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Abstract—This paper deals with the numerical analysis of the
Synchronous Reluctance Motor (SynRM) with sinusoidal rotor
shape in the axial direction using the 3D Finite Element Method
(FEM), and presents the airgap magnetic flux governing
equation derived from Kelvin-Stoke’s theorem. In the Finite
Element Analysis (FEA) the airgap flux density, machines
performance indexes, the torque and its ripple contents are
presented. In this paper three motors having different rotor
anisotropies are modelled and analyzed. The SynRM with
sinusoidal rotor shape (SynRM3) FEA results are compared with
the conventional SynRM without cut-off (SynRM1) and SynRM
with cut-off (SynRM2) on the g-axis. The stator geometry of a 5.5
kW, 4-pole, 50-Hz, 8 A, conventional three-phase squirrel cage
induction motor, with distributed double layer winding chorded
by a single slot is used to model all three SynRMs.

Keywords—Performance indexes, Sinusoidal rotor shape,
Synchronous reluctance machine, Torque ripple, 3D Finite
Element Analysis

. INTRODUCTION

Due to their compact design and high power density,
Synchronous Reluctance Motors (SynRMs) have become an
interesting choice, being used as small power motors in
various applications [1]. One of these applications is a small
electric scooter, commonly used by people with physical
disabilities. In [2] the in-wheel switched reluctance motor
driving system for future electric vehicles (EVs) has been
reported. A mechanical robust rotor with transverse-
laminations for a synchronous reluctance machine for electric
traction application is discussed in more detail in [3]. The
novel lamination concept for transverse flux machines suitable
for direct drive application to EVs is presented in [4]. The
design optimization of SynRM drives for Hybrid Electric
Vehicles (HEVS) power train application is analyzed in [5].

However, the interaction between spatial harmonics of the
electrical loading and the rotor anisotropy of SynRMs causes a
high torque ripple that is intolerable in most applications [6,
7]. A good number of previous work intended to reduce the
torque ripple contents in SynRMs, directing their focus mostly
to a suitable choice of number of flux-barriers in respect to the
number of stator slots per pole per phase [8, 9], the
optimization and asymmetry of the flux-barriers geometry,
etc.,, [7, 10, 11, 12, 13]. Lately, a novel SynRM with
sinusoidal rotor shape in the axial direction, without changing
the flux barrier geometry, was proposed [14]. The proposed
motor was shown to produce desirable results as far as torque

ripple reduction is concerned. The idea in [14] was inspired
and conceptualized from the work by Thomas Lipo and peers,
on the material-efficient permanent magnet synchronous
motor with sinusoidal magnet shape [18]. The magnet shape
provides a sinusoidal magnetic flux in order to obtain better
sinusoidal electromotive force, less cogging torque and
smooth electromagnetic torque.

Due to the asymmetric nature of the axial geometry design
of the sinusoidal lamination shape for the proposed model in
[14], a comprehensive 3-D Finite Element Analysis (FEA) is
needed. This is because with most electric machines with
plane symmetry, the magnetic fluxes are calculated for unit
depth and multiply by the stack length to find the actual
magnetic flux in the machine [15, 16, 17]. It is also necessary
to calculate separately the coils end-connection inductances by
analytically or equivalent 2D FEM [15]. The axial variation of
magnetic field is neglected and so is the effect of the various
frame parts [15, 16]. For the SynRM with sinusoidal rotor
shape, the g-axis varies along the stack length [14], which
makes the field computation particularly very difficult.

This paper deals with the numerical analysis of the
proposed SynRM with sinusoidal rotor shape using 3D FEM,
and presents the airgap magnetic flux governing equation
derived from Kelvin-Stoke’s theorem. In the FEA the airgap
flux density, machines performance indexes, the torque and its
ripple contents are presented.

