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Abstract: The characteristics of the frequency response functions of nonlinear systems
can be revealed and analyzed through the analysis of the parametric characteristics of
these functions. To achieve these objectives, a new operator is defined, and several
fundamental and important results about the parametric characteristics of the frequency
response functions of nonlinear systems are developed. These theoretical results provide
a significant and novel insight into the frequency domain characteristics of nonlinear
systems and circumvent a large amount of complicated integral and symbolic calculations
which have previously been required to perform nonlinear system frequency domain
analysis. Several new results for the analysis and synthesis of nonlinear systems are also
developed. Examples are included to illustrate potential applications of the new results.

1 Introductions

Nonlinear systems are far more complex than linear systems, and can exhibit harmonics,
complex inter-modulations and even chaos (Pearson 1994). In order to understand and
unravel these complicated phenomena, many authors have studied the analysis of
nonlinear systems in both the time domain and the frequency domain (Graham and
McRuer 1961, Sastry 1999, Chua and Ng 1979, Rugh 1981).

The studies of nonlinear systems in the frequency domain are based on the concept of the
generalized frequency response functions (GFRFs) (George 1959) which are defined as
the multidimensional Fourier transformations of the kernel functions in the Volterra
series. Many non-parametric algorithms have been derived to estimate the GFRFs of
unknown non-linear systems from input output data (Brilliant 1958, Kim and Powers
1988, Bendat 1990, Nam and Powers 1994). Peyton-Jones and Billings (1989) derived a
recursive algorithm to compute the GFRFs of discrete time nonlinear systems described
by NARX (Nonlinear AutoRegressive model with eXogenous input) models. A similar
result was developed in Billings and Peyton-Jones (1990) for continuous time nonlinear
systems described by integro-differential equations. Swain and Billings (2001) extended
these results to the case of MIMO nonlinear systems. The derivation of the GFRFs of
nonlinear systems with mean level or DC terms was studied in Zhang et al (1995). Based
on these results, some important characteristics of the frequency response functions of
nonlinear systems were developed (Yue et al. 2005). In Lang, and Billings (1996) and
Lang, and Billings (1997), the output frequency response function and the corresponding



characteristics of nonlinear systems were studied, respectively. The bound characteristics
of the frequency response functions and energy transfer characteristics have also been
studied and discussed (Zhang and Billings 1996, Billings and Lang 1996, Lang and
Billings 2005).

Although significant results have been achieved, many problems remain unsolved
regarding the characteristics of the GFRFs and the system output frequency response
function, including how the frequency response functions are influenced by the
parameters of the underlying system, and the connection to complex non-linear
behaviours. The GFRFs are actually a sequence of multivariable functions defined in a
high dimensional frequency space. The evaluation of the values of the GFRFs higher than
fourth or fifth order can become hard due to the large amount of algebra or symbolic
manipulations that are involved (Yue et al. 2005). Moreover, existing recursive
algorithms for the computation of the GFRFs do not explicitly and simply reveal the
analytical relationship between the time domain system model parameters and the system
frequency response functions in a clear and straightforward manner. These inhibit the
practical application of the existing theoretical results to a certain extent. Therefore, the
development of new methods to circumvent the computational complexity and to more
clearly reveal the characteristics of the frequency response functions is of great
importance for the analysis and synthesis of nonlinear systems.

Previous results (Peyton-Jones and Billings 1989) show that for the NARX model the
recursive computation procedure for the GFRFs involves the contribution of different
model parameters to the system nonlinear characteristics of different orders. Hence, an
alternative approach to analyse the characteristics of the frequency response functions
and the effects of different types of nonlinearities on the system would involve study of
the characteristics of the system model parameters on the frequency response functions.
Therefore, a novel and effective coefficient extraction operator is defined in this paper.
Using this new operator, several fundamental results relating to the parametric
characteristics of the frequency response functions for nonlinear systems are derived. The
parametric characteristics of the GFRFs and the system output spectrum can easily be
achieved using a recursive algorithm which uses the system time domain model
parameters without the need to determine individual GFRFs. The results reveal the
explicit relationship between the system time domain model parameters and the system
frequency response functions, and provide a significant and novel insight into the
frequency domain characteristics of nonlinear systems. Important characteristics of the
frequency response functions of nonlinear systems are also revealed and analyzed based
on the new parametric method. The new results derived in the present study provide a
new and effective approach which should be very useful for the analysis and synthesis of
nonlinear systems in the frequency domain.

2 Frequency response functions of nonlinear systems

Considering the class of nonlinear systems which are stable at the zero equilibrium point
and which can be approximated in the neighbourhood of the equilibrium point by the
Volterra series



v =3[ [ herr )] Jut-rdr (1)

where N is the maximum order of the series, and h,(z,,---,7,) is a real valued function of

r,,--,7, Which is referred to as the nth order Volterra kernel. The frequency domain

input-output description of the system can be obtained as (Lang and Billings 1996)
Z \/_(2 )n 1 J. 1 ];[

O+ + 0, =0

where,
H n(ja)la"'a Ja)n) = J._: J._: hn(z—la"'afn)exp(_j(a)lrl +'"+a)nfn))d71 "'dTn (3)
is known as the nth order Generalized Frequency Response Function(GFRF).

