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1. Introduction

The concept of coupled fixed point for a partially ordered set X was introduced in [4] by Bhaskar and Lakshmikantham. Several other authors
such as Ciric and Lakshmikantham [5], Sabetghadam et al. [12] have proved some coupled fixed point results in metric spaces. The concept of a
partial metric space (PMS) was introduced in 1992 by Matthews [7]. The PMS is a generalization of the usual metric spaces in which d(x, x) need
not be zero. Recently, many authors have contributed much to the literature (see [1-3,6-7,8-11]). Recently, Hassen Aydi [3] proved some coupled
fixed point results on PMS. Our new results are unification, an extension and a generalization of [3] and [12]. In the sequel, we give some
definitions of some applicable concepts.

Definition 1.1 [3]. An element (x,y) € X X X is said to be a coupled fixed point of the mapping F: X X X = X if F(x,y) = xand F(y,x) = y.
Definition 1.2 [3]. A partial metric on a nonempty set X is a function p: X X X —» R* such thatforall x,y,z € X:
(Pl)x =y © p(x,x) = px,y) =p(1,y)
(P2) p(x,y) < p(x,y)
(P3) p(x,y) = p(¥, %)
(P4) p(x,y) < p(x,2) +p(2,y) — (2 2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
Remark 1.1. Observe that if p(x,y) = 0, then by (p1), (p2) and (p3) x = y. But x = y does not imply that p(x, y) is zero.

If p is a partial metric on a nonempty set X, then the function p*: X X X — R, given by p*(x,y) = 2p(x,y) — p(x,x) — p(y,y), is a metric on
X.

Example 1.1 [6]. If X:=RMou Un>t ROLn=1}  \where Ny is the setof nonnegative integers. By L(x) denote the set {0,1,---,n} if x €
ROLn=1} for some n € N, and the set N, if x € RNo. Then a partial metric is defined on X by

p(x,y) =infl2 i e L(x) NL(y) and Vj€Ny(j <i=x()=y(3()}
Set p,: = inf{p(x,y): x, ¥ € X} = inf{p(x, x): x € X}. Notice that X,, may be empty.
Example 1.2 [6]. If X: = {[a, b]|a,b € R,a < b} then p([a, b], [c,d]) = max{b,d} — min{a, b} defines a partial metric p on X.
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Definition 1.3 [3]. Let (X, p) be a partial metric space, then
(i) a sequence {x, } in a partial metric space (X, p) converges to a point x € X if and only if p(x, x) = lim,, 1, p(x, X,);
(ii) a sequence {x, } in a partial metric space (X, P) is called a Cauchy sequence if there exists (and is finite) limy, , -+ 0P (X, X1 );
(iii) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x, } in X converges to a point x € X, that s,
PO, x) = My oo P (s Xin)-
Lemma 1.1 [3]. Let (X, p) be a partial metric space;
(a) {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, p®).

(b) a partial metric space (X, p) is complete if and only if the metric space (X,p®) is complete; furthermore, lim,, _, ;o p°(x,,x) = 0 if
and only if p(x, x) = limy, 5400 D (X, X) = limy, 1y 5400 D (X, X1 )-

Hassen Aydi [3] proved the following coupled fixed point results on PMS.

p(F(x,y),F(u,v)) < kp(x,u) + lp(y,v) @Y
p(F(x,y), F(w,v)) < kp(F(x,y),x) + lp(F(u,v),uw) (2)
p(F(x,y), F(u,v)) < kp(F(x,y),u) + Ip(F(u,v),x) 3)

withk+1<1in(1.1)-(1.2)and k + 2L < 1in(3).

2. Main Results

Theorem 2.1. Let (X,p) be a complete partial metric space. Suppose that the mapping F: X X X — X satisfies the following contractive
condition for all x,y,u,v € X

p(F(x,y), F(w,v)) < aip(x,u)+ ap(y,v) + azp(F(x,y),x)
+asp(F(u,v),u) + asp(F(x,y),u)
+agp(F(u,v),x) (4)

where aq,a,,:+, ag are nonnegative constants with a; + a; + as + a4 + as + 2ag < 1. Then, F has a unique coupled fixed point.

