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Abstract

Solutions are presented to the problem of steady, axisymmetric flow of an in-
viscid fluid into a point sink. The fluid is of finite depth and has a free surface.
Two numerical schemes, a spectral method and an‘integral.équation approach,
are implemented to confirm results for the maximum-flow-rate steady solution
for each configuration. The effects of surface temsion and sink depth are in-
cluded and constitute the new componentiof the work. Surface tension has
the effect of increasing the maximum flew rate at which steady-state solutions

can exist.

Keywords: Free surface flow, surface tension, point sink.

1. Introduction

The problem of steady flow due to a single, motionless sink beneath a free
surface has provensdeceptively difficult. More accurately, while it is relatively
easy to obtainnumerical solutions to this problem, the limiting parameters for
which steady flows exist have proven difficult to find with confidence. While it

is\genérally accepted that as the flow rate increases there comes a point beyond
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which steady solutions no longer exist, this critical value has had multiple
proposed values in the literature using similar numerical methods. The current
work uses two completely different numerical approaches to resolve the critical
values at which steady solutions cease to exist for the flow into a point sink
above a horizontal base. The agreement of these two different approaches
is central to the conclusions drawn about the solutions. Surface tension is
included in the work, both to gauge its influence on the flows and for,its
stabilizing effect on both the flow and the numerical schemes.

While the results are of mathematical interest as a fundamental study of
free surface hydrodynamics, the problem is also relevant testheywithdrawal of
fluid from water storage reservoirs and other confined,watexr bodies (Imberger
& Hamblin (1982); Imberger & Patterson (1990)) Fluid withdrawn from
reservoirs tends to flow in layers due to the density stratification inherent in
all reservoirs in temperate climatic zonés. This vertical stratification often
consists of constant density regionstand\regions with approximately linear
density variation due to either temperature or salinity. An understanding of
the process of selective withdrawal is important in delivering suitable water
quality for urban and agrieultural supply.

Peregrine (1972)proposed the analogous problem in two dimensions (with
a line sink) as a study that might assist in understanding wave-breaking, and
while this has'proven not to be the case for steady flow, some wave breaking
behaviour has been observed in the unsteady version in which the sink is
turned on in a fluid at rest (Stokes et al. (2003)). Regardless, the steady
problemrwith a line sink has provided some very interesting behaviour and due
to 'the (relative) ease of computation and the availability of complex variable
methods (Sautreaux (1901); Craya (1940); Peregrine (1972); Tuck & Vanden
Broeck (1984); Vanden-Broeck & Keller (1987); Hocking & Forbes (1991);
Forbes & Hocking (1993)) there has been much work on this case. Surface



tension was considered in Forbes & Hocking (1993), and withdrawal in the
presence of a background flow by Holmes & Hocking (2015). In both cases
non-uniqueness was found in the solution space. Two kinds of steady solution
were obtained for flow from a single layer fluid with a free surface, one involving
a stagnation point on the surface and another involving a cusp above the sink
(Sautreaux (1901); Tuck & Vanden Broeck (1984); Vanden-Broeck & Keller
(1987)). Hocking (1995) and Hocking & Forbes (2001) showed.thatithe
cusp solutions correspond to the situation in which the free surfaceds ptlled
down directly into the sink if the withdrawal rate is increased beyond this
value. Thus, if there is another fluid above this layer, ghis®6w corresponds
to the transition to a two-layer flow in which fluid ffem bath layers flow out
through the sink. This was found to be true in_bothsan unconfined fluid and
a fluid of finite depth. Numerical calculations of the unsteady flow indicate
that this critical drawdown flow is relatéd to'the maximum steady flow, but
the actual drawdown of the interfacethetween two layers occurs at a flow rate
that depends on the flow history.{Stokesret al. (2003, 2008)).

This considerable progress in, the two dimensional case has not really been
matched in the problem of flow due to a point sink. Such flows were considered
experimentally by Harleman et al. (1959); Jirka & Katavola (1979); Lubin &
Springer (1967) and.others, and later in a full simulation by Zhou & Graebel
(1990) and Xue & Yue (1998). Miloh & Tyvand (1993) considered a small
time expansion to look for critical drawdown values. No solutions with the
equivalent of a cusp shape have been found, except over a small range of
parameters (Forbes & Hocking (2003)).