When the system input is a multi-tone function described by

u(t) = >_|F |cos(at + £F,) )

The system output frequency response function can be described as (Lang and Billings,
1996):

N

Yo=Y - TH (o, 0 F @) F@,) 5)

n=1 O+t =0
ifwe {a)k, k :il,m,i-K}

Rl
where, F(w)=4'"
0 else

The GFRFs in (3) for specific and simple nonlinear models can be derived by using the
probing method in Rugh (1981). Consider the nonlinear systems which can be described
by the Nonlinear AutoRegressive model with eXogenous input (NARX)

YO = Yul®)

"~ (6)
m K p+q
Ya® =2 D Cpalki.K M)Hy(t k)] Ju—k)
p=0 kj,Kp. =1 i=p+1

where, ym(t) is the mth-order output of the system, and ptg=m, k=I,. K,

Z() Z() Z()

Kkpo=l k= Kpiq=1

Nonlinear system (6) represents a wide class of nonlinear systems and includes several
well known nonlinear input-output models as special cases (Chen and Billings 1989). In
this model, the parameters such as Cy;(.) and Cj o(.) represent the linear system parameters
corresponding to the linear terms in the model such as y(t-1) or u(t-2) etc and all other
parameters represent the nonlinear system parameters. p+q is referred to as the nonlinear
degree of the nonlinear parameterc, (). A nonlinear parameter c () corresponds to a

p+q
nonlinear term in the model of the p+qth degree of the formH y(t -k, )Hu(t k), e.g.,

i=1 i=p+1



y(t-DPut-2)?. Obviously, when p+q =1, the corresponding parameters are associated
with the linear model terms. Let
p=0-mp+q=m

m=1---M (7)
ki =1---K,i=1--p+q

C(M.,K) =] cpqky,--,Kk

P*q)

which includes all the parameters of the model (6).

For the NARX model in (6), the following recursive algorithm was derived by Peyton-
Jones and Billings (1989) to compute the GFRFs:
L(m-H, (jo,,, jo,)
K

= Y Conlka o k) exp(=j(@k, +-++ .k,))

KoK=l
n-1 n-q K ) . . (8)
+2 Cp,q(kl""’kmq)exp(_](a)n—qﬂkn—qﬂ+'”+a)p+qkp+q))Hmq,p(]a)l""’meq)
g=1 p=1 k.kp.q=1
n K ) )
+ cp,O(kla' kp)Hn,p(lea' 'aan)
p:2k,,kp:1
n-p+1
Hn,p('): Hi(ja)lﬂ""ja)i)Hn—i,p—l(ja)iH»"'ajwn)exp(_j(a)l+"'+a)i)kp) (9)
i=1
Hn,l(jwla"'ajwn):Hn(ja)la"’aja)n)exp(_j(a)] +'”+wn)k]) (10)

K
where L(n)=I—chﬂo(kl)exp(—j(a)1 +--+,)k ). Moreover, H,_ (jo, - jo,) In (9) can also be
k=1

rewritten as

n-p+l1

P i—1
Hop(ioio)= 3 TTH, (o, o, Yexpi(@,  +-+ o, )k)> Where X=3"r, (11)

reerp=li=l x=1

Zi=n

There are three types of nonlinearities in model (6): pure input nonlinearities
corresponding to the nonlinear parameters Cyn(.), which lead to the first term in the
frequency response functions in equation (8); pure output nonlinearities corresponding to
the nonlinear parameters C,o(.), which lead to the last term of equation (8); and input-
output cross nonlinearities corresponding to the nonlinear parameters C,q(.), which lead
to the second term in (8).

It should also be noted from the recursive algorithm for the nth-order GFRF given in (8-
11) that the nonlinear parameters are separable from the system complex valued functions,
thus each term in the nth-order GFRF has the form

H(c oa(k o, kmq))i F(jo, -, jo,,)  after recursive computations, where
p.a,i.k Ky q.m

l_l(cp’q(kl,---,kmq))i denotes a multiplication of some nonlinear parameters in (7) which
Ramk Ky, q.i
will be determined later, and f(jo,, -, jo,,) denotes an appropriate complex valued
function and is independent of the nonlinear parameters. This was further shown in Lang



et al (2006). The separable property of the frequency response functions for nonlinear
system (6) provides the basis of the study in this paper.

3 Parametric characteristics

Note that the nonlinear parameters of different nonlinear degrees correspond to different
degrees of nonlinearities in the system model and the recursive algorithm for the GFRFs.
Hence, the characteristics of the frequency response functions and the effect of different
parameters on the system nonlinear behaviour can be studied through the characteristics
of the corresponding time domain nonlinear parameters in the frequency response
functions. The focus of this section is to analyse the parametric characteristics of the
GFRFs and output frequency response functions of nonlinear system (6), and to study
how these frequency response functions are determined by the nonlinear system time
domain parameters. For this purpose, a powerful coefficient extraction operator will be
defined, and then the parametric characteristics of the system GFRFs and the output
spectrum will be investigated using the new operator to reveal important relationships
between the frequency response functions and the system nonlinear parameters (Cp(.) for

p+a>1).
3.1 Coefficient extraction operator

In order to analyze the parametric characteristics of the frequency response functions, a
useful operator will be defined as follows.

Consider a series which can be written as

He =c¢f +c,f,+-+c,f,
where the coefficients ¢ for i=1,...,n are real or complex numbers, and f; for i=1,...,n are
real or complex valued functions. Let C=[ ¢,C,,...,C], F=[ f1,f2,.. .,fn]T.