Proof. Choose x(, yo € X and set x; = F(xg,Yyo) and y; = F(yg, Xg). Continuing this process, set x,, 11 = F(x,,¥,) and ¥, 11 = F (¥, x,)- Then
by (4), we obtain:

= p(F(xn—lryn—l)lF(xnlyn))

< a1p(n-1,%n) + @20 (Vn—1,¥n) + a3p(F(Xn—1, Yn-1), Xn—1)
+a4p(F(xnr yn)l xn) + aSP(F(xn—li yn—l): xn)
+a6p(F(xnryn)'xn—1)

alp(xn—lrxn) + azp()’n—p yn) + a3p(xn:xn—1)
+a4p(xn+lrxn) + a5p(xn;xn) + a6p(xn+1'xn—1)
alp(xn—lrxn) + aZP(yn—l; yn) + a3p(xn'xn—1)
+asp(Xnt1, Xn) + asp (X, Xp11) + AsP(Xn41, Xn—1)
alp(xn—lrxn) + aZP(yn—l; yn) + a3p(xn'xn—1)
+a4p(xn+lrxn) + a5p(xn;xn+1)

+a6p(xn+lrxn) + a6p(xn;xn—1)- (5)

p(xn'xn+1)

IA

IA

Similarly,

POnYns1) = aPn-1,Yn) + @20 (Xn—1, %) + a3p(Vn, Yn-1)
+a4pVn+1,Yn) + 5PV Ynt1) + a6P Vi1, Yn)
+aep(Vn,Yn-1)- (6)

Set

p(xnrxn+1) + p(yn' yn+1)

alp(xn—ltxn) + a2p(yn—1' yn) + a3p(xn'xn—1)

+a4p(xn+1fxn) + a5p(xn'xn+1) + a6p(xn+1'xn) +

a6p(xn'xn—1) + alp(yn—l' yn) + aZP(xn—l'xn)

+a3p(Vn) Yn-1) + @aD Wn+1,Yn) + aspYn, Yn+1)

+a6p(Vn+1,Yn) + a6P(Vn) Yn-1)

= (a1 +az +az+ag)p(xy, xn-1)

+(a1 +az + a3 + ag)p(Vn, Yn-1)

+(a4 + as + a6)p(xnrxn+1)

+(as +as + ag)pVn) Yn+1)- (7)

Al

Hence:
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(1 — a4 —0as — a6)[p(xnrxn+1) + p(ynryn+1)]
<(a;+a;+az+ag)
p(xn, Xp-1) + (a1 + ay
+az + ag)p (Y, Yn-1)-

This implies that

a1+a2+a3+a6

p(xn:xn+1) +p(yn:yn+1) [p(xnrxn—l)

1—a4—as—ag
+P (Vs Yn-1)]-

i.ed, <Ad,_1,where A = Gitdptastde g Conseqquently, for all n € N, we obtain:

1—(14—(15—(16

d, <Ad, 1+ 22d, , < - < A"d,.

(8)

)

(10)

dy = 0 implies that p(xg, x1) + p(¥9,y1) = 0. Hence, from Remark 1.1, we obtain xy = x; = F(xg,yo) and yy = y; = F(yy, Xg), meaning that

(x9,¥0) is a coupled fixed point of F.If dy > 0, for all n = m, we obtain,in view of (p4)

p(xmxm) < p(xmxn—l) + p(xn—lfxn—Z) - p(xn—lrxn—l)
+p(xn—2an—3) + p(xn—B'xn—‘l-) - p(xn—Brxn—B)
+ p(xm+2Jxm+1) + p(xm+1'xm) - p(xm+1rxm+1)
< p(xmxn—l) + p(xn—lfxn—Z) + -t p(xm+1rxm)'
Similarly, we obtain
PO Ym) = PO Yn-1) + POn-1,Yn-2) + -+ DYmi1, Ym)-

Hence,

P(Xn, Xm) + DV Ym)

IA

Aoy + dyg + -+ dyy,
m

A
A2+ A2 4 4 AM)d < T

IA

= do.

