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We establish the ultimate limits to the compression of sequences of identically prepared qubits.
The limits are determined by Holevo’s information quantity and are attained through use of the
optimal universal cloning machine, which finds here a novel application to quantum Shannon theory.

Introduction. A fundamental feature distinguishing
quantum states from classical probability distributions is
the freedom in the choice of basis, which can be used to
encode information even when the spectrum of the state
is fixed. States with fixed spectrum can be used, for in-
stance, as indicators of spatial directions [}, 2], probes for
frequency estimation [3| [4] or even pieces of cryptocur-
rency [5]. Due to Holevo’s bound [6], the basis informa-
tion cannot be extracted from a single quantum parti-
cle, but becomes accessible when multiple copies of the
same quantum state are available. Suppose that a sender
wants to transmit to a receiver the information contained
in a sequence of n identically prepared particles. In this
scenario, an important question is how to minimize the
amount of quantum bits (qubits) used in the transmis-
sion, subject to the requirement that the initial n-particle
state can be approximately rebuilt at the receiver’s end.

The compression of identically prepared states has
been theoretically studied [7] and experimentally imple-
mented [§] in the pure state case. For mixed states, two
of us proposed a protocol [9] that compresses states with
fixed spectrum and variable basis. The protocol encodes
n identically prepared qubits into a memory of 3/2logn
qubits, which is provenly the smallest memory size when
the decoder is bound by the conservation of the total
angular momentum. Whether lifting the angular mo-
mentum constraint allows for further compression has
remained as an open problem so far. Moreover, little
is known in the case where no prior information is avail-
able on the spectrum. Finding the optimal compression
protocol for general quantum states is important for ap-
plications (where the spectrum may be unknown) and for
the foundations of quantum theory, because it provides
a characterization of the different information content of
quantum states and classical probability distributions.

In this Letter we identify the optimal compression pro-
tocols for sequences of identically prepared qubits. We
first consider states with known spectrum, devising a
compression protocol that stores a sequence of n qubits
into a memory of logn qubits, the ultimate limit set by
Holevo’s x quantity [6]. The memory reduction from
3/2logn to logn qubits is accomplished through a novel
application of the optimal universal cloning machine [I0-
12], here used to modulate the values of the total angu-

lar momentum. On average, the modulation is of size
v/n and its logarithm is exactly the amount of memory
saved by our protocol, compared to the optimal proto-
col with angular momentum preserving decoder [9]. We
then address a new compression scenario where no prior
information about the state is given. For this scenario,
called full-model compression, we devise a protocol that
uses a hybrid memory of logn qubits and 1/2logn clas-
sical bits. The protocol is optimal: in fact, no further
compression can be achieved even if the hybrid memory
is replaced by a fully quantum memory. The main result
of the Letter is summarized by the following theorem:

Theorem 1. A sequence of n identically prepared qubit
states can be optimally compressed into logn qubits if the
spectrum is known and into logn qubits plus 1/2logn
classical bits if the spectrum is unknown.

Comparing the two protocols, we identify log n qubits
as the amount of information contained in the choice of
basis and 1/2logn bits as the information contained in
the spectrum. This interpretation is consistent with the
fact that 1/2logn is the number of bits needed to faith-
fully compress n independent samples of a classical prob-
ability distribution over the binary set {0,1} [13].
Compression protocol for known spectrum. Consider the
compression of n qubits, independently prepared in the
state p, = gpg', where p = p|0)(0] + (1 — p)[1)(1] is a
fixed density matrix and g € SU(2) is a variable unitary
matrix implementing a change of basis. Without loss of
generality, we assume p > 1/2 (the case p < 1/2 is au-
tomatically accounted for by the change of basis). Using
the Schur-Weyl duality [14], the state of the n qubits can
be written in the block diagonal form

). 0

where the equality holds up to a global unitary trans-
formation, known as the Schur transform and efficiently
implementable on a quantum computer [15]. In Eq. ,
J is the quantum number of the total angular momen-
tum [I6], ¢ is a probability distribution, py s is a density
matrix with support in an irreducible space Rz, and I, ,
is the identity matrix on an m j-dimensional multiplicity
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space M [14].
Gibbs form [17]

The state pgy ; can be expressed in the
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where {|J,m)}/ __, are the eigenstates of the z-
component of the angular momentum operator and Uy s
is the unitary matrix representing the change of basis g
in the irreducible space R ;.

We now show how to optimally compress the states
p?”. In general, a compression protocol consists of two
components: the encoder, which stores the input state
into a memory, and the decoder, which attempts to re-
construct the input state from the state of the memory.
Encoder and decoder are both represented by completely
positive trace preserving linear maps (a.k.a. quantum
channels) [I8]. Therefore, a quantum compression proto-
col is specified by a couple (€, D), consisting the encoding
and the decoding channel, respectively. The performance
of the protocol is determined by the tradeoff between two
quantities: the memory size, quantified by the dimension
denc of the memory’s Hilbert space, and the compression
error, measured by the worst-case trace distance between
the initial state and the state recovered from the memory

1
€= max —
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with [|A]|; := Tr vV AT A. The key issue is to minimize the
memory size, while guaranteeing that the compression
error vanishes in the large n limit.