The first computations of steady solutions for a point sink with a stagnation
point were performed by Forbes & Hocking (1990) and Vanden-Broeck &
Keller (1997) on the case of a semi-infinite fluid. These authors solved the

same equations but using different numerical approaches. The problem can



be defined in terms of a Froude number Fg = \/Wgﬂg) , where m is the
sink strength, ¢ is gravitational acceleration and Hg is the depth of the sink.
While the former found a limiting value of Fg ~ 6.4, the latter obtained values
close to Fs = 5.4 (with a train of decaying upstream waves) using essentially
the same integral equation approach. The limiting solutions in both cases
appeared to have the same physical characteristic of a stagnation ring,on
the free surface some small distance from the central surface stagnation peint.
Solutions were computed using integral equation techniques pushing the limits
of computer power of the time. Similar discrepancies in the critigal values
appeared when a flow with the sink on a horizontal, impermeable base were
computed by Hocking et al. (2002) (using the numerical approach of Vanden-
Broeck & Keller (1997)) who found Fg ~ 3.24, while Forbes et al. (1996)
obtained a much lower value of Fg =~ 1.5 using ‘a_fundamental singularity,
Galerkin technique. The former contained the familiar stagnation ring limiting
solution, but the latter did not. Experiments and full numerical simulations
in various geometries produced wvalues for limiting single layer flows ranging
from Fs ~ 1.6 (Harleman et.aly, (1959)) to Fs ~ 3 (Zhou & Graebel (1990))
although these may not.beydirectly related to limiting steady-state solutions
with a central stagnation,point.

A recent, more thorough analysis of the integral equation method was given
in Hocking et"al.” (2014), and it was shown that the limiting steady solutions
occur at much lewer values of flow rate than initial calculations suggest. Sur-
face tfension was included in Hocking et al. (2015) and was found to have a
regularizing effect on both the solutions and the existence space, so that much
higher flow rates could be obtained with significant surface tension included.
The “errors” appear to be due to inappropriate truncation Forbes & Hocking
(1990) and lack of convergence of the numerical scheme as grid spacing was

decreased Vanden-Broeck & Keller (1997), but in both cases this was not
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Figure 1: Cut-out sketch of a typical axi-symmetric surface shape, z'= n(r). The fluid is of

finite depth and withdrawal is through a point sink situated at depth z = —hg.

obvious with the computational capacity available at the time.

Here we consider the problem with a‘point sink situated at an arbitrary
depth in a fluid of finite depth and include the effects of surface tension, see
Figure 1. Two different numerical sehemes are used and found to give matching
solutions for all parameter/values. /Again, the effect of surface tension is to
regularize the flow. By taking the limit as the surface tension approaches zero

we are able to confirm thelimiting values for zero surface tension.

2. Problem Formulation

Consider the steady, irrotational, axisymmetric flow of an inviscid, incom-
pressible fluid beneath a free surface. The flow is driven by a point sink of
strength m situated at a depth Hg beneath the undisturbed level of the free
surface and above a flat impermeable boundary at depth D. Under these
assumptions the problem can be formulated in terms of a velocity potential
¢(r, z), where r is a radial coordinate centred on the location of the point sink

and z is the vertical coordinate with z = 0 corresponding to the level of the free



surface if there is no flow. Thus the velocity can be obtained as V¢ = (u, w),
where u is the radial component and w is the vertical component. The free
surface is subject to surface tension, 7'

Nondimensionalising the potential and length with respect to (m/D) and
D respectively, where the quantity m is the strength of the point sink, the

problem is to solve
Vi =0, —1<z<n(r), (rz)#(0,—hs), (1)

subject to the dynamic condition obtained from setting pregsure to the atmo-

spheric value on the free surface in the Bernoulli equation,4.e.

FB . 5 o Bl +n.(14n72))
n+ 5 (v +w”) L+ 232

=0 “on’ z=n(r) (2)

with a kinematic condition that no flow can oeeur thtough the surface in steady
flow given by
V¢'n:¢rnr_¢z=0 on Z=77(7“)7 (3)

where n is the normal to the ffee surface, and a condition that there can be

no flow through the imperrheableWpase beneath the layer of fluid,
¢,=0 on z=-—1. (4)

These equations imelude the main parameters that control this flow; the
Froude number, the sink depth and the surface tension

T

JD? (5)

m2 1/2
Fp = (ﬁ) , hs=Hgs/D, p=

in\which g is gravitational acceleration. In most cases the Froude number can

be thought of as an effective flow rate. We can define a second Froude number

that is based on the depth of the sink rather than the depth of the fluid as

m2)1/2
Fo=| —— . 6
s (gHg (6)



The value of Fy is related to Fp via the relation Fp = hz/ 2Fs, where hg is the
nondimensional sink depth, and is useful for comparison with values computed
in an unbounded fluid, for which Fp — 0 as D — oo.