Il.  MOTORS SPECIFICATIONS AND DESIGN VVARIABLES

It is widely known that in SynRMs the increase of the
reluctance on the g-axis reduces the magnetizing inductance
Lmg and further increases the saliency ratio and the inductances
difference. The air to iron ratio on the g-axis should be taken
into consideration for SynRM optimal performance. In this
paper, all three rotor topologies have two flux barriers and
three iron segments per pole. The main design specifications
and the rotor design variables are given in Tables | and II
respectively. The air to iron ratio y, for SynRM1 (Model
without cut-off) and yu for SynRM2 (Model with cut-off) are
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TABLE I: DESIGN SPECIFICATIONS

Description Values
Stator slot Pitch & 10°mech
Airgap length Iq 0.88 mm
Stack length 160.00 mm
Number of barriers per pole 2
Number of pole pairs 2
Number of stator slots 36
Rotor radius Ry 48.80 mm
Stator radius Rs 31.62 mm
Shaft radius Rsh 24.00 mm
Yoke height yn 12.87 mm

Fig.1. Cross section of the basic SynRM with cut-off on the g-axis

It should be noted that saturation and stator slotting are not
disregarded in the FEA results, but neglected in the derivation
of airgap governing expressions for the 3D Finite Element
Model. The pole pitch to airgap length ratio is 188; such a
ratio is acceptable. The airgap length should be kept as lower
as possible, in order to increase the torque because a greater
ratio provides greater saliency [19].

TABLE II: ROTOR DESIGN VARIABLES

Description Values
Barrier height hy 12 mm
Barrier width ws 6 mm

Barrier pitch g 15° mech
Cut-off angle g, 25° mech
Cut-off pitch =, 48° mech
Cut-off height hc 5mm

Iron width hi 6.5 mm

Barrier end radius ber 2.5 mm
Radial bridge width I 2 mm
Tangential bridge width lir 2mm

The rotor segments are interconnected to each other using
radial bridges in the g-axis and tangential bridges near the
airgap as shown in Fig.2. The tangential bridges hold the
whole structure of the lamination together, while the radial
bridges support the structure of the rotor and they are much
needed especially when the SynRM is used for high speed
applications. These magnetic bridges are the weakest parts in

a SynRM rotor structure, since centrifugal forces are
concentrated locally in the bridges. In addition, to be
vulnerable to mechanical forces, the bridges will be saturated
by the g-axis MMF during normal operation, and directly
causes a torque reduction [20]. The radial bridge width I, is
dependent on the mechanical limit, and the effect of radial
bridges width on the saliency and inductances difference of
basic SynRMs are well presented [21]. The magnetic bridges
that are chosen should be thick enough to withstand the
mechanical stress caused by centrifugal forces and torque. On
the other hand, thinner tangential and radial bridges will result
in a better electromagnetic performance. A thinner tangential
bridge decreases the leakage flux as well as increases the
airgap flux density due to an increase in saturation of the
thinner bridges.  Fig.3. (b) illustrates in 3-D view, the rotor
core for the SynRM with sinusoidal rotor shape (SynRM3).
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Fig.2. Basic Rotor topologies, (a) without cut-off on the g-axis, (b) with cut-
off on g-axis
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Fig.3. SynRM3 (a) cross-section of axially sinusoidal lamination rotor shape,
(b) 3D view of the rotor core.

I1l. 3D FINITE ELEMENT MODEL

A.  Airgap magnetic flux governing expression a Template

The rotor inner edge line in the (X, y,) plane shown in Fig. 4
(a) for a stack lamination with cut-off on the g-axis is a
Piecewise five degree polynomial curve function f(x) = yin.
Neglecting the stator slot openings, the inner stator line is an
arc curve function f(x) = Yex. The airgap area Ag is expressed
as

