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Abstract

In this paper, we investigate an optimal periodic dividend and capital injection prob-
lem for spectrally positive Lévy processes. We assume that the periodic dividend
strategy has exponential inter-dividend-decision times and continuous monitoring of
solvency. Both proportional and fixed transaction costs from capital injection are
considered. The objective is to maximize the total value of the expected discount-
ed dividends and the penalized discounted capital injections until the time of ruin.
By the fluctuation theory of Lévy processes in Albrecher et al. (2016), the optimal
periodic dividend and capital injection strategies are derived. We also find that the
optimal return function can be expressed in terms of the scale functions of Lévy
processes. Finally, numerical examples are studied to illustrate our results.

Keywords: Periodic dividend, Capital injection, Lévy process, Stochastic control,
Scale function.
JEL: C44, C61, G32, G35.

1. Introduction

The Lévy risk model with positive jumps (spectrally positive Lévy process),
which is also called dual risk model, is proposed to offset continuous expenses by
the stochastic and irregular gains. Examples include research-based or commission-
based companies. In this context, dividend optimization problems have attracted
extensive attention. In Avanzi et al. (2007) and Avanzi and Gerber (2008), the
authors studied how the expectation of the discounted dividends until ruin can be
calculated in the dual compound Poisson risk model. In Kyprianou et al. (2012),
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Bayraktar et al. (2013), Yin and Wen (2013) and Zhao et al. (2015), the optimal
dividend problems were studied in a general spectrally positive Lévy risk model.

In the above papers, the dividend decisions are made continuously, which usually
leads to very irregular dividend payments. However, in practice, the companies that
are capable of distributing dividends make dividend decisions on a periodic basis.
Albrecher et al. (2011a) studied the random inter-dividend-decision times in the
Cramér-Lundberg model, where the ruin can not occur between dividend payment
times. Continuous monitoring of solvency with periodic dividends were considered
by Albrecher et al. (2011b) in the Brownian risk model, Avanzi et al. (2013) and
Avanzi et al. (2014) in the dual compound Poisson model. Recently, when the inter-
dividend-decision times of periodic dividend are exponential, Pérez and Yamazaki
(2016) showed the optimality of periodic barrier strategy for spectrally positive Lévy
processes.

When dividend payments are maximized, ruin is usually certain. In some cases,
it may be profitable to rescue the company by capital injection. This idea goes
back to Porteus (1977). Yao et al. (2011) considered an optimal dividend and
capital injection problem in the dual compound Poisson risk model. Avanzi et
al. (2011) discussed the same problem in the dual compound Poisson model with
diffusion. Bayraktar et al. (2013) and Zhao et al. (2015) extended their work to
general spectrally positive Lévy processes. In addition, transaction cost, which
usually includes two parts: proportional cost and fixed cost, is an important factor
in business activities. In Avanzi et al. (2011), the proportional transaction costs from
dividend and capital injection were involved into an optimal dividend problem. In
Yao et al. (2011) and Zhao et al. (2015), both proportional and fixed costs on capital
injection were considered. Fixed costs on dividend were studied in Bayraktar et al.
(2014).

In this paper, the optimal periodic dividend and capital injection problem is
discussed for spectrally positive Lévy processes. For periodic dividend, we assume
that the inter-dividend-decision times are exponential as in Avanzi et al. (2014)
and Pérez and Yamazaki (2016), but different methods are used. For capital in-
jection, we include the proportional and fixed transaction costs. We also assume
that the ruin may occur even under the rescue of capital injection. Like Zhao et
al. (2015), we decompose the optimal problem into two suboptimal problems. By
the fluctuation theory of Lévy processes observed at Poisson arrival in Albrecher
et al. (2016), we find the optimal strategy and the optimal return function. If the
fixed transaction cost from capital injection tends to zero, we obtain the results
in Pérez and Yamazaki (2016). When the positive jumps of the Lévy process are
hyper-exponential compound Poisson distributed, the first suboptimal problem be-
comes that in Avanzi et al. (2014). If the dividend decision intensity goes to infinity,
and meanwhile the fixed costs on capital injection tend to zero, the two suboptimal
problems in this paper reduce to those in Bayraktar et al. (2013). Furthermore, for



hyper-exponential compound Poisson positive jumps, our results are consistent with
Avanzi et al. (2011).

This paper is organized as follows. Section 2 provides the formulations of the
problem. Section 3 discusses the case without capital injection. The case with
incorporated capital injection is considered in Section 4. The optimal periodic div-
idend and capital injection strategies are derived in Section 5. Section 6 gives some
numerical examples.

2. Model and Optimal Control Problem

2.1. Spectrally Positive Lévy Processes

Let X = {X;} be a spectrally positive Lévy process with non-monotone paths
on a filtered probability space (Q2, F,F,P), where F = {F,} satisfies the usual con-
ditions. The Lévy triplet of X is given by (¢, o,v), where ¢ > 0, 0 > 0, and v is a
Lévy measure on (0, c0) satisfying the integrability condition [;*(1Az*)v(dz) < co.
Let E* be the conditional expectation given the initial surplus x, and in particular,
denote E° by E. The Laplace exponent of X is given by
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1 [e.e]
P(s) = 7 log E [e™**] = %32 +cs +/ (€7 =14 sxlygca<ay)v(dx), (2.1)
0

where 1,4 is an indicator function of a set A. It is well known that (s) is strictly
convex and tends to infinity as s tends to infinity. This allows us to define for ¢ > 0,

®(q) =sup{s = 0:9(s) = ¢}, (2:2)

which refers to the largest root of the equation v¢(s) = ¢. Note that the Laplace
exponent ¢ in (2.1) is known to be zero at the origin, and hence ®(q) is strictly
positive for ¢ > 0. The process X has paths of bounded variation if and only if
o =0 and fol zv(dr) < oo. Correspondingly, the Laplace exponent (2.1) can be
written as

Y(s) = cos + /Ooo(e_sx — Dv(dz), (2.3)

where ¢ = ¢+ fol zv(dx). We rule out the case that X has monotone paths, and
then ¢, > 0 is necessary when X is of bounded variation. The drift of X is given by

p= E[X1] = —'(0+).

It is well known that if [~ yv(dy) < oo, then p = —c+ [[“yv(dy) < oo. In
this paper, we assume p < oo to ensure that the optimal problem has a nontrivial
solution. For more details on Lévy processes, the reader is referred to Bertoin (1996),
Kyprianou (2006) and Kuznetsov et al. (2012).



2.2. Formulations of Control Problem

We assume that the surplus process of a company is modeled by the Lévy process
X, whose Laplace exponent is given by (2.1) and Xy = x > 0. A control strategy
composes of two parts: dividend payment and capital injection. We assume that the
dividend payments follow a periodic dividend strategy, where the dividend decision
times are governed by a F-adapted and independent Poisson process N = {N;} with
intensity v > 0. Then the dividend payment process L = {L;} is given by

L= [ ., - Zﬁnlmq}, =)

where 1; > 0 is the dividend payment at time ¢, and T} is the time of kth dividend.
The capital injection process G = {Gy = >~ " | 14, <&, } is described by a sequence
of increasing stopping times {7,,,n = 1,2,---} and a sequence of random variables
{&,n = 1,2,---}, which correspond to the timings and the amounts of capital
injection, respectively.

