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The modified Schultz index of graph operations

PAULA CARVALHO and PAULA RAMA

ABSTRACT. Given a simple and connected graph G with vertex set V, denoting by dg(u) the degree of
a vertex u and dg(u,v) the distance of two vertices, the modified Schultz index of G is given by S*(G) =
> {uwrcv da(uw) dg(v) dg(u,v), where the summation goes over all non ordered pairs of vertices of G. In
this paper we consider some graph operations, namely cartesian product, complete product, composition and
subdivision, and we obtain explicit formulae for the modified Schultz index of a graph in terms of the number
of vertices and edges as well as some other topological invariants such as the Wiener index, the Schultz index
and the first and second Zagreb indices.

1. INTRODUCTION

Let G = (V, E) be a simple and connected graph. The cardinality of V is called the order
and the cardinality of E is called the dimension of G . The elements of E are denoted by
uv, where u and v are the end-vertices of the edge uv. For a vertex u € V, dg(u) denotes
the degree of u and the distance between two vertices u and v is dg(u, v), the length of the
shortest path between vertices u and v. The distance from a vertex w to an edge e = ujus
is d§(w, e) = min{dg(w,u1),de(w, u2)} and the distance between two edges e and f is
Dg(e, f) = min{dé(ulﬁ ), dé(u% f)}

The Wiener index of G, introduced by H. Wiener in 1947 [12] and defined by W(G) =
> {uwycv da(u,v), is widely studied in the literature. The edge Wiener index is defined by
We(G) - Z{f,g}gE DG(fa g) [7]

The line graph L(G) of a nonempty graph G is the graph whose vertex set can be put in
one-to-one correspondence with the edge set of GG in such a way that two vertices of L(G)
are adjacent if and only if the corresponding edges of G are adjacent. Since D¢(f,g) =
dre(f,9) — 1, forall f,g € E, an immediate consequence [8] is that

W(L(G)) = W.(G) + ('f'). (11)

The Schultz index of G, S(G) = 3 ¢, ,ycv(da(uw) + da(v)) da(u, v), often called the de-
gree distance of a graph (see [3], [4], [6], [11] for more references) has been shown to be
a useful graph theoretical descriptor in the design of molecules with desired properties
namely to characterize alkalenes by an integer number. Schultz index and the Wiener
index are closely related quantities for trees ([5], [10]). Other indices that can be seen as
molecular structure-descriptors are the first and second Zagreb indices. The first Zagreb
index is equal to the sum of squares of the degrees of all vertices, Z1(G) = Y, oy d&(u) =
> wver da(u) + da(v), and the second Zagreb index is Z>(G) = ), cp dc(u)da(v). Anal-
ogously, the first Zagreb coindex is Z1(G) = 3, ¢r(da(u) + dg(v)) and the second Zagreb
coindex is given by Z»(G) = -, p da(u)dg (v).
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The modified Schultz index of G, also known (see [1]) as Schultz index of the second kind
and even also as Gutman index, is defined by

SHG) = Y da(u)dg(v)da(u,v),

{u,v}CV

where the summation goes over all non ordered pairs of vertices of G. For a graph G =
(V,E)and V' C {{u,v} 1 u,v € V}}, weset 57, (G) = 3¢, yevs da(u)da(v)da(u, v).

In this paper we give explicit formulas for the modified Schultz index of simple con-
nected graphs, under several operations in terms of its order and dimension and other
known graph invariants, such as the Wiener index, the Schultz index and Zagreb indices.

2. MAIN RESULTS

The aim of this section is to compute the modified Schultz index for some graph opera-
tions, namely complete product (also known as join), cartesian product, composition and
subdivision. We start with a lemma that is widely used in the rest of the paper.

Lemma 2.1. [2] If G = (V, E) is a graph of order n and dimension q then

@ Z:1(G) =2q(n—1) - Z:(G).
(b) Z5(G) = 24> — 3Z:(G) — Z»(G).

2.1. Complete product. The complete product G = GV G5 of graphs G and G with dis-
joint vertex sets V; and V5 and edge sets £y and Ej is the graph union G; U G together
with all edges joining each vertex of V; to each vertex of V5.

