide metaplectic covers into
two kinds:

e Type 1: The extension (1.1) splits as a direct sum;
e Type 2: The extension (1.1) does not split.

In this article we shall be concerned with metaplectic groups of type 1. As we point
out in Proposition 2.2 below, there are many groups G for which all metaplectic
covers of G are of type 1, so this restriction is not too onerous. Our methods will
not apply to type 2 covers, since such covers do not possess genuine metaplectic
forms of cohomological type. However we note that various authors have dealt with
the p-adic interpolation of metaplectic forms of type 2 in certain cases, using very
different methods (see for example [14,21,22]).

1.2. Cohomology of arithmetic quotients

Assume now that we have a type 1 metaplectic cover of G. We fix once and for all
a lift G(k) of G(k) to G(A). We also fix a maximal compact subgroup K, of G2,
For a compact open subgroup Ky of G(Ay), we write Y (K ) for the corresponding
arithmetic quotient of G, i.e.

Y(Ky) = G(k)\G(A)/ KL K.

We shall describe Y (Ky) in a different way, which is more useful to us. Suppose that
K is chosen small enough so that it lifts to a subgroup K rof G(A) The existence
of such a K follows from topological considerations, and we shall fix such a lift K I

As G is of type 1, the group K o lifts uniquely to a maximal compact subgroup
K3, of G°_. Since K2, is connected, it follows that K commutes with K¢, and so
we have the following alternative description of ¥ (Ky):

Y(Ky) = G(k)\G(A)/ KL Ky,

where G(k) is the pre-image of G(k) in G(A).

This allows us to define a local system on Y (Kj) for any representation of
G(k) = G(k) @ p. In particular, if W is a representation of G(k) (over some coef-
ficient field F) and € : p — E* is a character, we may consider the representation
W @ ¢ of G(k). The corresponding local system Vyy g, is given by

Ve = GO\ ((G(A)/KLE)) x (W @e)).
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The cohomology groups of these local systems have an action of the Hecke
algebra of G(A ) with respect to K ¢. This article will be concerned with the inter-
polation of the systems of Hecke eigenvalues appearing in these cohomology groups.
More precisely, we shall fix a prime p of k£ above the rational prime p, and take W
to be an algebraic representation of the group G = Rest(g';(G X ky), where Resta‘;
denotes restriction of scalars. We regard such a representation W as a representa-
tion of G(k) via the inclusion G(k) — G(k,) = G(Q,). Our goal is to show that the
Hecke eigenvalues appearing in these spaces move in p-adic families as the weight
of W varies.

We will find it more convenient to work with the corresponding smooth repre-
sentations. Let us write § for the group G(Q,). For a prime q of k we shall often
write G for the group G(ky). Thus there is a canonical identification § = G,. For
a subgroup U C G(A), we shall write U for the preimage of U in G(A). If U is a
subgroup of K¢, then we shall write U for the lift of U to Kf, sothat U =0UnN Kf
We shall assume that Ky = K, K?, where K is a compact open subgroup of G, and
KP* is a compact open subgroup of G(A’;). The group K* will be called the “tame
level” and will remain fixed throughout the paper. We thus have a corresponding
decomposition K'f = K'pf{p.

We define for a fixed tame level:

He

cl,e

(KP, W) := lim H*(Y(UK®), Vwee).
UCK,

(Of course, this group does not depend on K,, but we require U C K, in order
that the sheaf Vi g, is defined on Y (UKP).) Let HP be the Hecke algebra of G(A’;)
with respect to K*, and with coefficients in E. The vector spaces Hp E(K”, W) have
commuting actions of G = ép and H?. As a g—module H E(R’ , W) is smooth and
admissible. We may recover the finite level cohomology H*® (Y(K PKp), Vwge) as the
subspace of K-invariants in HS _(K®, W).

cle

1.3. Classical points and FEigenvarieties

We may replace p by p/kere without changing the classical cohomology groups.
We shall therefore assume from now on that the map € : p — E* is injective. We
shall also assume that the coefficient field F is a complete and discretely valued
subfield of C,,, and that G is split over E.

Our results are most complete (and easiest to state) when G is quasi-split over
Qp. Let us assume for now that this is the case, and choose a Borel subgroup
B = TN of G defined over Q,, with unipotent radical A" and Levi factor 7. The
group N of Q,-valued points of A has a unique lift Nto § (this is well known,
and we include a proof in Lemma 5.1 below). For a smooth representation V' of g,
the smooth Jacquet module V is defined to be the space of N-coinvariants. This
Jacquet module is a smooth representation of the group T, which is the pre-image in
G of the group T of Q,-valued points of 7. Applying this smooth Jacquet functor to
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;LE(IA(p, W), we obtain a representation C'Lg(f(p, W5 of TxHP, which is smooth
and admissible as a representation of T. If W is irreducible, then the contragredient
representation W’ is also irreducible, and hence by the highest weight theorem
(cf. [7, Theorem 1.1.1]) (W) is a 1-dimensional algebraic representation of 7.
Tensoring with this representation, we obtain a locally algebraic representation

rep® (W) = rep*(KP, e, W) of T x H? defined as follows:
rep*(W) = (W)N @p H3 (K*, W)y,

By a classical point of cohomological dimension s, we shall mean an absolutely
irreducible (and hence finite dimensional) subquotient of rep®(W) for some W.
Under a certain hypothesis (see definition 1.1 below) we shall construct a single
rigid analytic space, called the eigenvariety, containing all the classical points (for
all choices of W simultaneously).

Each classical point is of the form 7 = m, ® 7P, where m, is an irreducible
locally algebraic representation of T and 7P is an irreducible representation of HP.
Let Z be the centre of T. Recall that by the Stone-von Neumann Theorem for
smooth representations of metaplectic tori 29, Theorem 3.1], the representation ,
is determined by its restriction to Z (here we have used the assumption that e is
injective). We may therefore regard m, as a point of the rigid analytic space Z of
locally analytic characters of Z.

There is a decomposition HP = HPP @ Hramified  where HPP is commutative
and Hrawified g finitely generated over E. This gives us a further decomposition
7P = P @ gramified where 75Ph is in Spec(H*P"). Thus a classical point gives rise
to a point (my, mP1) of Z x Spec(H*Ph). We shall show that there is a rigid analytic
subspace Eig® C Z x Spec(#P1) containing all the classical points of cohomological
dimension s, such that the projection Eig® — 7 is finite, with discrete fibres. In
particular, the dimension of Eig® is at most the dimension of 7.

We shall see that there is a representation J* = J¥(KP, &) of T x HP, together
with injective homomorphisms rep® (W) — J* for each W, so that the representation
J*¢ interpolates all of the classical points. As a representation of ‘j', J? is locally
analytic, and we shall prove that J* is essentially admissible in the sense of [6] (see
definition 3.8 below). For such a representation, there is a corresponding coherent
sheaf £ on 2, such that the fibre at y € 7 is isomorphic (as an HP-module) to
the contragredient of the y-eigenspace in J®. The eigenvariety is defined to be the
relative spectrum Eig® = Spec(A), where A is the image of H*P" in the sheaf of
endomorphisms of £. Localizing £ over A, we obtain a canonical sheaf M on Eig®.
The sheaf M allows us to recover the action of Hr2™ified o s,

Note that each classical point on the eigenvariety has a Z-coordinate which
is locally algebraic. It would be useful to know whether the converse is true, i.e.
given a point of the eigenvariety whose Z-coordinate is locally algebraic, can we
conclude that the point is a classical point? We prove that if x € 7 is locally
(W")N-algebraic and has non-critical slope (see definition 5.18 below), then the
map of x-eigenspaces rep®(W)[x] — J*[x] is bijective. Hence every point on the
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eigenvariety with Z-coordinate X is classical.

The representation J* together with the maps rep® (W) — J*® are defined in two
steps: completed cohomology and the locally analytic Jacquet functor. We shall
briefly discuss these constructions in the next two paragraphs of this introduction.

1.4. Completed cohomology

Recall that we have fixed a prime p of k above p. Let O be the valuation ring of
E.

We define the completed cohomology spaces H® = fls(f(p, E) as follows:” The
choice of Ky determines a p-covering space Y (Ky) of Y (K ), defined by

Y(Ky) = G(R\G(A)/ KKy

We set

H*(K?, E) = (@@H%Y(KPKPLOE/M)) ®o; E.
n Ky

The completed cohomology spaces are naturally Banach spaces over E, with com-

muting actions of G = Gp and the Hecke algebra HP. We show in section 4.1 that

H* is an admissible continuous representation of § in the sense of [24] (see definition

3.4 below). We shall write H3(K?, E) for the ¢’-eigenspace for the action of x on

H*(K*, E). Here ¢’ denotes the contragredient of e.

Let g be the Lie algebra of G over Q. There is a natural action of g on the
subspace H 1a Of Qp-locally analytic vectors in H?. We show (see Corollary 4.8)
that there is a spectral sequence relating this action to the classical cohomology
spaces for any algebraic representation W:

Ext’(W’ Ela) H’"JFS(K’D W).

cl,e

Here W' denotes the contragredient of . In particular, we have an edge map
cl, E(Kp W) - Homﬂ(W/7 ‘Hg,la)' (12)

This map is a homomorphism of smooth G x HP-representations. Written another
way, this gives a homomorphism of locally analytic representations:

W @ HY (KP, W) — HE,, (1.3)

Definition 1.1. We say the tuple (G,p,s,f{p,s) satisfies Emerton’s edge map
criterion if for every W the map (1.2) is an isomorphism, or equivalently if the
image of (1.3) is the set of all W'-locally algebraic vectors in H.

bThe definition of these spaces generalizes the spaces denoted by H*(...) in [8]. We denote them
here with a horizontal line rather than a tilde in order to avoid conflict with our use of the tilde
sign to denote preimages in G(A) of subgroups of G(A).
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Our results concerning eigenvarieties described above depend on the edge map
criterion. It is therefore rather important to know that this criterion holds in a
number of cases. It is clear that the criterion is satisfied for s = 0. We prove the
following result for s = 1 and s = 2, generalizing the results of [10] to the metaplectic
case.

Theorem 1.2. Suppose G is semi-simple and simply connected and has positive
real rank (i.e. Goo s not compact). Then the edge map (1.2) is an isomorphism in
dimension s = 1. If in addition G has finite congruence kernel and € is non-trivial
then the edge map is an isomorphism in dimension s = 2.

1.5. The locally analytic Jacquet module

We then turn to finding an analogue in this situation of the locally analytic Jacquet
module construction of [7]. Let P be a parabolic subgroup of G defined over Q,,, with
unipotent radical A" and Levi factor M. In line with our earlier notation, we shall
write P, N and M for the groups of Q,-valued points of P, " and M respectively. For
each such P, we define a left-exact functor Jp from locally analytic representations
of P to those of M.

Any smooth or locally algebraic representation may be regarded as a locally
analytic representation, and so we may apply Jp to such representations. We shall
prove the following, which determines Jp on locally algebraic representations:

Theorem 1.3. If X is a smooth admissible representation ofg and W is an alge-
braic representation of G, then

Tp(X @ W) = X5 @ W,
where N is the unique lift to G of N.

In particular, the locally analytic Jacquet functor coincides with the smooth
Jacquet functor on smooth representations.

Suppose again that G is quasi-split over Q, and let B be a Borel subgroup with
Levi subgroup 7. The representation J* discussed above is defined as follows:

J* = Jg (H2(KP BN )

Applying the Jacquet functor Jg to the map (1.3) we get the required map
rep® (W) — J*°. Assuming the edge map criterion, we know that (1.3) is injective
with closed image. Hence by left exactness, we conclude that the map rep* (W) — J*
is injective.

Roughly speaking, the eigenvariety Eig® defined above is the set of characters
of Z x HsPh appearing in .J°, where HP" is the spherical part of the Hecke algebra
of KP. If the edge map criterion holds, then since J* contains rep® (W) for every
W, this space contains all characters arising from automorphic representations of
G(A) which are cohomological in degree s, which have a KP-fixed vector, and
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whose local factor at p is principal series. We also give a “classicality criterion”,
i.e. a sufficient condition for a point (x,A) of Eig(J®) to appear in the classical
cohomology rep® (W).

The completed cohomology H? is a continuous admissible representation of G.
From this, it follows that its subspace HZ |,
admissible locally analytic representation of G in the sense of [6]. In order to show
that J* is essentially admissible, we prove the following.

of locally analytic vectors is a strongly

Theorem 1.4. If V is an essentially admissible locally analytic representation of
G, then Jp(V) is an essentially admissible locally analytic representation of M.

1.6. Representations of metaplectic tori

A novel aspect of the metaplectic case, compared to the theory for algebraic groups,
is that the representations J* constructed in the above fashion are representations of
a non-abelian group (a metaplectic extension of a torus). Essentially admissible lo-
cally analytic representations of abelian locally analytic groups are well-understood,
and may be interpreted as coherent sheaves on a rigid-analytic space, which is the
method used in [8] in order to construct eigenvarieties.