Define a Coefficient Extraction operator CE: € — € such that for any
He=c¢f +c,f,+--+c,f, el
then CE(H.)=[c.c,,--,c,]=C e ", where € denote all the complex numbers, and " is

the n-dimensional complex vector space. This operator has the following properties
which also act as operator rules:

(1) Reduced vectorized sum “@® .
CE(H¢r +Hep, )=CE(Hc )®CE(H ¢ )=C, ®C, =[C,,C;], where each element of

C; belongs to C, but not to Cy, i.e., Vi, j,C}(i) = C,(j),C, < C,.
(2) Reduced Kronecker product “®”.
CE(Hcr -Hep ) =CE(Hce )®CE(Hcr )=C, ®C, , and “reduced” here means that

there are no repetitive components in C, ®C, .
(3) Invariant. (a) CE(a-H)=CE(H) Va e C but is not a concerned parameter;
(b) CE(H¢p, +Her ) =CE(Hcr.r,)) =C
(4) Unitary. VH is not a function of ¢; for i=1...n, CE(H)=1.



Obviously, when there is a unitary 1 in CE(H), there is a constant term in the
corresponding series Hcg which has no relation with the coefficients ¢; (for
i=1...n).

(5) Inverse. CE'(C)=Hcr.

Moreover, notice thatH.. =c, f, +c,f, +c,f, +---+c,f, =c,f, +c,f, +---+c,f, +c f,, that is,
the order of ¢ifi in the summation has no effect on the value of Hcr. Thus the CE operator
is also commutative and associative in this sense. It should also be noted that the
coefficient extractor CE is a coefficient oriented operator. That is, not all the coefficients
involved in a series are extracted after applying the operator, but only the coefficients of
concern are extracted.

In what follows, the CE operator will be used to study the parametric characteristics of
the frequency response functions of system (6). For convenience, let (fo)c) and (@)(,) denote

multiplication and addition in the sense of the reduced Kronecker product“® ™ and
vectorized sum“ @ 7, respectively, for the series (.) under the condition (*); without

. . k
confusion, write ®C and the operators “®” and “®”

i=1

oq =Cpq ®@--®C_, simply as Cf,,

simply as “o” and “+”, respectively. Moreover, define the p+(th degree parameter vector

Coq =lcpq(--),cpq(1,+,2),+,C 4 (K,---,K)], which includes all the nonlinear parameters
ptog=m

of the form €, (.) with nonlinearity degree p+q in (7). Note that C,q can also be regarded

as a set of the (p+q)th degree nonlinear parameters of the form Cy .), which is a subset

of (7).

Recalling the separable property of the GFRFs noted at the end of the last section,
consider the nth order GFRF in (8) as a series, and the nonlinear parameters in (7) as the
coefficients of the series. Thus the CE operator can be applied to the frequency response
functions to reveal the dependence of these functions on the nonlinear parameters. In
order to illustrate the use of the CE operator, the following example is given.

Example 1. Apply the CE operator to the GFRFs in (8) up to the 3™ order.
For n=1 in (8),

LIOH, (jeo) = Y Cou(k ) exp(—jork))

K Ky=1
Applying the CE operator to the 1% order GFRF for the nonlinear model parameters
(recalling the properties of the CE), yields
K
CE(H,(jo,)) = CE(L)H,(jw,)) = CE( Zco,l (k) exp(=jaork))) =1 (12)
k k=1

For n=2, it is known from (8-11) that



LOH,(jo, jo,)

K K
= zco,z(k1»k2)eXP(_j(w1k1 +,k,)) + ZCI,I(klskz)exp(_j(wzkz))Hl,l(ja)l)
KKy =1 ki ,ky =1

K
+ Zcz,o(klakz)Hz,z(jwla sz)

kKo =1

K K
= > Coa (ki k) exp(=j(@k + @,k )+ D¢ (K, k) exp(=j(@,k )H, (jo,) exp(—j(@k,))
khkz:l khkz:l

K
+ ZCZ,O(kl’kZ)Hl(ja)Z)HI (jo,)exp(=j(oK +o,k,))
K .Ko=1
Applying the CE operator to the 2" order GFRF for the nonlinear model parameters,

yields
CE(H,(ja,, jo,))=CE(LQH,(jo,. j»,))

ZCO,Z(k] Ky exp(=j(@k, + o,k,)) + ZC],I (k. k,) exp(=j(@,k,)H, (jo,) exp(-j(a,k)))

—CE K .k, =1 ) Kk, =1
+ ZCZ,O(k]3k2)H](jw2)H] (jo)exp(=j(ak, +w,k,))
K .k, =1
= Co,z ® Cl,l ® Cz,o = Co,z + Cl,] + Cz,o (13)

For n=3, it can be shown from (8-11) that
L(3)H3(ja)1:"': JCU3)

K
= > CoalKinee k) exp(=j(ak, +--+ @,k,)
K k=1
2 3qg K ) ) )
+szich,q(klz"'zkmq)exp(_J(w3—q+lk3—q+l +"'+wp+qkp+q))H3—q,p(lez"'zJw3—q)
g=1 k=1
K

Z Z po(kla . kp)H3,p(ja)1a"’ajws)
p=2 k.ky=

wo

Applying the CE operator to the 3™ order GFRF for the nonlinear model parameters,
yields
CE(LGH; (jo. . j@y))

Zcos(ku Ky exp(=j(ak +-+ a5k;))

K ky=1
2 3g K
:CE +zz Zcpq(kla ) p+q)exp( J((O3 q+1 3 q+1 +- +wp+qkp+q))H% qp(lea ' 7]w3 q) (14)
g=1 p=1 k k=1