The optimal protocol is based on two ingredients: The
first is the concentration of the probability distribution
s in Eq. (I). Explicitly, the probability is given by [J]

w2 [m G2 -]

where B(k) is the binomial distribution with n + 1 trials
and probability p and Jp := (p—1/2)(n+1) is close to the
average value (J) = ) ; Jq;. From the above expres-
sion it is clear that the values of J with |J — Jg| > /n
have exponentially small probability in the large n limit.
As a result, the performance of a compression protocol
depends only on its action on the subspaces R; @ M
that satisfy the condition |J — Jo| = O(y/n).

The second ingredient of our compression protocol is
a remarkable property the optimal universal cloning ma-
chine (UCM) [11l [I2]. Mathematically, the UCM is de-
scribed by a map transforming (operators supported in)
the symmetric subspace of 2.J qubits into (operators sup-
ported in) the symmetric subspace of 2K qubits. Here we
allow J to be larger than K, in which case the “cloning”
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FIG. 1. Optimal compression for known spectrum and
completely unknown basis. The encoder collects infor-
mation from subspaces with different angular momenta and
concentrates it into a system with angular momentum Jo.
The decoder spreads the information back, modulating the
angular momentum by /7 units on average.

process just consists in getting rid of 2(J — K) qubits.
With this convention, the cloning channel is

2741
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where P, is the projector on the symmetric subspace of
2z qubits and Tr, denotes the partial trace over the first x
qubits. The key to our compression protocol is to regard
the Gibbs states in Eq. as states on the symmetric
subspace of 2J qubits and to observe that UCM has the
following property, derived in the Appendix:

Lemma 1 (Universal cloning as a Gibbs state adapter).
The wuniversal cloning channel Cj_ i transforms the
Gibbs state pg, j into the Gibbs state py x with error

ICr—k (pg.1) = Pgxclly <075 +0(5), (6)

where s > 0 is an arbitrary constant and § := |J — K|/J.

This result establishes a bridge between the cloning of
pure states and the compression of mixed states. Lever-
aging on Lemmal[]and on the concentration of the proba-
bility distribution {q;}, we devise the following protocol:

e Encoder. Perform the Schur transform. Then,
measure the quantum number J with the non-
demolition measurement that preserves the quan-
tum information in each subspace Rj; ® M ;. Dis-
card the multiplicity register and apply the cloning
channel Cj_,j, to the remaining state p, j. Store
the output state Cy_, 1, (pg,s) into a quantum mem-
ory of dimension dg,. = 2Jy + 1.

e Decoder. Pick a value K at random with probabil-
ity gk and apply the cloning channel Cz,_, x to the



quantum memory. Append a multiplicity register
in the maximally mixed state I,,, /mg. Finally,
perform the inverse of the Schur transform.

The protocol, illustrated in Fig. is mathematically
described by the channels

n/2
Elp) = Z Crso [Tra, (ILypIly)]
J=0
n/2 I
'D(p) = I@)QK |:CJ0—>K(p) & miK s (7)

where Il is the projector on R ;@M ; and Tr ¢, denotes
the partial trace over M ;.

The above protocol requires a memory of log(2Jy+1) =
logn + O(1) qubits. On the other hand, the error is ar-
bitrarily small for large n: this is because the states py s
with |J — Jp| > 4/n have negligible probability according
to Eq. , while the states py ; with |J — Jo| = O(v/n)
can be faithfully encoded in the state pg, j,, thanks to
Lemma |1f (see the Appendix for more details).
Optimality of the protocol with known spectrum. Our pro-
tocol uses the minimum memory size compatible with
the requirement of vanishing error. The argument goes
as follows: For a generic ensemble E = {p,,p,}, a mea-
sure of the information content is provided by Holevo’s
information [6]

where H(p) = — Tr[plog p] is the von Neumann entropy.
When the ensemble E is faithfully stored in a quantum
memory, the memory should be large enough to accom-
modate the Holevo information of E. Since a memory of
dimension d.,. can have at most a Holevo information
of logdenc [6], one has the bound logden. > x(E). For
e > 0, an approximate version of the bound is [19)]

IOg denc > X (E) —2¢ IOg de + 2/1(6) ) (9)

where dg is the effective dimension, defined as the rank
of the average state pg := ) pypz, and p(e) := —elne.

Eq. @ sets a lower bound on the memory size, valid
for arbitrary ensembles. However, the bound may not be
tight. Notably, the bound is not tight for the ensembles
considered in our paper. The reason is the dimension-
dependent term log dg, which can be arbitrarily large: in
our case, we have dg = 2" for p # 0,1. To address this
problem, we use the notion of sufficient statistics [20].
An ensemble E' = {p/,p,} is called a sufficient statistics
for the ensemble E = {p.,p.} if the states of E can be
encoded into states of E' and decoded with zero error.
Since the encoding is reversible, the ensembles E and E’
have the same Holevo information, namely x(E’) = x(E).
Moreover, the number of qubits needed to encode the

original ensemble E up to error ¢ is equal to the number
of qubits needed to encode the ensemble E’, up to the
same error (see the Appendix for more detail). Using
these facts, we can improve the bound @[), obtaining

log dene > X (E) — 2¢elog dIE“i“ +2u(e), (10)

where d‘Eni“ is the minimum of dg: over all ensembles E’
that are sufficient statistics for E. We call Eq. the
Holevo bound for compression.