In the method described above, we have restricted our representation J*® of T to
the centre Z of T in order to construct the eigenvariety. This construction has certain
drawbacks. The first problem is to do with the ramified part of the Hecke algebra.
Let us suppose that we have an absolutely irreducible T x ‘HP-subrepresentation
Tp ® S @ gramified of 75 and let y : Z — E* be the central character of Tp-
We have a corresponding point (y, 7%P") in the eigenvariety. One would ideally like
recover the representation 7*#™ified in the dual space of the fibre of the sheaf M at
the point (y, 7%P"). However, with the construction described above the contribution
to the fibre is (rramified)*d where d is the dimension of m,. In a sense, this means
that the sheaf M is d times as big as we would like.

The second drawback is that the field of definition of a point of the eigenvariety
is not exactly the same as the field of definition of the corresponding absolutely
irreducible representation. More precisely, suppose that x : Z — E* is a locally
analytic character, and let 7, be the corresponding absolutely irreducible locally
analytic representation of T. It can quite easily happen that 7, is not defined over
E, but only over some finite extension. The field of definition of a point on the
eigenvariety will only see the field of definition of y, since we have restricted to Z
in our construction. To some extent this problem is unavoidable, since 7, will often
have no unique minimal field of definition.

In section 6, we show that both of these problems may be resolved assuming a
certain “tameness” condition on the group T. Assuming the tameness condition, we
show that there is an equivalence of categories between the essentially admissible
locally analytic representations of T extending ¢, and the essentially admissible
locally analytic representations of Z extending e. In particular, this implies that
that character x and the corresponding representation 7, have the same field of
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definition. Applying this equivalence of categories to J* instead of simply restriction
of representations, we obtain a slightly different coherent sheaf £ on Z. This gives
rise to a slightly different sheaf M on the eigenvariety, and this new sheaf has the
correct multiplicities of representations of Hr@™ified  Finally, we show that if G is
semi-simple, simply connected and split over k, and if p does not divide the order
of u, then T satisfies the tameness condition.

1.7. Relation to the work of Emerton

In this paper we rely heavily on the work of Emerton. The results and definitions
of this paper are analogues of those obtained by Emerton in the case of algebraic
groups (as opposed to metaplectic groups). The locally analytic Jacquet functor for
representations of reductive algebraic groups was introduced in [7], and completed
cohomology was introduced in [8], where it was used to construct eigenvarieties for
algebraic groups. In many parts of this paper — particularly in section 5 — the proofs
of our results very closely follow those of Emerton, and rather than reproducing the
intricate proofs in full, we have simply indicated how the original arguments need
to be modified in order to apply to the metaplectic case.

2. Classical cohomology of metaplectic groups

In this section, we shall recall some standard results on metaplectic groups, and
recall the construction of admissible smooth representations arising from the coho-
mology of arithmetic quotients of these groups.

2.1. Metaplectic groups

As before, we let G be a connected reductive group over an algebraic number field
k. It is shown in [5] that if k contains a primitive m-th root of unity, then there
is a canonical non-trivial metaplectic extension of G by the group p,, of all m-
th roots of unity in k, and also a canonical lift G(k:) If G is absolutely simple
and algebraically simply connected then there is a universal metaplectic extension,
whose kernel is the group of all roots of unity in k. The universal metaplectic cover
coincides with Deligne’s cover. However for our purposes, it is sufficient to choose
a metaplectic cover, together with a lift G(k).

Let K3, C G2, be a maximal compact subgroup. We have a topological central
extension of compact Lie groups:

1—p— Ko — K — 1. (2.1)

Recall that G2, has an Iwasawa decomposition as the product of K and a
uniquely divisible, topologically contractible group H. This group H therefore has
a unique lift to a subgroup H of égo, so we have a corresponding Iwasawa decompo-
sition égo = f{goﬁ Thus the inclusions K3 — G2, and Koo < égo are homotopy



April 20, 2012 9:58 WSPC/INSTRUCTION FILE MetEmerton

P-adic interpolation of metaplectic forms of cohomological type 9

equivalences. It follows that the extension (1.1) splits if and only if (2.1) splits.

Examgle 2.1. Let G = SL,,/Q. There is a unique non-trivial metaplectic double
cover SL, (A). We may take K., = SO(n), and then K., = Spin(n). The extension
is of type 2, since Spin(n) is connected.

The following proposition gives an ample supply of type 1 metaplectic covers.

Proposition 2.2. Let G be semi-simple and algebraically simply connected, and
suppose that for every real place v of k, the group G, is compact. Then every meta-
plectic extension of G is of type 1. In particular this holds if k is totally complex.

Proof. We will show that under these hypotheses, G, is topologically simply con-
nected for each infinite place v.

If v is a complex place of k then G, is a complex algebraically simply connected
group. By the Iwasawa decomposition, G, is homotopy equivalent to a maximal
compact subgroup. On the other hand, if k, is real and G, is compact, then G,
is itself a maximal compact subgroup of the complexification G(C). So it suffices
to show that if G is an algebraically simply connected semi-simple Lie group over
C, then any maximal compact subgroup of G(C) is topologically simply connected.
This follows readily from Theorem 1.1 of [1].

The group G is therefore a product of simply connected spaces, so is simply
connected. It follows that the extension splits over Goo. O

Remark 2.3. It is a widely held misconception that when k is totally complex every
metaplectic extension is of type 1. By the above proposition, this holds when G is
semi-simple and simply connected, but it is false in general. Indeed it is even false
for double covers of GL; (the extension constructed in [11] is a counterexample).

2.2. Arithmetic quotients

We assume for the remainder of this paper that G is of type 1.

Recall that for a compact open subgroup K; of G(A;) we have defined an
arithmetic quotient Y (K;). Assuming that K; has a lift K; to G(A), we have
defined a p-covering space Y (Ky) of Y(K). The topological spaces Y (K ) and
Y (K ) are homotopic to finite simplicial complexes (see [2]). If K is sufficiently
small, then these are topological manifolds.

As described in the introduction, for any finite-dimensional algebraic represen-
tation W of G, over some field E' containing Q,, and any character € : 4 — E*, we

have a locally constant sheaf of E-vector spaces on Y (Ky),
Vivse = G\ ((G(A)/KLE)) x (W @2)).

Since W is finite-dimensional and Y (K ) is homotopic to a finite simplicial complex,
the cohomology groups H*(Y (K¢), Vwg.) are finite-dimensional E-vector spaces.
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The formation of Vg, is compatible with pullback via the natural maps
Y(K}) — Y(Ky), for K C Ky. Moreover, for g € G(Ay), right translation de-
fines an isomorphism [g] : Y(Kf) — Y (¢ 'Kg), and an isomorphism of local
systems [9]*Vwee = Vwge; when g € u, we have Y (g 'Krg) = Y(Ky), and the
map is simply multiplication by e(g). These compatibilities imply that if K* is a
tame level, then the spaces

HE (KD W) = T H*(Y(UK?), Vivse).
UCK,
are smooth representations of @p, on which p acts via the character e (the require-
ment that U C K, ensures that the sheaf Viyg. is defined on Y (UK?), although
the direct limit does not depend on K,). Since the K,-invariants of the representa-
tion HY _(KP?, W) can be identified with H*(Y (K, K*), Vwg.), the representations
Hc.l €

Note that we also have a local system on Y(K ¢) defined by
Vir = G\ ((G(A) /KK ) x W) .

(K®, W) are admissible smooth representations of Gy.

If we write pr : ?(Kf) — Y (Ky) for the projection map, then we have an isomor-
phism of local systems:

pr, Vw) = D Vwen
n:u—EX
and hence by Shapiro’s lemma (or the spectral sequence of the map pr),

H*(Y(Ky),Vw) = @ H*(Y(Ky), Vwen)-

n:p—EX

2.3. Connection with the Kubota symbol

We give an alternative description of the cohomology groups in the special case that
G is absolutely simple, simply connected, and has positive real rank. In this situation
there is a universal metaplectic cover G(A) by the group ., of all roots of unity
in k. The groups G and K., are connected, and their quotient X = G /Ko
is a symmetric space. The compact open subgroup Ky determines an arithmetic
subgroup

I'=G(k)N(Kf x Goo) -
Furthermore the arithmetic quotient Y (K ) is connected, and may be identified
with a quotient of X as follows:
Y(Ky) =T\X.
Recall that we have lifts 71 : G(k) = G(k), and 7 : K X Goo — K x Go. These
lifts are both defined on the arithmetic subgroup I', but they are not equal on that
subgroup. The Kubota symbol is defined to be the ratio of these two lifts:

k(y) =n(MNr()™  yel.
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We recall that the Kubota symbol is a surjective homomorphism I' — p,,,. Its kernel
is a non-congruence subgroup of I'. Indeed in many cases k gives an isomorphism
between the congruence kernel and p,, (see for example Theorem 2.9 of [20]).

Suppose again that W is an algebraic representation of G over E. By restriction,
we obtain an action of I' on W, and we may twist this action by the character e ok
to get a new action. We can form the local system on Y (Ky):

Vipe. = r\(X X (W (e o ﬁ))).

One can check that Vy; . is an isomorphic local system to Vi .. In particular, we
may express our cohomology groups in terms of group cohomology:

H*(Y(Ky),Vwge) = Heroup T, W @ (€ 0 K)).

group

2.4. Non-vanishing of metaplectic cohomology

We next show in some simple cases that the spaces H? (K' P W) are non-zero.

cl,e
Proposition 2.4. Suppose that G is compact. Then for any Ky sufficiently small
and any W, the vector space HY _(Ky, W) is non-zero.

cle

Proof. Since G, is compact, the double quotient
G(k)\G(A)/ KK
is a finite set. Moreover, if p1,..., i, is a set of coset representatives, the groups
Ly = G(k) N K Kppyt
are finite. Then, for any W, the space H*(Y (K¢), Vwge) can be identified with the
space of maps from the finite set pi1, ..., . to W ® e for which f(u;) € (W ®¢)'i.

By shrinking K if necessary, we may assume that K is torsion-free, and hence all
the groups I'; are trivial. Therefore H°(Y (K ), Vwge) is non-zero. O

Proposition 2.5. Let k be an imaginary quadratic field containing an m-th root
of unity; let G = SLy/k and let G be the canonical metaplectic extension of G by
tm. Then for Ky sufficiently small there is a non-trivial character € : p, — C*
such that the space H*(Y (Ky),C ® €) is non-zero.

Proof. In the case of SLy, the Kubota symbol has been determined on I' = I'(m?).
It is given by (see Proposition 1 in §3 of [15])

c if
P <“ b> @i e 0 (2.2)
cd 1 otherwise.

Here the notation (5) & m Means the m-th power residue symbol in the field k. Let
Ty = ker(k). Then we have a decomposition

H*(Ty,C)= €P H*(T.nor).

M —CX
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We shall suppose that each of the spaces H?(I',n o k) is zero apart from the space
where 7 is trivial, and so we are assuming H?(I'g,C) = H*(T, C).

We shall write Y for the arithmetic quotient T\ X and Y for the ji,,-cover I'p\ X.
We shall also write 8Y and Y for the boundaries of the Borel-Serre compactifica-
tions of Y and Y respectively. We have a commutative diagram, in which the rows
are exact:

H?(Y,C) — H?*(Y,C) — H3(Y,C) -0
! ! }
H?*(Y,C) — H?*(9Y,C) - H3(Y,C) = 0

We are assuming that the first vertical arrow is an isomorphism. Since Y and Y are
both connected topological 3-manifolds, it follows that H3(Y,C) and H3(Y,C) are
both one-dimensional, and the third vertical map is also an isomorphism. A diagram
chase shows that the middle vertical map is surjective. However, the middle vertical
arrow is known to be injective, since the composition

H2(9Y,C) % H2(9Y,C) ™ H2(9Y,C)

is known to be scalar multiplication by the degree of the cover Y — dY. We have
therefore shown that the map H2(dY,C) — H?(dY,C) is bijective. By examining
the map dY — Y, will show that this is not the case.

Recall that the connected components of Y correspond to I'-conjugacy classes
of Borel subgroups B = TN defined over k. For each such Borel subgroup we let
I'e = I'N B(k). As T is torsion-free, we have I'g C N(k), and the corresponding
boundary component is defined by 0¥ (B) = I'g\N(C). Since I'g is a lattice in
N(C) = C, we see that each boundary component is a 2-torus. Hence the dimen-
sion of H2(9Y,C) is exactly the number of I'-conjugacy classes of Borel subgroups.
Each I'-conjugacy class of Borel subgroups is a finite union of I'y-conjugacy classes.
However, since we are assuming that H2(9Y,C) = H?(dY,C), we conclude that
the I'-conjugacy class of each Borel subgroup is equal to its I'g-conjugacy class.

Recall that a Borel subgroup B is called essential if the restriction of k to I'g is
trivial, or equivalently if 'y C I'yg. Not every Borel subgroup is essential; however
the standard Borel subgroup of upper triangular matrices is clearly essential by
(2.2). Suppose B is any essential Borel subgroup. Since we are assuming that the
I'- and I'g-conjugacy classes of B are equal, it follows that the inclusion I'y — T’
gives us a bijection

Iy/Tg 2T'/I's.
From this we conclude that I' = T'y, which gives us the desired contradiction. O
Remark 2.6. The argument in the proof of Proposition 2.5 only shows that

H?(Y(Ky),C®e) contains some non-trivial Eisenstein cohomology classes. In fact,
one can show that there are also metaplectic cusp forms of cohomological type on
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SL,. This follows by examining the Shimura correspondence for the group GL, /k
(see [9]). In particular, it is shown that if 7 is an automorphic representation of
G~L2, then there is a corresponding automorphic representation 7w of GLo. If 7 is
cuspidal, then so is 7. The image of the map 7 — 7 is also calculated. In particular
if m has level 1, then it has a preimage 7. Finally, one can check that if 7 is of
cohomological type, then a certain twist of © will be of cohomological type.