3 K
+Z Z pO(k17 ! 7kp)H3,p(ja)ls"'aja)3)

From (11),



3-q

@N

(Cp,q ®CE(H3—q,p(jwl""’ jw3—q)))

a
I

1ol
= é(cp,l ®CE(H, ,(joy, - jo,)))® glz(cp,2 ®CE(H, ,(jo)))

=C,, ®CE(H,,(jo,, -, j0,))®C,, ®CE(H,, (jo,, -, j@,))®C,, ®CE(H,, (jo,))
=C,, ®CE(H,(jo,, -, jo,))®C,, ® CE(H,(jo)H,(jw,))®C,, ® CE(H,(jo,))
=C, ®CE(H,(jo,, -, jw,))®C,, ®1&C,, ®1

=C,, ® CE(H,(jo,,, j®,))®C,, ®C,,

’S-iB2<CP=0 ®CE<H3,p(ja)1""’ Ja)3)))

=C,, ®CE(H;,(jo,, -, jo,))®C, o ® CE(Hsy,(j,,-, jy))

=C,, ®CE(H,(jo)H,(jo,, jo,)+H,(jo)H,(jo,, jo,))
®C,, ®CE(H,(jo)H,(jo,)H,(j»,))

=C,, ®CE(H,(jo,, jo,))®C,,

Substituting the above two equations and (13) into (14), yields

CE(H;(jo,, -, joy))= CE(LB)H,(jo,, -, j@,))
=C,, ®(C,, ®CE(H, (jo, -+, j,))®C,, ®C,,)®(C,, ® CE(H, (jo,, j,))®C, )
= C03 ®C:11 ®C02 EDclzl EDcll ®C20 EDCZI ®C12 ®C20 ®C02 EBCZO ®C11 ®C220 @C30
=C;+C, +C, +Cyy +C’ +C,,0Cy +C,, 0Cy, +C,, o C, +C3, (15)

From equations (13) and (15), it can be readily seen that how the nonlinear parameters of
nonlinear degree 2 and 3 take a role in the composition of the 2" and 3™ order GFRFs. In
equation (13), different types and degrees of nonlinear parameters make independent
contributions to the 2" GFRF. However, in equation (15) there are cross multiplication
terms between different types of nonlinear parameters, thus there may be some special
nonlinear behaviour corresponding to these terms in the frequency response function.
Note that the first four terms in equation (15) are nonlinear parameters of nonlinear
degree 3, and the rest all come from the second nonlinear degree of the model parameters
with cross multiplications. Thus equation (15) clearly reveals which and how the
different nonlinear parameters take a role in the generation of the 3" order GFRF. [J

The example above demonstrates that the nonlinear model parameters in a series or a
polynomial can be effectively extracted by the CE operator, and thus the characteristics
that different non-repetitive parameters generate in a series or a polynomial can be
revealed by neglecting the corresponding multiplied functions. Therefore, the CE
operator provides a useful tool for the analysis of the effects of the nonlinear model
parameters on the GFRFs and the system output spectrum.

3.2 Parametric characteristics of the GFRFs

In this section, the parametric characteristics of the GFRFs are derived and analyzed. The
results are summarized by the following propositions.

Proposition 1. The parametric characteristics of the nth-order GFRF can be obtained as
follows:



X . n-1n-q n-g-p+l p .
CE(H,(jo,, j0,))=C,, ®© @ C, ® 8 ®ICE(H (jo, .o, ))

g=1 p= - i i

Zr n-q
(16)

n-p+l p . .

@@ Cpo ® @l@)lCE(Hri(Ja),x_l,-'-,ja)rm )
Zr n

PROOF OF PROPOSITION 1. The result can be obtained by directly applying the CE
operator to equations (8) and (11). Applying the CE operator to equation (8), yields
CE(H,(jo. . jo,)) = CE(L(M) - Hy(joy, -, o))

K
D Con(kyre Ky exp(= (@K, +-+ @,K,)
=1

ki k=
n-1 n-q K
=CH + Zcp,q(k]7"'9kmq)exp(_j(a)n—q+lkn—q+l +- +a)p+qkp+q))H n—q,p(jwla"'s ja)n—q)
g=1 p=1 k Ky, q=1
n K
+ Z po(kls -,k )Hn,p(ja)la‘”aja)n)
p=2 k k=1
n-1n-q n
-C, @@@(C ®CE(H, o, (i@, j0, )@ p%(cpﬁ®CE(Hn,p(jw],-~-,ja)n))) (17a)

Applying the CE operator to equation (11), yields

n-p+l p
CEH, (i@ j0))=CE Y. []H, (o, .o, Yexp(-i(@,  +-+jo, k)

rlzrril i=1 (1 7b)

n-p+l1
= @_IQCE(H (joo, H,-~~,ja),m ))
Zr =n
Substituting equation (17b) into equation (17a), the proposition follows immediately.

This completes the proof. [

Proposition 1 provides an explicit expression for the parametric characteristics of the nth-
order GFRF, which reveals clearly which type of nonlinear model parameters in (7) are
included in the descriptions of the GFRF H, (jo,, -, jo,) and how the GFRFs are

determined by these nonlinear model parameters. The result indicates that the form of the
separable nonlinear parameters in the GFRF representations can now be described clearly
based on equation (16). Note that there are many repetitive terms in equation (16), which
can also be seen from the derivation of (15). In order to make the parametric
characteristics from Proposition 1 more comprehensible and to provide clear insight, the
following results can be applied.