Ag =_|.0Xe f(x, yex)dx—Lxs f(xy, ) dx= I f(x,y, ) ds— I f(x,y,)ds (1)
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The line integral in (1) that determines the airgap area of a
stack rotor lamination with cut-off on the g-axis can be
converted to a simpler form by using the Green’s theorem.
From Fig. 4 (a), C, is the outer arc curve and Ci, is a
summation of two arc functions and three straight line
functions. The curves are enclosed by boundaries on x-and y-
axes so that the airgap region Q shown in Fig. 4 (a) does not
have holes. It is noted that both curves are oriented positively.
Employing the Green’s theorem, the line integral that governs
the airgap region Q with magnetic vector potential field can be
expressed as

fA(xy)dx+ A (x y)dx=[] (A, -A, )dag @

of which Ay and A, have continuous first order partial
derivative 0Ax / Oy and 04y / ox respectively in the airgap
region [1, 2, 3]. In 3D space the magnetic vector potential
field A is expressed by

Ax Y, 2)=A %Y, 3, +A (X V)a, +AxY.2)a, (3

The Green’s theorem in vector form applied to magnetic
vector potential is given by [2, 3]

[A-Nds=[ V-Adag @)

where N is the unit normal vector. The rotor of the SynRM3 is
made up of stack laminations with different cut-off
dimensions on the g-axis as shown in Fig. 4 (b). The 3D
computation is essential for accurate analysis. Should the
curve C in Fig.4 (b) be in the plane with bounding a volume V,
(4) is then expressed as

jVJ'A-Ndasz'_[Vv-Adv (5)
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Fig.4. Lamination rotor stacks in 3D space, (a) single stack lamination with
cut-off on the g-axis, (b) stack laminations having different cut-off
dimensions on g-axis



The magnetic vector potential is divided by the airgap area
Ag, and let the limit as Ag approaches zero, the curl of A
normal to Ag at the point around which Ag shrinks to zero is
obtained, and using the Kelvin-Stoke’s theorem, the governing
equations can be written as

lim iffA-dSsz A-a, =Curl, A (6)
Ag—0 Ag

§CA-ds = _UQVX A-dAg @)
J’J’QVXA.dAgZJ'J'vaA.dV @)

where dS is the vector differential length on the contour C
bounding by the airgap area defined by Ag. It should be noted
that the distribution of radial component of airgap flux density
along the rotor periphery is very crucial in predicting the
torque ripple [1]. The total magnetic core is made of main and
leakage components. For the SynRM3, the magnetic vector
potential is not constant along the transverse cross-section
because of the reluctance variation in the axial direction of the
airgap as shown in Fig.4 (b). The leakage flux of coils placed
in stator slots will not be the same. The Kelvin-Stokes
expression applied to the closed contour of the airgap of the
SynRM3 in 3D space with bounding a volume V, is obtained
by using the superposition principle and is written as

[jﬁleAl-dAgl+...+ijanAn -dAg,
=[], VxA-dVi+.+ [ VxA,-dV,
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Il FINITE ELEMENT ANALYSIS RESULTS

In this paper, a three-dimensional (3D) Finite Element
Analysis (FEA) is performed using ANSYS 16.0
electromagnetic package. The flux density distribution and the
inductances are numerically computed through the
magnetostactic solver. A bounded domain V = Vi + Vo +....+
Vn of the 3D space is considered and the equations that
characterised the magnetostatic problem in domain V are well
illustrated in [25]. In total, 450 SURA M250-35A lamination
sheets are used to constitute the rotor core. Fig.5. shows the
mesh plot on the surface of the rotor of the machine with
sinusoidal rotor shape (SynRM3). A total number of 18076
tetrahedral elements are obtained for the rotor geometry with
minimum edge length of 0.007857 mm on the low magnetic
reluctance pole face (d-axis region), and with maximum edge
length of 16.4495 mm on the high magnetic reluctance pole
face (g-axis region). The efficiency, power factor and torque
are obtained by using the magnetic-transient solver. The FEA
models are carried out at constant speed and frequency of
1500-rpm and 50-Hz respectively.

Fig.5. Mesh plot of rotor at full-load for SynRM3

A. Flux density distribution

Fig.6 shows the magnetic flux density distribution at full
load plotted along the rotor periphery of the three different
SynRM:s.