Using the definition of p*®, we obtain p*(x,y) < 2p(x,y), hence for eachn = m

/’[m
ps(xnrxm) + ps(ynrym) < Zp(xn'xm) + ZP(Yn'Ym) < zmeJ

this implies that {x,} and {y,,} are Cauchy sequences in (X, p?®), since 4 = —a11+aa2+aa3+aae
—Ud4—A5—0e

the metric space (X, p®) is complete, so there exists u*, v* € X such that
lim p®(x,,u") = lim p*(y,,v") =0,
n—+oo n—+oo
using Lemma 1.1, we obtain:
p ,u*) = lim p(x,,u*) = lim p(x,, x,),
n—-+oo n—-+oo
p(*,v*) = lim p(y,,v") = lim p(y, o).
n—-+oo n—-+oo
Using condition (p2) and (10), we obtain:
p(xnrxn) = p(xn;xn+1) < dn < AndO
But 4 € [0,1), by letting n = +o0, we obtain lim, _, ;. p(x,, x,) = 0. Hence,
pw,u*) = lim p(x,,u*) = lim p(x,, x,) =0.
n—-+oo n—-+oo
Similarly, we obtain:
p(v',v") = lim p(y,,v*) = lim p(y,,y,) = 0.
n-+oo n—-+oo
Consequently, by (p4) and (4),
p(F(u",v"),u") p(F(u",v"), Xn41) + (X1, U") — (X1, Xpt1)
p(F(u",v"), F(xXn, yn)) + p(Xp41,u")
arp(u”, xn) + azp (v, ¥n) + asp(F(u', v"),u")
+a4p(F(xnryn)r xn) + aSP(F(u*' U*), xn)
+agp(F(xn, yn) u") + p(Xn41,u")
arp(u”, xn) + azp (v, ¥n) + asp(F(u', v"),u")
+asp(Xn+1, %) + asp(F(u',v"), x,)
+agp(Xn+1,U") + p(Xn11,u")
arp(u”, xn) + azp (v, ¥n) + asp(F(u', v"),u")
+asp(Xn+1, %) + asp(U', x,) + asp(F(u", v7),u")
+asp(u’, x,) + agp(Xnt1,u") + p(Xn 11, U").

IA AN

IA

(11)

(12)

(13)

(14)

< 1. But the PMS (X, p) is complete, and by Lemma 1.1,

(15)

(16)
(17)

(18)

(19)

(20)

(21)
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Now letting n — +o00, and using (16)-(17), we have:
p(Fw",v"),u") < azp(F@',v")u’)+asp(F@’,v") u’)
+(az + as)p(F(u*,v*),u"). (22)
From (22), suppose that p(F (u*, v*),u*) # 0, so that we can conclude that 1 < (a3 + as) which is a contradiction. Hence p(F (u*,v*),u*) =0,

i.e F(v*,u") = v*. Hence (u*,v") is a coupled fixed point of F. Next, we prove the uniqueness of the coupled fixed point of F. Suppose that
(u,v ) is another coupled fixed point of F, then, by using (4),

P u) = p(F@,v),F(u',v")) o

ap(u,u’)+ap(v,v")+ a3p,(Fgu ,V),u)

+aup(F(u*,v"),u*) + asp(F(u ,v ), u”)

+agp(F(u*,v"), u')

alp(u',u*) + azp(v',v*) + a3p(u',u') +aypUt,u’) +

asp(u’,u’) + agp(u’,u) , ,

ap(,u) + ap(,v*) + asp(u’,u’) + ap, u’)

+asp(u,u”) +agp(u*,u) (23)