Given a control strategy 7 = (L™;G™) = (VF,, 9%, ;7(, 75, :&7,€3, -+ ),
the dynamics of the resulting surplus process X™ = { X[} can be written as

X[ =X, — ZﬁTkl{qu} + Zg Treny, t>0. (2.4)

n=1

Definition 2.1. A strategy 7 is said to be admissible iff

(i) {LT }i>0 is an increasing and F-adapted cadlag process satisfying Lo = 0,
L7 = [, 97dN, and AL, = 05 < X7+ AXy, for j=1,2,---;

(i) T is a stopping time with respect to F, and 0 < 777 < 7J < --- a.s.;

(iii) £ is nonnegative and measurable with respect to For, n=1,2,---;

(iv) P(nli_{r;oﬂ <a)=0,Va>0.

Let IT denote the set of admissible strategies. Define the time of ruin by
=inf{t > 0: X] <0},

with inf () = oo by convention. To incorporate the capital injection, the fixed and
proportional transaction costs are considered. When the amount of capital is &, we
assume that (¢ —1)¢ with ¢ > 1 is the proportional cost, and that K > 0 is the fixed
cost. The time preference of investors is described by the force of interest o > 0.
Given a strategy 7w € II, the performance function is defined by

Tﬂ'
V(z;m) = E” / e YTAN, — Ze (K + o6 ) L zr<rny | - (2.5)
0




Our objective is to find the optimal return function or the value function, defined
as

V(z) =supV(x;m), (2.6)

mell

and the associated optimal strategy 7* € II such that V(z) = V(z;7%).

2.3. Preliminary Discussions for Optimal Problem

By the optimality of the value function V(x) and similar to Lemma 3.1 in Peng
et al. (2012), we obtain that V(x) is increasing and satisfies

0<V(0)<V(z); 0<V(z)-V(y)<olz—y)+K, 0<y<uz

To derive the optimal strategy and the value function, the Quasi-Variational-Inequality
(see, e.g., Fleming and Soner (2006)) approach is adopted. Before that, we introduce
some operators. Throughout the paper, for a set D C R, a function p : D — R is
called sufficiently smooth meaning that it belongs to C!(D) if X is of bounded vari-
ation, otherwise it belongs to C*(D). Suppose that a sufficiently smooth function v
is a candidate function for the value function. Let .7 denote the extended generator
of the process X, defined by
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ola) = Go') = @)+ [ [olo +) = olo) o @lipsyen (a1

Similar to Avanzi et al. (2014), we give the operator N associated with the dividends
by
No(z) =~ max{l +v(z — 1) —v(x)}. (2.8)

0<i<z

Let M denote the injection operator, defined by

Mou(z) =sup{v(z +y) — K — ¢y}. (2.9)

y>0

Due to the time value of money, we give the following lemma whose proof is given
in Appendix A.

Lemma 2.1. [t is optimal to postpone the capital injection as long as possible, i.e.,
if capital injection occurs, it happens only at the moment when the reserve process
hits the barrier 0.

Theorem 2.1. Let v(x) be an increasing and sufficiently smooth function on (0, 00)
satisfying

max{Nv(z) + (& — 0)v(z), Mv(xz) —v(z)} <0, x>0, (2.10)
with the initial conditions v(0) > 0 and Mv(0) < v(0). Then we have v(z) >V (x).
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Proof. By the definition of the performance function and Lemma 2.1, and noting
that the Lévy process X has only positive jumps, we only need to consider the
strategies, where the capital injection does not occur at the same time as a jump
of either the process X or the dividend process L. Under this consideration, for
a strategy m € II, we can characterize the discontinuous points of the controlled
reserve process by the following sets

A ={s<t:AX,#0,ALT = 0,AGE = 0},
={s <t:ALT #0,AGT =0},
A ={s <t:AGL #0,AL =0,AX, =0} ={7]: 77 <t,i=1,2,--- }.

Let {S,,} be a sequence of stopping times defined by S,, = inf{t > 0 : X >
m or X[ < %} Noting the sufficient smoothness of v, and applying the Ito’s
formula for semimartingale, we obtain

e_a(msm)U(XZr/\sm)

tASm 0.2 tASm
—v(z) + / e {T/’(Xj) — M(X;T)] ds + / e (XT )dXT
0 0

£ Y e Pl(XT) — o(X) — V(X7 )AXT)

SeAtAS»m
where A; = A, UA, UAY. By X7 = X, — L™ + G7, we have
e 2Ny (XT g )

tASm 0.2 tASm
=v(x) —i—/ e {—v”(X;T_) — 5U<X;T_):| ds +/ e (X7 )dX,
0 0

2
+ Y e (XD +AX, = 0T) — (XD AX) 4+ Y e () — v(0)]
s€A} 5 T <tASm
+ > e (XT + AXL) — u(XT) = v/(XT)AX.
SEAiAS,,
Note

Y eV(XT)AX. = D e (XD)AX A jax, <y

SEAt/\Sm SeAtASm

tASm
o f eJSU'<X§_>d(ZAXul{'AX“'”});
0

uEAs



and
> e (XTI + AX, —0]) — o(X] + AX,)]

tASm
_ / e (XT 4+ AX, — 97) — v(XT_ + AX,)|dN,.
0

We obtain
N 3
6—6(t/\sm)U<Xt7;\Sm) =v(z) + Myrs,, + Z Mti/\Sm
e i1 (2.11)
B /0 e SSYTAN, + Z e [u(€F) — v(0)),

TX<tASm
where

N t
, :/ e [(of — SY(XT) +4[07 + o(XT_ + AX, — 0F) — o(XT + AX,)]} ds,
0

t
M} :/ e~ (X])d (Xs +os— ) AXul{AXubl}) )
0

uEN

M =Y e [o(XT) — o(XT) — v (XT)AX1ax, <)

SEN:

t 00
— / / e (X +y) —v(XT) — v (XTI )ylyy<yy] v(dy)ds,
0 Jo
t

M — / e 0% [97 4+ u(XT. + AX, — 07) — o(XT + AX,)] (AN, — 7ds).