Let us apply the bound to the ensemble E = {pZ", g},
where g represents the uniform distribution over all
changes of basis. For this ensemble, explicit calculation
(provided in the Appendix) yields

X(E) =logn+ O(1). (11)

A sufficient statistics for E is provided by the ensem-
ble E' = {p,, g} with pi = @3/:20 qJ pg,s, Obtained by
getting rid of the multiplicity spaces in Eq. . The
ensemble E’ has effective dimension

n/2

de =3 (27 +1) = (g+1)2, (12)

J=0

which is provenly the minimum over all sufficient statis-

tics [9, 2I]. Inserting Egs. and into Eq.

we obtain the bound
log denc > (1 — 4e) logn — 4e — 2u(e) + O(1).  (13)

When € is asymptotically small, the leading term is logn,
the number of qubits used by our protocol. Hence, we
conclude that the protocol is optimal and that the Holevo
bound for compression is tight for the ensemble E.

Compression protocol for arbitrary qubit states. Let us
now turn to the full-model compression. A simple pro-
tocol for compressing arbitrary states is to measure the
magnitude of the total angular momentum, to store the
outcome J in a classical memory and the state pg s in a
quantum memory. Since J can take any value between
0 and n/2, this protocol requires [log(n/2 + 1)] classical
bits. Moreover, since py s has support in a (2J + 1)-
dimensional space, the protocol requires [log(n + 1)]
qubits in the worst case scenario. At first sight, it seems
hard to do any better: One cannot use less than logn
qubits, because the input state could consist of n copies
of a random pure state and no protocol can compress
such a state in less than logn qubits [9]. On the other
hand, J can take n/2 + 1 values and it is not possible to
encode this information in less than logn bits. Despite
these facts, we now show that the amount of classical
bits can be cut down by a half with asymptotically neg-
ligible error. The key idea is that the decoder need not
have full information about J: thanks to Lemma [T} two
states pg ; and pg i with |J — K| = O(y/n) are approxi-
mately interconvertible. Motivated by this fact, we par-
tition the values of J into disjoint intervals Lq,...,L; of
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FIG. 2. Optimal full-model compression. The encoder
disassembles an arbitrary sequence of n identically prepared
qubits into a classical part (1/2logn bits) and a quantum
part (logn qubits). The decoder recombines these two pieces
of information, approximately retrieving the initial state of
the sequence.

size O(y/n). Instead of encoding the measurement out-
come J, we compute the index ¢ such that J € L; and
store it in a classical memory. Since the index i can take
O(y/n) values, the size of the memory is (1/2)logn, in-
stead of logn. The details of the protocol are as follows:

e Encoder. Perform the Schur transform. Then,
measure the quantum number J with the non-
demolition measurement that preserves the quan-
tum information in each subspace R; ® M ;. Find
the index i(J) such that J € L;). Discard the
multiplicity register and send the remaining state
pg,s to the input of the quantum channel C;_, (),
where f(.J) is the median of the subset L;(s). Store
the output state C;_, r(s)(pg,s) in a quantum mem-
ory and the index i(J) in a classical memory.

e Decoder. Read the value of i(J) from the classical
memory. For a given value of i(J), pick a random
value K in the subset L; ;) and apply the channel
Cy(x)—k to the quantum memory. Then, append
the multiplicity register in the maximally mixed
state I, , /mx. Finally, perform the inverse of the
Schur transform.

The protocol is illustrated in Fig. [2l The explicit expres-
sion of the channels £ and D, as well as the proof that
the error vanishes in the large n limit can be found in
the Appendix. Here we emphasize a few points: First,
it is convenient to choose one interval—say, L;—to con-
tain only the value J = n/2. In this way, the protocol
acts as the identity in the symmetric subspace and pure
states are compressed without error. Second, random
sampling in the decoder is essential for achieving vanish-
ing error. This fact is illustrated in Fig. [3] which shows

FIG. 3. Spectral distributions of the output states
with and without sampling. A comparison of the spec-
tral distributions of the following states: the original state
p?" (black, solid line), the output state of the optimal pro-
tocol (red, dashed line), and the output state of a protocol
with the same encoder of the optimal protocol and a decoder
without sampling (blue, dashed line).

that sampling yields a well-behaved interpolation of the
spectral distribution in Eq. , while the lack of sam-
pling leads to a poor approximation. Third, comparing
the full model compression with the fixed-spectrum com-
pression leads us to identify 1/2logn bits as the amount
of memory needed to store the information about the
spectrum. This interpretation is consistent with the fact
that 1/2logn bits is the size of the smallest classical
memory needed to faithfully store n samples of a generic
probability distribution over the set {0,1} [13].

Optimality for the full-model compression: The optimal-
ity of the full-model protocol can be proven with the
same techniques used for fixed spectrum. In fact, an even
stronger result holds: replacing the hybrid memory with
a fully quantum memory does not improve the compres-
sion, because 3/2logn qubits is the minimum memory
size allowed by the Holevo bound for compression. The
details are provided in the Appendix.