3. Background on p-adic representation theory
3.1. Continuous cohomology

Throughout this section, we let & be a locally compact, totally disconnected group.
By a continuous &-module, we shall mean an abelian topological group V', together
with an action of & by endomorphisms of V', such that the map & x V' — V is con-
tinuous. Suppose V and W are continuous &-modules. We shall write H2(®,V)
and Extg (V, W) for the continuous cohomology groups (see for example [1]). We
shall sometimes consider continuous &-modules V', which are locally convex topo-
logical vector spaces over a field E. In this case, the field F will always be a complete
discretely valued subfield of C,.

We begin by recalling a rather technical aspect of continuous cohomology from
[4]. Let V be a continuous representation of & and let C™(®,V) be the abelian
group of continuous maps &" Tt — V. We regard C™(®,V) as a topological group
with the compact-open topology. We have an exact sequence of &-modules

0=V =C%B, V)= CHS,V) = - (3.1)
Recall that H?,

cts

(&,V) is the cohomology of the cochain complex C™(&,V)®.

Definition 3.1. (see §1 of [/]) The group

Z™(&,V) =ker(C™(&,V) — C"T(&,V))
is given the subspace topology; the group

B"(®,V) =Im(C" H&,V) = C™"(&,V))

is given the quotient topology as C"~Y(&,V)/Z"=1(&,V). Since (3.1) is exact, the
groups B™(&,V) and Z™(&,V) are identical for n > 0, and the identity map gives
a continuous bijective homomorphism B™(&,V) — Z™(&,V). We say that the co-
homology HS(®,V) is strongly Hausdorff if the maps B™(&,V) — Z"(6,V) are
open, i.e. if the two topologies are the same.

Lemma 3.2. Suppose & is a union of countably many compact subsets and V is a
Fréchet space over E with a continuous action of &. Then the cohomology groups
H?(6,V) are strongly Hausdorff.

Proof. The spaces C"(®,V) are Fréchet spaces. Hence the closed subspaces
Z"(®,V) are also Fréchet spaces, and the quotient spaces B"t! = C"/Z" are
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Fréchet spaces. The map B"(6,V) — Z™(®,V) is a continuous linear bijection of
Fréchet spaces. By the open mapping theorem [23, Proposition 8.6], this map is an
isomorphism of topological vector spaces. D

Theorem 3.3 (Standard facts about continuous cohomology). Let & be a
locally compact, totally disconnected topological group and $ a closed subgroup of
&. Let E be a field as described above.

(1) The vector space C(®, E) of continuous functions from & to E is continuously
injective as a module over $). In particular HL ($,C(8, E)) is zero for r > 0.

(2) Suppose $ is normal in & and V is a continuous &-module. If the groups
H2.(H,V) are strongly Hausdorff then there is a natural continuous ac-
tion of ®/9 on HS(H,V), and there is a spectral sequence E5° =
HI ()9, H (H,V)) which converges to HLt*(6,V).

(3) Suppose & is a profinite group. Then for each r > 0 there is a short exact
sequence

0= lm™ HI (&, Z/p') = HL (8, Z,) — lim H (8, Z/p") = 0,
t t

The notation I'&H(l) means the first derived functor of the projective limit func-

tor (see for example [28, section 3.5]).

Proof. Part (1) is a special case of Proposition 4(a) of [4]. Part (2) is proposition
5 of [1]. Part (3) is a special case of Theorem 2.3.4 of [19]. O

3.2. Some functional analysis

We shall consider continuous representations of a topological group on locally convex
topological vector spaces over a coefficient field £ containing Q,. We again suppose
that E is a complete discretely valued subfield of C,, so in particular £ is spherically
complete [23, Lemma 1.6].

For two topological vector spaces V, W, we shall write £(V, W) for the vector
space of continuous linear maps from V' to W. We shall always regard L(V, W) as
a topological vector space with the strong topology, and sometimes write L, (V, W)
to emphasize this. The notation V'’ will mean the strong dual of V.

Recall that a Fréchet space V' may be written as the projective limit of a sequence

VieVoée—--o,

where each V; is a Banach space and each transition map is surjective. If each
transition map is nuclear, then V is called a nuclear Fréchet space. A topological
vector space V over E is said to be of compact type if it is the locally convex
inductive limit of a sequence

V1—>‘/2—>V3—>~-~,
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where each V; is a Banach space over F, and each transition map is compact and
injective. Compact type spaces are Hausdorff, complete, bornological, reflexive (and
hence barrelled). The strong dual of a compact type space is a nuclear Fréchet space
and vice versa. More precisely, the functor which takes a compact type space to its
strong dual is an antiequivalence of categories, between the category of compact
type spaces and the category of nuclear Fréchet spaces.

Suppose V and W are Fréchet spaces. There is a canonical topology on V @ W,
in which the continuous bilinear maps V' x W — X correspond to the continuous
linear maps V@ W — X. This topology is not, in general, Hausdorff. We shall write
V @ W for the Hausdorff completion of V ® W with respect to this topology.

3.3. Continuous admissible representations

In this section, we shall suppose that we have a connected reductive group G defined
over Qp, and we write G for the group of Q,-valued points. We shall suppose also
that we have a topological central extension

1opu—G8 61,

where p is a finite abelian group.

Let K be a compact open subgroup of G and let C(X) be the vector space of
continuous functions f : X — E. The supremum norm on functions makes C(X) into
a Banach space over E. We shall write D(X) for its strong dual. The space D(X)
is naturally a Banach algebra over F, with multiplication given by convolution of
distributions. This algebra is known to be Noetherian [6, Theorem 6.2.8]. If V' is
a continuous representation of 9, and V is also a Banach space, then there is a
natural action of D(X) on the dual space V' (see [6, Proposition 5.1.7]).

Definition 3.4 ([6, Proposition-Definition 6.2.3]). Let V be a continuous rep-
resentation of G on a Banach space. We call this representation admissible continu-
ous if the dual space V' is finitely generated as a D(X)-module. This condition does
not depend on the choice of compact open subgroup XK.

If the coefficient field E is a finite extension of Q,, then the above definition is

equivalent to the definition of an admissible continuous representation given in [24,

§3].

3.4. Locally analytic representations

We shall write g for the Lie algebra of G over Q,. By a Lie sublattice h in g, we
shall mean a finitely generated Z,-submodule, which spans g over Q,, and which
is closed under the Lie bracket operation. Such a sublattice defines a norm on g,
with respect to which b is the unit ball. Hence there is an affinoid H, such that
h = H(Qp). If b is sufficiently small, then the Baker-Campbell-Hausdorff formula
converges on H, and gives H the structure of a rigid analytic group. Furthermore the
exponential map converges on H, and gives a bijection exp : H(Q,) — H for some
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compact open subgroup H of §. A subgroup H which arises in this way is called a
good analytic open subgroup of G. Recall that there is a compact open subgroup X
of G, which lifts to a subgroup X of §. We shall fix such a subgroup, together with
its lift.

Definition 3.5. By a good analytic open subgroup of ?3, we shall mean a compact
open subgroup H of K, such that the image of H in G is a good analytic open
subgroup of G.

Given a good analytic open subgroup H of G and a Banach space V', we write
C*(H, V) for the vector space of V-valued functions in H, which are given by a
power series which converges on the whole of H. We regard C**(H, V') as a Banach
space in which the topology is given by the supremum norm on H. More generally,
if V' is a Hausdorff locally compact topological vector space, then we define

CYM(H,V) = hgrl C*™(H, W),
W=V
where W — V runs through Banach spaces which map continuously and injectively
into V.

Suppose that V is also a continuous representation of G. We call a vector v € V
H-analytic if the orbit map H — V given by h — hv is represented by an element
of C*(H, V). We shall write V72" for the subspace of H-analytic vectors in V.
The topology on VH~2" ig defined to be that given by the supremum norm on
c*(H, V).

A vector v € V is said to be locally analytic if it is H-analytic for a suitable
good analytic open subgroup H. The subspace of locally analytic vectors in V' will
be written Vi,. We have an isomorphism of vector spaces:

Via:hgﬁl
H

We shall regard V], as a topological vector space with the direct limit topology. If
H, is a proper subgroup of H, then the map V7z—an — yIa—an ig compact, and
so V. is a compact type space.

There is a natural continuous map Vi, — V. We call V' a locally analytic repre-
sentation if this map is an isomorphism of topological vector spaces.

Vi}f—an

3.5. Fréchet—Stein algebras

Let A be a locally convex topological E-algebra. A Fréchet—Stein structure [26] on
A is an isomorphism of locally convex topological E-algebras,

A=1limA,,
% n
such that

(1) each A,, is a left-Noetherian Banach algebra;
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(2) each map A,4+1 — A, is a continuous homomorphism, and is right-flat.

An algebra A with such a structure is called a Fréchet—Stein algebra. Suppose
A= lgln A, is a Fréchet—Stein algebra and M is an A-module. We say that M is
coadmissible if there is an isomorphism of A-modules

M = ]'&nMn7
such that

(1) each M, is a finitely generated locally convex topological A,-module;
(2) each map M,+1 — M, of A,;1-modules induces an isomorphism M, 11 ®4
A,, — M, of A,-modules.

If M = lgln M, is coadmissible, then it automatically follows that M, = M ®4
A,,. The category of coadmissible modules over a Fréchet—Stein algebra has many
of the same good properties as the category of finitely—generated modules over a
Noetherian Banach algebra (which is a special case); in particular, it is an abelian
category.

3.6. Locally analytic distributions

Let K be a compact open subgroup of G. Fix a good analytic open subgroup H; of
X. Recall that this means there is a corresponding Lie sublattice h; of g, such that
H; and h; may be identified with each other by the exponential map. A function
X — F is said to be Hi-analytic if its restriction to every Hi-coset can be written
as a power series convergent on the whole of h;. The H;-analytic functions on X
form a Banach space with respect to the supremum norm on the functions. We shall
call this space C717a1(X).

If Ho C H; is a proper subgroup, and is also a good analytic open subgroup,
then every Hj-analytic function is Hs-analytic, and so we have an inclusion

C‘}Cl—an(g{) < C}CQ_an(jC).

A function on X is said to be locally analytic if there exists a good analytic open
subgroup H;, such that the function is H;-analytic. We shall write C'#(X) for the
space of such functions. We clearly have

Cla(:K) _ ligcﬂ-(nfan (fK),

where J,, is a basis of neighbourhoods of the identity in G consisting of good analytic
open subgroups. By construction, C'*(X) has compact type. We shall write D'*(X)
for its strong dual, which is therefore a nuclear Fréchet space. Furthermore, there
is a convolution multiplication on D'*(X) induced by the group law on K. We can
write D'*(X) as a projective limit of Banach algebras:

Dla(:K) _ l-&npf}fnfan(x), D\‘J-Cnfan(g() — C}C,Lfan(gc)/.
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This gives D'*(X) the structure of a Fréchet-Stein algebra [26, Theorem 5.1].

3.7. Admissible locally analytic representations

We now recall the definition of an admissible locally analytic representation, intro-
duced in [26]. If V is a locally analytic representation of G, and X is a compact open
subgroup of G, then the action of K on V’ extends to a continuous D' (X)-module
structure (see [25, Proposition 3.2] or [6, Proposition 5.1.9(ii)]). We say V is ad-
missible locally analytic if V' is coadmissible for one, or equivalently every, open
compact XK. On the other hand, V is said to be strongly admissible if V' is finitely
generated over D'*(X). Since every finitely generated module is coadmissible, it fol-
lows that every strongly admissible locally analytic representation is an admissible
locally analytic representation.

Theorem 3.6. Let V be an admissible continuous representation of 9 Then the
subspace Vi, of locally analytic vectors in V' has the structure of a locally analytic
representation of G. Furthermore, Vi, is strongly admissible.

Proof. This is shown in [26, Theorem 7.1] under the mild additional hypothesis
that I is a finite extension of Q,, and for general complete discretely valued E in
[6, 6.2.4] (which is stated for locally analytic groups). O

If V and W are locally analytic representations of G, then they have an action
of the Lie algebra g of G over Q,, and we shall write H7; (g, V) and Extg (V, W) for
the Lie algebra cohomology. There is a smooth action of G on Extg (V, W).

Theorem 3.7 (Emerton). Let V' be an admissible continuous representation of
X and let W be a finite dimensional algebraic representation of K. Then there are
canonical isomorphisms

Exti (W, V) = Extg(W, Via)*,  H&(K,V) = His (g, Via)™.
In particular we have

Exty(W, Vi) = lim Extt (W, V), Hiso(g, V) = lim H, (W, V),
u u
where the limits are taken over subgroups U of finite index in XK.