0
By the Lévy-Ito6 decomposition, {M}, 4 } is a zero-mean martingale; and by the
compensation formula, {M},g } for i = 2,3 are zero-mean martingales. Taking
expectations on both sides of (2.11) and noting (&7 —0)v(z) +~[l+v(x—1)—v(z) <0
for 0 <l <z, v(r)—v(0) < ¢xr+ K and v(z) > 0, we obtain

[e.9]

tASm
/ e YTAN, — Y e V(K + 6€0) Lrp<unsin)
0

n=1

v(z) > E*

Letting ¢t and m go to infinity, noting S,, — 77 (m — o0) a.s., and using Fatou’s
lemma, we get v(x) > V(z;7) for any 7 € II, and so v(z) > V(z). O



3. Optimal Control Problem without Capital Injection

3.1. Preliminary Discussions for the Optimal Problem without Capital Injection

We now study the optimal problem without capital injection. Let II, = {m, :
7, = (L™;0) € II} C II denote the set of all admissible strategies for this suboptimal
problem. The value function V,(z) is defined by

T™
Vo(x) = sup V(z;m,) = sup E” {/ e‘gsﬂgpst} : (3.1)
0

mp€llp mp€lly

The objective is to find the optimal strategy 7 € I, such that V,(z) = V(z; ;).
By the definition of V,,(x), we know V() is an increasing function with V,,(0) = 0.
Similar to Theorem 2.1, we give the following lemma.

Lemma 3.1. Let vy(z) be an increasing and sufficiently smooth function on (0, c0)
satisfying
Nuvy(x) + (& — 0)v,(z) <0, >0 (3.2)

with the initial conditions v,(0) = 0. Then we have vy(x) > V,(z).
Lemma 3.2. Assuming that v,(x) is an increasing and sufficiently smooth function
on (0,00) with v,(0) = 0, and that one of the following two hypotheses holds, we
have v,(x) > V,(z).
(i) If vy(z) is concave and there exists x;, > 0 such that vi(z;) =1 and
(& —d)v,(x) =0, 0<z<ux,
(o —0)v,(x) +y]xr —x) +vy(x)) —vp(x)] =0, x>

(i) If for all x > 0, v)(x) <1 and
(o — 6)vp(x) + v]x — vy(x)] = 0. (3.5)

Proof. By Lemma 3.1, we only need to prove that the function v,(z) satisfies the
inequality in (3.2).
If the hypothesis () holds, by the concavity of v,, we have

vy (1) > 1, 0 <2 < aj; v(x) <1, z>x
Then
max{l +v,(z — 1)} =

0<iLx

{Up(x), 0<x<uzy;

r—x,+v,(xy), >

Combing (3.3) and (3.4), we obtain that v,(z) satisfies (3.2).



If the hypothesis (z7) holds, we know maxo<;<,{l + v,(z — )} = z. By (3.5), we

have
7 Inax [+ vp(x — 1) —vp(2)] + (& — 0)v,(x) = 0.
The proof is completed. O

Inspired by Avanzi et al. (2014) and the above lemma, we conjecture that the
optimal periodic strategy in our setting is likely to be a periodic barrier strategy as
defined in below.

Definition 3.1. (Periodic Barrier Dividend Strategy). Under a periodic barrier x,,
dividend payments are

19% = maX(X;ff +AXrp, —1,,0), i=1,2,---,

at all dividend decision times T; before ruin, i.e.,
t
Ly = / (X7 +AX, — xp)l{XWpJFAXSM }dNS, t<T", (3.6)
0 s— —<p

Under a periodic barrier dividend strategy m, with barrier z,, the performance
function is

T
V((L’;T{'p) = E* |:/ 6_6S(X;rf + AXS — xp)l{Xﬂp+AXs>x }dNS . (37)
0 s— =P

Then the above performance function V' (z;m,) is increasing and V' (0;m,) = 0.

Lemma 3.3. Assume that the performance function V(x;m,) in (3.7) is bounded
above by a linear function, sufficiently smooth on (0,00) and right continuous at 0.
Then V (x;m,) satisfies the following integro-differential equations

(o =0)V(x;m,) =0, 0<x<mxy, (3.8
(& = 0)V(z;mp) +v[x — zp + V(wymp) = Viwsm)] =0, 2wz, (3.9

with the initial value V(0;m,) = 0 and the continuous condition
Vigp—im) = V(apt;mp) = Vi mp). (3.10)

The corresponding proof is presented in Appendix A. In addition, by Lemma
3.3 in Avanzi et al. (2014), it is known that the ruin is certain under a periodic
barrier strategy.



3.2. Expression of V(x;m,) Associated with Periodic Barrier Strategy

We first discuss the case of x > z,,. Let

Yi=x,—X;, t>0, (3.11)
S, =inf{t >0:X; <z} =inf{t >0:Y, >0} £ 5, (3.12)
ro=®(d+v) =sup{s >0:¢(s) =5+ ~}. (3.13)

Then {Y;} is a spectrally negative Lévy process with the characteristic exponent
¥(s) in (2.1) and Yy = z, — z. To find the expression of V(x;m,), we introduce the
following lemma.

Lemma 3.4. For x > z,, we have

E* e (Xq, — Ip)l{T1<S;p}] {x — Tt Lﬂ —eTlmm) L (3.14)

T 047 o+

Proof. By (30) in Albrecher et al. (2016), we know, for z,s <0,

q P(q)z
£~ [eSYWl } = —1 (%% — 2@7)
wssit] = =g | )
where e, has exponential distribution with rate ¢ > 0 and is independent of the
Lévy process X. Differentiating with respect to s and letting s tend to zero in the
above equation yield

. ¢'(04) .
B Vol anty] =2 + o (=), (3.15)

Then, we have

E* 6—6T1 (XT1 _ xp)]_{Tl<S;p}:| = —F%77T [€_5T1YT1 1{T1<HBL}]
oo (3.16)
- _mE ' [Yve<5+"/)1{e(5+w)<”§}:| ’

where €54y is exponentially distributed with rate J +~, and the second equality is
due to the law of total probability. Noting ¢’'(0+) = —pu, the result is obtained by
substituting (3.15) into (3.16). O

Theorem 3.1. For x > x,, the performance function V(z;m,) in (3.7) is given by

~
o+

V(z;mp) = Ai(z —zp) + V(zp; mp) Bi(x — ), (3.17)
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where

Al(l‘) =+ m(l — e_rox), (318)
_ " g
Biw) = 5o+ e ™ (3.19)

Proof. By the strong Markov property and X¢- = z, a.s., we have
Tp

Vi my) = B | (Xg, = ap) gy e,y |+ Vg mp) B [e059) | (3.20)

By the law of total probability, we obtain
o [G—J(TMSEP)} _ g [/‘X’ o —0(tAST,) 'Ve—vtdt}
0

Y 0 z | ,—(0+7)Sz,
-7 . % g [ ( Vacp} 3.21
O+~ o0+7 ‘ (3.21)
Vo 0 )

=——+
o+v d+v

I

where the last equality is due to (19) in Kuznetsov et al. (2012). The result is yielded
by substituting (3.14) and (3.21) into (3.20). O

Remark 3.1. (i) From (3.17), it is known that, for x > x,, V(x;m,) is infinitely
differentiable and bounded above by a linear function.