Conclusion: In this Letter we showed how to compress
identically prepared qubits in the smallest possible mem-
ory. The key technique is the use of universal cloning
to convert Gibbs states of different angular momentum.
Converting Gibbs states is a novel application of quan-
tum cloning [22H24] and may inspire further applications
in the resource theory of quantum thermodynamics, both
in the free [25] and in the size-restricted case [26]. Ex-
tending our results, it is also interesting to investigate
the relation between cloning and compression for other
families of states, such as phase [27] 28] and mirror-phase
[29] covariant states, and mixed states of arbitrary finite
dimensional systems [9]. The recent implementation of
various quantum cloning machines [30H33] suggest that
prototypes of optimal compression may be experimen-
tally demonstrated in the near future.
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Proof of Lemma 1.

In this section, we show that the universal cloning channel C;_, i transforms the Gibbs state p, ; into an approxi-
mation of the Gibbs state py x, which becomes accurate when |J — K|/J is small. Specifically, we show that the error

satisfies the bound

1 ot
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valid for arbitrary g € SU(2) and arbitrary s > 0.
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First of all, note that the covariance of the cloning channel and the unitary invariance of the trace norm imply the
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equality
1Cr—k(pg,7) = Pg.lly = ICs= K (Pe,s) = peilly Vg € SU(2), (15)

where e is the identity element in SU(2). Hence, it is enough to show the bound

1—s

S 1Csaxc(p) = piclly < S 1+ 06, (16)

with pj 1= pe,; and pi := pe, k. To prove this bound, we use the expansion

J
ps=(Ny)™H > ptm A= p) T m) (T ml, (17)
m=—J
where N is the normalization constant given by
J . .
Ny= Y p/H(1—-p)’
j=—J
(5"
P

=p*'* ~ (18)

2p —1

In the following we will analyze the cases J < K and J > K separately.
The J < K case.
We begin by checking the action of Cj_, x on the projectors |J, m)({J,m|. For J < K we have

2J +1
ol ml) = (22

2J +1 2K —2J 2J oK \ !
- <2K+1>;(K—J+k—m><J+m>(K+k> K RYE K-

Note that we have the equality

) Prc(|Jm) (J.m| @ Pre_y)Pxc

2T +1 ) 7))

UK 1) () K I om =) = (327 ) (e

Therefore, we can express Cj_ k (|J,m)(J, m|) as

2J+1> (f"m)
2K +1) (25)

where o i is a suitable quantum state. Combining the above equation with Eq. , we obtain

2J
27+ 1\ (7,

K, K +m— JWK K +m—J| + 1<2K+1) (JQKWJJ,K
J—

Crsrc (|, m) (T, m]) = (

J J+m J—m
3 2 p) 2741\ ()
CJ_>KpJ {<2K—|—1)( )|KK—|—m J><KK+TTL J|

m=—J
NS (,27.) U
2K +1) () [7F
Now, we focus on the entries with m € [J — |6%], J], where s > 0 is a parameter to be specified later. We rewrite the
output state as

J

J+m 2J
P 1—p 2J+1 ( )
CJ%K(pJ): E (N] ) (2K+1)( )\KK—i-m J)(KK—Fm J|+MJK,
m=J—|§"%| : —m




where 17 ik is a positive operator with trace

ZJ: pltm (1 —p) (2J+1) (,2)

s v R ()

m=J—[6"5]
Next, substituting J — m with k, we have

(%)
(%)

L) 27k k

P (1-p) 2J +1
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k=0 J

|KaK_k><K7K_k‘+,uJ,K-

Using the expression ([17)) for px, we bound the error as

L") 27—k 2J 2Kk ]
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< max P (2];() Sy +t3 TT[MJ,K] + g
4dp — 2 kefo,|6-°]] | Ny \ 2K +1 (k) Ng 2 P

Since p > 1/2 and s > 0, it is obvious that the third term in the last inequality vanishes exponentially in J, and we
need only to show that the first term and the second term also vanish as J grows.

For the first error term, we have the following expansion:

p2J (2J—|—1) (2];]> p2K

Ny \2K +1) (?F) Nk
:Iﬁ 9s—2k [ 2J+1\ Nk ) 1
Ne [P 2K +1) Ny (K)
_\2EH
Tal[PENS () e,
TN 2J+1 2K\
Ng [\ 2K +1 1_(%1,) +(k)
X )\ 2K+
:Iﬁ 2J 41 _ (T> B In(#)+ @K —k+1) In(1- ) —@I—k+1) In(1- £ )+0(¥) _ |
Nk [\2K+1/ | (;p)l’“ ’
p

the third line coming from Eq. . Recalling that 6 = (K — J)/J, it is straightforward to verify that

2J +1
2K +1
eE /K = 1 _ kg + O(kd?)

=1-5+0(5%)

2
oK —k+1) In[1—k/(2K)]—(2J—k+1) In[1=k/(2)] _ 1 _ ZT? +0 (K672



Substituting the above equations into the expression of the first error term, we have

2J 2J 2K 2K 2
20+ (5) P k26 ey ) B
- = —6—ké — — + O (k> O(ké o(J
kot | N (2K+1) Ky " Nk | Nk k0 5os ] i 7Ol ) +0(kd*) +O(J 1)
p2K
<——[0""F+0(5) +O0(J )]
Ngk
2p —1

=== 0+ 0]

For the second error term, we have

Trlpsx]=1— (Ny) ! Z p (A= p) (2K +1

(%)
m=J— 67| J—m
7 27
B (27 +1 _ )
<1—(Ny)! Z p’ (1 —p)t ( ) min TER Y
m=J—6"%] 2K +1 m'€lJ=16721,J] (me’)
7
— m —m 2J+ 1
<1—(Np)t > pitra-p)! (2K+1)
m=J— 67|

R o (1)

1_(177p>2J+1 2K+1
p

which vanishes as J grows. Finally, combining the above calculations, the error of the conversion can be bounded as
1—s

2

1
§||C,Hz<(p.1) —pxli < [1+0(5%)],,

for any s > 0. Since s can be chosen to be arbitrarily small, the leading order of the error is close to d.