In the limit as we approach the point sink at (r, z) = (0, —hg) the velocity
potential should take the form

1
A\/12 + (2 + hg)?

which corresponds to a total flux into the sink of @) = 4n. A ehange of sign

(1)5—)

(%)

reverses the flow direction from a sink flow to a source flow. However, in the
case of steady flow, the quadratic nature of the velocity term in the dynamic
condition (2) means that steady solutions are valid fer both a source and a

sink.

3. Rigid-lid solution

It is of interest to compute a solutien that is valid for small flow rates that
result in a small disturbance to theifree surface. In essence we can compute
the flow due to a point sink/confined in a horizontal duct. An expansion about
the flow along the top/of the duct is used to approximate the shape of the
free surface. The linearized-problem is thus to solve Laplace’s equation in the
region —1 < z £°0 subject to the linearized kinematic conditions of ¢, = 0 on
z = 0,—1. The dynamic condition (2) can then be used to estimate the shape
of the free surface by expanding about z = 0. Following the usual procedure

of allowing /o = ¢g + ¢1 + ... and n =0+ Z;(r) + ... we can choose,

1 1

Golr,2) = 4m Ry + 41 R, +

/000 a(k)coshk(z + 1)Jo(kr)dk, z <n(r) (8)

where a(k) is a real function to be determined. The terms involving Ry =
[r? 4+ (2 + hg)}]? and Ry = [r? + (2 + 2 — hg)?]"/? represent a point sink

at z = —hg and an image (about the base) at z = —2 + hg. This choice



satisfies the sink behaviour (7), the condition of an impermeable boundary on
the bottom (4) and also satisfies Laplace’s equation (1), and so it remains to
satisfy the free surface conditions (2),(3).

At leading order the kinematic condition on z = 0, gives

z+hg z42—hg
- 5 T 3
dm Ry dm Ry

hS 2 — hS

= _ — Ny _
(21202 a2 + (2= he)? P2 +/O a(k)ksink KJ5(kr)dk = 0
9)

¢Oz (7’, 0) =

+ /OO a(k)ksinh k(z + 1)J0(kr)dk] =0,

z=0

This equation can be solved using Hankel transforms; noting that

C

(A2 o

/ e Jo(kr)kdk =
0

we find that
e—hsk g o—(@=hsk

47 sinh k& (11)

and so the full form of the linear solution for ¢y in a duct is (8) with this form

(11) for a(k).

a(k) =

The remaining conditien is théydynamic condition, (2), which linearizes to

B

P2y (r)+ —Z1(r) = Zi(r) = G(r) (12)

where 7, (r) isthe fisgt-order perturbation to z = n(r) and G(r) = %qﬁgr(r, 0)
is the veloeity aleng the top surface computed from (8). The solution of this
differential, equation provides the “rigid-lid” solution for flow due to a point
sink in water of finite depth. If there is no surface tension, then the solution

becomes simply
2

21(r) = =223, (1,0). (13)

In the case of non-zero surface tension, the equation can be solved us-

ing Hankel transforms, or by noting that from Bessel’s differential equation,
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Figure 2: Rigid lid solution compared with full nonlinear solution, for 8 = 0.005 with
F =1,1.5 and 2.0. The solid line is the approximate solution in“each case. The effect of
nonlinearity is clear in each, pulling the surface down more sharply. The sink is located on

the base at z = —1.

Jo(y) + 5 Jo(y) = —Jo(y), so that if

Zy(r)E / N A(k)Jo(kr)kdk (14)
0
then
/ (a1~ BI2) Ak) ko (k) = G(r) (15)
0
and inverting the Hamnkel Transform
1 00

The solution for Z;(r) is therefore given by (14) with A(k) given by (16).
Unfortunately, these integrals cannot be completely evaluated in closed form,
butrit is a straightforward matter to compute them using quadrature. An
example is given in Figure 2 which shows several comparisons of the rigid-lid
solution with the full nonlinear solution for the case of a sink on the bottom

at z = —1 and a surface tension value of 5 = 0.005 for Fs = 1.0,1.5 and 2.0.
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Solutions with smaller values of Fg are graphically identical to the nonlinear
solutions. The limiting (nonlinear solution) value is Fs = 2.33 for this case.
Higher flow rates (Fs) result in a deeper dip and it is clear that the effect of
nonlinearity is to pull the surface even deeper. However, for reasonable values
of Fs and [ the comparison is good, giving us the confidence to proceed with

the full nonlinear solutions.