Proof. The formulae of the left column follow from those of the right column
applied to V ® W', so it suffices to prove the latter. These follow from [3, Prop.
1.1.12(ii) and Theorem 1.1.13]. ]

3.8. Essentially admissible locally analytic representations

The definition of essentially admissible locally analytic representations, introduced
in §6.4 of [0] is slightly more involved. The group § is locally Q,-analytic, and its
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centre Z = Zg is topologically finitely generated. Following the construction loc.cit.,
we may construct a rigid space 7 over FE, together with a “universal character”
Z — Can(é ). This space parametrizes the locally Qp-analytic characters of Z, in
the sense that if E'/F is any finite extension, there is a canonical bijection between
the E'-points of Z and the E’-valued characters of Z, where a point = € Z(E')
corresponds to the composition of the universal character with the evaluation map
at x.

If V is a locally analytic representation of é, then the dual space V' has an
action of D'*(X). Suppose also that the Zg-action on V extends to a separately
continuous action

C™NZ)xV = V.

Then by [6, Proposition 6.4.7], V' is also a topological Can(2 )-module. The actions
of C*(Z) and D'*(X) on V’ commute, and so V' has an action of C**(Z) & D'*(X),
which is a Fréchet—Stein algebra.

Definition 3.8. Let V be a locally analytic representation of G. We say that V is
essentially admissible if it satisfies the following two conditions:

(1) the Z-action on V extends to a separately continuous® action of C"‘“(Z),
(2) for one, and hence for every compact open subgroup X of G, the dual space V'
is co-admissible as a module over the Fréchet-Stein algebra C**(Z) @ D'*(X).

Theorem 3.9. FEvery admissible locally analytic representation ofg s an essen-
tially admissible locally analytic representation.

Proof. This is [, Proposition 6.4.10], and is stated there for arbitrary locally an-
alytic groups. O

Suppose that the centre Z has finite index in 9, and let V' be an essentially ad-
missible locally analytic representation of G. Then V is by restriction an essentially
admissible representation of Z. For any affinoid U C A , the module V’®Can( E)Can (U)
is finitely generated over C**(U), and so we may regard V' as a coherent sheaf on
Z. The functor which takes V to V' is an anti-equivalence of categories between
the category of essentially admissible locally analytic representations of Z and the
category of coherent sheaves on Z (see the discussion following Proposition 6.4.10

in [6]).

4. Completed cohomology of metaplectic groups

In this section, we adapt some definitions and results of Emerton [3] to the meta-
plectic case. Suppose again that we have a connected reductive group G defined
over a number field k, and that we have a type 1 metaplectic cover of G by p.

camap f: AX B — C of topological spaces is said to be separately continuous if for every a € A
the map b +— f(a,b) is continuous and for every b € B the map a +— f(a,b) is continuous.
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Given a representation W of f(p, we may define a corresponding local system
on Y(KPK,) as follows:

Vo (W) = ((GRNG(8)/RPES) x W) /K.

Suppose as before that our coeflicient field E is an extension of Q,. Again, let W
be an algebraic representation of G over F and let € : p — E* be an injective
character. We then have an action of G, on W. This gives rise to an action of
f(p = Kp @ u, in which Kp acts through its isomorphism with K, and u acts by
scalar multiplication by . We shall call this representation W ® ¢. We therefore
have a local system V, (W ® €) on Y(K?K,).

As in Lemma 2.2.4 of Emerton [8], we note that V,(W ® ¢) is canonically iso-
morphic to the local system Vyyg. defined in the introduction. In particular, these
two local systems have the same cohomology groups. It is important to see these
cohomology groups from both points of view: when regarding them as the cohomol-
ogy of Vwege, it is clear that these groups are defined over any field of definition
of W. In particular, it follows that the eigenvalues of the Hecke operators on these
spaces are algebraic. When regarding them as cohomology groups of V, (W ®¢), we
shall see that we are able to p-adically interpolate the systems of eigenvalues.

4.1. The representations H*®

Let C’(KP) be the vector space of continuous functions f : Kp — E. The vector
space C (Kp) is a continuous representation of K, p X Kp, where the first Kp acts on
function by left-translation and the second by right-translation. Using one of these
Kp actions, we can define a local system V(K,) of K -modules on Y(K"Kp) by

V(Ey) = ((GRNG(A)/RLKP) x C(K,)) /Ky,
and we shall be interested in the cohomology groups of this local system:
H*(R?, E) = H*(Y (RPK,), V(K).

The vector spaces FI’(KP,E) have an action of f(p, together with a commuting
actions of HP. To avoid sign errors, we state now that we have used the right—
translation action of Kp to form the local system V(KP) the action of Kp on
H*(K?,E) is given by the left-translation action.

Note that the vector space C(R'p) decomposes as a direct sum of pu-isotypic

subspaces:
D cxy,

n:u—EX
where C(K,)" consists of continuous functions f : K, — E, such that f(Cx) =
7(¢) - f(z) for all ¢ € p. As a consequence, we have a similar decomposition
H*(K*,E)= (P H; (K" E).

n:p—Ex
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Note that as the left and right translation actions of p differ by a sign, we have the
following:

Lemma 4.1. The subspace ﬁ;(K”,E) of H*(K®, E) is the 1/-eigenspace for the
action of .

Lemma 4.2. As representations of R'p, the spaces ﬂ'(Kp,E) are admissible con-
tinuous representations.

Proof. Recall that Y (K?K,) is homotopic to a finite simplicial complex Y. Let
Y (d) be the set of simplices of Y of dimension d. Then H®*(K,, E) is the cohomology
of the chain complex

0— C(Kp)Y® = c(K,)YM = C(K,)Y® — ... (4.1)

Hence each cohomology group is a subquotient of finitely many copies of C (Kp). O

Theorem 4.3. There is a canonical isomorphism:

— —
n K

H*(K? E) =~ (hmli H'(?(I%Pkp),oE/p'L)> ®o, E.

Proof. This is a special case of [12, Theorems 2.5 and 2.10]. m|

Corollary 4.4. The action of Kp on H'(K",E) extends to a canonical action of
G,

Proof. This is immediate from the previous theorem, since @p already acts on the
space

%H%ﬂk*’&),%/w). o

Corollary 4.5. The group FI'(K”,E) is independent (up to a canonical isomor-
phism) on the choice of K.

Proof. This is immediate from Theorem 4.3. O

4.2. Some spectral sequences

Theorem 4.6. Let W be any continuous representation of f(p over B, and let W'
be the contragredient representation on the continuous dual space. There is a spectral
sequence

Exty (W, H*(K?, E)) = H™" (Y (KP Ky), Vp(W')).

Proof. This is a special case of Theorem 3.5 of [12]. We note that for algebraic W,
Emerton’s original proof in [3] extends to the metaplectic case without modificatiom
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In what follows we let G = Restg‘; (G Xk kp). Thus G is a reductive group over Q,
and we may canonically identify G(Q,) with G(k,). Suppose that W is an algebraic
representation of G over E. For a character ¢ : p — E*, we let W ® € be the
representation of f(p in which K, p acts through K, and u acts by e.

Corollary 4.7. There is a spectral sequence

Exty (W', H (K", E)) = H™*(Y(KPKy), Vwee).

Proof. We shall apply the previous theorem to the representation (W ® ¢)’. To
simplify notation, we shall write H* in place of HS(KP,E). By the theorem, we
have a spectral sequence whose F5'® term is Ext}}p (W' ® €', H®). The corollary is
proved by the following calculation:

Extl, (W ®¢, H*) = Exty (W', Hom, (¢, H*))
= EXt}(p (WI7 ﬁ;).

In the first line above we have used the Hochschild—Serre spectral sequence, which
degenerates because p is finite and E has characteristic zero. The second line is
immediate from Lemma 4.1. ]

Corollary 4.8. There is a spectral sequence

Extl (W', H: (K, E).) = HLP(KP,W).
Proof. This follows by taking the direct limit of the formula of the previous corol-
lary, over levels f(p, and applying Theorem 3.7. O

Definition 4.9. We shall say that the triple (G,K”,E) satisfies the edge map
criterion in dimension n if for every finite dimensional algebraic representation W
of G, the edge map in the spectral sequence above gives an isomorphism

Homg (W', H*(K?, E).) = HY ((KP, W).

cle

4.3. Calculation of certain spaces I_{g

In this section we let G be absolutely simple, simply connected, and of positive real
rank. We recall if k contains a primitive m-th root of unity, then there is a canonical
metaplectic extension of G by p,,, and this extension is the universal metaplectic
extension if p,, is the group of all roots of unity in k. We shall assume that G is
one of these canonical extensions.

Recall that such a group G satisfies strong approximation, and so we may iden-
tify the arithmetic quotient Y (K?K,) with I'\X, where X is the symmetric space
Goo/K oo, and I' is the congruence subgroup of level K* K. The local system V(K,)
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may by identified with T'\(X x C(K,)), where the action of ' on C(K,) is by right-
translation. As a consequence, we have

H*(K?,E) = H2.,..(T,C(K})).

group

Here we are regarding T' as a subgroup of K p through the maps
I'={ge G(k):pr(g) €T} = Ky = K, x K? — K.

Theorem 4.10. Let G be as described above. If € is non-trivial then HO(K?, E) =
0. If € is trivial then HY(K? E) = E.

Proof. By strong approximation, the arithmetic quotient Y (K¥?K,) is connected,
and so H°(K®) is the space of elements of C(Ky), which are right-K,-invariant.
This is simply the space of constant functions. The action of u by left translations
is trivial on the constant functions. This proves the result. O

By the strong approximation theorem, the closure of I in G(Ay) is Ky. We
shall write K s for the profinite completion of I'. There is a canonical surjective
homomorphism K¢ — K. The congruence kernel Cong(G) is defined to be the
kernel of this map. We therefore have a short exact sequence of profinite groups:

1 — Cong(G) - Ky — Ky — 1.

The congruence kernel measures the extent to which I' has non-congruence sub-
groups of finite index. The Kubota symbol gives a map Cong(G) — uy,, and we let
Cong(G)o be the kernel of this map. It is conjectured (and in many cases proved)
that when p,, is the group of all roots of unity in k, the Kubota symbol is an
isomorphism whenever G has real rank at least 2. When G has real rank 1, it is
conjectured that Cong(QG) is infinite.

Theorem 4.11. Let G be as described above. There is a canonical isomorphism

FIl(KP, E) = Hom,_,_ z,(Congy, E).

Proof. Recall that Ky is a compact open subgroup of G(Ay), which lifts to a
subgroup K; of G(Ay). We shall choose such a K of the form K*K,. As above,
we write K for the preimage of K; in G(Af) and K for the profinite completion
of T(Ky). This map K; — K factors through Ky, and the kernel of the map

Ky — Ky is the subgroup Cong of the congruence kernel. We therefore have an
extension of groups:

1—>C0ng0—>K’f—>I~(f—>1.
Let C(K ) be the vector space of continuous functions from K to E. We shall regard

C(Ky) as aT' x Congy-module. By Theorem 3.3 there are two spectral sequences:
Hr(Fv Hcsts(cong07 C(Kf))) = H:ttg(r X COHgO, C(Kf))a
Hgts(congO? HG(F7C(RJC))> = HT+S(F X COHgO, C<Rf))

cts
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(Here we are regarding I' x Cong, as a topological group, in which the profinite
group Cong,, is an open subgroup.) Again by Theorem 3.3, the first of these spectral
sequences degenerates, as we have
. _ C(K,) ifs=0,
Héts(congOvC(K}J)) = ’
0 s> 0.

From this, it follows that
H’l"

cts

(I x Congy,C(Ky)) = H' (L, C(Ky)
From the second spectral sequence, we have an inflation-restriction sequence:

0 — HL (Cong,, E) — HY(T,C(Ky)) — H*(I',C(K))C°mso.

cts

By Theorems 5 and 6 of [12], we have
H* (T, C(Ky)) = E @z, limlim H* (T, Z/p),
t T
where T runs through the subgroups of finite index in I'. In particular, we have
HY(T,C(Ky)) =0, and so
H (Congg, E) = H'(T,C(Ky)). (4.2)

Next, we consider C(K ) as a T' x KP-module. As before, we have

. - C(K s =0,
2 (R?,C(R ) = {0( .
This implies
H*(T x K*,C(K;)) = H*(I,C(K,)) = H*(K*, E).
Hence there is a spectral sequence

H (Kp7Hs(FﬂC(f<f>)) = E7‘+S(KP7E)'

cts

The sequence of low degree terms gives:

H (K® E) — H (K, E) » H'(T,C(K )X

cts

P
— H?

cts (va E) :

The theorem will be proved by (4.2) when we have shown that the middle map
in the sequence above is an isomorphism. We shall show that the first and last
terms above are zero. As F is a field of characteristic zero, it follows that for any
normal subgroup U of finite index in K, we have H% (K?, E) = HS (U, E)X».
It is therefore sufficient to prove that HL (U, E) and H% (U, E) are trivial for a
suitable subgroup U of finite index in KP. Let S be finite set of finite places of
k, distinct from p, such that for every prime q outside S U {p} U oo, the subgroup
K, = K? N G(kg) is a hyperspecial maximal compact subgroup, and is perfect.
For primes q in S, we choose a subgroup K, contained in K? N G(kq). We shall
take U to be the subgroup ]_[wép K. This can be written as U = U® & Ug, where
U® = [lyrqgs Kq and Us = [],cg Kq. Since G is semisimple, it follows that for
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every prime ¢, the commutator subgroup [Kg, K| has finite index in Ky, and hence
Hom(Kg, E) = 0. We therefore have H} (U, E) = 0.
To calculate H2,(U?, E), recall the short exact sequence of Theorem 3.3:

0= lim™ H'(U®,2/p') = HZ,(U®,Z,) — lim H*(U, Z/p") — 0.
t

t

By the same argument as above, the groups H'(U*,Z/p!) are zero, and so the first

term in this short exact sequence is zero. We have from [27, §2.2, Cor. 1]
H.(Usaz/pt) = @ H.(KT,Z/pt),
T finite

where T runs over the finite sets of places of k which do not intersect S U {p} U oo
and Kr = [[,cr
topological central extension, whose kernel we shall denote 71 (K7r). It follows that
H*(U®,Z/p") = lim Hom(m (Kr),Z/p") = Hom (IL, Z/p") ,
T finite

K4. In particular, since Kr is a perfect group it has a universal

where
o= H m1(Ky).
qgSU{p}uco

The group I is a product of finite groups, and so we have

. A
%nHom (H,Z/p ) =0.