The J > K case.

In this case, the action of C;_ x on the projectors |J, m)(J, m| is
2J — 2K 2K 2J \ !
= E K K E|.

Notice that

2K
(K, K +m — J|Ciox(|J,m)(J,m|)|K,K +m —J) = (=) .

Therefore, we can express Cj_ g (|J,m)(J, m|) as

(25) )

() (%)

where 0 k is a suitable quantum state. Combining the above equation with Eq. , we have

]

Crok(|J,m)(J,m|) = |[K, K +m— J)Y{K,K+m—J|+

J 2K
Crorlps) = (N)™H Y7 /(A —p) 7 { (JQJm) K, K +m— J(K, K +m—J|+

(7m)

m=—J



Again, we focus on the entries with m € [J — [§7°], J] for a parameter s > 0 and rewrite the output state as

4 (,5)
Cror(ps) = (Nj)™ Z pI (L = p) T

—INK,K+m—J|+ pxk.

m:J—LJ*"J (J—m)
R | - ; ()
Here 1,k is a positive operator with trace Tr[py ] =1—(Ng)™" o0 |5-+/ P M1 —p)/- (“’7'”) Next, substi-
J—m

tuting J —m with k, we have

[677] (ZK)
Crok(py) = Z P> (J) K, K — k) (K, K — k| + .
k=0 k

Using Eq. for pg, we bound the error as

1 1 5™l L [p27* (25) P2k
e - — - 1 - KK — k(K K—
$1Cs-ps) —prlh = 5 | 37 (= | P bl P K U K bl e

k=0
2K 2K —k k
1 _
- L =p) K, K — k) (K, K — k|
k=[5 Nk
=[6—%]+1 1
L5_§J 2J (2K 2K 2K 2K —k k
1 1-—
<3 3 0=t ) | 3 el s
7 (%) K k=[6—2]+1 K
2J (2K 2K [67°]
P (%) p 1 1-p
< P w) P14~ R
= dp— 2 kel o)1 | Ny (/) Nk 3 ] + D

Since p > 1/2 and s > 0, it is obvious that the third term in the last inequality vanishes exponentially in J, and we
need only to show that the first term and the second term also vanish as J grows.
For the first error term, we have the following expansion since k < J:

p2J (25) p2K

Ny () Nk
2K
:Iﬁ p2/ 2K K Nk ( k ) 1
Ng Ny (2 )
2K+1
1-p
I )
_NK » 2J+1
- (5)
2K+1
2K (—p)
P P ek In(K/J)+(2J—k+1) In[1—k/(2J)]— (2K —k+1)In[l1—k/(2K)]+O(J 1) _1
NK (1 p)QJ"rl
p

Recalling that 6 = (J — K)/J, it is straightforward to verify that
eFIEST) — 1 — k6 + O(kd?)

2
(2T —k+1) In[1—k/(2J)] = (2K —k+1) In[1—k/(2K)] _ | _ % +0 (K672

Substituting the above equations into the expression of the first error term, we have

2J (2K 2K 2K 2
' C) p P k25 .

- = k6 — —— + O (K367 o(J
kool | Ny (/) Nk| Nk kel0.16-+] 4 ( ) +0(J7)
p2K 1 )
< — -s -
S (61 +0(J7h)]

2p

- 71.175 s
= e o)
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For the second term, we have

()
Trug,sr] =1 = (Nj) ™ Z p (A = p) T

m=J—|6"%] (me)
J 2K
<1-(Np™H > pMra-p)Tm min %’”)
m=J— 65| m'elJ=1072,J] (me’)
J
<1-— (NJ)_l Z pJ-l-m(l _ p)J—m
m=J—|6"%]
1_ (1;p> L(S_SJJrl
—1— P

1 (ﬂ)2J+1
p
o [67%]+1
< (1 p) :
p

which vanishes exponentially fast as J grows. Finally, combining the above calculations, the error of the conversion
can be bounded as

1-s

2

SlCsx () — prclh < S5 1+ 057, (19)

for any s > 0.

Precision analysis for known spectrum.

The compression protocol for known spectrum is characterized by the couple (€, D), where the encoding channel is

n/2

E(p) = Crsuy [Tra, (ILyplly)]
J=0

where II; is the projector on Ry ® My and Trq, is the partial trace over M ;. The decoding channel is

n/2

D(o) = P ax |:CJOHK(CT) ® I’"K} .
K=0

It is then straightforward to check that, when the input state is p_fl@”, the output state of the protocol will be

y
Do& (p?") = @QK [Z 07 (Cro—k ©Ciup) (Pg,0) @ —

m
K J K

Now we evaluate the performance of the protocol. The error can be expressed and bounded as in the following.