Proposition 2. CE(H, (jo,,, jw,)) includes the nonlinear parameter Co, and all the non-
repetitive monomial functions of the nonlinear parameters in (7) of the form

k
Cc,®C,, ®C,, ®--®C,, , where the subscripts satisfy p+q+Z(pi+qi)=n+k ,
i=l

2<p +g <n, 0<k<n-2,2<p+qg<nand 1< p<n. That is, the set of all the subscript

10



combinations of the form (pgq, p,,q, - p.qy) corresponding to the nonlinear parameter
monomials of the form C,®C,, ®C, ®--®C,, ~which are included in

CE(Hn(ja)ly...7 jwn))’ are

k
(p.9) p+d+ ) (p+0)=n+k
i=1
:(Qq’plqu) 1<p<n w(0,n)
2<p+qg<n

(p,q, pl’ql"'pn—Z’qn—Z) 2< pi_;,_qign

PROOF OF PROPOSITION 2: Cypis the first term in equation (16). Consider the last term

: n-p+ P . o
of equation (16). Note that ® 71_@1CE(H o, e, ))mcludes all the combinations of
S

P
(ra,ra,...,Ip) satisfying Zri:n , 1<r,<n-p+1 , and 2<p<n . Also note that
i=1

CE(H, (jo,))=1 since there are no nonlinear parameters, and any repetitive combinations

. . . n-p+l p
make no contribution. Hence, it can be seen that & 2_®1CE(Hr (jo, , -, jo, )) should
rer=2i= i X+l X+1j

2n=n
include all the possible non-repetitive combinations of (ry,ry,...,lk) satisfying
k
Zri =n-p+k, 2<r, <n-p+1 and 1<k< p. Similarly for CE(H, (jo,, -, jo,) ). Each of
i=1
the subscript combinations corresponds to a monomial of the involved nonlinear
parameters. Thus, including the term Cy o CE(H,(jo,.-- jw,)) includes all the possible
non-repetitive monomial functions of the nonlinear parameters of the form
k
Ch ®C,,®C,,® - ®C,, satisfying p+> r=n+k, 2<r,<n, 0<k<n-2 and 2<p<n.
i=l
Regarding the second term of equation (16), the nonlinear parameters appear in the
formc,®C,, ®C,, ®---®C,, in this case, and the results are similar to the above.

Hence, the proposition follows. [

It should be noted that repetitive monomials are not considered in Proposition 2. For

instance, the subscript combinations (1,1,2,0) and (2,0,1,1) correspond to the nonlinear

parameter monomials C; ;o Cy9 and Cy 0 Cy j, respectively. Both are the same monomial,

thus only one is counted. Following Proposition 2 for the special case: when p=n, then
k k

p+q+2(pi +qi)=n+Q+Z(pi +g)=n+k ; note that 2<p +qg <n , 0<k<n-2 ,
i=1 i=1

2<p+qg<n and 1< p<n, thus q=k=p;=q;=0. Therefore, the biggest nonlinear degree of

nonlinear parameters included in CE(H, (jo,,-, jw,)) is N corresponding to the nonlinear

parameters Cpq with p+q=n. This can be verified by Example 1. In order to further
illustrate the result in Proposition 2, the following example is provided.

k
Example 2. Consider the 3™ order GFRF. Then p+q+ Z:(pi +0)=3+k.

i=1

11



When k=0, the involved nonlinear parameters are Cg3, C; 2, Ca.1, C3;
When k=1, p+q+ p, +q, =3+1=4, which has the following non-repetitive combinations
(p,9.p,q1 ):(1,1,2,0), (1,1,1,1),(1,1,0,2),(2,0,0,2),(2,0,2,0)
then the involved nonlinear parameter monomials are:
Ci110Ca0, Ci10Cr 1, Crio Cop, Caoo Coo, Cop0 Cop
Note that 0 <k <n-2=1, thus the calculations stop at k=1. The result is consistent with
Equation (15).

Proposition 3. CEH,,(jo,,, jwn)):CE(Hn,pH(jwp,u., jwn)).

PROOF OF PROPOSITION 3: According to Proposition 2, CE(H npn (j@p, e, jo,)) includes all

k

the monomials C,, ®C,, ®---®C,, satisfying Z(pi+qi)=n—p+1+k—1=n—p+k ,
i=1

2<p +q <n-p+1,and 0<k<n-p-1. Equation (17b) can be rewritten as

n=p+l p
CEH ., (j,. jwn)):nmera:“(?lCE(Hn(ja)rxq,..., jo, ))
Yin

n-p p
=CEM i (jop . j0))@| ® OCEM, (jo, . jo, )
S
Following the same idea in the proof of Proposition 2, the second term on the right of the
equality in this equation can be written as

n—

p
® (CE(H,](jw

~ jo, NOCEH, (jo, . jo, )®OCEH, (jo, .o, ))) (A1)

Tx+1? Txs1?

Do r=n-piq

¢
That is, all the terms in (Al) satisferi =n-p+l+q' -l=n-p+q', 2<r, <n-p+1 and

i=1

«

o<g<p , ie, Z:(pi +0)=n-p+q , 2<p +g<n-p+1 , and 0<qg<n-p-1
i=l

corresponding to the subscripts of the nonlinear parameter monomials. Hence, the terms

in (A1) are included incE(H npet (10,0, ja)n)). The proposition is proved. [

Based on Proposition 3, many repetitive terms in the expression of the parametric
characteristics of H, (jo,,- -, jo,) In (16) can be cancelled since the parametric

characteristics of H,_ (jo,, -, jo,)are the same as those ofH,_, (jo,, -, jo,). The following
result can be further obtained directly from Propositions 2 and 3.

k
Proposition 4. (1) _(%CE(Hn ()) = CE(H, () , Where Z :Zri —k+1, r>1;

i=l
k
(2) écm < CE(H, (), Where Z = Z:(pi +q)-k+1, pitg>1, and at least one p>0 when k>1.
i=1

Note that a < b denotes all the elements in a are elements in b.