IA I

IA

Similarly,

p(.v) < ap(v,v) +apu,u) +azp(v, v
+ap(v,v) +asp(v ,v*) +agp(vt,v). (24)

Hence,

p(u',u*) + p(v',v*) < (gq+ay+az+as+as+ a6)[p(u',u*) + p(v’,v*)] (25)

But ayta;+az+as+as+ 2as < 1 implies that a; + a; + as + a4 + as + ag < 1. This implies that p(u’,u*) + p(v,v*) = 0, hence
u* =u and v* = v'.Hence, F has a unique coupled fixed point. m

Theorem 2.1 lead to the following Corollary:

Corollary 2.1. Let (X,p) be a complete partial metric space. Suppose that the mapping F: X X X — X satisfies the following contractive
condition for all x,y,u,v € X

aq
p(FCuy) Fwv)) = —lpCuw) +p,v) +p(FEy),x) +pF @, v),u)
+p(F(x,y),u) + p(F(w, v), x)] (26)
where 0 < a; < 1.Then, F has a unique coupled fixed point.

Example 2.1. Let X = [0, +o0) endowed with the usual partial metric p defined by p: X X X — [0, +00) with p(x,y) = max{x, y}. The partial
metric space (X, p) is complete because (X, p®) is complete. Indeed, for any x,y € X,

p°(x,y) =2p(x,y) —p(x,x) —p(y,y) = 2max{x,y} —(x +y) =[x — Y|, (27)

Thus, (X,p®) is the Euclidean metric space which is complete. Consider the mapping F: X X X = X defined by F(x,y) —— For any
X,y,u,v € X, we have

1
Emax{x+y,u+v F(x,y) + F(u,v),x +u,

F(x,y) + F(u,v),u + x}

p(F(x,y), F(u,v))

IA

1—12 [max{x, u} + max{y, v} + max{F (x,y), x}
+max{F (u, v), u} + max{F(x,y), u}
+max{F (u, v), x}]
1
= Pew+pOv)+p(Fxy)x)
+p(F (u,v),w) + p(F(x,y),u) + p(F (1, v),x)]. (28)

Observe that (28) is the contractive condition (26) with a; = 1 Hence by Corollary 2.1, F has a unique coupled fixed point, which is (0,0).
(x+y)

Observe that if the mapping F: X X X — X is given by F(x,y) = , then F satisfies the contractive condition (26) for a; = 1, i.e
1
p(F(x,y),F(u, v)) = gmax{x +y,u+v,Flx,y)+Fuv),x+u F(x,y)+ F(u,v),u+ x}

< —[max{x, u} + max{y, v} + max{F(x,y), x} + max{F (u, v), u} + max{F (x, y),u} + max{F(u, v), x}]

Nl =
—_

=< [pCx,w) + p(y,v) + p(F(x,¥),x) + p(F(u,v),u) + p(F(x,y),u) + p(F(u,v), x)]
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However, (0,0) and (1,1) are both coupled fixed points of F under this condition that a; = 1. This shows that the condition a; < 1 is essentialin
Corollary 2.1 and Theorem 2.1 to obtain a unique coupled fixed point of F.

Remark 2.1. Theorem 2.1 is a unification, an extension and a generalization of Theorem 2.1 [3], Theorem 2.4 [3] and Theorem 2.5 [3]. If
az = a4 = as = ag = 0, then we obtain the results of Theorem 2.1 [3]. If a; = a; = a5 = ag = 0, then we obtain Theorem 2.4 [3]. If
a; = a; = az = a4 = 0, then we obtain Theorem 2.5 [3]. Similarly, Corollary 2.1 extends, unifies and generalizes Corollary 2.2 [3], Corollary 2.6
[3] and Corollary 2.7 [3].

Theorem 2.2. Let (X,p) be a complete partial metric space. Suppose that the mapping F: X X X — X satisfies the following contractive
condition for all x,y,u,v € X

p(F(x, ), F(u, v)) < klyyuv (29)
where

p(F(x,y),u) + p(F (1, 1), x)
2 } (30)

Ceyur € {pxw),p(y,v),p(F(x,y), x),p(F(uw,v),u),

and k € [0,1). Then F has a unique coupled fixed point.