1 n n
e= max [ Do€ (s7") —py",

Pg,.K — ZQJ (Cromk ©Crmay) (pg’J)
J

1
—“"‘_;"‘Xﬁqu
K 1

IN

1
3 > asaxllpx = Crmre 0 Cosay) (PNl
J,K

having used the covariance of the universal cloning channel.
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Now, recall that, for large n, the distribution {q;} is peaked around Jy. Using this fact, we can define the set
S:=[Jo — Vnlts Jo+ vVnlts] (20)

for some positive parameter s to be specified later, so that lim, o Y, Jgs 47 = 0. Then, we continue bounding the
error as

1 1 1
€<y > qax + 3 > qax + 3 > araxllox = € 0Cossy) (P21

JgS K KgS,J JKeS
1
= ar+ 3 > asaxllex = Coor ©Crgo) (p1)h
Jgs J,KES
< —C 21
< ;gSqJ + %gs lpx —Cisr(pa)l1, (21)

where the last inequality comes from the bound

lpre — (Crosx ©Crmiy) (P11 < llpx — Cromsx (pao)lly + [ICao— K (P5) — (Cro—i ©Cszy) (P74
<llpr = Cromsrc(Pro)ll + lpgo — Cosao (pa)lln
<2 — .
<2 max lpx — Cimr(pa)lla

Now, we show that both terms in Eq. vanish in the large n limit. To handle the first term, we use the explicit
expression of ¢; [9], whose derivation is provided here for convenience of the reader:

s = Tr [Lyp§"]

J
=my Z pn/2+m(1 _p)n/Qfm

m=—J
- (2J + 1)[pn/2+J+1(1 o p)n/2f‘] o pn/2fJ(1 o p)n/2+J+1] ( n+1 >
N (2p—1)(n+1) n/2+J+1)’

n+1

having used the expression of the multiplicity m; = (2J + 1)( )/(n + 1). Rearranging the terms we get

n/24+J4+1
2J+1 n n
w="5-|P(G+7+1)-B(5-7) (22)
where B(k) = p*(1 — p)"*(}) and Jy = (p — 1/2)(n + 1).
Using Eq. , we then have
Jo+vnits
2J+1 n n
2w=1- > Sy [B<§+J+1)_B<§_J>}
JZs J=Jo—vnl+s
o 22Vttt Jﬁiws B (E +J+ 1) L 2o+ 2VnF 41 Jﬁim B (E _ J)
- 2Jo 2 2Jo 2
J=Jog—Vnlts J=Jo—Vnlts
2Jo — 2V/n1Fs + 1 1-p\?
<1- Jo n [1—2exp (anHSp*z)] + 2exp |—2 Rt 2 I
2Jo D
/nlts oplts 1-p\°
< n +2exp | — n +2exp |2 TP, , (23)
Jo p? D

having used the Hoeffding’s inequality in the second last inequality. From the above inequalities, it is clear that for
any positive threshold we can choose a s to be small enough so that this term is bounded by the threshold for large
enough n.

On the other hand, we notice that J ~ K for any J,K € S, and thus the second error term also vanishes.
Substituting § < (2v'nlts)/Jy into Eq. , we get that

max [lpg.ic = Coonlpg)li = T 10 (n7) s >0 (24)

Summarizing from Eq. and Eq. , we have shown that ¢ < O (n_%“) for arbitrarily small s > 0.
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Elementary properties of sufficient statistics

Here we complete the argument given in the main text, showing that if E’ is a sufficient statistics for E, then i) E
and E’ have the same Holevo information and 4) E can be stored in a memory of ¢ qubits with error € if and only if
E’ can be stored in a memory of the same size, with the same error.

By definition, the fact that E’ is a sufficient statistics means that there exist encoding and decoding channels (&g, D)
such that reversible map R from any state p, € E to the state p/, € E’, in formula

Eolpe) =p, and  Do(py) = pa, (25)

for every possible z. Using the above relation, it is easy to show that every compression protocol for the ensemble
E—say, (£, D)—can be turned into a compression protocol for the ensemble E'—call it (£, D’)—Dby defining

g :=E0Dy and D :=&oD.

Likewise, every compression protocol for E'—say (€', D’)—can be turned into a compression protocol for E—call it
(€, D)—Dby defining

E:=E0& and D:=DgyoD. (26)

Hence, the ensembles E and E’ can be compressed in the same quantum memory with the same amount of error.
Moreover, Egs. and the monotonicity of Holevo’s information imply the relations x(E') < x(E) and x(E) <
x(E’), whence x(E") = x(E).

Optimality of the compression protocol for known spectrum.

In this section we present the complete prove for the optimality of our protocol for compressing qubit states
with known spectrum. We choose the sufficient statistics E' = {€D ; ¢spy,s, g}, which has effective dimension dg; =
(n/2 4+ 1)2. Recall from the Letter the following bound

log denc > X (E) — 4elogn — 2u(e) + O(1). (27)
Next, explicit calculation shows that the Holevo information of the ensemble E can be expressed as

X (E) = —nH(pg) + H({gs}) + > _ qs log(2] + 1) + log m,/] (28)
J

From a previous work [see Eqgs. (7), (10) and (11) of [35]], we know that
1
ZqJ [log(2J + 1) + logm ] = 3 logn +nH(pg) + O(1). (29)
7

For the entropy of the probability distribution {q;}, we first notice that by definition [cf. Eq. (22)], the entropy of
{QJ} iS

H({qs}) = Z qJ {log

Next, we calculate the three terms in Eq. separately. Notice from Eq. (6) of [35] that asymptotically the first
term is

