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Wedge-shaped samples can be used as a model of acoustic interactions with samples

ranging from ocean wedges, to angled defects such as rolling contact fatigue, through

to thickness measurements of samples with non-parallel faces. We present work on

laser generated ultrasonic waves on metal samples; one can measure the dominant

Rayleigh-wave mode, but longitudinal and shear waves are also generated. We present

calculations, models and measurements giving the dependence of the arrival times and

amplitudes of these modes on the wedge apex angle and the separation of generation

and detection points, and hence give a measure of the wedge characteristics.
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Ultrasonic measurements have a wide range of applications in non-destructive testing

(NDT), including thickness gauging1, defect detection and characterisation2–5, as well as in

areas such as predicting the behaviour of seismic waves incident on ocean wedges6–8. In

NDT, ultrasonic waves are often considered to propagate in half spaces or finite-thickness

samples with parallel faces. However, understanding of the interaction of ultrasonic waves

with more realistic geometries requires alternative samples: for example, a wedge-shaped

sample can be used as a first step to model a defect propagating at an angle to the surface,

as with rolling contact fatigue (RCF) in railway tracks9, or a sample with non-parallel front

and back faces.

Whilst used somewhat in geophysics to calculate propagation of seismic waves6–8, wedge-

shaped samples are just starting to be considered for modelling propagation in NDT. One

dimensional wedge waves propagating in a wedge-shaped sample have been shown to have a

dispersive nature, which depends on the wedge thickness at each point10–12. The wedge can

also model an infinite depth crack which propagates at an angle to the surface2–5,13,14; the

reflection and transmission coefficients have a dependence on the angle of the defect, and the

arrival times of the transmitted wavemodes can be used to measure the crack angle4,13,15,16.

A wedge sample has also been used to demonstrate the mode-conversion of the Rayleigh wave

to a guided wavemode as the frequency·thickness product decreases, leading to a much larger

signal enhancement at the defect for angled defects than for defects propagating normal to

the sample surface4,5.

Thickness gauging typically uses reflections of bulk waves from the back face of the

material9,17. In some samples the faces may not be parallel1,18; in this case, a wedge can be

used to model the expected ultrasonic behaviour. With laser generation of ultrasound on

metal samples the dominant mode generated is often a surface wave; however, longitudinal

and shear waves are also generated, with a known directivity19,20.

This paper considers the behaviour of these bulk waves and how they can be used for

sample characterisation, such as measuring the angle of a defect or gauging the thickness

of a sample with non-parallel faces. Firstly, the experimental techniques and modelling

are described. Secondly, the arrival times of the reflected and mode converted waves are

calculated. Finally, we consider the variation in wave amplitude with scan position for

several wavemodes, and calculate this using knowledge of the directivity of the generated

signals and the changes in amplitude of the waves on reflection at the back and front faces
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of the wedge.

The behaviour of the wave propagation in aluminium samples has been studied using

experiments and finite element method (FEM) models, for laser generation and detection of

ultrasound. The longitudinal and shear waves generated in the thermoelastic (low power)

regime, chosen so that limited-to-no damage was done to the sample, have amplitudes which

vary with propagation direction. These amplitudes are given by

uL(β) ∝
sin(2β)× (k2 − cos2 β)

1
2

(k2 − 2 cos2 β)2 + 4 cos2 β(1− cos2 β)
1
2 (k2 − cos2 β)

1
2

(1)

for the longitudinal wave, where k is a normalised wavenumber defined by k = cL/cS,

and cL = 6300 m/s and cS = 3110 m/s are the longitudinal and shear wave velocities in

aluminium, and

uS(β) ∝
−k sin 4β

k(1− 2 cos2 β)2 + 4 cos2 β(1− cos2 β)
1
2 (1− k2 cos2 β)

1
2

(2)

for the shear wave (adapted from references19–21 for this geometry). The angle β describes

the propagation angle of the ultrasonic wave, and is labelled in the inset to figure 1.

Experiments used a 1064 nm Nd:YAG laser with a rise-time of 10 ns, focussed into a

line source of approximate dimensions 6 × 0.5 mm13,19,21. Detection of the ultrasound was

done using an IOS two-wave mixer interferometer, allowing a direct measurement of the

out-of-plane displacement of the material surface with no surface preparation required22.

The wedge sample was made from aluminium, of approximate dimensions 100 mm wide x

136 mm long with a wedge apex angle of 10◦. The generation laser was held fixed while the

detection laser was scanned towards the wedge tip, with the experimental set-up shown in

the inset to figure 1.