4. The numerical methods

To consider the full nonlinear steady flow problem we need to implement
a numerical scheme. Given the range of different critical”values of Froude
number obtained using different methods (Forbes & Hocking (1990); Forbes
et al. (1996); Vanden-Broeck & Keller (1997);Hocking et al. (2002)), we
consider two completely different approachess, Firsty-we implement a spectral
representation of the flow based on an extension of the rigid-lid solution, using
an iterative scheme to compute the-8eries \coefficients. In addition, we use an
approach similar to that of Forbes<& Hocking (1990); Vanden-Broeck & Keller
(1997) and Hocking et al. A2002). /The flow is assumed to be axisymmetric
and an integral equationisderived for the elevation and velocity potential on

the free surface.

4.1. Spectral Method

We extend the rigid-lid approach above by allowing the free surface to
“move”. Tondo'this we define the same potential function that satisfies all but
the free surface conditions given in (8). The difference in this section is that
¢(ryz)will now be evaluated at points directly on the free surface.

As above, this choice satisfies the sink behaviour (7), the condition of an
impermeable boundary on the bottom (4) and Laplace’s equation (1) every-

where except at the sink, and so it remains to satisfy the free surface conditions

(2),(3).

11



It is possible to continue the derivation using the continuous form of ¢, but
ultimately it will be necessary to truncate the integral in order to complete
the numerical solution, and so we continue from here using the discrete form

of the truncated integral,

1 1 =
o(r,2) = ey + i, + ;aj cosh A\j(z+ 1) Jo(A\jr), 2 <n(r),0 <r <L
(17)
where a; are real coefficients to be computed, A;,j = 1,2,... aré-appropriate

eigenvalues, and Jy(A;7) is the first-kind Bessel function. ;This also satisfies
all of the conditions except those on the free surface (2),(3). The truncation
point, L, is chosen to be large enough to provide, converged solutions. The
eigenvalues are chosen so that Jo(A\xL) = 0. Thisschoice makes no difference
to the computed solutions (see below) because.¢ —0 as r — oo.

Using this ¢ we can now compute the welocity components at any point on

the free surface z = n(r) as

7 r
u=¢p(r,n) = — An[r2 £ @) + hs)2P2  4x[r? + (n(r) + 2 — hg) 23/
— Y aX;cosh X (n(r) + 1)J (A7) (18)
=1
wng(?“n): Q 77(7")"‘}15 B 77(7">+2_hs
e A[r2 + (n(r) + hs)???  Ax[r2 4+ (n(r) + 2 — hg)?]?/?
> " aph;sinh A\ (n(r) + 1) Jo(Agr) (19)
j=1
where J;(A\;j7) is the first-kind Bessel function, noting that Jj(z) = —Ji(x)
(Abramowitz & Stegun (1970)).
We also define
n(r) = Zu(r) + Y eiJo(\r) (20)
j=1

where the ¢j,j = 1,2,... are to be determined and Z;(r) is the rigid-lid
solution computed above. Note that it is necessary that n(r) — 267" (r) — 0

12



as r — 0, to satisfy the condition (2).

At this point we might expect that we could substitute these series into
(3) and (2) and solve for the series coefficients using Newton’s method with
collocation at points on the free surface. However, this procedure proves to be
highly ill-conditioned. An approach that works is to exploit the orthogonality
of the eigenfunctions involved in each equation, producing an equation for‘each
of the series coefficients. These equations are nonlinear but can stilLbe solved
by an iterative method and prove to give a much better conditionedsystem.