From Proposition 4, it is easy to determine which nonlinear parameters are included in a
specific GFRF of any order and how a specific nonlinear parameter appears in different

12



orders of the GFRFs. For instance, consider a nonlinear parameter C3(.), which

2 5
corresponds to the nonlinear term H y(t -k )H uct —k,). According to Proposition 4(2), it
i=1 i=3
follows Z=(2+3)-1+1=5. That is, this nonlinear term has only an independent contribution
in 5™ order GFRF Hs(.), and has no effect on the GFRFs less than the 5™ order. Note that

for a convergent Volterra series, the magnitude of Hs(.) may be very small. Hence, the

2 5
effect of the nonlinear term Hy(t— k, )H utt—k,) on the system behaviour is sure to be
i=1 i=3
very small unless C,3(.) is properly designed or the magnitude of the system input is very
large.

Based on Proposition 3, the expression for the parameter characteristics of H (jo,, -, jo,)
in (16) can now be simplified as

CE(H,(jo,. . o))

n-1n-q . . n . . (1 8)

=Cy, @8 B(Cpq ®CE(H 1 s (J0, . J0,.)))® B(C, o ®CE(H, . (J0.. [0,)))
Considering the symmetry of the last term of equation (18), only half of the sum is
enough to include all the possible monomial combinations except the new term Cpo.
Hence, (18) can be further written as

CE(H, (jor, . jo,)

n-1n-q L”*%J
= Co,n ®§§1 p®zl(cp,q ®CE(H rrqu+1(ja)1>"" ja)nfq)»(_B Cn() ® p@z (Cp,o ®CE(H n—p+1(ja)1""’ an)»

(19)

where|- |means the integer part of (.).

Equation (19) is more concise than equation (16), and it is easy to recursively determine
CE(H,(jw,, -, jm,)) using a computer program. Propositions 2-4 and equation (19)
demonstrate which and how the nonlinear parameters appear in the GFRFs. These results
provide not only a clear insight into the relationship between the nonlinear parameters of
the system time domain model and the system GFRFs, but they also provide a useful tool
for analysing the characteristics of the GFRFs. Based on the results above, some further
results can be obtained, especially for some special but frequently encountered cases, part
of which will be studied in Section 4.

3.3 Parameter characteristics of the output frequency response functions

Based on the definition of the CE operator and the theoretical results achieved above,

there exists a complex valued function vector with appropriate dimension f (j@,, -, j®,),
which is a complex function of jw,, -, jw,, such that
Hy(jo. . jo,) = CE(H, (jay. . joy)) fo(jo. . jo,) (20)

where CE(H,(jo,, -, jo,))is defined in (19).

Substituting (20) into equation (2), yields
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Y”“’)ng [ CEH. (o o) oo, jo) [ [uie)ds,

+otw, =0 i=1

[ fulionje)-TTuGe)do,
i=1

+w,=0

N
. . 1
— (:EHn @, -, a)n —
n§:1 (Ha(j@y,, jo,)) e

Let Fy(jo) = [ falionie) [[uG@)do, , giving
i=1

1
Jnen™, 4,

N
Y(jo)=Y CEH, (jo, - jo,)) F,(jo) (21a)

n=1

Equation (21a) provides an explicit expression of the output frequency response function
of the NARX model in (6) under a general input, which is described as a polynomial
form in terms of the model nonlinear parameters. A similar result was also obtained in
Lang et al (2006) using a different method. The present study produces this expression
with much more detail, and reveals the relationship between the model parameters and
the output frequency response function more clearly. From equation (21a), the parametric
characteristics of the output spectrum under a general input is obviously

CEY(jo) = & CEH, (o, j,) (21b)

Similarly, when the system (6) is subject to a multi-tone input, the output frequency

response function can be obtained from (5) and (20) as
N

V(o)=Y o Y CEH (0 0) fy(jo, o o) F@,)Flo)

n=1 O + A+ O =0

D fuliog s jo,)-F(@)F(o,)

o =0

N
ZCE<Hn(ja)k]7"'a ja)kn))'
n=1

2",

~ . 1 . . ..
Let F(jo) =5 D fuliog. jo ) Fl@)~F(@,), giving

O+t O =0

Y(jo)= Y CEH,(jo . joy ) Fo(@) (22)

n=1
Obviously, the parametric characteristics of the output spectrum under a multi-tone input
are the same as equation (21b).

Equations (20)-(22) give the parameter characteristics of the system output frequency
response functions, which show an analytical relationship between the system model
parameters and the system frequency response functions, and provide an important
insight into the frequency domain characteristics of nonlinear systems.

4 Somefurther results

Some characteristics of the GFRFs and the output spectrum can be revealed and derived
easily by analyzing the parametric characteristics of the frequency response functions.
Based on the theoretical results developed in the previous section, some further results
are provided for a special case of the NARX model (6) in the following to demonstrate
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potential applications of the theoretical results. More detailed studies on the application
issues will be presented in other publications.