Proof. Choose xg, ¥y € X and set x; = F(xg, Vo) and y; = F(y, Xg). Continuing this process, set x,,11 = F(x,,, ) and y,.1 = F(y, X,)- Then
by (29) and (p2) we obtain:

p(xn'xn+1) = p(F(xn—lryn—l)rF(xnryn)) < k’?x,y,u,v
where

‘gx,y,u,v € {p(xn—lfxn)'p(yn—lfyn)rp(F(xn—lryn—l)rxn—l)r
P(F(Xn—1,Yn-1),%n) + P(F (X0, Yn), Xn—1)
P(F (Xn, Yn)» Xn), — N
= {p(xn—lrxn)r p(yn—lryn)rp(xnrxn—l)rp(xn+1:xn):
p(xn'xn) + p(xn+1rxn—1)
> }
{p(xn—lrxn)r p(yn—lryn)rp(xnrxn—l)rp(xn+1rxn):
p(xn'xn+1) + p(xn+lrxn—1)}
2
{p(xn—lrxn)r p(yn—lryn)rp(xnrxn—l)rp(xn+1:xn):
p(xn'xn+1) + p(xn-lélrxn) + p(xnrxn—l)} (31)

IA

IA

Similarly,

p(yn'yn+1) = p(F(yn—lrxn—l)rF(yn'xn)) < kgx,y,u,v (32)

where

5, u,v € {PWn-1,Y)P(Xn—1, %), DVn» Yn-1) P41, Yn )
PVnsYns1) + p(yn+21,yn) + p(yn,yn_l)} (33)

Set dn = p(xn'xn+1) + p(ynryn+1)-
Case1.If £,y = D(Xn—1,%n) + DVn-1,Yn), thend,, < p(xp_1,%,) + D(Vn-1,¥n) = dn_1 < kd,,_1. Hence, (29) is satisfied.

Case 2. If £, v = P(Xnt1,Xn) + P(Vnt1, Yn), thend, = p(xp11, %) + P(Vns1, Yn) < kd,. Hence, (29) is satisfied.

_ P(Xn,Xn+1)+P (Xn+1,%X0)+P (X0, X0 1) + PV Yn+1)+P Vn+1,Yn) P Vn¥Yn-1)

Case3.If £y, = 5 5 then

p(xn'xn+1) + p(xn+1:xn) + p(xn:xn—l) + p(yn;yn+1) + p()’n+1' Yn) + p()’n' :Vn—l)

dn = 2 2
_ 2pGann Xn) 4P Xn1) | 2POnt1 In) + PO Yn1)
2 2
< Pl Xni1) +M+ P(Vn Yn+1) +%- (34)
Hence, from (34) we obtain 0 < ICLESES DI p(y"'y"_l), this implies that 0 < p(x,,, x,—1) + P(Vn, Yn—1) = dp—1. Hence (29) is satisfied in all

2 2
cases.

Conseqquently, for all n € N, we obtain:

d, < kd,_1 +Kk?d,_, < - < k"d,. (35)
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dy = 0 implies that p(xg, x1) + p(¥9,¥1) = 0. Hence, from Remark 1.1, we obtain xq = x; = F(xg,Yo) and yo = y1 = F(¥g, Xg), meaning that
(x0,¥0) is a coupled fixed point of F.If dy > 0, for all n = m, we obtain,in view of (p4)

p(xn'xm) =< p(xn:xn—l) + p(xn—lxxn—Z) - p(xn—lrxn—l)

+p(xn—2:xn—3) + p(xn—3rxn—4) - p(xn—3rxn—3)

+et p(xm+2:xm+1) + p(xm+1rxm) - p(xm+1rxm+1)

p(xn:xn—l) + p(xn—lwxn—Z) + e+ p(xm+1rxm)- (36)