This shows that H?

2 (U%,7Z,) =0, and in particular HZ,(U®, E) = 0.

Next let g be a prime in S which does not lie above p. In this case there is an
E-valued Haar measure on K, so it follows that H" (K4, E) = 0 for all » > 0 and
in particular when r = 2.

Finally, suppose q is a prime in S which lies above p. In this case there is an

isomorphism [16, Theorem 2.4.10 of Chapter V]
. . K
Hcts(KCI?E):(HLie(gv@P)@)E) q?

where the Lie algebra g of K is regarded as a Lie algebra over Q,. By Whitehead’s

Second Lemma [23] we have HZ (g,Q,) = 0, and so in this case we also have
HZ% (K4, E) =0.

As a consequence, we deduce that H% (U, E) = 0, which finishes the proof of
the theorem. |

In particular, if the congruence kernel is finite then H' = 0. As a result, we
have:

Theorem 4.12. For any metaplectic group the edge map criterion holds in dimen-
sion 0. If G is semi-simple, simply connected and has positive real rank, and € is
non-trivial then the edge map criterion holds in dimension 1. If in addition G has
finite congruence kernel, then the edge map criterion holds in dimension 2.
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Proof. In dimension 0 the edge map is clearly an isomorphism, since it is in the
bottom left corner of the spectral sequence. If G is semi-simple, simply connected
and has positive real rank, and ¢ is non-trivial then we’ve seen that H° = 0, and
so the edge map is an isomorphism in dimension 1. When the congruence kernel is
finite, the subgroup Cong, is obviously also finite, and so by Theorem 4.11 we also
have H! = 0. Hence the edge map is an isomorphism in dimension 2. ]

5. The p-adic metaplectic Jacquet functor

The results of this section are of a local nature, so we shall alter our notation. We
now suppose that we have a connected reductive group G defined over Q,,, and we
write G for the group of Q,-valued points. We shall suppose also that we have a
topological central extension

1—>N—>9 g1,

where p is a finite abelian group. There is a compact open subgroup X of § which
lifts to a subgroup X of G.

Let P be a parabolic subgroup of G defined over Q, with unipotent radical NV,
and choose a Levi component M. We shall also write P, M and N for the groups
P(Qp), M(Q,) and N (Q,) respectively. We write P, M and N for the preimages of
P, M and N in G.

Lemma 5.1. Let N, M and P be as above.

(a) There is a unique subgroup N of N, such that N projects bijectively onto N.

(b) The subgroup N is open (and hence closed) in N and normal in P. Furthermore
we have P = M x N.

(¢c) Let 7 : N — N be the unique splitting of pr : N — N. For any m € M and any
n € N, we have

where m = pr(m).

Proof. For the moment we shall regard Q,, as a discrete additive group. As such,
Qp is uniquely divisible, and so we have Hg,,,(Qp, ) = p. By this we mean that
H oup(Qp, ) = pand HE(Qy, 1) = 0 for n > 0. Suppose we have a central
extension of discrete groups

1—-Qp, >Ny =Ny — 1.

It follows by the Hochschild-Serre spectral sequence that Hg,,,,(N1,u) =
Hg, oup(Na2, 11). The group N may be constructed, starting from the trivial group, by

a sequence of central extensions by Q,. Therefore Hg, ., (N, ) =y, and in partic-

ular ngoup(N, w) = 0. This shows that the extension splits on N, and hence shows

the existence of N.
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For uniqueness, suppose that 71,7 : N — N are two splittings. It follows that
n+— 71(n)7m2(n) ! is a homomorphism from N to p. Since N is divisible, this homo-
morphism must be trivial, so 7 = 7.

To see that N is open and closed in N, we note that the same calculation as above
proves for the continuous cohomology of N that HS (N, u) = p. In particular, the
section 7 : N — N is continuous (and hence a homeomorphlsm) As a consequence,
we see that N is complete and therefore closed in N. Since N has finite index in N
it also follows that N is open in N.

As N is normal in P, it follows that N is normal in P. The uniqueness property
of N shows that N is normal in P.

Part (c) also follows from the uniqueness of N, m|

Now let Ny be a compact open subgroup of N, and let No = 7(Np). Following
§3.3 of [7] we define two semigroups:
T ={meM:mNgm~' C Ny},
and
MF = {m e M: mNgm ' € N}
Lemma 5.2. With the notation described above, M+ is the preimage of MT in M.

Proof. This is immediate from the fact that N is a normal subgroup of P. O

Let Zy and Zy; be the centres of M and M respectively.

Lemma 5.3. The image of Zy in G is a subgroup of Zyt of finite index.

Proof. Let Z € pr—'(Zy) and 7 € M. Furthermore let z = pr(2) and m = pr(n).
Since Zy is central in M, we have [z,m] = 1, and therefore [Z,m] € u. Since our
extension is central, it follows that the commutator [Z, ] depends only on z and
m. Furthermore, one easily checks that the map Z)¢ x M — u given by

(z,m) — [Z2,M]

is bimultiplicative. In particular, if z is an |u|-th power, then [Z,m] = 1 for all
m. This shows that the projection of Z contains ZJ‘\’;‘. Since Zy¢ is topologically

finitely generated, it follows that Z]‘a[‘ has finite index in Zy. This proves the lemmal

Remark 5.4. The projection of Zy is typically not equal to Zy. For example,
suppose § = GL2(Q,). Assume Q, contains an m-th root of unity. Then Kubota
has defined an m-fold cover é of §. We obviously have Zg = @;. On the other
hand, the image in Zg of Zg is

{I’ € Q; : Vy S Q;a (Ivy)P,m = (y7:p)P,m}'

This is the set of 2 such that 22 is an m-th power in Q,-
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Lemma 5.5. The group M is generated as a semigroup by M+ and VAV

Proof. Choose any m € M and let m = pr(/n). Since pr(Zy;) has finite index
in Zy, Lemma 3.3.1 of [7] shows that there is an element z € pr(Zy), such that
2mNom™1z=1 € Ny. Hence zm € M*. If Z is any preimage of z in Z5, then by
Lemma 5.2 we have Zm € M. O

5.1. Definition of the Jacquet functor

We shall consider representations of the group G over a coefficient field E containing
Q,- Let (V,7) be a locally analytic representation of P. In this section we shall define
the Jacquet functor Jp (V).

Fix a compact open subgroup Py of P and let Po be the preimage of Py in G.
Let NO and M, be the intersections of Py with M and N respectlvely Recall that
corresponding to the group No, we have defined a semigroup M+ c M. Furthermore
we let

7t =M N Zg.

Recall that the subspace VNo has a natural action of M*. This action is defined as
follows. For m € M+t and v € VN‘J the vector m(m)v will be in ymNom™ , and we
define

(WNO (m)) (v) = / m(nm)v dn,
No
where the Haar measure on NO is normalized to have total measure 1. For elements
m € My we have T3, (m)v = m(m)v, and so the action mx; of M+ on VNo s locally
analytic
Let Z be the rigid analytic space of locally analytic characters of Zy, and
write CE“H(ZM7 E) for the ring of E-valued analytic functions on Z y

Definition 5.6. If V is a locally analytic representation of M* then we define the
finite slope part of V' by

‘/fs = £b Z+ (Can(zj\?UE)a V)

There is a natural map Zy5 — C‘““(ZM7 E), which makes Vi into a Zy,-module.
Furthermore, the action of M+ on V gives rise to an action of M* on Vi. The
actions of Z5 and M+ coincide on their intersection ZM’ and so generate an action

of the group M = M‘*‘ZM on V.

Definition 5.7. If V is a locally analytic representation of P, then we define the
Jacquet functor of V by
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5.2. The Jacquet functor preserves essential admissibility

Theorem 5.8. If V is an essentially admissible locally analytic representation of
G then Jp(V) is an essentially admissible locally analytic representation of M.

Theorem 5.8 was proved by Emerton in the algebraic case. The proof is rather
long, and most of it carries through word for word to the metaplectic case. The
only difference is a technical lemma on the structure of the group §. We quote this
lemma below, and we prove its generalization to the metaplectic case.

Before stating these lemmata, we must recall the definition of a rigid analytic
Iwahori decomposition, and generalize this concept to the metaplectic case. Let P
and P be opposite parabolic subgroups of G defined over Qp, in the sense that
M = PNP is aLevi component of both P and P. We shall write A" and N for the
unipotent radicals of P and P respectively. We shall write n, i and m for the Lie
algebras of N/, N" and M over Q,, and N, N and M for their groups of Qp-valued
points. Suppose H is a good analytic open subgroup of G, which arises from the Lie
sublattice b of g, with underlying rigid analytic group H. Furthermore define

Mog=MNH, Ng=NnNXH, N():Nﬂg'f.

Finally, we let My, Ny and Ny denote the rigid analytic closures of My, Ny and Ny
in H. The subgroup H is said to admit a rigid analytic Iwahori decomposition if the
following conditions are satisfied:

(1) The groups Mg, Ny and Ny are good analytic open subgroups of M, N and N
corresponding to the Lie sublattices mNh, nNh and nNbh, and with underlying
rigid analytic groups My, Ny and Ny.

(2) The rigid analytic map

NO X MO X No — H
given by multiplication in H is an isomorphism of rigid analytic spaces.

We next give a corresponding definition for subgroups of G. Note that we have a
compact open subgroup X of G, which lifts to a subgroup X of 9, and we also have
a unique lifts N and N of N and N to §. These lifts do not necessarily coincide on
K NN and K NN. However, by reducing the size of X is necessary, we may assume
that

KANEKXAN, KNN=KAN.

Definition 5.9. Suppose K and K are chosen to satisfy these conditions above. We
say that a good analytic subgroup H ofg has a rigid analytic Twahori decomposition
with respect to P and P if (i) H is contained in K and (ii) the image of H in G has
a rigid analytic Iwahori decomposition with respect to P and P.
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Recall the following technical result of Emerton:

Proposition 5.10. [7, Prop. 4.1.6] We may find a decreasing sequence {Hy}n>o0
of good analytic open subgroups of G, cofinal in the directed set of all analytic open
subgroups of G, and satisfying the following conditions:

(i) For each n > 0, the inclusion Hp,41 C H, extends to a relatively compact rigid
analytic map H,, 1 C H, .
(i) For each n >0, the subgroup H,, of Ho is normal.

Let Py be a minimal parabolic subgroup of G defined over Q,. The remaining prop-
erties refer to any pair P and P of opposite parabolic subgroups of G, chosen so that
P contains Py and P contains Py.

(ii) Each H,, admits a rigid analytic Twahori decomposition with respect to P and
P.

(iv) If z € Zy; is such that z~*Noz C Ny, then 27N,z C N,, for each n > 0.

(v) If z € Zy is such that z2Ngz~! C Ny, then 2N, 2=t C N,, for each n > 0.

(vi) We may find z € Zy such that z~*Noz C Ny and z2Noz~* C No, and such
that, for each n > 0, the embedding of part (iv) factors through the inclusion
Nn+1 C Nn

In order to prove Theorem 5.8, it is sufficient to prove the following result anal-
ogous to Proposition 5.10. The rest of the proof of the theorem is word for word
the same as in [7].

Proposition 5.11. We may find a decreasing sequence {Hy }n>0 of good analytic
open subgroups of G, cofinal in the directed set of all analytic open subgroups of G,
and satisfying the following conditions:

(i) For each n > 0, the inclusion H, 1 C H, extends to a relatively compact rigid
analytic map H, 41 C H,, .
(ii) For each n > 0, the subgroup 3, of Hy is normal.

Let Py be a minimal parabolic subgroup of G defined over Q,. The remaining prop-
erties refer to any pair P and P of opposite parabolic subgroups of G, chosen so that
P contains Py and P contains Py.