Lo B(Z+J+1)+1og[1—mn. (30)

=log(2Jo) — > _ qslog(2] +1)
J

=log(n+1) +log(2p — 1) —log(2p — 1) —logn + o(1)
=o(1), (31)

—E lo
qj log 2
J
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which vanishes with the growth of n. By explicit expanding the binomial distribution, the second term can be
calculated as

—qulogB<g+J+1)
J

+1
_ ] p(n/24+7+1) (| _ p\(=p)(n/2—=0)( T
zj:qtl Og[p ( p) T4+

n+1
:—plngZQJ( —I—J—i—l) (1—-p)log(l—p ZQJ(_J)_ZJ:QJIOg<g+J+1)
=nH({p,1—p}) ZQJ10g< ,]> +0(1)

—nH({p 1~ p}) ~ nH({p, 1~ p}) + 3 ogn +0(1)
:%lognJrO(l), (32)

having used Eq. (11) of [35] in the second last step. Finally, the last term in Eq. (30]) can be evaluated as
B(n/2—J) 1-p\* ™ n+2742
zJ:q" Og[ B(n/2+J +1) EJ:‘U ©8 » n—2J

o

= o(1). (33)

Substituting Egs. , and into Eq. , we immediately get that

H({as}) = 3 logn +O(1). (34)

Substituting Egs. , and into Eq. , we bound the memory size as
108 denc(E) > logn — 4elogn — 4e — 2p(e) + O(1). (35)
When € is vanishing, the leading order in the bound is logn. We thus conclude that our protocol for the

known-spectrum compression is asymptotically optimal.

Precision analysis for the full model compression

Let us first recall the details of the compression protocol. The protocol uses a partition of the set {0,...,n/2} into
t = O(y/n) intervals Ly, ... L, defined as follows:

L = {(m —1)rvn],...,m|rvn| — 1}, m=1,...,t—1
L = {n/Q} )
where r is a parameter, chosen so that |r\/n| x (¢t — 1) = n/2. We denote by
Med = {|rv/n|/2,3|rvn]/2,...}

the collection of all medians of these subsets. In the encoder, we measure the total spin using the POVM {II;}; and
store the index i(J) that J € L;s). For convenience, we define a map f which takes any J € {0,...,n/2} to the
median of the subset containing J, formally defined as

f :J = Jmed € Med  s.t. Jped € Ll(J)
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Then the encoding channel can be represented as

n/2

E(p) =Y Cossiy (Toa, [Myplly]) @ [i(T)) (i()]
J=0

The decoding channel is
P2 aelil) = @ o |Cuomxlo) e e
\L | mg
Kel;

Note that pure states are compressed with zero error. Indeed, when the state p, is pure (p = 1 or p = 0), the state
p?” is contained in the symmetric subspace, with J = n/2. By the definition of £ and D, we have

Do g(pn/Q) = Pn/2

for every state p, /o with support in the symmetric subspace.
Let us focus now on the mixed state case (0 < p < 1). The output state of the protocol can be expressed as

n/2
(Do 5)(ng )= @ Z ||_ |Cf(J ~7°Ck 5 (pgK)| ® mfj
J=0 | K€L,y ) 7

Noticing that the encoder and the decoder fare equally well on all input states, the error of the protocol can be written
as

1
e = max 3 [[(De &)™) — o

n/2 7 /2 ,
Z ﬁcfu)—u oCx—f(n)(PK) EB q7 <PJ ® =L >
J=0 | KeLyy, i)
1 q
- 52 Z ﬁcf(J)—’JocK*f(J)(PK) —qips
J || [ KeLin i(J) | )

D

1

To further bound the error, we shall use the concentration property of the distribution {g;}. Explicitly, we define a
set S as

S={lJo—crvn],...,|[Jo+crvn]}

with a parameter ¢ > 0 controlling |S|. For any ¢ > 0 we can choose ¢ to be large enough that lim, ZJQS q;=0
as shown later. Separating the tail error term from the rest, we get that

1
Crn=soChosnlpr) | —asps|| +3 SIS

1 qK
S
7gs || | kel

Jes || | kel i |I—z(J|

1

We further split the error within S into two terms: the first error term is the imprecision of the adapter, while the
second error term is the error of the interpolation. Precisely, we have:

€e<e€+e+e3 (36)

1 dK ImJ ImJ

€1 == Z —=Cr=si0Crpy(pr) | © — — Z ( (37)
2 Jes || | KeLi rv/n] s KeLlion L " 1
1 dK < ImJ > ( ImJ )

== > pr@=—"L) —qs(p (38)
2 Jes _KGLi(J) LT\/ﬁJ mjy my 1

= > s 0 Cres i (o) P @ Ins 3|1 (39)
2 (/] my

J¢s || | K€L .