The behaviour in a 10◦ aluminium wedge was also modelled using PZFlex, a FEM pro-

gram, with absorbing boundaries used for all side faces to reduce reflections, and the gen-

eration laser modelled as a dipole force13. Both the in-plane and out-of-plane surface dis-

placements were calculated and figure 1 shows typical A-Scans for two generation-detection

separations. The large feature labelled R is the broadband Rayleigh wave; however, a large

number of other wave-modes are also visible.

Figure 2 shows the modelled out-of-plane surface displacement for a fixed laser generation

point with the detection point scanned towards the wedge tip, for a 10◦ aluminium wedge,

presented as a B-Scan. At each detection position an A-Scan has been recorded and these are
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FIG. 1. FEM: A-Scans at two generator-detector separations (8.6 mm (lower) and 25 mm (upper))

on a 10◦ wedge. Solid lines show in-plane surface displacement, dotted lines the out-of-plane.

stacked to form the image, with the colour showing the amplitude. The behaviour in the B-

Scan splits approximately into two regimes; in the top section of the figure, close to the wedge

tip, the incident wavemodes experience a sample which has a reducing frequency·thickness

product, and hence the wavemodes propagate as guided waves5. However, far from the

tip (lower part of figure 2) the waves can be treated as Rayleigh, longitudinal, or shear

modes. The Rayleigh wave has an arrival time which is linear with increasing separation of

the generation and detection lasers, whereas the longitudinal and shear wavemodes, which

have been reflected at the back face of the wedge and detected after one or more reflections

and/or mode-conversions, have a more complicated dependence on scan position due to the

variation in the path length for each mode as the laser separation is increased.

FIG. 2. FEM: B-Scan for a 10◦ wedge with wave arrival times overlaid, showing the out-of-plane

surface displacements.

The arrival times of the longitudinal and shear waves can be calculated, giving a measure

of the dimensions and angle of the wedge, and these are shown as lines on figure 2 and ex-
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plained below. We consider the propagation times of the different wave modes (longitudinal,

L; shear, S; multiple reflections and mode conversions, such as LL, SSSL etc.) for a given

wedge angle.

FIG. 3. Schematic for calculation of arrival time of waves. Multiple bounces can be calculated

similarly.

Figure 3 shows a schematic for calculation of the arrival times for longitudinal and shear

wavemodes which have been reflected once within the wedge, considering the LL, SS, LS or

SL reflections. The distance a between the generation point and wedge tip for the model was

53.7 mm, while for the experiment a was 110 mm. α (the wedge apex angle) was 10◦, and

the direction of initial wave propagation, β, was varied from 0◦ to 90◦, assuming generation

in all directions.

From simple trigonometry it can be seen that the angle of incidence at the back face of

the wedge is given by

θ1 = 90◦ − α− β. (3)

The angle of reflection is then given by

θ2 = sin−1

[
c2
c1

sin θ1

]
, (4)

where c1 is the velocity of the incident wave and c2 is the velocity of the reflected wave. The

arrival position for each wave on the top surface, given an initial angle β, is l = l1 + l2 =

T1 [tan(θ1 + α) + tan(θ2 − α)] , with all symbols defined in figure 3. By considering similar

triangles, the thickness T1 can be calculated as

T1 =
a tanα tan β

tanα+ tan β
. (5)
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The distance each wave travels is then a combination of known quantities, with

d1 =
T1

cos(θ1 + α)
& d2 =

T1

cos(θ2 − α)
. (6)

Finally, the arrival time at a position l is given by

t =
∑
n

dn
cn

, (7)

where n denotes the number of each step. One can similarly calculate the arrival times for

surface waves and for multiple reflections of bulk wavemodes, allowing mode conversion on

each reflection, giving modes such as LLLL and LLSL.

Figure 2 shows the B-Scan of the modelled results, with the calculated wave arrival times

overlaid, showing excellent agreement with the model results. A selection of multiple-bounce

wavemodes have been presented; the exact arrival time depends on the order of the mode-

conversion, e.g. LLLS or LSLL. Figure 4 shows experimental measurements on the top

face of an aluminium wedge, with the arrival times calculated using equations 3 to 7 shown

for selected wavemodes. Again, excellent agreement is shown between the calculated and

measured arrival times.

FIG. 4. Experiment: B-Scan for a 10◦ wedge with wave arrival times overlaid, showing the out-of-

plane surface displacements

Not all waves are equally prominent at each detection position, and there is a clear vari-

ation in amplitude with changing generation-detection separation. The detected amplitude

of the waves will depend on several factors. One must consider the attenuation of the wave

during propagation, which will depend on the total distance travelled, d =
∑

dn. There will

also be a dependence on the directivity of the generated waves19,20, on the amplitude change
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on reflection19,23,24, and on the proportion of the motion in the out-of-plane relative to the

top surface of the wedge at the detection position.