(iii) Each H, admits a rigid analytic Iwahori decomposition with respect to P and
P.

w Z € Ly 18 Suc at z~ _OZC_O, en 2N, 2 ¢ N,, for each n > 0.

w) If z2 € Zy i h that 271N, No, th N, N, hn>0

(v) If Z € Zy; is such that ZNoz~t C Ny, then 2N, 21 Cc N,, for each n > 0.

vl e may find 2 € Zg suc at z~ _02 C _0 an ZAOZ_ C Ao, and suc

i) Wi dze Zy h that 27N N, d ZNoz ' ¢ N d such

that, for each n > 0, the embedding of part (iv) factors through the inclusion
Nn+1 C Nn
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Proof. Recall that we have a compact open subgroup X of G, which lifts to a
subgroup X of G. Furthermore, K and K are chosen small enough so that for each
standard parabolic subgroup P = MN, the lift X — K coincides with the lift
N = N (resp. N = N) on X NN (resp. X NN). Emerton’s proof of Proposition
5.10 actually shows a little bit more than is stated. He in fact shows that we may
in addition take Hy to be arbitrarily small. We may therefore take a sequence of
subgroups H,, satisfying Proposmon 5.10 with Hy contained in K. We then define
a new sequence of bubgroups n in 9 where each f]-fn is the lift of H,, to X.
We claim that the sequence H,, satisfies Proposition 5.11. Properties (i), (ii) and
(iii) for H,, are clear, since they only depend on the original groups H,,. We next
consider property (iv). For an element Z € Zy, we sha}l write z for the image of
z in Zy. Lemma 5.1 (c) shows that the equation 27N,z C N,, is equivalent to
27N,z C N,,. Hence property (iv) of Proposition 5.11 is a consequence of property
(iv) of Proposition 5.10. Similarly, property (v) of Proposition 5.11 follows from
the corresponding property in Proposition 5.10. Suppose that z € Zy¢ is chosen to
satisfy property (vi) of Proposition 5.10. It follows that every power z" (r > 0) also
has this property. Furthermore by Lemma 5.3, there is a suitable power 2" which
is also in pr(Zy;). We replace z by such a power and let Z be a pre-image in Zy; of
z. Again using Lemma 5.1 (c), we deduce that Z has property (vi) of Proposition
5.11. O

Exactly as in [13], we may strengthen Theorem 5.8 as follows. Let F be the
derived subgroup of M (a semisimple algebraic group over Q,,), and F = F(Q,).
Then if Fy is an open compact subgroup of F which lifts to a subgroup F, of F,
and W a finite-dimensional continuous representation of f;ro, we may consider the
representation

(Jp(V) @ W)

of Z;. This representation is essentially admissible, by proposition 3.3 of [13]. Since
Z5 is commutative, this space corresponds to a coherent sheaf on the character
space Z; Let X be the support of this sheaf. Differentiation of characters gives a
map of rigid analytic spaces Z; — 3, where 3 is the Lie algebra of Zx, over £ and
3 its dual space, regarded as a rigid analytic space.

Theorem 5.12. If V is admissible, then the map ¥ — § has discrete fibres.

We briefly indicate how this is proved. If P = B is a Borel subgroup, so F is
trivial, then this is a metaplectic analogue of [7, Proposition 4.2.23], and the proof
also carries over identically using the family of subgroups H,, constructed above. In
the general case, one need only add the requirement that the subgroups M,, have
rigid-analytic decompositions as products of subgroups of ¥ and Zj; then the proof
proceeds exactly as in [13, §4.3].
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5.3. The Jacquet functor of an admissible smooth representation

In this section, we consider a smooth admissible representation V' of G. The clas-
sical theory of the Jacquet functor for smooth representations of algebraic groups
applies equally to metaplectic covers such as § (see [18, §6]). Recall that for such
a representation, the classical Jacquet functor is defined to be the module of N-
coinvariants Vx. This is the largest quotient of V' on which N acts trivially, and
is a smooth representation of M. We may however regard V' as a locally analytic
representation, so we also have the locally analytic Jacquet functor Jp (V') defined
above. In this section we show that .Jp(V') is canonically isomorphic to V.

For a smooth representation V' of G, we shall always regard the vector space V' as
a topological vector space with the finest locally convex topology. In this topology,
every vector subspace V/ C V is closed, and the subspace topology on V' is again
the finest locally convex topology. This has the following consequence: if U is a
Fréchet space, and f : U — V is a continuous linear map, then f must have finite
rank. This is because the space Coim(f) = U/ ker(f), with its quotient topology, is
a Fréchet space; but it maps continuously and bijectively to Im(f), which has the
finest locally convex topology. Hence this map is a topological isomorphism, and
we see that the finest locally convex topology on Im(f) is Fréchet, which can only
happen if Im(f) is finite-dimensional.

Theorem 5.13. Let V be an admissible smooth representation ofg. Then there is
a canonical isomorphism

J’P(V) = VNa

where V. is the space of N-coinvariants of V.

Proof. The proof of this theorem is exactly the same as in the algebraic case, which
is dealt with in [7]. We shall merely recall the main steps. Composing the inclusion
VMo — V with the projection V' — V5, we get a canonical map ® : Vo — V., and
this map is MT-equivariant. Using the smoothness of V', we can show that ® is also
surjective: indeed for any v € V' we may define
' (0) = — [ w(mvdn
v =7x (V) = —=— | 7w(n)vdn.
’ |Nol| /N
Here [No| denotes the Haar measure of Ny. Clearly v’ is in Vo, and has the same
image in V. as v. The kernel of ® consists of those vectors v € VNo for which there
is a sufficiently large compact open subgroup N1 C N, for which 75 (v) = 0.
We call a vector v € VNo null if there is a 2z € Z;[, such that mz (2)(v) = 0. One

easily checks that the kernel of ® consists of the null vectors in v No. To complete
the proof, it suffices to show that VNo = (VNo) @ (VNo)y,.

Using the fact that V' is an admissible smooth representation, one can show that
each v € VNo is contained in a finite dimensional Z;\f/t—invariant subspace W. We
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therefore have VNo = h_r)n W with W ranging over such subspaces.ASince Can(ZM)
is a Fréchet space, the remark preceding the theorem shows that (VNo)g = hﬂ Wes.

Furthermore it is clear that (VNO)MH = hﬂ Whun- It follows by elementary linear
algebra, that W = W, @ Wi,y for any finite dimensional representation W of Zj'\f/[,
and so the result follows. O

More generally, we have the following result applying to locally algebraic repre-
sentations of G:

Theorem 5.14. Let V be an admissible smooth representation on and let W be
a finite dimensional irreducible algebraic representation of G, which we shall regard
as a representation of G, trivial on p. Then there is a canonical isomorphism

IJp(VeoW) =2V oW

Proof. The proof of this result in the algebraic case (Proposition 4.3.6 of [7]) works
in the metaplectic case. We shall recall some details here.

Let n be the Lie algebra of N. The action of n on V is trivial, and so we have
(Ve@W)" =V ®W". On the other hand, since the action of N on W is algebraic
(and N is connected) we have W™ = WNO.AIn particular, the action of ff\fo on W is
trivial, so we have (V@W™)No = VNo @ W™, This implies (V@W)No = VNo W,
The action of M* on W is the restriction of the usual action of M. Hence by
proposition 3.2.9 of [7] (which is stated in sufficient generality for our needs), it
follows that Jp(V @ W) = (VNo)r, @ WN. The result now follows from Theorem
5.13. O

Corollary 5.15. Suppose that G is quasi-split over Q, and let B = MN be a Borel
subgroup defined over Q. Assume also that G splits over E. Let V be an admissible
smooth representation ofg and let Wy, be the finite dimensional irreducible algebraic
representation of G with highest weight 1 with respect to B. Then there is a canonical
isomorphism of representations of M:

Je(V® Ww) = Vf\f R Y.

Proof. This is just a special case of the previous result. O

5.4. Small slope vectors

In this section, we’ll assume for simplicity that G is split over the coefficient field F,
so every irreducible algebraic representation of G over E is absolutely irreducible.
We shall write Z 4 for the centre of M; the group Z a4 is a torus, and we write S
for the maximal subtorus of Z which splits over Q,. Let ord denote the valuation

on @p mapping p to 1.
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Let x : Zy — E* be a continuous (hence locally Q,-analytic) character. The
homomorphism Zy — Q given by ¢ — ord(x(t)) clearly factors through the pro-
jection to Zy. Since the image of Zy has finite index in Zy; (and Q is uniquely
divisible) this extends uniquely to a linear functional on Q ®z (Znt/(Znm)o), where
(Zx)o is the maximal compact subgroup of Zy,.

As in [7, §1.4], we may identify Q ®z (Zn/(Znm)o) with Q ®z Y, where Y, is
the cocharacter group of §. The linear functional constructed above thus defines an
element of Q ®z Y'®, where Y* is the character group of the maximal split subtorus;
and as in op.cit. we may define slope(x) € Q ®7 Y to be this element.

Let us write A(G,S) for the set of positive restricted roots of S in G (that is,
the set of characters of S appearing in the adjoint action on Lie(N)). We write R
for the sublattice of Y* generated by A(G,S), which is not necessarily of full rank,
and (Q ®z R)=Y for the Q=%-cone in Q ®z Y*® generated by A(G,S). Finally, we let
p denote the weighted half-sum of A(G,S), i.e. half the sum of the characters of S
appearing in the adjoint action on N weighted by their multiplicities.

The usefulness of these definitions arises from the following two lemmas, gener-
alizing Lemmas 4.4.1 and 4.4.2 of [7] to the metaplectic case. Recall that we defined
Zr = Zy Nt

Lemma 5.16. We have |x(a)| < 1 for all a € Z;gt if and only if slope(yx) €
(Q®z R)=1.

Proof. It suffices to note that the projection of Zy has finite index in Zy; thus
the projection of ZI is cofinal with Z;[, and hence the proof given in [7] extends
to the metaplectic case also. DO

Using this in place of Lemma 4.4.1 of [7], we deduce the following analogue of
Lemma 4.4.2 of op.cit.:

Lemma 5.17. If a locally analytic representation V ofj) admits a norm which is
P-invariant, and x € Zy; is such that

(VY0)[Zf = x] #0,
then p + slope(x) € (Q ®z R)=°.

We now recall what is meant by an element of Q ®z Y'* being of non-critical
slope. We write A(G, Z ) for the set of positive restricted roots of Z4 (that is, the
set of characters o of Z,, appearing in the adjoint action on Lie ).

By hypothesis, G is split over E, so we may choose a Borel subgroup B of G
defined over E. We can and do assume that the unipotent radical N of B contains
NE, and we choose a Levi factor T of B such that Zyq C T C M. We define A(G, T)
as the set of characters of 7 appearing in the adjoint action on n’ = Lie N’. As shown
in [7, §1.4], for any simple positive restricted root o € A(G, Z,4), there is a unique
simple positive root & € A(G,T) with &|z,, = «. To & is attached an element s of
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the Weyl group W (G, T). We define p to be the weighted half-sum of A(G,S), i.e.
half the sum of the characters of S appearing in the adjoint action on N weighted
by their multiplicities; and p the half-sum of A(G,T), so pls = p.

Let W be an irreducible algebraic representation of G over E. Then W* is an
irreducible algebraic representation of M, and in particular Z,, acts on W via
a character ¥. Let zﬁ be the highest weight of WV with respect to M N B; then
1;| Z = . It is shown in op.cit. that the element

sa(iz +p)seY*®

is independent of the choice of Borel subgroup B. Let x be a character of Zy which
is locally ¢-algebraic (that is, we may write x = 61, where 6 is locally constant).

Definition 5.18 ([7, Definition 4.4.3]). We say x = 0 is of critical slope with
respect to the representation WX if, for some simple positive root o € A(G, Zm),
the element

sa(+ p)|s + p+slope(d) € (Qwz Y*)
lies in (Q @z R)Z°. Otherwise, we say X is of non-critical slope.

Exactly as in [7, §4.4], we deduce the following result:

Theorem 5.19. Let V' be a locally analytic representation of é, and suppose that
V admits a G-invariant norm. Let W be an irreducible algebraic representation of
G, and let 1 : Zyg — Gy be the central character of WN . Then for any character
X : Zy; — E* which is locally v-algebraic and of non-critical slope with respect to
wN , the map

Ip (Vv “10c.atg) [ Zye = X] = TP (V)W Zioc.atg. [Z50 = X] (5.1)
is an isomorphism.

This result is proved for algebraic groups in [7, section 4.4], and the same proof
works for representations of metaplectic groups, using the key lemma 5.17.

Proof. Injectivity of (5.1) follows from the fact that Jp is left-exact. We must
prove surjectivity. Note that by [7, Prop 3.2.12] we have isomorphisms

JP(V)[Z;\E/[ = X] = (VNO)[Z;{;[ = X]’ JP(VW—IOOalg)[Z;& = X} = (Vﬂjif(lloc.alg.)[zja = X]

We must therefore show that every vector in (VNO)WN_loc.alg_ [Zj'vf[ = x] is locally
W -algebraic. A

Suppose that v is in (VNO)WN_IOC_aIg_[ZJ'Vf[ = x| and is not locally W-algebraic.
Since v generates a direct sum of copies of W under the action of Lie(P), we may
assume that v is annihilated by n’ = Lie(N”); that is, v is a highest weight vector
for g with respect to n’, of weight .