For the NARX model (6), if there are only pure output nonlinearities in the model, then
M K p K
yty = > ( D ook k)] [yt =k +S(M=1" ¢, (k u(t —k;) (23)
i=1

m=p=1\ k.k,=1 k=1

1, m=0 . . .. .
where ﬁ(m):{’ e - For many engineering applications, this model can be used to
, else

represent a nonlinear feedback control system, and consequently has significance in the
analysis and synthesis of nonlinear feedback control systems in practice (Jing et al2006).

4.1 Theparameter characteristics of the GFRFs

Noting that only the nonlinear parameters C,o(.) for p>1 are nonzero in this case, the
GFRFs of model (23) can be written from (8) as

, , I ¢ X : :
Hn(]a)ls”'sjwn):_z Zcp,o(kls”'ak )Hn,p(Ja)la"'aja)n) (24)
L) 24,4,

From equation (19), the parameter characteristics of the nth-order GFRF is

g

2
CE(Hn(ja)lﬂ"" ja)n)): CnO ® 5:32 (Cp,o ®CE(Hmp+l(ja)15"'5 ]a)n))) (25)

Equation (25) is just a special case of equation (19). In this case, taking the nonlinear
parameters Cpo(.) for2 < p<n, then Proposition 5 follows.

Proposition 5.
(1) (C,,) appears in Hy(.) from the mthorder, where m=1+(n-1)i.
(2) If ¢, =0for 2<i<nthenH,(jm,,.., jw,)=0for all w,..,e,. The inverse of
this point does not hold.

PROOF OF PROPOSITION 5:

(1) According to Proposition 2 or Proposition 4, the term (C,,)' should be in the GFRF
Hn(.), where mis computed as m+k=m+i-1=ni. Hence we have m= ni-i+1 =1+(n-1)i.

(2) From (25), CE(H,(j@,, -, jw,)) includes all the nonlinear parameters in C, =0 for
2 <i <n, and no nonlinear parameters in C,, = 0 for i>n are included in CE(H ,(jo,, -, j@,)).
Therefore, if C,, =0 for 2<i<nthen CE(H,(jw,,,jw,))=0, which further follows from
(20) that H, (j@,.... jo,)=0 for all @,..e, . Note that (Cs) appears in Hi.2(.) for

i=1,2,3,... from Proposition 5 (1), which implies (Cs)' only contributes to the odd order
of the GFRFs. Hence, even if certain even order GFRF is zero, (Cs0)’ can still be nonzero.
Thus the inverse of the statement above is not true. This completes the proof. [

From Proposition 5, if the 2" and 3™ degree nonlinear parameters are all zero Cy=0 and
Csq=0, then H,(.)=0, and H3(.)=0. However, even if Cn=0 (for n>3) but there are nonzero
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terms in Cyo or Cgo, the nth order GFRF Hy(.) may not be zero, because (Czo)i appears in
Hi+i(.) for i=1,2,3,..., and (Cso)' appears in Hj.2i(.) for i=1,2,3,... from Proposition 5 (1).
This implies that the nonlinear parameters in C,y and Cs;, take much greater roles in the
GFRFs than other nonlinear parameters. That is, the higher the nonlinear degree of a
particular model terms, the smaller the effect of the associated nonlinear parameters on
the system becomes, since the higher degree (>3) nonlinear parameters only take a role in
the higher order GFRFs. Therefore, in many cases Cpo from p=1 to 3 are likely to form
the basis of the GFRFs and the system output spectrum. Moreover, the results obtained
above also demonstrate that different types of nonlinearity have different effects on the
system output spectrum, and nonlinear terms of the same nonlinear degree may have a
similar effect on the output spectrum.

4.1.1 A special case

In this subsection, another case of the NARX model (23) is considered to demonstrate
that some characteristics of the GFRFs can be studied by only analysing the parametric
characteristics of the GFRFs without the need to completely evaluate the GFRFs. This
special case includes the two different situations of Cokd.)=0 or Cpk+10(.)=0 (for
k=1,2,3,...). Some significant conclusions regarding the characteristics of the GFRFs in
these two situations can be reached.

Proposition 6. For the GFRFs of nonlinear system (23),
(1) If Cok o .)=0 and Cox+1,0(.) = O for k=1,2,3,... in (23), then Hz(.)=0 and H,, ., () # 0.

(2) If cok o) # 0 and Cok+1,0(.)=0 for k=1,2,3,... in (23), then Ha(.)# 0 and H,, () = 0.

PROOF OF PROPOSITION 6: From the definition of the CE operator and the theoretical
results above, to prove Hi(.)=0 or = 0, we need only to prove CE(Hy(.))=0 or = 0.
According to equation (25), we have

. . k . .
CE(sz(]a)l,-n, Ja)zk)): Couo @ S?Z(Cp,o ®CE(H2kfp+l(ja)l’.“’ la)zk)))

(26a)
= Czk,o + Cz,o ° CE(H 2k-1 ())+ Cz,o ° CE(H 2k=2 ())+ ot Ck,o ° CE(H K+ ())
k+1
CE(H 2k+1 ( J @,y ] Wy 1y )) = C2k+1,0 ® p@z(cp,o ® CE(H 2k+2-p ( J @,y J W4y ))) (26b)

= Czk+1,o + C2,0 ° CE(H 2k('))+ Cs,o ° CE(H 2k71(~))+ ot Ck+1,0 ® CE(H k+1(~))

(1) If coko.)=0 for k=1,2,3,... in (23), then equation (26a) follows
CE(Hz(jwla"'a ja)z)): Cz,o =0