The directivity of waves generated using laser ultrasound is given by equations 1 & 2.

In equations 3 to 7 it has been assumed that all values of β are equally likely; equations 1

& 2 can be used to calculate the amplitude of the longitudinal and shear waves which

are generated as a function of propagation angle. The change in amplitude on reflection

and mode-conversion has been described previously for a simple parallel-face block19,24. A

longitudinal wave incident on the back face of the wedge, with incident angle θ1, can be

reflected either as a longitudinal wave or as a shear wave with angle θ2 given by equation 4,

and similarly for an incident shear wave. To calculate the amplitude following reflection, θ2

for the mode-converted wave must be known, and is labelled γ in the following equations.

For an incident longitudinal wave of amplitude uL(β) the resulting reflected wave from the

back face of a wedge will have amplitude

AL(β) = uL(β)
sin 2θ1 sin 2γ − k2 cos2 2γ

sin 2θ1 sin 2γ + k2 cos2 2γ

AS(β) = uL(β)
2k sin 2θ1 cos 2γ

sin 2θ1 sin 2γ + k2 cos2 2γ
(8)

for the reflected longitudinal and shear waves respectively. For an incident shear wave of

amplitude uS(β) the reflected waves will have amplitudes

BL(β) = uS(β)
−k sin 4θ1

sin 2θ1 sin 2γ + k2 cos2 2θ1

BS(β) = uS(β)
sin 2θ1 sin 2γ − k2 cos2 2θ1
sin 2θ1 sin 2γ + k2 cos2 2θ1

. (9)

FIG. 5. The calculated (lines) and measured (points) wave amplitudes, normalised at a scan

distance of 40 mm, for LL, LS, SL and SS.

The proportion of the wave motion in either the in-plane or out-of-plane relative to the

top surface will depend on whether the wave is longitudinal or shear, and on the direction
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of propagation relative to the sample surface on detection. For example, at very short

detection distances (large β) the longitudinal wave will hit the sample surface approximately

normally, hence will be predominantly out-of-plane when detected, whereas the shear wave

will be predominantly in-plane. For long detection distances (small β) the wave is close to

surface skimming, and hence the longitudinal wave has predominantly in-plane displacement.

Considering this with the attenuation for a total travel distance of d, and the angle of

incidence relative to the surface θI = 100◦ − θ2, the following amplitudes are predicted;

LL : AL(β) sin(θI)/d

LS : AS(β) cos(θI)/d

SL : BL(β) sin(θI)/d

SS : BS(β) cos(θI)/d. (10)

Figure 5 shows the solution of these equations for four modes as a function of separation

of the generation and detection laser points, plotted as lines, normalised to 1 at a separation

of 40 mm to account for the proportionality constant in equations 1 & 2. Shown as points

are the normalised experimental wave amplitudes taken from the data in figure 4, with

errors calculated by considering the variation in amplitude due to noise. For LL, LS and

SL the amplitudes show excellent agreement, with the calculations predicting the change in

amplitude with scan distance, confirming the validity of the measurement technique. For

the SS wave poor agreement is seen. However, as can be seen on figure 4 this wave coincides

with several other wavemodes, in particular the large amplitude Rayleigh wave, and hence

an accurate measure of the amplitude is extremely difficult. For waves which do not interfere

significantly with other wavemodes, the amplitude variation as a function of generation and

detection separation can be used to characterise the sample geometry.

Recent work has shown that a wedge can be used as a model of an infinite depth an-

gled defect, as an ocean wedge, or as a sample with varying thickness. Laser generated

longitudinal and shear modes can also be used to characterise the wedge angle, based on

knowledge of the wave velocities and the separation of the generation and detection points.

The arrival times of the reflected and mode-converted waves depend on the wedge angle.

Furthermore, the amplitude of these waves can be understood by considering the directivity

of the generated waves, the change in amplitude on reflection and mode-conversion, the total

distance of propagation and the component of the motion in the out-of-plane displacement
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at the detector, and this again depends on the wedge geometry. This has the potential to

lead to a new method of characterising the depth and angle of propagation of angled defects,

plus a measure of the non-parallelicity of the front and back faces of a plate in thickness

gauging.

This work was funded by the European Research Council under grant 202735, ERC

Starting Independent Researcher Grant. We thank Professor Steve Dixon for help and

advice with the research.
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