(11) Aslim,_ o ro = 00, we have lim,_,o V(z;m,) = v —x,+V (x); 7)) forx > x).
Then the dividend payments could occur at any time (continuously) as the limit goes

to infinity, the periodic barrier strateqy becomes a barrier dividend strategy.
(iii) By (3.17), we have

)
V/(xp"—”rp) ! (1+ HTo ) - V(xpﬂrp);

oty ) 0o (3.22)
" T
Vi (xpt;mp) = _<5 _I_,y)gr(Q) + 5+,}/T§V($p§7rp)'

In the following, we discuss the case of 0 < =z < x,. We will used the scale

functions W@ (z), 2@ (z), 7 (z) and Z@(z,s), which are studied in Kuznetsov
et al. (2012) and Albrecher et al. (2016), and whose definitions and some results are
shown in Appendix B. For the uncontrolled surplus process X, let

SO’:inf{tEO:Xt<0}:inf{t20:}/;>:cp}éf<cjp,
T;;;:mln{T;XTl>xp72:1,2}:mln{EYTZ<0,’L:1,2}éTJ7

11



where Y; is defined by (3.11).

Lemma 3.5. For 0 <z < z,, we have

B [T (Xpy — )iy <5y | = I — 2. ); (3.23)

B e s gy | = Ba(ay — 2,3), (3.24)
where

L(z,z,) = ﬁ :D(x) - %D(%)} , (3.25)

D(x) = —ﬁZ(‘S)(m) 790 + % (3.26)

Iz, z,) = # :Z@ (z) — %%& (xp)] . (3.27)

Proof. The result is obvious when x = 0, and then we only need to discuss the case
of 0 < & < z,. By (15) in Albrecher et al. (2016), we have, for 0 <y < z,,

—6T +sY— Y z© (4, 70)
y 0 T _ _ (6) _ 2 D0 ~(9)
E [ °1{T0<%}]‘6+v—w<s> (Z 0:9) = Zo (o) 2 ®)
(3.28)

Letting s go to zero and noting
T —(ST;r _ pap—x —6T B

we have the result in (3.24). Differentiating with respect to s, letting s tend to zero
in (3.28), and noting

o0z @) (y 3) —(9) H K
0s s=0 (y) 0 0 (y)’
FT |:675Tg;;,( X,.& — b)]‘{Tj;<SO_}:| = —p*T |:€76 _075 Ty 1{T0_<Hj{p}i| )

zp

we obtain the result in (3.23) after some calculations. O

Theorem 3.2. For 0 < z < x,, the performance function V(z;m,) in (3.7) is given

by
-

0+

V(z;m,) = Ay(xy, — x) + V(zp;mp)Ba(z) — ), (3.29)

12



7
where V(x,;m,) = == {Z

o+ Ba(zp)
Asa) = ~EBa() - Z%(2) + &,
0 gl
By(z) = —— 2 —Z
2() 51 (96,7"0)+5+,y

Proof. By the strong Markov property and Lemma 3.5, we have

Viwymy) = Liwp — 2, 2p) + V(wp; mp) Lo (xp — 2, 7).

Letting x tend to x, in the above equation yields

5(0,2,) = (1 — I5(0, 7))V (2p; 7).

By (3.25), we have

v 8
I(z,2p) = mD(x) - mZ(é)(xp,To)
TH Y D(x,)
I = - .
1(0,$p) ((5 + 7)2 5 +7Z(6)(33p,7”0)
Then
i 5 Y
o) = 5 000) =200 [
= z ~Aa(w) + Z9 (2, 10)(1 — I5(0,2,))V (z,; 7).
Since

Iy(z,7,) = %Z(d)(fﬂ) — Z9(2,70) <$ - 12(07%)) ;

+7

Z® (2,,70)’

— I,(0, a:p)}

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

we obtain (3.29) by substituting (3.34) and (3.35) into (3.32). Letting x tend to

zero and noting V' (0;7,) = 0, we get the expression of V(z,;7,).

]

Remark 3.2. (i) By the definitions of scale functions in Appendiz B, if x < 0, we
have Ay(xz) = Aq(x) and By(x) = By(x), and so the the value function can be written
uniformly as (3.29) for x € R. Substituting the value of V(x,;m,) into (3.29), we

obtain

Y B2($p - x)
o+ B2(37p)

—(6) —(5
V(z;m,) = 7 (2,) — 2 (x, — 1)

13

By(x, — )
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which is consistent with (3.15) in Pérez and Yamazaki (2016). If u tends to +oo,
we have that vy goes to zero, furthermore,

_ ) (g —
lim By(z, — ) 1:Z (xp — )

_— - — ——= —1<0 > 0).
p—+oo  Bo(w,) Z0)(z,) (@ )

Hence, we obtain lim, .. V(z;7m,) = +oo for any x, > 0. In other words, the
solution of the optimal problem is trivial if the drift p = +o00.
(ii) By the definitions of ro in (3.13) and Z¥)(z,s) in (B.1), we have

z 7(9)
7O (x,rg) = " [1 - ’Y/ W(‘”(y)dy] , W =10 Z9 (2, 1) — YW (),
0
Then by (3.29), we have
or
V/ . — L 1 /’LTO o 0 . )
(xp—;mp) 51 ( —1—5_’_7 5+VV(xp,7Tp), (3.36)

and when X is of unbounded variation, by (B.3),

W oo, O
+
CEE R

Vi (zp—;my) = — 1oV (2p; ).

Combining (3.22), we obtain that V(x;m,) is sufficiently smooth on (0, 00).

3.3. Optimal Strategy for the Optimal Problem without Capital Injection

By Lemma 3.2 and Lemma 3.3, if a periodic dividend strategy m, with barrier
x% > 0 is optimal, we have V'(z7; 7%) = 1. Furthermore, by (3.36) we get

Vgt rt) = F_ 2 (3.37)

prp
Substituting the above equation into (3.17) and (3.29), we obtain

(5
WZ( )(:1:; —z) R(r;—2x)

v B .
— — —,0<zr<za,
I R S BN (RS SN T B
('Y"‘(S)T’O ’y+(5 p To 5/’ -
where
R(z) =62 (2,r) + 729 (), (3.39)
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and xy, is determined by V(0;25) =0, i.e.,

), x
v+0 (y+0)ro ~y+00 '

The following lemma, which is Lemma 4.2 in Pérez and Yamazaki (2016), discusses
the solution of the above equation.

Lemma 3.6. The equation (3.40) has a unique positive root xy > 0 if and only if
yop o1
4L = >0,

Remark 3.3. (i) There exists a solution ¥y > 0 of (3.40) if and only if V (xy; 7)) > 0
by (3.87). This follows from the increasing property of V(x;7y) and V(0;z;) = 0.
(i1) Similar to Remark 4.5 in Avanzi et al. (2014), we illustrate Lemma 3.6.

In the view of the dividend frequency, the inequality %%—% > 0 can be rewritten

as vy > 7o, where vy is the solution to —2-& — = 0. In a sense, larger rate of

. ey ‘ Y0F66  ro(vo)
dividend results in higher barrier of dividend.
From the perspective of the overall drift of X, the inequality ﬁ% — % >0 can

be rewritten as p > g, where o is the solution to #% — % = 0. Then po > 0,

and lim,_, po = 0 which is the condition of (2.13) in Bayraktar et al. (2013).