The equation (2) can be modified by invoking the orthogonality of the
eigenfunctions to give an equation for the coefficients. Substituting the series

form for n(r) into (2),

Bulant 7' (1+1'%))

21
7"[1 +77/2]3/2 ? ( )

00 2
ZCkJo()\kT) = —Zy(r) — %(Gﬁ +¢2) +
k=0

and then using orthogonality of the Bessel funetions, we find an expression for

the coefficients ¢;, as

_ 2 - sz 3 By 47/ (1+7?)
— o | |20 - gt o+ LT CETDN gar

(22)

Ck

k=1,2,3,..., N where'L isithe truncation point and Az, k = 1,2,... are the
appropriate eigenvalues ofyJy for this value of L. The other condition (3) can
be dealt with similatly, but one must be careful because the hyperbolic sine
and cosine terms, (which make the orthogonality inviolate) cannot be ignored

and consequently we add and subtract terms so that the resulting equations

for ap, k =1,2,... are

A—#/L[ A(L+ sinh Ay(n + 1)) + (65 — 1/ ()] JoOwr)rdr = 0

akkL2J12()\kL)o Ak Ak SN AgT) z — N\T)@r)] JolART)TAT = U,
(23)

for k=1,2,3,....

The series can be truncated after N terms, giving 2N unknowns in ¢, a, k =

1,2,3,...,N. An initial guess for the coefficients was then given and the so-

13



lution to the set of 2N nonlinear equations in 2N unknowns was determined
via Newtonian iteration using the fsolve routine in Octave (or Matlab). The
integrals can be calculated very accurately using Gaussian quadrature, and
so it is only choices of L and N that determine the accuracy of the solution.
Care must be taken in computing the series terms because for large N the
eigenvalues can become very large and finding the hyperbolic sine and cosine
terms can cause floating point errors.

Results were found to be converged with N = 320, being graphiecally iden-
tical to those with N = 200, and the maximum Froude number ¢omputed
was found to be accurate to two decimal places, except for very small sur-
face tension values. The choice of L was found to give consistent results once
L > 8 with the sink on the bottom of the channel,“but smaller values were
found to be sufficient as the sink moved closer to the free surface as the radial
disturbance to the free surface was found to be proportional to the depth of

the sink, hs.

4.2. Integral Equation

The formulation of thie second numerical scheme follows that given in
Forbes & Hocking (1990), Vanden-Broeck & Keller (1997) and Hocking et al.
(2002). We use Green’s second identity to derive an integral equation for the
unknown analytic.funetion ®(r, z) and surface elevation, z = n(r). Let @ be
a fixed point on thé free surface with coordinates (r,0,n(r)) and P(~, 3, 1) be
another point.which is free to move over the same surface. An efficient way
to satisfy the bottom boundary condition (4) is to place an image free surface
at\#~'—2 and an image point sink at z = —(2 — hg). Since ® is an analytic
function over the full region except at the sink itself, we can define another
function ¥ = 1/Rpg which is also analytic except when P and () are the same

point, 1.e.,

14



1 1
Y= B 24
Rpg  [r2+ 7% —2rycos(B —0) + (2 — pu)?]1/? (24)

so that we can invoke Green’s second identity to obtain

//av {@g—i’_wgﬂ ds =0 (25)

where n denotes the outward normal direction, and OV consists of the free

surface St and it’s image Sp, with the point @) carefully excluded/by a small
hemispherical surface, Sg, and small spheres about the sink/and itsyimage,
Ses Sey-

It is not difficult to show that the contributions from.all of/these surfaces
leads to an integral equation of the form

1 1
+ (2 + hg)? )1/2 + (r2 + (z (2= hg))? )1/2

//ST Bnr (RPQ) dSP‘//SB Vons ( iQ) aSp.

(26)

2m®(Q) =

Note that (from Hocking et/al. %(2002))

P () 050~ &

and therefore we caftiwriteréquation (26) in the form

1 1
A D2 T (12— he)P)i2

//ST )]3?”@ (RPQ) A5 - //SB 8”P (PulDQ

(28)

270(Q) =

Thiss«form turns out to be both accurate and stable numerically, enabling us
to compute solutions for the full nonlinear flow problem (when such solutions
exist).