——Ct1)=»1°Cryp)(PK)| — Qips

1
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Now, we show the details of bounding each of these three error terms respectively. First, the error term €1, namely
the imprecision of the adapter, can be upper bounded as

ImJ Im,J

1 qaK qK
€1 < 3 Z Z mcfu)—u oCrp(pr)| ® o Z Vi) Crnysa (Pren) © my

Jes KGLi(J) 7 KGLi(J) 1

L ax I, ax I,
+52 0| 22 v | Cronma psen) @ > ol

JES || | K€L Keliw) 1
n/2 1
<> > qujm 5 {{I}gg €= (pren) = Pl +max(|Crpin) () = pf(J)H1}
J=0 K€L,
= % {rygg €= (psen) = pally +max[Cms sy () = pria) ||1}
<max max [[Ciok (ps)— pxll;

Jes Kelyy

< (\;ﬁ> - +0 <\;ﬁ> Vs >0, (40)

having used Eq. in the last step. Second, the error term e, namely the error of the interpolation, can be upper
bounded as

_1 ax |
©=32 || 2 TvEl| T

Jes | | KeLis

1 q7
<[l = qs | max max —1'
<2 JZGS > JeS KeLyyy | g
1
< —max max qJ—l’. (41)
2 JesS Kelyyy | 9K

Now, by Eq. we have

g 2J+1 B(5+J+1)-B(%-J)

m
. 2
gk 2K+1 B(2+K+1)-B(2-K)

We further notice that, by the De Moivre-Laplace theorem, the binomial B(k) can be approximated by a Gaussian
for J € S and for large n. Precisely we have

B (g I 1) - 27rn;(1 o p {_ 2(;1119(_1(]—0);)] [1 o (x/lﬁﬂ '

Moreover, noticing that the term B (% —J ) is exponentially small compared to B (% +J+ 1), we have

qJ JO—(C‘*‘l)T\/ﬁ{ cr? 2.4 ( 1 )}
- > 1-— +0(r )+ 0| — 42
Qe Jo —ery/n p(1—p) (") vn “2)
a7 Jo —cry/n { cr? 9 4 ( 1 )}
— < 1+ +O0( )+ 0| — 43
qx — Jo—(c+L)ryn p(1—p) () Vn (43)
Substituting and into , we have
cr? ( T )
€< ———+0|—= ) +0(*?). 44
ST 2p(1-p) Vi) T e
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At last, the error term e3, namely the tail term, can be upper bounded as

1 4K
63§§ Z Z Lr\/ﬁj+ij

JES KeLi(J) J¢S

Jo+(c—1)rv/n
<1- Z a7
J=Jo—(c—1)rv/n

< 2exp [—W} . (45)

Finally, substituting Eqs. (40)), and into (36)), we have
1—s 2 2,.2
r er 2(c—1)*r r 9 4
e< | — ++26xp{]+0()+007’ Vs > 0. 46
(\/ﬁ> 2p(1 - p) P vn (") (40)

To ensure that the error can be bounded arbitrarily from above for small enough r and big enough n, we can choose
¢ =r~'79 for a small constant § > 0. In this case the error bound reduces to

()T a2 ]vo( +OE*H)  ¥s>0
=A\ve w(i—p) O[T Vn ' U

Recall that we are dealing with the mixed state case where 1/2 < p < 1. We can choose, for instance, r = 1/(logn)
to make the above error bound to be vanishing with n. Conclusively, we have shown that for any state p, and any
error threshold € > 0 there exists suitable choice of r and ng so that the error of the compression is smaller than € for
n > ng.

Optimality for the full-model compression.

In this section, we prove that the full-model protocol is optimal when no prior information on the qubit state
is available. A protocol for full-model should have vanishing error fon any possible input ensemble of n identically
prepared qubit states. In particular, it should have vanishing error on the ensemble [35]

U= {p®"gf(p)p},

where f(p) is the probability distribution given by

1
fp) = ec“’)//0 p'e®) . c(p) = 2log(2p — 1) — [(4p — 1) log p + (4p — 3) log(1 — p)]/(4p — 2) .

Explicitly, we show that every protocol that compresses U with vanishing error requires a total memory size of at
least (3/2)logn qubits.
As in the known-spectrum case discussed in the main text, we use the bound

log denc(U) > x (U) — 2[elog dymin + p(e)] (47)

where d{j‘in is the minimum of the effective dimension dys over all ensembles U’ that are sufficient statistics for U. We
pick the sufficient statistics U’ defined by

U = {@ QJpg,ngP} :

J

The effective dimension of the ensemble U’ is dyr = (n/2 + 1)2. Now, Theorem 1 of [35] states that

Y (U) = glogn+0(1). (48)
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Combining Eq. with Eq. 7 we achieve the following lower bound on the memory size:
3
log denc(U) > §logn—4elogn—4e—u(e) +O0(1). (49)

For large n and vanishing ¢, the leading order of the above bound is (3/2) logn, as stated in the main text.

Eq. states that, if a protocol uses a fully quantum memory, the minimum amount of qubits needed to compress
a completely unknown state is 3/2logn. Since the quantum memory is a stronger resource than the classical memory,
this result implies that the every protocol using ¢ qubits and c¢ classical bits to compress n copies with vanishing error
must satisfy the bound ¢+ ¢ > 3/2logn. Our protocol saturates the bound, as it uses logn qubits and 1/2logn bits.
A natural question is whether the number of qubits in our protocol can be further reduced. The answer is negative,
due to the following argument: A compression protocol for the full model should also compress with vanishing error
the ensemble P = {¢2", g}, where ¢, is the generic pure state ¢, = g{0)(0] g'. In order to compress the ensemble P,
one needs a memory of logn qubits [9]. Hence, our compression protocol uses i) the minimum amount of qubits, and
i1) the minimum total amount of qubits and classical bits.
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