©

Fig.6. Airgap flux density distribution on the rotor periphery, (a) SynRM1, (b)
SynRM2, (c) SynRM3, positive axial z-length, (d) SynRM3, negative axial z-
length

Observing from Fig.6, it is visible that the tangential
bridges are highly saturated in SynRM1 and SynRM2 than in
SynRM3. On the other hand, , the flux density distribution in
SynRM1 and SynRM2 is not seriouslly affected by the g-axis
current. In contract, the g-axis current affects the flux density
distribution in SynRM3. Fig. 7 (a) and (b) show the 3D airgap
flux desity distribution on d-and g-axis for SynRM3. The
machine operates with d-axis current of 1.247 A, dc and g-
axis current of 7.904 A, dc.
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Fig.7. Airgap flux density distribution of the SynRM C, (a) d-axis, (b) g-axis

It is noticed that the stator slotting affects the airgap flux
density distribution in both d-and g-axis. However, the non-
uniformed distribution of airgap flux density on the g-axis due
to variation of lamination shape along the stack length of
SynRML1 is very noticeable and significant in Fig. 7 (b).

B. Performance Indexes at Maximum Power factor and
Maximum Average Torque

The torque is directly related to the difference between the
two axis magnetizing inductances ALm = Lmd - Lmg, While the
maximum apparent power factor (APFma) depends on the
ratio of two-axis magnetizing inductances & = Lmd/ Limg.

Table 111 provides the performance parameters at maximum
average torque. These results were obtained from FEA at full-
load (8A) condition. It should be noted that SynRM1 and
SynRM2 attained their maximum torque at the current vector
angle of 65° elect while the SynRM3 reached its maximum
average torque at 60° elect (see Fig.8).

Observing from table 111, it is evident that the SynRM3 has
much lower torque ripple contents, but also a low power factor
(PF) as compared to SynRM1 and SynRM2. The lower power
factor of SynRM3 is due to lower saliency ratio and lower
maximum torque field weakening ratio. Though, the machine
with sinusoidal rotor shape (SynRM3) has reduced the torque
ripple contents tremendously, and still maintains good average
torque. The FEA results suggest that the machine will have a
low inverter utilization factor due to low field weakening
range.

TABLE I11: PERFORMANCE PARAMETERS OF SYNRMS AT MAXIMUM

AVERAGE TORQUE
Performance SynRMs Types
Indexes SynRM1 SynRM2 SynRM3
Lmd (MH) 603.9 598.1 581.6
Lung (MH) 91.7 84.3 99.5
ALy, (mH) 512.2 513.8 482.1
4 6.6 7.1 5.8
Tay (NM) 316 34.9 311
Trippte (%) 17.6 41.9 6.4
APF (pu) 0.737 0.753 0.707
PF (pu) 0.734 0.809 0.68
/i 92.3 92.9 92.8
O |maxt 18.5° elect 17.2° elect 16.95° elect
K |maxt 3.37 3.62 1.4° elect

Table 1V depicts the performance parameters obtained from
FEA, when the SynRMs operate at maximum airgap power
factor. SynRM1 and SynRM2 reaches their airgap (apparent)
power factor (APF) at the current vector angle of 70° elect.

TABLE IV: PERFORMANCE PARAMETERS OF SYNRMS AT MAXIMUM AIRGAP
POWER FACTOR

Performance SynRMs Types
Indexes SynRM1 SynRM2 SynRM3
Lmd (MH) 624.8 598.3 599.4
Ling (MH) 76.5 69.2 85.3
AL, (mH) 548.3 529.1 514.1
5 8.2 8.6 7
Tav (Nm) 27.7 29.5 29.6
Tripple (%) 20 45 6.9
APFax (pU) 0.782 0.792 0.751
PF (pu) 0.686 0.75 0.654
7 90.7 91.2 91.7
0 |maxpr 19.1° elect 18.2° elect 17.4° elect
K |maxPF 1.61 1.64 15