Theorem 3.3. (i) If -4 — L <0, we have V,(x) = V(x;7), where

v+d S rg — »Up
* TH —rox gl TH
V(x: _ 0 > 41
(z;7) (7_'_(5)26 +7+5$+(’y—|—5)27 x>0, (3.41)

and the optimal periodic dividend strategy 7, is given in (3.6) with x; = 0.
(i) If 55 — % > 0, we have Vy(x) = V(z; 7)), where V(z;my) is given by (3.38),
and the optimal periodic dividend strategy m, is given in (5.6) with x;, > 0 determined

by (3.40).

Proof. (i) Assume that 7 is given by (3.6) with z; = 0. By Theorem 3.1, we
obtain (3.41). Similar to Lemma 4.4 (¢7) in Pérez and Yamazaki (2016), we have
0 < V'(z;7m;) < 1 for all # > 0. The results in (i) follows Lemma 3.3 and (ii) in
Lemma 3.2.

(4i) In the case of 1% — L > (), the equation (3.40) has a unique positive root

Y+6 6 0o
x3. Lemma 4.4 (i) in Pérez and Yamazaki (2016) shows that V(z;7) in (3.38) is

P
increasing, concave and V'(zy; ;) = 1. By Lemma 3.3, Lemma 3.2 (i) and Remark

3.2 (i1), we obtain the results in (i) O

Remark 3.4. (i) By the different method, Theorem 3.3 shows the same results in
Theorem 4.1 of Pérez and Yamazaki (2016). If u < 0 (including —oc), we obtain
that the optimal barrier x, is zero, and that the corresponding strategy is called
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taking all the money and run at the first Poissonian dividend-decision time which is

introduced in Pérez and Yamazaki (2016).
(ii) For R(x) in (3.39), we have im,_, R, —o) by (B.2). Letting v tend to

(y+6)ro
oo in (8.38), we obtain

—7(6)(3”6;—98) —|—%, 0<z<i;
lim V(z;m)) = 1
e T+, x>0

where T is determined by AR (Z;) = &. Therefore, Theorem 3.5 becomes Theorem
2.1 in Bayraktar et al. (2013).

4. Optimal Control Problem with Capital Injection to Prevent Ruin

4.1. Preliminary Discussions for the Optimal Problem without Ruin

We assume that the company survives forever by forced capital injections. Let
I1, denote the set of admissible strategies of this suboptimal problem, i.e.,

I, = {r, = (L™;G™) : m, € II such that X;* > 0 for all t > 0} C IL.
The value function V,(x) is defined by

Vo(x) = sup V(z; )

mq€lly
N o (4.1)
— sup E° / efésqurqus _Zef&n (K+¢£,’{q) )
mq€lly 0 n=1

We will search for the optimal strategy m; € II, and the associated value function
Vy(w) = V(x;7}). By the similar proof of Theorem 2.1, we give the following lemma.

Lemma 4.1. Let v,(z) be an increasing and sufficiently smooth function on (0, 00)
satisfying

max{/Nv,(z) + (& — d)v,(x), Myy(x) —vy(x)} <0, x>0, (4.2)
with the initial condition Muv,(0) < v,(0). Then we have vy (z) > V,(x).

By Lemma 2.1, we know the optimal timing of capital injection is when the
surplus process hits the barrier 0, and hence we have MV, (0) = V,(0). Furthermore,
if there exists some 1* > 0 such that n* = inf{z : V() = ¢}, and the value function
is concave, the optimal amount of capital injection is n* and V,(0) = V,(n*)—¢n*— K.
Then, similar to Theorem 4.1 in Zhao et al. (2015), we give the following result.
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Lemma 4.2. Assuming that v,(z) is an increasing, concave and sufficiently smooth
function on (0,00), and that exists a pair (n*,z;) with 0 < n* < a7, such that

we have vy(x) > V().

Proof. By the proof of (i) in Lemma 3.2, we have
Nuy(x)+ (o = d)v,(x) =0, x> 0.

Setting F(y) = v,(z+y) — ¢y — K, we have that the F(y) is increasing on [0, n* — )
and decreasing on [n* — x,00). Then

(4.3)

Mu, (z) = vg(n*) — (" —x) = K, 0<z <,
! v(x) = K, 7" < <oo,

which together with v,(0) = vy(n*) —¢n— K and v)(z) > ¢ for 0 < x < n*, we obtain
Mu,y(x) < vy(x) for z > 0 and Mh(0) = h(0). Then v,(z) satisfies the conditions
of Lemma 4.1, and the result is obtained. O

4.2. Optimal strategy for the Optimal Problem without Ruin

By the discussions in Subsection 4.1 and Lemma 2.1, we construct the following
strategy m,, for 0 <n <z,

t
L :/ (XI + AX, — 7,) Lixma s ax 0,y ANs, Gt = Z T,
0 . -

<t (4.4)
Efi=nn=12--, 7" =inf{t >0: X" =0 and AX; = 0},

o =inf{t >7,% : X" =0and AX; =0},n=2,3,--- .

Then the above strategy m, € II,, and the associated performance function V' (z;7,)
is given by

V(z;m,) = E*

/0 e (X2 + AKX = 0) Tru sy BNe = D €77 (I + @7)] -
n=1

(4.5)

By the same arguments of Theorem 3.1, we give the following lemma.
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Lemma 4.3. For x > x,, the performance function V(z;m,) in (4.5) is given by

V(wsmg) = Ao =) + V(g m) B = o), (46)

where Ay(z) and By(x) are defined by (3.18) and (3.19), respectively.

Now, we discuss V' (z;m,) in the case of 0 < z < z,. Let Y, = zry — X, and

SO_:inf{tZO:Xt<0}=inf{t20:}7t>xq}é/%;:,
T;}:min{Ti:XTi>:I:q,i:1,2-..}:min{7}:}~/Ti<O,i:1,2...}éjﬂ0*’

Lemma 4.4. For 0 < x < x,, the performance function V(x;m,) in (4.5) is given

by
Y

0+
where As(z) and By(x) are defined by (3.30) and (3.51), respectively.

Vi(w;mg) = As(xqg — @) + V(wg; mg) Ba (g — ), (4.7)

Proof. By the strong Markov property and the law of total probability, we have

X — ; . x - z+
Vo(z;mg) =E [e 6Tq(XT+ _xq)l{T,;;<So‘}] + V(g m) E* |e 6Tq1{Tg;t1<So‘}

B [0 Loy | Walmimg) = (om + )
Letting x go to zero in the above equation, we get
Vo(0;mg) = Vo(n; mg) — (o + K).
By (12) (for a killing rate 6 > 0) in Albrecher et al. (2016), we obtain

Z(a)(avq —x,70)
Z0(ap 1)

. B _sat
E® e %% 1{T£t125(7}i| =B |:6 5“%1{7;072%%}] B

ASUCRS)

where 7¢ is defined by (3.13). Letting I3(x,z,) = T (g0

3.5, we have

and combining Lemma

Vo(smg) = Ii(wg — @, 0) + Vo(wg; mg) Lo (g — @, 24) 4+ V(05 79) Is(wq — @, 74).
Letting x tend to z, in the above equation yields
10, q) = Vy(ag; ma) (1 — 12(0, 74)) — V4(0;7) I5(0, ). (4.8)

Replacing x, by z, in (3.33) and (3.35), we obtain the expressions of [1(z,z,) and
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Iy(z, ), which together with I3(z,z,) = Z© (z,70)13(0,2,) and (4.8) yield

In(@, 2q) + V(g mg) Io(@, 24) + Vo(05 ) I5(, 24)

=T _ 5 oy
5+7D($) ((54—7)22 (I,T0)+‘/;I(l‘q771'q)5+7

+ Z(‘;)(x, 10)[11(0, 24) + Vy(xg;7y) 12(0, 2) + V(05 7,) I5(0, 2,)]

i
5 ,YAQ(f’?) + Vo(wg; mg) Ba ().