Lemma 2.2. [9]Let G; be a connected graph of order n; and dimension ¢;, i = 1,2. Then
2

(@) Z1(G1VGa) = Y (Z1(Gi) + dain +ninj).

ij=1
i#j
& 1
ij=1
i#]

Theorem 2.1. Let G; = (V;, E;) be a connected graph of order n; and dimension g;, for i = 1,2
and G = G1VGs. Then the modified Schultz index of G is

(@) 5%(G) = z%,_j;_l (205 + mins)? = mig(n + 4) + 2ai0; — nn;
i#£]j

— (nz + 1>Zl(GJ) — ZQ(Gq))
here ¢ = |E(G)| = q1 + g2 + 11 na.

+ ninjq — %nz

(b) §*(C) = 4¢% — (Z(C) + Z2(C)), w

Proof. Notice that dg(u) = dg,(u) + ng if u € Vi and dg(v) = dg,(v) + ny if v € Va.
Furthermore,

0 ifu=w
dg(u,v) =4 1 ifuv € Ejoruv € Eyor (u € Vyand v € V3)
2 otherwise.

Hence, the modified Schultz index of G is given by
S7(G) = 514, (G) + 57, (G) + 57, (G), (22)

where V;; = {{u,v} :ueV,,veV;},1<i<j<2
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Using Lemma 2.1, we obtain

Sv (@) = > da(dg@)da(u,v) + Y de(u)da(v)de(u,v)

uveFE, {u,v}CVy
uwvg By
= Y (da,(w) +n2)(da,(v) +m2) +2 Y (da, (u) +na)(da, (v) + n2)
uveFE, {u,w}CV;
wv¢ By
= > (de(w) +nm2)(de, (v) +n2) + Y (de, (u) +n2)(de, (v) +n2)
{u,v}CV; {u,w}CV;
uvg B
= Y de,(Wdg, () +ny Y (e, (u)+de, () + D> n3
{u ’U}CV1 {U,U}gvl {U,’U}QVI
+ Y de,(wda,(v) +n2 D (da,(u) +da,(v)+ Y n3
{u,v}CV; {u,v}CV;y {u,v}CV1
uvi By uwvg By uwvg B
_ _ n
= 2ZQ(G1) -+ ZQ(Gl) -+ N9 <2Z1(G1) -+ Zl(Gl)) -+ n% (2( 21> o q1>
= 4q%+4q1n2(n1 — 1)+(n1n2)2 — ng(nl +ql)—(1 + 77,2)Z1(G1)—ZQ(G1). (23)
Similarly,
51 (G) = 4g5 + 4gani(na — 1) + (mn2)® — nf(n2 + g2)
—(1 + nl)Zl(Gg) — ZQ(GQ) (24)
Finally, the last term in (2.2) is:
Sv. (@) = Y (de, (u) + na)(da, (v) + 1)
{u,’U}EVlz
= Z (dGl (U’)dGZ (’U) + nldGl (u) + nQdGz (’U) + nln?)
{u,v}eVia
= Z dG1 dG2 )—|— n1nsg Z dG1 —|— n1no Z dG2 (n1n2)2
{u v}eV12 ueVy veEVy
= <Z dGl(U)> (Z da, (W) + 2n1n2(q1 + ga) + (nan2)?
u€Vy vEVa
= 4qiq2 + 2mina(q1 + q2) + (nan2)®. (2.5)
Adding (2.3), (2.4) and (2.5) we obtain formula (a). Formula (b) is a consequence of (a)
together with Lemma 2.2. O

Example 2.1. The modified Schultz index of the complete split graph CS,, = K,VK,
can be computed using formula (a) of Theorem 2.1: $*(CS, ;) = 4((¢—1)* +p*(5¢ — 1) +
p(4¢*> — 8¢ + 2)). In particular, S*(CS24) = 2(¢* + 5¢® 4+ 7¢ — 1), and for a star with n

vertices, S,, = K,, 1V Ky, S*(S,) = 2n? — 5n + 3.