Hence the U(g)-submodule (Ug) - v C V is a quotient of a Verma module with
highest weight 1. Since by assumption v is not locally algebraic, this quotient must
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be infinite-dimensional. It follows from the Bernstein-Gelfand-Gelfand resolution of
W in terms of Verma modules that there must exist a positive simple root « such
that Xm‘Hv # 0, where X_,, is in the —a root space in g; m = (¥,a"); and oV is
the corresponding coroot. The calculation [7, Prop. 4.4.4] shows that X v is in
v No [ZJ'\'I/[ = 7], where v = o~ !y. Applying Lemma 5.17 to y shows that if V has a
P-invariant norm, and (VNU)[Z;‘% =] # 0, then p+slope(y) must lie in (Q® R*)=°.
From this, we deduce that y has critical slope, so we have a contradiction. O

5.5. Emerton’s eigenvariety machine

In this paragraph, our discussion becomes global again. We therefore begin with a
connected reductive group G defined over an algebraic number field k£ and a fixed
prime p of k over p. We define

G = Restg (G % k).

Thus G is an algebraic group over @, and we let § be the group of QQ,-valued points
of G. There is an 1som0rphlsm of groups § = Gy. As before, we assume that we have
a metaplectic extension G of G by u, and we define G to be the central extension
of G obtained by identifying § with Gy.

The local theory of the preceding paragraphs was, for a few technical reasons,
described only over Q. We shall apply this theory to the group G.

We make the assumption that G is quasi-split over QQ,; note that this holds if
and only if G is quasi-split over k,, which is well known to be true for all but finitely
many primes p. Let BB be a Borel subgroup of G, and 7 a Levi factor of B. Following
our general notational conventions, we let B and T denote the Q)-points of these,
and B and T their preimages in G= Gp

As in the introduction, we choose a tame level K* which lifts to a subgroup KP
of G(A'}). We write HP for the Hecke algebra of G(A’}) with respect to KP and we
write H*PP for the spherical part of HP.

Let V be an essentially admissible locally analytic g—representation, equipped
with a commuting action of HP. By functoriality, there is an action of H? on Jg(V),
which is an essentially admissible representation of T. Let Z = Zz be the centre
of T. Then Je(V) restricts to give an essentially admissible representation of Z,
and so there is a corresponding coherent rigid analytic sheaf € on 7. There is an
action of H®P" on the sheaf &, and we let A be the image of H*P" in the sheaf of
endomorphisms of €. We then define the Eigenvariety of V to be the following a
rigid analytic space

Eig(V) = Spec(A) C Z x Spec(H™™).

A point (x,A) € Z x Spec(HPh) is in Eig(V) if and only if the (Z = y, H*Ph = ))-
eigenspace in Jg(V') is non-zero. By construction, the sheaf & is the push-forward
to Z of a sheaf on Eig(V'), which we also denote by €. This sheaf € is a sheaf of
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right HP-modules, and the fibre of & over a point (x, ) is isomorphic as a right
HP-module to the dual of the (Z = y, H*P® = \)-eigenspace in V.

Theorem 5.20.

(i) The map Eig(V) — Z is finite. .
(ii) If V is admissible as a representation of G, then the map Eig(V) — t has
discrete fibres; in particular the dimension of Eig(V') is at most the dimension

of T over Q.

Proof. Part (i) is true by construction, since Eig(V') is defined as the relative spec-
trum of a coherent sheaf of algebras on Z. Part (ii) follows from the corresponding
statement for the support of the coherent sheaf & on Z, which is Theorem 5.12
above. O

Let us now take V = Hg(f( P, E)g,-1a- This is admissible, so the preceding
theorem applies to Eig(V'). We suppose for the remainder of this section that the
edge map criterion (Definition 1.1) holds for (G, p, KP e, n). Then for all algebraic
representations W of G we have an isomorphism of smooth G x H(KP)-modules:

(Kp, W) = Homg (W, V).

n

cle
We shall show that the eigenvariety Eig(V') interpolates the finite slope representa-
(K, W").

Suppose 7 is an absolutely irreducible representation of Gx HP, which appears as

. . n
tions in HCLE

a subquotient of Hj _(KP,W’) for some irreducible algebraic representation W of G,

and suppose that m, embeds in indgj\r(ﬂ) for some smooth character 6 of the centre

Z of T. The Hecke algebra H*" acts on 7 by a character \ € Spec(HPM)(Q,). Let
1) be the highest weight character of W with respect to B, regarded as a character
of Z,. Then the point (61, \) € Z x Spec(H*P!) is called a classical point.

Theorem 5.21. Every classical point is in Eig(V).

Proof. We first note that Jp is exact on the subcategory of admissible smooth
representations of G. This is because (i) it is constructed as a composition of two
left-exact functors, and is therefore left-exact, and (ii) by theorem 5.13, the Jacquet
functor coincides on smooth representations with the coinvariants, which is right-
exact.

By exactness, there is a sub-quotient of Jz(H"(KP?,W’)) on which Z x #HPP
acts by (6,\). The vector space Jg(H"(K?,W')) ®p Q, is an admissible smooth
representation of Z, and is therefore a direct limit of finite dimensional Z x HPh-
modules. Therefore the (6, \)-eigenspace in Jg(H"(K?, W')) ®g Q, is non-zero. By
Corollary 5.15 we deduce that the (61, \)-eigenspace in Jg(H™ (K?, W')®@W) is non-
zero. By the edge map criterion, the representation H "(K W) @ W is isomorphic
to the closed subspace of W-locally algebraic vectors in V. By left-exactness, we



April 20, 2012 9:58 WSPC/INSTRUCTION FILE MetEmerton

38 Richard Hill and David Loeffler

deduce that the (61, A)-eigenspace in Jg(V') is non-zero. This implies that (61, A)
is in Eig(V). O

Theorem 5.22. Let (04, \) be a point of Eig(V'), where 6 is locally constant and
1 is the highest weight of some algebraic representation W of G. If x = 0y has
non-critical slope, then (6, \) is a classical point.

Proof. This is immediate from Theorem 5.19, since V = H?(KP®, E)q,-1a admits
a G-invariant norm given by the gauge of the lattice H*(K?,Og) C HM K*, E). O

6. A p-adic analytic Stone—von Neumann theorem

If the machinery of the previous section is applied in the case where the parabolic
subgroup P is a Borel subgroup, the Jacquet module is a representation of the
preimage in 9 of a maximal torus in §. This is a topological central extension of a
commutative group, but need not itself be commutative. We therefore turn to the
question of classifying locally analytic representations of metaplectic tori.

In this section, we shall let T be any topologically finitely generated abelian
Qp-analytic group. We define the rank of 7 to be the rank of the finitely-generated
abelian group T/T, for any compact open subgroup Ty C T. Let T be a topological
central extension of T by u, so there is an exact sequence of topological groups

lop—T-T—1.

Let us fix a character € : 4 — E*, where E is (as above) a discretely valued closed
subfield of C,,. We shall restrict our attention to representations of T on which p acts
via €. Without loss of generality, we suppose that € is injective, and in particular p
is cyclic.

Let Z be the centre of J. This contains 1, and therefore is the preimage of a
subgroup Z C 7. The group ﬁ'/Z >~ J/Z is a finite abelian group, of exponent
dividing the order of u. This quotient group is equipped with a non-degenerate,
alternating bilinear form

A’ (ifr/z) S
given by t A u — [t,u]; in particular, the index [T : Z] is a square. If A is a
subgroup of T containing Z, then the preimage A is abelian if and only if A/Z
is an isotropic subspace of J/Z. We shall abuse notation and call such subgroups
isotropic subgroups of 7.

For a locally p-adic analytic group § whose centre is topologically finitely gen-
erated (such as all of the groups considered above), we let Rep®*(G) denote the
category of essentially admissible locally analytic representations of §. Note that
if G is commutative, then Rep®®(9) is the opposite category of the category of co-

herent sheaves on the rigid-analytic space §. For G a subgroup of T containing p,
we let Rep®®(G). denote the subcategory of representations on which p acts via
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the character ¢. If G is commutatlve then this category is anti- equ1valent to the
coherent sheaves on a subspace 95 C 9 which is a union of components of 9

6.1. Irreducible representations

We begin with a weak form of the Stone-von Neumann theorem, classifying the
irreducible objects of Rep® (7). Let us choose a maximal isotropic subgroup A C T,
as above.

Lemma 6.1. Let x be a continuous (hence locally Qp-analytic) character of Z
restricting to €, I, the set of E-valued characters offl extending x, and ¢ € I,.
Then the map ‘j'/fl — I, mapping t to the character a — ¢(t~'at) is a bijection.
(In other words, I, is a torsor for T/A).

(Note that any ¢ € I, is defined over a finite, and hence complete and discretely
valued, extension of E. Moreover, since Z is open in T, any such v is locally Q,-
analytic.)

Proof. Let ¢, be the character defined by t¢(a) = P(t~tat). We shall first show
that the map ¢ — 1)y is injective on T/A. Suppose ¢, = 1, for t,u € T. We need to
show that t~'u € A. By definition we have for all a € A:

Yt tat) = (utau).

Hence the element ¢ !atu='a"'u is in the kernel of 9. Since T is abelian, the

image of this element in T is the identity, so ¢t tatu~'a~'u is also in f,,. Since
the restriction of i to p,, is €, which is assumed to be injective, we deduce that
t~'at = u'au. In other words ut~! commutes with every element a € A. As A is
a maximal abelian subgroup, we must therefore have ut=! € A.

To prove surjectivity, we’ll show that ‘j/fl and I, have the same number of
elements. The number of elements in I, is |A/Z|, which is the same as [A/Z|. Since
A/Z is a maximal isotropic subspace of T/Z with respect to the skew-symmetric
form above, T/A is identified with the Pontryagin dual of A/Z and hence |T/A| =
|A/Z|. m|

Proposition 6.2. Let T be a topological central extension by u of a topologically
finitely generated abelian locally Q,-analytic group T, and let Z be the centre of T,
Fiz an injective character ¢ of u.

Then for every locally Qp-analytic E-valued character x of Z extending €, there
is a unique irreducible finite-dimensional locally Qp-analytic representation V,, of‘j'
on an E-vector space having central character x.

Proof. Let A, be the algebra

E[7)/{(z —x(2): z € Z).



April 20, 2012 9:58 WSPC/INSTRUCTION FILE MetEmerton

40 Richard Hill and David Loeffler

This is a finite-dimensional E-algebra of dimension d?, where d = |T/A| = |A/Z],
and it is clear that any representation of T on which Z acts via X is a module over
A,. Note that since Z is open and has finite index in ‘j“, such a representation is
essentially admissible if and only if it is finite-dimensional over F, or equivalently
finitely-generated over A,; thus the essentially admissible representations of T with
central character x are precisely the finitely-generated A,-modules.

We claim that A, is a central simple E-algebra. It suffices to check this after
any finite base extension, so let us choose a finite extension E’/F sufficiently large
that all characters ¢ € I, are defined over E’.

We consider A, as a representation of A x A via right and left translation.

Since all ¢ € I, have values in E’, we may decompose A;( = A, Qg E’ as a direct

sum of isotypical components A;wl’d&) for the action of A x A, indexed by pairs

(¥1,99) € I, x I, and any A x A-stable subspace of A’ is equal to the direct sum
of its intersections with these isotypical subspaces.

So let S be any two-sided ideal in A;(. It follows that S is A x f[—invariant, and
the action of A x A on § is obviously diagonalizable. Hence if S is non-zero, then
it must have nontrivial intersection with A&wl’wz) for some pair (¢, 2). However,
since S is a two-sided ideal, and conjugation by T permutes I, transitively, we
deduce that it must have nontrivial intersection with all of the subspaces A&wl’wg).
Hence its dimension is at least d2, which is the dimension of Al thus S = Al . So
we have shown that A;( is simple, from which it follows that A, is simple.

Since A, is a central simple algebra, up to isomorphism there is a unique simple
left A,-module, so the result follows. O

Remark 6.3. Let V,, be the representation described in the previous proposition.
Note that the dimension of V, is equal to de, where e is the order of A, in the
Brauer group of E. In particular, V,, is absolutely irreducible if and only if A, is
isomorphic to a matrix algebra, so e = 1.

Proposition 6.4. Let W be any essentially admissible locally Q,-analytic repre-
sentation of T on which |1 acts via €, and let V,, be the representation constructed
above. Then for any character x : Z — E*, we have

Homy (x, W) # 0 < Homs(Vy, W) # 0.

Proof. By replacing W with the closed T-stable subspace WZ4=X_ it suffices to
show that if Z acts on W via yx, then there is a nonzero homomorphism of TJ-
representations V,, — W. But since W is essentially admissible as a representation of
Z, it must be finite-dimensional, and thus finitely-generated as an A-module where
A is the central simple algebra constructed above. Since every finitely-generated
module over a central simple algebra is a direct sum of copies of the unique simple
module, it follows that Hom 4 (Vy, W) = Homs (Vy, W) is nonzero. O

We now extend the definition of V, slightly. The continuous characters x : Z —
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E* extending e are precisely the absolutely irreducible objects of the category
Rep®®(Z).. If F/E is a finite extension and yx : Z — F'* is a continuous character,
we regard y as an object of Rep®®(Z). via restriction of scalars. If the values of
X generate F' over FE, this representation is irreducible (but not absolutely so, of
course, unless F' = F). This gives us a bijection between each of the following sets:

e irreducible objects of Rep®*(Z)e.,
e points of the rigid space Z. (in the sense of rigid geometry, i.e. maximal ideals
of its structure sheaf),

e Gal(E/E)-orbits of characters x : Z — E™ extending e.