(Z(a) (x) — AR (x, ro))

The proof is completed. n

Remark 4.1. By Remark 3.2 (i), we can show that V(x;m,) given by (4.6) and
(4.7) is increasing and sufficiently smooth on (0,00). Furthermore, V (x;m,) satisfies
the integro-differential equations (3.8) and (3.9).

Theorem 4.1. The value function Vy(x) in (4.1) is given by

(5
WZ( )(x; —z) Rz, —x)

TOM .
— — + - 0<z< Ty
(v +0)ro v+ T gy 6) T T@

where R(x) is defined by (3.39), and the optimal strategy 7 is given by (4.4) with
the parameters x and n* determined by V'(n*;77) = ¢ and V(n*; 7)) — V(0; 7)) =
on*+ K, ie.,

i (8) (o % 0 &) (k% _
V(e @, e, Blg) - Rap -t

Proof. By Lemma 4.2, if the strategy 7 is optimal, we have V'(x}; 77) = 1. Similar
to (3.37), we obtain

Viggm)=+———.

Substituting the above equation into (4.6) and (4.7) yields (4.9). If there exists a
pair of (1, z}) satisfying the equations (4.10) and (4.11), similar to the discussions
of V(x;y) in (3.38), we can prove that V(z;7) in (4.9) satisfies all the conditions
of Lemma 4.2, and hence the results are obtained. Therefore, we only need to show

that there exists a pair of (n*, x}) solving (4.10) and (4.11) with 0 <n* < z7.
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For convenience, we define a function

f@) = 572 +

—z0) x,r9), x> 0. 4.12
- ENDNEE (4.12)

o+

Making the change of variable x = z} — 7%, we can rewrite (4.10) as f(z) = ¢. By
(3.12) and (3.13) in Pérez and Yamazaki (2016), we have

fO)=1<¢, [fl(z)>0, >0, lim f(z)= +oo0.

T—+00

Hence, there exists a unique x; > 0 such that f(z1) = ¢. We define another function
with respect to z, as follows, for z, > 1,

R(zy) — R(x1)
(6 + 7)o

filay) = == (27@) = 2% (@) +

51 —¢(xg—x1) — K. (4.13)

Then the equation (4.11) can be written as fi(z,) = 0. By R'(x,) = 196 Z) (x4, 10),
we have

d
fieq) = 5720 0) + 57 20wy 1) = () = 0> f(01) =6 = 0.

Furthermore, we obtain lim f{(z,) = +o0 and f{(z,) = f'(z,) > 0. Then we get

Tg—>+00

11111 fi(zy) = +o0. Noting fi(z;) = —K < 0, we know there exists an x} > x;
Tq—

such that fi(z}) = 0, and so n* = z; — ;1 is also determined. O

q

Remark 4.2. (i) By the above proof, if K goes to zero, we have that n* tends to zero
and that xy is determined by 5= Z0 (x3) + 55 Z(‘s)(x 0) = ¢. Hence, we obtain
Theorem 5 1 in Pérez and Yamazak‘z (2016)

(ii) Similar to Remark 3.4, we have

lim V(z;m;) =
Yoo 7*

where 1" and T, are determined by
{ 205 =) = o,
) mwy O ok -
Z7(Ey) = 2 (T =) = ¢ + K

Furthermore, letting K tend to zero, Theorem 3.1 in Bayraktar et al. (2013) is
derived.
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5. Optimal Periodic Dividend and Capital Injection Strategy

From the definitions of V,, V, and V', we can easily get the relationship
V() > max{Vy(x), Vy(@)}, x> 0.

Lemma 5.1. If the function v(z) satisfies one of the following two hypotheses, we
have v(z) > V(x),

(i) If v(x) satisfies the conditions of Lemma 3.1 and Muv(0) < v(0);

(i) If v(z) satisfies the conditions of Lemma 4.1 and v(0) > 0.

Proof. (i) If v'(z) < ¢ for all > 0, we have Muv(z) = v(z) — K < v(z). If there
exists 7 > 0 such that v'(n) > ¢, we let 7 = sup{y > 0 : v/(y) > ¢}, and then
v'(77) = ¢. Similar to (4.3), we get Muv(x) < v(z). By Theorem 2.1, the result is
obtained.

(ii) The result follows Theorem 2.1. O

Similar to Lemma 5.2 in Zhao et al. (2015), we give the following lemma.

Lemma 5.2. For V(x;my) in (8.38) and V (x; *) in (4.9), we have
(i) MV (0;73) < V(0;75) if and only zfx <
(i) V(0;77) > 0 if and only if x, >

Theorem 5.1. For the general optimal control problem in Section 2, we have

(i) If 755 — r— < 0, the value function V(z) = V,(x) = V(x,ﬂp) is given by
(8.41), and the optzmal strategy 7 is given by 7y in (3.6) with x5 = 0.

(it) If =355 — 5 > 0 and x, < a7, the value functzon V(z) = Vp(ac) V() is
given by (3’ 38), and the stmtegy 7 is given by w5 in (5.6) with ¥ > 0 determined
by (5.40)

(iii) If 355 — - > 0 and x> a7, the value function V(z) = Vy(z) = V(:L',?Tp)
is given by (4 9), and the optzmal stmtegy T is given m; in (4.4) with 0 < n* <z}
determined by (4.10) and (4.11).

In other words, the value function V(z) = max{V,(z),V,(x)} and the optimal
dividend barrier x* = mln{;z;p, rht.

Proof. (i) If 355 — - <0, we know V/(z; 77) in (3.41) satisfies 0 < V'(z;7my) <1 <
¢. Then ./\/lV( ) < V(x;my) for all x > 0, furthermore, V(z;7;) satisfies the
conditions of Theorem 2.1. The results are obtained.

The results in (ii) and (iii) are obtained by Lemma 5.1 and Lemma 5.2. O
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6. Numerical Examples

In Egami and Yamazaki (2014), the authors considered the spectrally negative
phase-type Lévy process, whose scale function admits an analytical expression; they
proposed an approach to approximate the scale function for a general spectrally
negative Lévy process. The numerical results of this paper are based on their ap-
proximation method. For simplicity, we discuss the cases of the Lévy process X
with hyperexponential and Gamma distributed compound Poisson positive jumps,
respectively.