From Table 1V, it is evident that SynRM1 and SynRM2
have high saliency ratio and high APFnax, but the first has a
high AL, with lower average torque, which does not
corroborate with the torque equation theory. The drop in
average torque of the machine without cut-off (SynRM1) is
due to saturation of radial bridges caused by g-axis MMF.
Furthermore, the SynRM3 has shown to have a low ALn, but
good average torque. Again, the FEA results do not validate
the torque equation theory. The good average torque for the
machine with sinusoidal rotor shape (SynRM3) is attributed to
the fact that the radial bridges are not saturated at all by the g-
axis MMF. It should be noted that the SynRM3 reached its
APFnax at a current vector angle of 65° elect, not at 70° elect
as in the case of SynRM1 and SynRM2. All three machines
have a low maximum power factor field weakening ratio.
They have a good efficiency especially when operating at
maximum average torque.



C. Torque and Torque ripple as function of current angle
The electromagnetic torque developed by a SynRM can be

computed with the airgap flux and magnetizing current using
[22, 23, 24].

3 - 3 .
T = Eg(Lmd - Lmd )Idlq = Eg(Lmd - I‘md )Ii Sln(ze) (10)

Where @ is the current space vector angle, ig and iq are the d-
and g-axis currents respectively, and I, is the stator
magnetizing current. The average torque profiles and torque
ripple as function of current vector angle @ for different
loadings are shown from Fig.8 to Fig. 10. Equation (10) shows
that the torque is maximized for & = 45° elect. This does not
correlate with the FEA results. With a current load of 8A, 6A
and 4A, the average torque is maximized for 6 = 65°¢elect, § =
60°elect and & = 55° elect respectively, in both SynRM1 and
SynRM2. For the machine with sinusoidal rotor shape
(SynRM3), 9 is shifted to a small value by 5° elect for all three
loading scenarios. The shift of 0 to a small value in SynRM3
is due to less saturation of tangential bridges and unsaturated
condition of radial bridges.
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Fig. 8. Torque behavior ripple at 8 A (a) Torque as function of current
angle, (b) Torque ripple as function of current angle.
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angle, (b) Torque ripple as function of current angle.



Looking at the above torque profiles, it is clear that the
current angle shifts to bigger values for maximum torque. This
is mainly due to saturation effects. For Is = 4 A, the maximum
torque is closer to difference of d-axis and g-axis inductances
as compared to Is= 6 A and Is = 8 A. The effect of current
angle on torque ripple shows a different behavior. As
expected, the torque ripple decreases with an increase in
current angle. A low torque ripple is obtained between 20°
elect and 70° elect for all three loading conditions. It is clear
that the SynRM3 motor has tremendously reduced the torque
ripple, either operating with maximum average torque or
maximum apparent power factor, and the machine still
maintains good average torque.

IV CONCLUSION

A 3D based Finite Element Analysis of a Synchronous
Reluctance Motor with sinusoidal rotor lamination shape in
the axial direction was performed. The governing expression
of the airgap magnetic flux was derived from Kelvin-Stoke’s
theorem and the actual magnetic flux is obtained by
employing the superposition principle. The magnetic flux is
not calculated for unit depth and multiply by the stack length
to find the actual magnetic flux in the machine as is always the
case in electrical machines with plane symmetry. From FEA
results the Synchronous Reluctance Motor with sinusoidal
rotor lamination shape in the axial direction has proved to
tremendously drop the torque ripple contents when operating
with both maximum average torque and maximum apparent
power factor. From the FEA results, it was clear that magnetic
saturation contributes to the shift in current angle towards
bigger values, thus the average torque is not maximized at 45°
elect as expected.

Although, the machine with sinusoidal rotor shape has
proven to provide better performance as far as torque
characteristics are concerned, the FEA results have shown that
the machine has a low power factor and low flux weakening
range. Therefore, the inverter utilization factor will be low.
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