INA

Similarly, we obtain:

PO Ym) = PO Yn-1) T PWn-1Yn-2) + -+ DWmt1, Ym)- 37)
Hence,
pn, %) + Py V) < dpoq+dy_g + -+ dy
< (K" HEMTE 44 K™)dy
km
< .
= 1x% (38)

Using the definition of p®, we obtain p®(x,y) < 2p(x,y), hence for eachn > m

km
ps(xn'xm) + ps(ynrym) =< zp(xnrxm) + 2p(yn, ym) <2 EdO' (39)
this implies that {x,,} and {y,, } are Cauchy sequences in (X, p®), since k € [0,1).
But the PMS (X, p) is complete, and by Lemma 1.1, the metric space (X, p®) is complete, so there exists u*, v* € X such that

lim p*(x,,u") = lim p*(y,,v*) =0, (40)
n—-+oo n—+oo
using Lemma 1.1, we obtain:
p(*,u*) = lim p(x,,u") = lim p(x,, x,), (41)
n—-+oo n-—-+o
p(*,v) = lim p(y,,v") = lim p(y, ¥n). (42)
n—+oo n—-—+oo
Using condition (p2) and (35), we obtain:
p(xnrxn) < p(xnrxn+1) < dn < AndO (43)
But 4 € [0,1), by letting n = +o0, we obtain lim, _, ;, p(x,, X,) = 0. Hence,
pu ,u") = lim p(x,,u*) = lim p(x,, x,) =0. (44)
n—-+oo n-—-+oo
Similarly, we obtain:
p(v",v*) = lim p(y,,v") = lim p(y,,¥,) = 0. (45)
n—-+oo n—-+oo

Hence, by using (29) and (p4), we obtain:

p(Fu’,v"),u’) P(FW, "), Xp41) + P(Xng1, W) = P(Xns1) Xnt1)
p(F,v7), F (X, ¥n)) + p(Xp 41, u7)

k‘fxn,yn,u*,v* + p(xn+1,u*), (46)

IAINIA

where

{)xn,yn,u*,v* € {p(u*:xn)'p(v*'yn)'p(F(u*'v*)'u*)'
p(F(u",v"),x,) + p(F (X, Yn), u")
P (F (X, V), X)), — =
= {p',x), p(W", yn), p(F(u",v"),u"),

» (xnﬂ’xn)’p(F(u*. v’), xnz) + p(xn+1,u*)}' 7

}

We now consider the following cases:
Case 1°.If Cx, youtwt = P(U, x,), then from (46) we obtain:
p(F',v"),u") < kp(u', %) + p(Xp41,U). (48)
By letting n —» 400 and using (44)-(45), we obtain p(F (u*,v*),u*) = 0.
Case 2°.If ey yutws = PV, yn), then from (46), we obtain:

p(F",v"),u") < kp(v™,¥n) + p(Xn41,u"). (49)
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By letting n —» 400 and using (44)-(45), we obtain p(F (u*,v*),u*) = 0.

Case 3°.If Cy, yout vt = PFE@,v7),u"), then from (46), we obtain:

p(F(uw',v),u") < kp(F(u",v"),u") + p(xn41,u"). (50)
By letting n = +o0 and using (44), we obtain:
p(F(u*,v),u") < kp(F(u*,v*),u"). (51)

From (51), we can obtain a contradiction if we assume that p(F(u*, v*),u") # 0, this implies that 1 < k which ultimately gives a contradiction,
hence p(F(u*,v*),u*) = 0.

Case 4°.1f €,y v = P(Xnt1,%,), then from (46), we obtain:

p(F(u v'),u’) < kp(xni1, %) +0(Xny1,u")
< kp(xni1,u’) + kp(u', x,) + p(Xp41, UY). (52)
By letting n = 400 and using (44)-(45), we obtain p(F(u*,v*),u*) = 0.