6.1. Hyper-exponential Compound Poisson Positive Jumps

Assume that X has hyperexponential compound Poisson positive jumps, i.e.,
v(dy) = Ao0, wiae™ ¥y, y > 0,

where A > 0, 0 < a1 < ag < --- < @, and w; > 0 for 1 < ¢ < n such that
> i, w; = 1. The Laplace exponent t(s) is then

2 n
o
Y(s) = 782—’—6084-/\ E w;
i=1

(6%

o+ s

A

If o > 0, the equation 9(s) = ¢ has n + 2 roots, denoted by so = ®(d) > 0,
51,82, ,Spt1, and

Sptl < —Qp < 8y < =g < -0 <81 <0< 59 <7

Here, we use the Laplace transform to analyze the results in Theorem 3.3. Let
p(s) denote the Laplace transform of the function p(x). By the definitions of scale
functions in Appendix B, we have, for s > rg,

70)(g) — w(s) 70) (s ra) — P(s)—0—y 0O &) — ¥(s)
T B Al Py 75 B ) M A CP S ¥
! 7% 620 AQ
w(z) = 2 () _ @r) +92%@) v 1o

Y+ 6 (v 4 6)ro v+066’
Taking the Laplace transforms on both sides of the above equation, we obtain
A 1 1
(s) = 2 rot(s) v p

S SR —ro)W(s) —0) rols—rg)  yt00s "0
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By partial fraction decomposition and after some simplifications, we have

n+1 n+1

_ o+ 1
wls) = 7+528k8k—7’0 HC( . H .SJ v S = To

S; — S S — S
i=1 j=0gk 0 TRk

Inverting the above Laplace transform and combining Theorem 3.3, we obtain the
results in Avanzi et al. (2014).

6.2. Gamma Distributed Compound Poisson Positive Jumps

In the following, we assume v(dy) = 3ye Ydy(y > 0) to illustrate our results.
That is, the size of jumps follows the Gamma(2,1) distribution, and the arrival times
of the jumps are determined by a Poisson process with rate 3.

e Influences of ¢ and K

Let p=1,0 =0, =0.15 and v = 1. By Theorem 3.3, we obtain z; = 3.4116
and V,(3) = 3.6945. By Table 1 (1 and | mean increase and decrease, respectively),
the level of z increases as ¢ or K increases, while the amount of capital injection
7™ increases when K increases or ¢ decreases. With the increase of K or ¢, the
optimal dividend barrier z* = mm{xp,x } (boldface) switches from x to zj, i.e.,
the optimal strategy m* switches from 7 to 7). Accordingly, as ¢ or K increases,
the value function V(3) = max{V,(3),V,(3)} decreases and changes from V,(3) to
V,(3). Furthermore, if ¢ = 1.1 and K > 0.4162, or ¢ > 1.2132 and K = 0.2, the

optimal strategy 7* = 7 and V' = V,,, i.e. the company prefers declaring ruin to
rescuing itself by capital injection whenever it is on the edge of ruin.

Table 1 Influences of ¢ and K on n*, z}, x5, vy = V4(3) and v, = V,(3)

6=11 K=02
K1 02 03  0.4162 05 o1 1.1 1.2 1.2132 13
7t 1.6985 2.0399  2.3592  2.5566 nl  1.6985 1.5212  1.5025  1.3972
xit 2.7509 3.0923 3.4116  3.6090 ait 27509  3.3420 3.4116  3.8348
ar= 34116 3.4116 3.4116 3.4116 at= 34116 34116 3.4116 3.4116
vgl  4.3599 4.0204 3.6945 3.4885 vyl 4.3599 3.7633 3.6945 3.2841

vp=  3.6945  3.6945 3.6945 3.6945 vp=  3.6945 3.6945  3.6945 3.6945

1 Optimal periodic dividend barrier and value function are given in bold.
2 Switch of optimal strategy and value function are given in bold and italic.

e Influence of o

We now consider the influences of the volatility ¢ on the optimal periodic div-
idend barriers and the associated value functions. Let p = 0.75, 6 = 0.1, v = 1,
¢ = 1.1 and K = 0.35. By Table 2 (1 and | mean increase and decrease, respective-
ly), we find that, with the increase of o, the levels of #* and z increase while the
levels of x;, V,(4.2) and V,(4.2) decrease. Larger volatility means higher financial
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risk. For large volatility, if the capital injection is permitted, it is better to enhance
the dividend barrier to guard against risk; otherwise, it is wiser to pay dividends as
soon as possible. At the same time, the higher risk results in the lower value of profit
(value function). As o increases, the optimal dividend barrier z* switches from 7
to xy, correspondingly, the optimal strategy 7* switches from 7 to ;. That is, if
the volatility is large enough, it is more advisable to declare ruin rather than res-
cue the company by capital injection when the ruin occurs. In this example, when
o > 0.5776, the optimal strategy 7* = 7}, i.e., the company prefers ruin to capital
injection when the surplus process hits 0.

Table 2 Influences of o on n*, z7, 5, vy = V4(4.2) and v, = V,,(4.2)

ot 0.1 0.2 0.3 0.4 0.5 0.5776 0.6 0.7 0.8

n* 1t 2.6185 2.6207 2.6243  2.6294  2.6358 2.6418 2.6437  2.6528  2.6633
r, T 4.1833 4.1880 4.1958 4.2068 4.2208 4.2337 4.2378  4.2577  4.2806
x| 4.2530  4.2512  4.2482  4.2440  4.2387  4.2337 4.2321 4.2244 4.2154
vgd 4.9816 4.9728 4.9581 4.9376 4.9114 4.8872 48797 4.8424  4.7999

q
vpl 49119 49095 4.9057 4.9003 4.8935 4.8872 4.8853 4.8759 4.8652

! Optimal periodic dividend barrier and value function are given in bold.
2 Switch of optimal strategy and value function are given in bold and italic.

e Influences of y, 6 and ~

In Fig.1, welet 6 = 0.1,y =1, 0 =0, ¢ = 1.15 and K = 0.2. Then we have
z, = 0if and only if p < pp = 0.2338, and z* = 27 if and only if u < py = 0.7222.
The levels of n* and zj are decreasing as the drift increases. In contrast, u has
a mixed impact on the barrier z7. On one hand, the increasing drift brings the
company opportunities for profit, which requires a higher dividend barrier to delay
the coming of ruin. On the other hand, larger drift brings the company more benefit,
which calls for a lower barrier to distribute a greater proportion of the surplus as
dividend. Fig.1 also shows that the optimal strategy 7* switches from 7 to 7; when
1 increases. That is, the company prefers capital injection to avoid ruin when its
perspective is good enough.