CE(sz (o, jw2k)) =Cyo CE(szfz (~))+ Csoo CE(H 24 (~))+ =+ G0 CE(H K+l ()) (27)
where k' is the largest odd number less than or equal to k. Note that 2k-2, 2k-4, ..., k' +1
are all even numbers. Hence, from the recursive calculations of (27), it can be shown that
CE(H,, (joo,, -, jwy,))=0 for all k=1,2,3,... Similarly, equation (26b) follows

CE(Haer1 (115 [03.1)) = Copuro +Cip © CE(H ey () 4+ Cuo ® CE(H« ()

where k'’is the largest odd number less than or equal to k+1. Note that Cyi =0, thus
CE(H ., (j®,, -, jm,,,)) = 0. This proves the first conclusion of the proposition.
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(2) If coks1,0(.)=0 for k=1,2,3,... in (23), then equation (26a) follows

CE(H 2k ( ] W,y ja’zk)) = Czk,o + Cz,o ° CE(H 2k-1 ())"’ C4,0 ° CE(H 2k-3 ())"’ et Ck’,o ° CE(H K41 ())
where k' is the largest even number less than or equal to k. Note that Cy o= 0, thus
CE(H,,(j@,, -, jm,.))# 0 . Similarly, equation (26b) follows

CE(H,(j@,,, j@,))=C,, #0

CE(H ke (@, Jaoy, )) =Cy0 CE(H 2% (-))+ Cioe CE(H 2k-2 (-))"' 4G, ® CE(H K ()) (28)

where k'’ is the largest even number less than or equal to k+1. Hence, from the recursive
calculations of (28), it can be shown that CE(H,, (j@,, -, jw,,))= 0 for all k=1,2,3,... This

completes the proof. [

Proposition 6 shows clearly that some characteristics of the GFRFs can be studied easily
through the parametric characteristics of the corresponding GFRFs, and this provides a
new and effective approach to the analysis of nonlinear systems in the frequency domain.
Note that each GFRF defines the output spectrum of nonlinear systems over a
corresponding output frequency range (Lang and Billings 1996). Thus H(.)=0 (for some
K) implies that there are no output frequency spectra over the frequency range
corresponding to Hy(.). Therefore, Proposition 6 implies that, if Coxd(.) = 0 and Cok+1,0(.)=0
for k=1,2,3,... in (23), then the output frequency response of the system is available over
a wider frequency range than in the case where Cpk o.)=0 and Cpk+10(.) = 0 for k=1,2,3,...
in (23). This comment can be verified by the following example.

Example 3. Consider a simple nonlinear system described as
y(t) = 0.3y(t = 1)+ 0.5y(t — 2) + 0.3u(t — 1) + ay(t —1)> + by(t - 1)*

which can be written in the form (23) with ¢ ,(1)=03,c,(2)=0.5,c,,(1)=03,
c (L) =ac,,(LL)=b else c,,()=0, and K=2, M=3. There are only pure output
nonlinearities in this model. Let u(t)=10sin(50t). Consider two cases: (1) Cakd.)=0 and
Cok+1,0(.)# 0 , i.e., @=0 and b=-0.005; (2) Cok d.) # 0 and Cok+1,0(.)=0, i.e., a=-0.005 and b=0.
In the two cases, the system output spectrum can be obtained by applying the FFT to the
system time domain output. The results are shown in Figure 1 and 2. It can be seen from
the two figures that, the output spectrum for the same input is quite different. As expected

when a=-0.005 and b=0, there are more output frequency components (e.g, at
frequencies 0, 100, 200, 300,...,) than in the case where a=0 and b=-0.005.
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Figure 1. System output spectrum when a=0 and b=-0.005
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Figure 2. System output spectrum when a=-0.005 and b=0
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4.2 Determination of the output frequency response function

From equations (21) and (22), the output spectrum of nonlinear system (23) can
uniformly be rewritten as
N
Y(jo)y= > Y. (]
(jo) Z W(j@) 29)
Yo(jo) = CE(H (o, jo,))-Fy(jo)
In (29), CE(H,(je,-,jw,)) can be computed according to (25), and F,(jw) can be
determined using an effective data analysis based method proposed in Lang et al.(2006).
Therefore, the output frequency response function of system (23) can be obtained without
a large amount of recursive calculations of the GFRFs and the corresponding complicated
integral terms in (2) or (5). Further studies will investigate employing the detailed
information about the structure of equation (29) provided by the analysis of the parameter
characteristics of the system GFRFs to directly determine an accurate description for the
system output frequency response function.

5 Conclusions

Several fundamental and important results relating to the parametric characteristics of the
GFRFs and the output frequency response functions of nonlinear systems described by a
NARX model have been derived in this paper. These results effectively reveal the
relationship between the system model parameters in the time domain and the system
frequency response functions, and provide for the first time a significant and novel
insight into the frequency characteristics of nonlinear systems. Further theoretical results
and practical algorithms for the analysis and synthesis of nonlinear systems in the
frequency domain can be developed based on these new results. Further research will
focus on the application of the parametric characteristics of nonlinear systems derived in
the present study to investigate the analysis and design of nonlinear systems in the
frequency domain. The analysis will investigate the effects of the system model
parameters on the GFRFs and the output spectrum to reveal how the model parameters
affect the system behavior in the frequency domain. Designs of optimal values for some
of the model parameters to achieve a desired system output frequency response will also
be studied in later publications.
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