Following Forbes & Hocking (1990) and Hocking et al. (2002), the surface

15
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Figure 3: Comparison of “limiting” solutions with zero surface tension. The left panel shows
the integral equation solution while the right panel shows the difference between this and
the spectral solution. The regular oscillations are from the form of the spectral solution,
while numerical instabilities are evident as the more violent.oscillations. These instabilities
are most evident in the dip region 0.05 < r < 0.8. Here, Fp.= 0.2, Fg = 3.1 and hg = 1/3.
The figure is scaled so that the sink is located at z =\1 and the base is at z = —3.

integral can be specified in terms ofthewvariables of the problem as

1 1
271'(1)(@) = (7”2 + (Z + hS)2)1/2 + (T2 + (z +2— h5)2>1/2

- / @y QYK (a.b.c, d)dp — / " S(P)K(e,b, £, d)dp

(29)
in which the kernel function is
T a—bcos(B — 0)
K(a/b,c,d) = d 30
and the intermediate quantities a — f are defined as
a s yn(P) = ((P) —n(Q)), b = rn,(P) (31)
¢ = i+ P)-n(@)F, d=2ry (32)

e = ,(P)—2+nP)+nQ)), [f=~+7r"+2+nP)+n(Q))33)

Forbes & Hocking (1990) reduced this to the form
2 2d 2ar — nyc 2d
bc,d) = —— |, K | — | E 4
Ko = g o (50) + (=) (7)) 0

16




where K and E are the complete elliptic integrals of the first and second kind
as defined in Abramowitz & Stegun (1970). At this point we note that F
is well-behaved over the interval of interest, but that K has a logarithmic
singularity as P — @, in the integral over the free surface.

This problem was solved using a formulation based on arclength along the
surface, so that s is the distance from v = 0 to @), and o is the distance along

the surface to P. The standard formula

() () -

defines the arclength s in terms of r and . We define a surface'potential ¢(s),

and applying the chain rule, we find that along the surface,

9¢
or

dn

= (I)T(r7 77) + 0. (Tv U)d_r (36>

Eliminating ®, from the Bernoulli equation(2) and the kinematic condition
(3) and combining leads to a single relation,

SF (%)2 UONT: (”H(S) + "'(S)) ~0, (37)

on the free surface z = n(#).

Rewriting the integral equation in terms of arclength, we obtain

1 1
mols) = 2o <n< > TN 0 1 (s 1 2 e
/ (6(0) — 6(s)) K(A, B.C, D)do (38)
—/ ¢(0)K(E, B, F, D)do,
where

(39)

17



This integral equation is coupled with the condition (35), subject to (37)
to give the complete formulation of the problem.

These equations were solved numerically using collocation. A grid of points
was chosen at arclength values s = sg, s1, $2, S3, ..., Sy. An initial guess for the
surface shape n = ng, 11,79, ...,ny and potential function ¢ = ¢g, @1, ..., O&
was made and used to compute the error in the integral equation (38)“and
the condition on the surface (37). All integration was conducted using cubic
splines, but the results were identical if a much simpler trapezoidalaule was
used. The initial guess was then updated using a damped Newton’s method
until the error in all equations dropped below 1078,

An important aspect of the solution that cannot be neglected is the details
of the truncation of the integral. Keeping the arclength step, As, the same and
increasing the truncation point sy results in quite different looking solutions
and very poor convergence. At small valuesiof sy with no surface tension,
the results reproduce those seen in Forbes & Hocking (1990); Hocking et al.
(2002) with smooth solutions rising to & maximum value of Fs at which a
stagnation ring formed on the'surface. Increasing sy led to waves forming
on the free surface that had ever-shortening wavelength, as determined by
Vanden-Broeck & Keller, (1997) in the infinite depth case. The problem
with the truncation point is caused by the logarithmic nature of the kernel
once the singular térm is removed. Vanden-Broeck & Keller (1997) used
a different scheme in which they integrated directly through the logarithmic
singularity. ~While this avoids the problem with truncation, the numerical
scheme‘eonverges very slowly as the step size is decreased, resulting in similarly
inaccurate limiting solutions.

Thus, it is essential to include some approximation for that component
of the integral from sy to co. This was done by using an expanding grid of

points and an approximation for ¢(s) for large s. A fitted form of ¢(s) and
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Figure 4: Limiting solution at Fg = Fp = 1.8 for = 0.001 .and hgs'= 1.0. The ripples at
the bottom of the dip are repeatable using both methods.

n(s) allowed calculation of the truncated component out to extremely large
distances.

This behaviour was described in“mere detail in the unbounded case by
Hocking et al. (2015). Larger values of truncation resulted in increasing wave
activity on the surface and.a decrease in the maximum Froude number. Once
convergence had been ebtained,/the limiting solutions were found to have no
secondary stagnation ringsand no wavelets on the surface, as in the case of
infinite depth (Hocking et al. (2015)). This difficulty with the numerical
schemes was.greatly/diminished by the inclusion of even moderate amounts of

surface tension.