The influence of ¢ is depicted by Fig.2 with py =1, v =1,0 =0, ¢ = 1.1 and
K =0.2. We obtain z* = z; if and only if 6 > 6; = 0.1868 and z; = 0 if and only
if 0 > dp = 0.4646. With the increase of d, the levels of *, z; and z; decrease. The
larger force of interest means more impatience of managers. Then it is the sooner
the better to pay out dividends, which calls for the lower barriers of dividend. The
optimal strategy 7* switches from 7 to 7, with the increase of §. That is, if ¢ is
high enough, it is advisable to declare ruin whenever it is on the edge of ruin.

Fig.3 and Fig.4 depict respectively the effects of v and § on the minimal drift
level pp such that the optimal barrier is strictly positive. For fixing 6 = 0.1, Fig.3
shows that larger v results in lower pg. This means that more frequent dividends
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compensate for lower expected profit p. In Fig.4, fixing v = 1 and increasing § have
a increasing impact on pg, which means that more impatience of manager requires
a higher expected profit. These explanations are consistent with the numerical
illustrations of Figure 2 in Avanzi et al. (2014).

R . . . . . . H . . -
0 Hyo5p 1 1.5 2 25 3 35 4 0.1 5 0.2 0.3 04 & 05 0.6

Drift one time unit pu B Force of interest § 0
3 * * * * M * * * *
Fig. 1 Influences of p on n*, z7, x; and x*. Fig. 2 Influences of ¢ on n*, zj, z; and z*.

0.9

00 é 4 é é 10 8.01 0,62 0.63 0,"34 0.65 0.66 0.67 0.68 0,69 0.1
Dividend-decision intensity y Force of interest &
Fig. 3 Influence of v on minimal drift pg Fig. 4 Influence of § on minimal drift ug
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Appendix A. Proofs of Lemma 2.1 and Lemma 3.3

Proof of Lemma 2.1. Similar to Lemma 3.2 in Peng et al. (2012), we prove
the result by constructing a strategy 7 such as V(z;7) > V(z;7) where 7 is an
admissible strategy with the amount of capital injections z > 0 at the initial time,
ie., 7 =0 and £ = 2.

We define the stopping time 77 = inf{t > 0 : X7 < z} and the number of capital
injections before 77 by m = sup{n > 1: 77 < 77}. The strategy 7 is constructed as
follows: LF = LT for all ¢ > 0, and

T o__ T T __ T s .
Ti = Tirty fl _§i+17 for 2_1727'“7m_17

7'7?:7'-”, §f: T for i=m+1,m+2,---

If 77 = oo, then 7™ = 7" = m = co. We have
V(z;m) = V(e;m) = K+ ¢z > 0.

If 77 < oo, we have X > 0 for ¢t < 77 by the definitions of 77 and #. We set
7 =77 and & = z, then X7, = XT.. Furthermore, we obtain

V(e 7)) = V(em) = K+ ¢z — E%[e™ (K + ¢2)] > 0.

Hence, the result is proved. In other words, if capital injection occurs, Xf:_ =0,a.s.
holds for the optimal strategy 7*.

Proof of Lemma 3.3. We still denote by S,, the stopping time S,, = inf{t >
0: X" >mor X;* < L} Under a periodic barrier dividend strategy , in (3.6),
substituting v;* = X.” + AX, —z, and 2, = X,* + AX; — v5” in (2.11), removing
the capital injection and taking the expectations, we obtain

E* [eia(tASm)V(Xz;fsm; )]
tASm
=V (x;m,) — £ [/0 e (X + AX, — xp)l{X:”JrAXstp}st} (A1)
tASm
+ E° {/ (o — OV (X";m,) + WM(S)]dS} ;
0

where M(s) = [X;rf + AX, —xp+ V(g m,) — V(X2 + AX; ﬂ'p)} LixX™ yAX >0}
Since V(x;m,) is bounded above by a linear function, there exist two constants (;
and [y such that

0 < e NSIV(XT2y sm,) < BiX,lg 4 Be < B1 sup X[7 + fo.
t<T™P
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By (21) in Kuznetsov et al. (2012), we have

1
E?[ sup Xi]=x+ EJ| sup Xt]:x—l—ﬁ%——,

0<t<T, 0<t<Ty v ()

where ®(y) = sup{s > 0 : ¢(s) = v}. Similar to (3.73) in Avanzi et al. (2014), we
obtain that {e~°"$m)V(X]?; ;7,)} is dominated by a nonnegative and integrable
random variable. Letting ¢ and m go to oo in (A.1), using the dominated convergence
theorem, noting that V' (x;7,) is right continuous at zero, and S,, * T™, X &, =0
a.s., we get

T
V(x;m,) = E* {/ e (X + AX, — Tp) L xm  Ax 52,345 | 5
0 s— —<p

if and only if
(o = OV (z;m,) + 7yl —xp + Vixy mp) — Vi Wp)]l{xep} =0.

The continuous condition in (3.10) is obtained by (3.8) and (3.9).

Appendix B. Scale Functions

We now recall the definition of the g-scale function for the spectrally positive
Lévy process X, whose Laplace exponent v is given by (2.1). For ¢ > 0, there exists
a continuous and increasing function W@ : R ~ [0, 00), called the g-scale function
defined in such a way that W@ (z) = 0 for all z < 0 and on [0,00) its Laplace
transform is given by

/000 e WD (2)da = m, s> ®(q),

where ®(q) is given by (2.2). We give the function Z(@(z), closely related to W@ (z),
by

Z(q)(x) =1+ q/ W(q)(y)dy, xr € R,
0

and its anti-derivative
o T T y
Z(q)(x) = / Z9D(y)dy = = + q/ / W (2)dzdy, = €R.
0 o Jo

Noting that W (@ (z) is identically zero on the negative half line, we have Z(@(z) = 1
and 7(Q)(:v) =z for z <0.
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The so-called second scale function is defined by, for s > 0,
Z@@wﬁwﬂ<rww@—@/eﬂwwww@),xza (B.1)
0

and Z@W(z,s) = e for z < 0. Note Z9(z,s) = ZW(z) for s = 0 and that we can
rewrite Z(9(xz, s) for s > ®(q) in the form

Z@WﬁF4WQ—®Am€wW@@+WW7$ZQ8>M®- (B.2)

From Chan et al. (2011), we know the following facts about the scale function.
If X has paths of bounded variation, we have that W@ € C'((0,00)) if and only if
the Lévy measure v has no atoms, particularly, if v is absolutely continuous with
respect to Lebesgue measure, W@ ¢ C'((0,00)). In the case that X has paths
of unbounded variation, it is known that W@ € C'((0,00)). Moreover, if o > 0,

C'((0,00)) may be replaced by C?((0,00)). Hence, Z@ € C*((0,0)), 79 ¢ C'(R)
and 7 ¢ C?((0,00)) for the bounded variation case, while Z(@ € C'(R), Z(@ ¢

C?((0,00)), 79 ¢ C*(R) and 79 ¢ C3((0,00)) for the unbounded variation case.
Considering the asymptotic behavior near zero, we have

0, if X is of unbounded variation,

WD+ =< 1 B.3
(0+) —, if X is of bounded variation. (B.3)
CO
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