Fu*v™),x)+p(xpe1.u*
Case 50. If {]xn,yn,u*,v* — p(F( ) nz) p(Xn+1u”)

, then from (46), we have:

P(F,v), %) + P, ) :
] 4 P u)

p(F',v’),u’) p(u’, xn) P(Xn41, 1)

p(F"v),u) =< K|

< CA7 o 7mJ
< k) () k()
+p(Xn11,U"). (53)
By letting n — +o0 and using (44)-(45), we obtain
p(F @', v),u) < k), (54)

Thus, by Case 3°, we have p(F (u*, v*),u*) = 0 since k < 1 implies that% <1

Hence in all cases, we have p(F(u*,v*),u*) = 0, thatis F(u*,v*) = u".

Similarly, we obtain F(v*,u*) = v*, this means that (u*, v*) is a coupled fixed point of F. Next, we prove that the coupled fixed point of F is
unique. Suppose that (u , v ) is another coupled fixed point of F, then, in view of (29), we have:

p(u,u’) = p(F@,v)Fu,v))
< kb e (55)
where,
L/ € {p@,u),p,v),p(F @, v),u),p(F@’,v),u"),
p(F(u',v),u") +p(Fu",v),u)
) ) (56)
Similarly,
p(w,v) = p(FW,u),F"u"))
< kb, (57)
where,
£, € {p(@,v),p(,u),p(F,u),v),pF @, u),v"),
p(F(v,u),v") + p(F(v",u"),v)
} (58)

2
Adding (55) and (57), we obtain p(u',u*) + p(v’, vh).
We now consider the following cases:

Case 1L.If o = p(u/,u*),fv',v* = p(v',v*) then from (55) and (57), we obtain:
p(,u’) +p(v',v") < klp(w,u’) + p(v', v)]. (59)
But k € [0,1), implies that p(u, u*) + p(v',v*) = 0.Hence, u* = u and v* = v'.

Case 2'.If o = p(v/,v*),i’v',v* = p(u’,u*), then from (55) and (57), we obtain:

p(,u’) +p(v',v") < k[p(v',v") +p(u,u")]. (60)
But k € [0,1), implies that p(u, u*) + p(v',v*) = 0.Hence, u* = u and v* = v'.
Case 3L.If oy = p(F(u',v'),u'),{’v',v* =p(F(w,u),v), then we have
p,u) +pw,v) < kp(F@W,v)u)+pF@,u),v)]

kp@ )+, v))
Kp@ ) +p@ v (61)

IA I
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But k € [0,1), implies that p(u, u*) + p(v,v*) = 0.Hence, u* = u and v* = v'.

Case 4'.If o =p(F@,v),u),t, - =pF@",u"),v"), then we have

p,u) +p@,v) < k[p(F@,v"),u’) +pF@,u),v)]
= klpQ',u") +p@,v7)]

< k[p(u',u*)+p(v',v*)]. (62)
But k € [0,1), implies that p(u, u*) + p(v, v*) = 0.Hence, u* = u and v* = v'.
Case 5L.If
(FQu v )u)+p(F vHu') FE u)v)+pF@ unv) ,
fu"u*=p L zp AP ,t’va*=p vy zp Y207 then we obtain:
, , Fu,v),u") + p(Fu,v"),u
) 4 vy = KPELD) FPE )
p(F(v',u),v") + p(F(v*,u"),v)
+ > ]
u,ut) +put,u v, ) +pwt v
_ k[p( )zp( ) P )zp( )]
= klp@,u)+p@,v)] (63)

But k € [0,1), implies that p(u,u") +p(w,v*) =0.Hence, u* =u and v* = v .

Hence, in all cases, we have established that u* = u and v* = v'. Hence (u*, v*) is a unique coupled fixed point of F.

Remark 2.2. Theorem 2.2 is a unification, an extension and a generalization of the results of [12]. Since [12, Theorem 2.2], [12, Corollary 2.3],
[12, Theorem 2.6], [12, Corollary 2.7] and [12, Corollary 2.8] are all special cases of Theorem 2.2.
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