For each Galois orbit of characters x, applying Proposition 6.2 with the coeffi-
cient field F replaced by the finite extension F'/E generated by the values of x, we
see that there is a unique irreducible F-linear representation V, of T with central
character y; and since the values of y generate F' over FE, this is still irreducible
when regarded as an F-linear representation via restriction of scalars. We define V,,
to be this representation, which clearly depends only on the Gal(E/E)-orbit of x.
As a representation of Z, V,, is isomorphic to a direct sum of copies of the object of
Rep®(Z). constructed from y above; we shall abuse notation slightly by writing
“V, has central character x” even when x is not defined over F.

Corollary 6.5.

(a) The map x — Vy is a bijection between the set of irreducible objects of the
categories Rep®™ (Z). and Repess(‘j’)g, which is uniquely characterized by the
fact that V,, has central character x.

(b) For any W € Repess(‘j')a, there is a closed rigid-analytic subvariety X of the
character space 25 such that the irreducible subrepresentations of W are pre-
cisely the Vy, for x € X.

(¢) The irreducible representation V, is absolutely irreducible if and only if x is
defined over E and the central simple algebra Ay of Proposition 0.2 is trivial

in the Brauer group of E.

Proof. For part (a), the fact that the map exists and is injective is clear; so it
suffices to check that it is surjective. Let W be an irreducible object in Rep®® (‘j“) .-
Applying Proposition 6.4 to Resty (W), we see that there is some x such that
Homs(V,,, W) # 0. Since W is irreducible, we must have W = V,.

For part (b), we simply take X to be the support of the sheaf on A corresponding
to the locally analytic representation Rest} (W) of Z. By construction, the points
of X are precisely the x such that Homy(x, W) # 0, and Proposition 6.4 shows
that these are precisely the irreducible ‘j—subrepresentations of W.

Part (c) is immediate from the construction of V,, and the remark on its dimen-
sion above. O
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6.2. Tame isotropic subgroups

We now show that the results of the previous subsection can be strengthened, under
a mild additional hypothesis on 7.

Definition 6.6. Let A D Z be a maximal isotropic subgroup. We say A is tame if
ZAsors = A, where Aiors s the torsion subgroup of A.

We have used the word “tame” to indicate the analogy to the tame symbol, as
the following example illustrates.

Example 6.7. Let k, be a finite extension of Q, containing a primitive m-th root
of unity. Let T = k;* and let p,, be the group of all m-th roots of unity in k,. Then
we may define an extension T of T by ., by setting

T={(2,0) 12 €k, Y € tim}

with the group law

(z,0)(y,€) = (2y, C&(x,y)m),

where (2,y)m is the m-th power Hilbert symbol in k,.
One finds that

Z={zek) z* ek}

Let us define n = m if m is odd, and n = m/2 if m is even. Then, since we clearly
have p2, C k' and hence —1 € k", we see that Z = k,™".

If n is not a multiple of p, then we have [T : Z] = [k, : k"] = n?. If we take
A = 120%™ where O is the ring of integers of k, and 7 is a uniformizer, then A/Z
is isotropic (as any lift of 7 to T clearly commutes with itself). As [A : Z] = n, A is
maximal.

Since we have assumed p does not divide n, we have 1+7O C O*"; hence every
element of A/Z = O*/O*™ has a representative that is a Teichmuller lift of an
element of the residue field, and thus in particular lies in A,s. Hence A is tame.
On the other hand, the (possibly more natural) choice A’ = 720> is a maximal
isotropic subgroup which is not tame.

If on the other hand p is a factor of n, then there is no tame maximal isotropic
subgroup.

Returning to the general situation, it is clear that if p { m and the rank of T is
0 or 1, there must exist a tame maximal isotropic subgroup. On the other hand, if
T is the discrete group Z2 and T is the unique non-split extension of T by +1, then
there are precisely three maximal isotropic subgroups of T and none of these are
tame. .

Let R denote the finite étale cover A — Z given by restriction of characters.

Proposition 6.8. If A is tame, then R maps every component offl isomorphically
to a component of Z.



April 20, 2012 9:58 WSPC/INSTRUCTION FILE MetEmerton

P-adic interpolation of metaplectic forms of cohomological type 43

Proof. Recall that if J is an abelian locally analytic group, the geometrically
connected components of H correspond bijectively with the characters of Hiops.

By [0, Proposition 6.4.1], we can (non-uniquely) decompose A and Z as products
A= Atorb X .Aoo and Z = Ziors X Zso. Moreover, it is clear that we may do this in
such a way that Z,, C Aoo. The assumption that A is tame, so that A= Z.Atorb,
implies that in fact Zeo = Aso -

Since the contravariant functor (—) takes direct products of groups to fibre
products of rigid spaces, the map A — Z is obtained by taking the fibre product

of the map of finite rigid spaces jltors — Z/t; with the connected rigid space Z;,
from which the result is clear. O

Corollary 6.9. For all sufficiently large E, there exists a map S : Z A of rigid
spaces over E which is a section of R.

Proof. By the same argument as in the previous proposition, it suffices to show

that the map fltors — Ziors admits a section; this is clear, since both spaces are
finite unions of points. O

Remark 6.10. It suffices to assume that ¢, € E, where r is the exponent of Ators.
If E does not contain enough roots of unity then such a section may well not exist.
Note also that the choice of the section S is highly non-canonical.

Theorem 6.11. If‘j' contains a tame maximal commutative subgroup, and FE is
sufficiently large, then there is an equivalence of categories

Rep®™(2). % Rep™ (7)..

Proof. Let V be an object of Rep®®(Z). We decompose V in the form
V=vx
X

where the sum is over the characters of Zi,s. We let Fiq (V') be the representation
of A which is isomorphic to V' as a representation of Z.,, but with fltors acting on
the summand V, by the extension of x to a character of fltors determined by the
section S above.

It is clear that F4 is a functor Rep®*(Z). — Rep®*(A).. Composing this with
the functor Ind:‘];1 . Rep®™(A) — Rep™(T) gives a functor F : Rep™(Z). —
Rep™ (9)..

We construct an inverse functor G : Rep®™( T) — Rep®™(Z) as follows. Restric-
tion to A gives a functor Repe”( T) — Rep®™ (A). We may decompose Rep®* (A ) as
a direct sum of subcategories corresponding to the characteis_gf Ators

The choice of section S above determines a subset I C ./Nltors. The functor pr; :
Rep®™(A) — Repe“( 1) given by V Dyer V¥ is well-defined. We define G =

Resf~l opr; o Res(}7 which clearly defines a functor Rep® (7). — Rep™(Z)..
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We claim that these functors are inverse to each other. Let us first consider the
composition G o F' : Rep®™(Z): — Rep®™(Z).. We note that there is a natural
isomorphism of functors Rep®*(A) — Rep®™*(A) between the functors ResgL OInd;[l
and the functor mapping V' to @te‘j’/fl V. Using lemma 6.1, we deduce that Go F
is naturally isomorphic to the identity functor.

On the other hand, let W be an object of Rep®*(T).. Since all our functors
commute with direct sums, we may as well assume that Zi,s acts on W via a
character x (extending €). Then 1) = S(x) is a choice of extension of x to Ators. We
find that

F(G(W)) = Tnd’} (W[f‘wrs:'ﬂ) .

We must construct a natural transformation between this and the identity func-
tor. Let v1,...,%s be the conjugates of ¢, and fix t1,...,t5 € T such that
Y(t; tat;) = 1b;(a). Then the map f > Y t;f(t;1) : F(G(W)) — W gives a natural
transformation between F' o G and the identity functor. O

Remark 6.12. If 7 has no tame maximal isotropic subgroup, then the category
Rep®*(T). may genuinely fail to be isomorphic to Rep®*(Z)., even if the scalar
field FE is large.

For instance, let T be the extension of Z2 by +1 mentioned above, and ¢ the
nontrivial character. If we set D = E[T] ®E[z] C*(Z., E), then D is a Fréchet-Stein
algebra, and Rep®®(7) is precisely the opposite category of coadmissible D-modules;
but D is a non-trivial central simple algebra of rank 4 over Ca“(g57 E), and hence
the categories of coadmissible modules over these rings are not equivalent.

Nonetheless, restriction of representations certainly gives a functor Rep®* (7). —
Rep®(Z)., and one deduces that for any V' € Rep®®(7T). there is a coherent sheaf
on Z. whose support consists precisely of the characters of Z appearing in V; the
disadvantage is that since the restriction functor is not full, morphisms between

such sheaves do not necessarily correspond to morphisms of T-representations.

We may summarize the discussion as follows:

Theorem 6.13. Let T be a topological central extension by u of a topologically
finitely generated abelian locally Qp-analytic group T, and let Z be the centre of 7.
Fix an injective character € of p.

(1) For every Gal(E/E)-orbit of continuous characters x : Z — E” estending
€, there is a unique irreducible locally analytic representation Vy, of T having
central character x.

(2) If W is an essentially admissible locally analytic representation of‘j' on which p
acts via €, then there is a closed rigid-analytic subvariety Supp(W) on having
the property that Homs (Vy, W) # 0 if and only if x € Supp(W).

(3) If, moreover, T has a tame mazimal isotropic subgroup, then the category of
locally analytic representations of‘j' on which p acts by € is anti-equivalent to
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the category of rigid-analytic sheaves on 25, and Supp(W) is the support of the
sheaf corresponding to W.

Theorem 6.14. Let G be semi-simple, simply connected and split over k, and let
G be the canonical metaplectic extension of G by pm. Let T be a mazimal split
torus in G, and let T and T be as before. If p does not divide m, then there is a
tame mazximal isotropic subgroup of T.

Proof. The torus T is split, so we have an isomorphism T = G}, for some n. We
shall regard elements of T as vectors t = (t;);; with ¢; € k. By [17, Lemme I1.5.4
and Lemme I1.5.8] we know that the commutator has the form

it u] = [Tt )y,

(]

where m(i, j) are certain integers. One easily shows that Z is the set of elements ¢
satisfying for j = 1,...,n the following relation:

n
Htm'(ld) c ka

i p
i=1

Clearly, Z contains . Define a subgroup A of T by the relations

n
[1t¢) e o krm,  j=1,....n.

i=1

It follows that A = Z-(O*)™. We claim that A is a tame maximal isotropic subgroup
of 7.

We first show that A is isotropic. The elements of A are, up to an element of Z,
in the subgroup (O*)", and so it suffices to show that (O*)" is isotropic. This in
turn follows from the fact that (—, —), ., is the tame symbol (as p does not divide
m) and so is trivial on O* x O*.

We next show that A is maximal. Assume that u satisfies [u,t] = 1 for all £ € A.
This implies for each j and every element t € O* the relation

n

[Tt wppi? = 1.

=1

Hence []}-, u;»n(i’j) is an element of O* - k™, and so u is in A.

Finally, we show that A is tame. To see this, it is sufficient to note that the
cosets of O* /O*™ have representatives which are roots of unity (Teichmiiller rep-
resentatives). Again, we have used the fact that p does not divide m, and so every
element in O* which is congruent to 1 modulo p is an m-th power. O
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6.3. Implications for eigenvarieties

We now return to the situation of section 5.5. The group T is an extension of the
abelian, topologically finitely generated p-adic analytic group T by u, so we may
describe its essentially admissible representations by means of Theorem 6.13. As
before, we write Z for the centre of T,

Recall that we have shown that, for any essentially admissible g—representation
V' equipped with an action of HP, there exists a rigid-analytic subspace Eig(V') C
7 x Spec(H*"), and a coherent sheaf of right P-modules € on Eig(V), such that
the fibre of € at a point (x,\) € 7 is canonically isomorphic as an HP-module to
the dual of the (Z = x, H*® = )) eigenspace of V.

As before, let € be an injective character of . We write Eig(V'). for the inter-
section of Eig(V) with Z. x Spec(HP?) C Z x Spec(H*?). From Theorem 6.13, we
deduce:

Corollary 6.15.
(1) A point (x,\) € % Spec(H*Ph) lies in Eig(V). if and only if
Homs (Vi V))[H™" = A] # 0.

(2) If‘j' has a tame maximal isotropic subgroup, we may construct a coherent sheaf
&' C & on Z. with an action of HP, such that the fibre of &' at x is canonically
isomorphic to the dual of Homg (Vy, V)[HPh = A].

This shows that in the most favourable case, when a tame maximal isotropic
subgroup exists, it is possible to identify exactly the functor which is represented
by the eigenvariety, generalizing the fact that the Coleman-Mazur eigencurve rep-
resents the functor mapping an affinoid in weight space to the set of families of
overconvergent eigenforms of that weight (see e.g. [3, §7]). In the non-tame case,
the corresponding functor may not be representable, but the eigenvariety Eig(V').
can still be interpreted as a coarse moduli space for HP? x T-subrepresentations of

V.
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