5m.Calculations

Earlier attempts at solving this problem concentrated on the case of zero
surface tension and considered the so-called “bottom-flux” case in which the
point sink is located on the base of the fluid. Maximal flows were computed

as Fp = 3.2 by Hocking et al.  (2002) and Fp = 1.25 by Forbes et al.
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Figure 5: Free surface shapes for § = 0.0025 and hg = 0.75 with.Fp = 0.5,0.75,0.875,0.9121
(limiting). Corresponding Fg values are 2.82,4.24,4.95 and 5.16. The depth of the dip is
rapidly increasing as Fs increases, a factor which may lead to the collapse of the steady

solution.
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Radial Distance (r)

Figure 6: Free surface shapes for 8 = 0.005,0.01,0.02,0.04 (Top to bottom at r = 0) with
Fp = Fs = 1.0 for the case of the sink on the base. Higher surface tension leads to a lower

stagnation point in the middle but a slightly shallower dip surrounding.
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(1996) using a fundamental singularity method and Galerkin scheme. Here,
simulations using the spectral method give a maximum Fp =~ 1.5, while the
modified integral equation method gives a maximum Froude number of Fp ~
1.45. When no surface tension is involved, however, both methods give high
frequency (although small amplitude) jagged oscillations near the maximum
value of Fg that are clearly numerical in origin, making it slightly difficult. to
determine the exact value.

Figure 3 shows a comparison between the results of the twonmethods for
the case hg = 1/3 and Fp = 0.2 (Fs = 3.1) with § = 0. The left panel is the
integral equation solution, while the right panel shows thewdifférence between
the integral equation and the spectral solutions. Régularyoscillations of the
spectral method are combined with the more yiolent, wiggles on the central
pillar near » = 0.08 — 0.1 and on the upslgpe néar » = 0.6. If the Froude
number is increased beyond these value§, the(oscillations become worse and
the method fails to converge. In spitéwef thisyit is clear that the two methods
are giving very close to the samegesults,ywith the difference in surface height,
even in this limiting case, of.fhigorder of 107°.

Further computations were conducted and resulted in a series of numerical
solutions showing thefinfluence of surface tension and sink depth on the critical,
maximum Froudé mumber. The inclusion of even a tiny amount of surface
tension reduced the problems discussed above and it was much easier to obtain
“matching” results. In the case with the sink on the bottom and surface tension
as small as = 0.001 the limiting spectral solution was at Fp = 1.82 and for
the integral equation it was Fp = 1.8. An interesting limiting solution exists
in ‘this case in which there are ripples on the surface that seem not to be
numerical in origin, as shown in Figure 4. They are repeatable using either
method, but once  reaches 0.0025, they no longer appear.

Table 1 shows the maximal steady flow values of Fg for a range of surface
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Figure 7: Maximum depth of the surface against Fg = Fp for the sink on the bottom hg =1

for different values of surface tension” 5 = 0,0.0025,0.01,0.03. The depth is approximately

the same for each Froude number and surface tension until the solutions get closer to the

limiting steady flow. Thé sharp drop at the end as the maximum Fg is reached appears to

suggest a rapiddeepeéning of the free surface at higher values and may explain the breakdown

of the steady solutions.
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tension and sink depths. It appears that if there is zero surface tension (5 = 0)
then if the sink is at less than half of the depth of the channel the limiting
value of Fs ~ 3 is about the same as the infinite depth case (Hocking et al.
(2015)). However, as [ increases this is no longer the case.

Figure 6 shows comparable free surface shapes at the same value of Fg =
Fp =1 for the bottom flux case (hg = 1) at different values of surface tefision
B. Tt is clear that the only effects are near the central region, with the centre
stagnation point getting deeper as 3 increases and the surrounding dip getting
shallower.

The depth of the circular dip around the central rise isreasénably consistent
in size. This can be seen more clearly in Figure 7 which plots maximum dip
depth as Fl increases for different 3. The curves follow.a very similar path until
they diverge as the maximum Froude number is approached. Interestingly the
dip remains shallower for the higher surfage teusion values, but then dips more
quickly as the critical value is approached,\suggesting a rapid deepening of the
free surface would occur at this_peint if)F’ were slightly higher. This sudden
increase in depth is clearly seemyin Figure 5, which shows steady solutions for
several different values of Fg./The last two values are only slightly different yet
the surface dip is much deeper. A further illustration of this nonlinear effect
can be seen in Figure/2 where the difference between the rigid-lid solution and
full numerical'solution consists mainly of the maximum depth reached by the

free surface.