2.2. Cartesian product. The cartesian product G = G; x Gy = (V, E) of two disjoint
graphs G1 = (V4, E1) and Gy = (Va, E») is the graph with vertex set V' = V; x V2 where two
vertices (u1, uz) and (v, v2) are adjacent if they agree in one coordinate and are adjacent
in the other, that is, if u1 = v1 and uavs € F5 or ujv, € Ep and uy = vs.

For (u1,u2) € V wehave dg(uy, u2) = dg, (u1) +dg, (u2) and the distance between two
vertices is dg ((u1,uz), (v1,v2)) = dg, (u1,v1) + da, (ug, v2).
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Theorem 2.2. The modified Schultz index of G = G1 x Gy is given by

2
= > ( 29%(G +2qlnzS(Gj)+4qi2W(Gj)).
J:
i#j

Proof. ConsiderA1 = {{(U1,UQ), (1}1,1}2)} - V1><V2 U = ’Ul)}, AQ = {{(ul,uQ), (’Ul,vg)} -
Vi x Vot us =v9)}and Az = {{(u1,u2), (v1,v2)} € Vi x Vot ug # vy, up # va}. We have
successively,

S5, (G) SN ((day(w) + day (u2)) (de, (w) + dey (v2)) de, (uz, v2))

weVy {uz,v2}CVs

W(G2) D da, (w)? + S(G2) > da,(w)+ Y §*(Ga)

weVy weVy weVy
= Z1(G1) W(G2) +2q15(G2) + n15™(G2)

and S (G) is obtained in a similar way.
Using Lemma 2.1 we have

S, (G) =
Y (e, (u) +da, (u2) (da, (v1) + da, (v2)) (da, (ur, v1) + da, (uz, v2))

{z,y}€As

= Z da, (u1) da, (v1) dg, (w1, v1) + Z da, (u2) da, (v2) da, (uz, v2)

{zyreds {z,y}€As

+ Y day(un)da, (v2) da, (ur,v) + Y de, (u1)da, (v1) da, (uz, v2)
{way}eA?’ {I,y}eAg

+ Z dG1 (ul) dGz (UQ) dG1 (U1,’U1) + Z dGz (u2) dGl (Ul) dGl (u17vl)
{w)y}EAii {$7y}€A3

+ Z dGl (ul) dGz (UQ) dGz (uQa UQ) + Z dGz (UQ) dG1 (Ul) dGz (u27 UQ)
{wry}EAi’» {x,y}€A3

= N2 (712 — 1) S*(Gl) + ny (Tll — 1) S*(GQ) + 2(2q§ — %Zl(Gg))W(Gl))
(26} — 3 Z1(Ga)W(G2) + 202(n2 — 1)S(Gh) + 2aa(m — DS(G).

As {A1, Ag, As} is a partition of the set of 2-sets of V' = V; x V5, we obtain

SUG) = 54,(G) +54,(G) + 54,(G)
= > (ESU(Gy) + 2amiS(Gy) + 4GEW(G) ).
zzj;zjl
0

Example 2.2. The modiﬁed Schultz index of a 4-nanotube P,, x C,, (m even) is S*(P,, x
Cn) = m73(1 —2n)? + o (8n — 12n? + 7n — 3); for the 4-nanotorus Cy x C,, (with k,
m even), we have S*(C;C x Cp) = 2k?m?(k + m) and for P,, x K> (the ladder graph),
S*(P, x K) = 6n® — 3n? — 2n.
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2.3. Composition of graphs. Let G| and G be graphs with disjoint vertex sets V; and
V, and edge sets Ey and E5. The composition graph of G; and Gy, G = G1[G2), is the
graph with vertex set V; x V5 and (uy, u2) is adjacent to (vy, v2) whenever v, is adjacent
to v1 or u1 = v; and ug is adjacent to ve. For each (ui,us) € Vi x Vi, da(u1,u2) =
nada, (u1) + da, (ug), and