Surface ftension has the effect of stabilizing the flow (and both numerical
schemes) and reduces the distortion of the free surface at equivalent values
of Ep so that higher values of Froude number exist as the surface tension
increases. Figure 8 clearly demonstrates this effect, with the Froude number
for steady flow plotted against surface tension, 3. The smoothness of this curve

as surface tension f — 0 provides a strong case that the methods described in

23



hs g=0 0.0025 0.005 0.01 0.02 0.03 004 0.05

1.00 1.45 2.06 230 2.55 280 296 3.06 3.14
0.75 2.55 3.28 3.99 444 456 485 501 521
0.50 3.15 5.16 5.66  6.11 6.68 696 7.13 7.30
0.33 3.12 6.00 6.63  7.09 764 8.03 842 873
0.20 3.10 7.04 727 794 9.11  9.78 10.40 10.90
0.10 3.16 7.30 7.60  9.64 12.06 13.64 14.82-415.50

Table 1: Maximum values of Fg for each sink depth and surface tension value, 3. Agreement
between the two methods is very good except for values of 3 very close.te.zero. The values

here are taken from the integral equation approach.

this work are giving a consistent limit for the case.of zero surface tension.
Moving the sink off the bottom also reduces the restriction of the flow
and so at equivalent values of flow volume the speed is smaller, so it is to be
expected that the maximum Froude‘mummber’ (based on sink depth, Fg) would
increase. In the absence of surfage tension this should approach the value
obtained in the unconfined easey(Fg ~ 3), and indeed this is so. In fact for
£ = 0 if the sink is located at less than half of the channel depth the flow
matches the infinite ‘depth case quite well. If one were to take the limit of
infinite surface tension, the surface would be horizontal and would replicate
the rigid lid selution, so it is to be expected that increasing surface tension
would allow much larger flow rates, and this can be clearly seen in Table 1.
With' a large surface tension value of § = 0.05, the bottom-flux case gives a

maximum Fg ~ 3 and in the infinite depth case it is approaching Fg =~ 16.

6. Conclusions

Two completely different numerical methods were used to compute the

shape of a free surface affected by the flow into a point sink. These flows are
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interesting from a pure free-surface hydrodynamics standpoint, but are also of
use in understanding withdrawal flows from lakes and reservoirs. A range of
different flow rates, sink depths and values of surface tension were considered.
The numerical schemes were compared with a rigid-lid approximation for small
flow rate with good agreement.

The spectral method is very similar to the Galerkin method used by Forbes
et al. (1996), and produces results consistent with those. The results using
the integral equation, when compared with older work, e.g. Forbes & Hocking
(1990), emphasise the care that is needed in using this method on such axi-
symmetric flow problems. The weak logarithmic singularity=ifi the kernel must
be treated with great care to get completely convergéd results. This is not an
issue in the equivalent two dimensional flows whereva slightly stronger pole
singularity makes the numerical method more robust, e.g. Forbes & Hocking
(1993).

Using the algorithms described the two methods gave the same surface
shapes (to graphical accuracy) for all values of each parameter. The only
difference in the results came in'the limiting maximal value for the flow rate at
which steady solutions cguld/be obtained. However, in most cases these values
agreed quite closely. {The differences in the two schemes are most prominent
as the surface tension decreases toward zero, as can be seen in Table 1 for the
case of the sink.on the bottom of the channel. Once g > 0.0025 it is clear that
the two methods produce the same outcomes.

For values of f < 0.0025 the two methods give slightly different critical
values for the limit on flow, but the difference is only in the first decimal
place. ‘At low surface tension values the limiting solutions are caused by small
instabilities on the surface that appear as grid-dependent oscillations in the
solution. However, at larger surface tension values the dip around the sink

deepens rapidly as flow rate increases and it would appear that it is the sudden
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Figure 8: Maximum Froude number Fg with the sink on the base‘for increasing surface

tension values.

deepening of the dip, perhaps as a precursor.to drawdown, that leads to the

limiting steady solution.
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