0 if (ul,u2) = (’Ul, ’UQ)
_ 1 if u; = v1 and ugvy € Fo
do (w1, u2), (v1,v2)) = 2 if ug = v1 and ugve ¢ Es

dg, (ui,v1) ifur # v

Theorem 2.3. Fori = 1,2, let G; = (V;, E;) be a connected graph of order n; and dimension g;.
Then the modified Schultz index of G = G1[G2] is given by

SG) = n35"(Gh) + 2n3q25(Gh) + 43 W (Gh)

+ (n (na — 1) = n3q2) Z1(G1) — 2n2q1 Z1(G2)

—n1 (Z1(G2) + Z2(G2)) + 8q1gana(ng — 1) + 4n1q3.
PTOOf. Let Al = {{(Ul,UQ), (’Ul,vg)} - Vl X ‘/2 DU = V1, U202 € E2 },
A2 = {{(U17U2)7 (Ul,’ljg)} - V1 X V2 DUl = V1, U202 ¢ E2 },
As = {{(u1,u2), (v1,v2)} T V1 X Vo 1 ug # v1,us = va} and
Ay = {{(u1,u2), (v1,v2)} CTVi X Vo 1 ug # v1,us # v2}. Letz = (w,uz),y = (w,vs) € Aj.
Then

S4,(G) = Z da(w,uz) da(w, va2) da((w, uz), (W, v2))
{z,y}eA:

= Z Z (da, (w)ng + de, (u2)) (dey (w)ng + da, (v2))

weV1 ugva €Ea

= n% Z Z d2G1 (w) +ng Z da, (w) Z (dGz (u2) +da, (UQ))

uzv2€E2 weV) weVy uv2 € Ea

+ Z Z da, (u2)de, (v2)

wEV] ugva€EFo
= n3q2Z1(G1) + 2n2¢1 Z1 (G2) + 11 Z2(G2).

With z = (w,u2), y = (w,v2) € A; and using Lemma 2.1 we have,

S, (G) = 2 Z Z (da, (w)ng + da, (u2)) (da, (w)ng + da, (v2))

weVY usva ¢ Eo

= 23 Y > dg(w)+2my Y de,(w) Y (da,(us) + da,(v2))

uzv2¢ By weV weVy uzv2¢ Eo

23 Y day(wn)dg,(v:)

weVL ugva ¢ Eo

= 277,% (<n22> — QQ) 7 (G1) + 4712(]171((;2) + 2%172(G2)

= m32 ((”;) - q2) Z1(G1) + 4n2q1 (2g2(na — 1) — Z1(G2))

1
+2n1 (245 — §Z1(G2) — Z5(Ga))
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= 2 (”% <T;2) - ”%%) Z1(G1) = 2(2q1m2 + %)Z1(G2)

—2n172(G2) + 8q1gona(ng — 1) + 4n1q3.
With z = (ug,w), y = (v, w) € Az,

823(G) = ’I’L%Z Z dGl(u1>dG1(v1)dG1(u17v1)

weVa {uy,v1}CV;

tny Y de,(w) Y ((de, (ur) + de, (v1)) de, (ur,v1))

weVs {ul,vl}§V1
+ Z da, (w)? Z da, (u1,v1)
weVa {u1,v1}CV;

= HSS*(Gl) + 2n2q23(G1) + Zl(Gg)W(Gl)
For x = (u1,us2), y = (v1,v2) € Ay,

Si(G) = > (da, (u1)na + dg, (ua))(da, (vi)na + da, (v2))da, (u1, v1)
{z,y}€As

= 2n3 Z Z da, (u1)dg, (v1)da, (u1,v1)

{u2,v2}CVa {u1,01}CV1

tng Yy Y day(uz) Y da(v)d, (ur,01)

uz2 Ve voeVo\{us} {u1,v1}CVy

Hny Yy day(va) Y day(un)de, (ur, )

va €V quVQ\{’Ug} {u1,v1}§V1

+2 Z dG2 (u2)dG2 (UQ) Z dGl (ulv Ul)

{u2,v2}CVa {u1,v1}CV1

And by Lemma 2.1 we obtain

53,6 = 23('7)5 (G0 + e - N Y (o) + do (00) e, (1, 1)

{u1,v1}CV1
1
+2 (2615 - 2Z1(G2)> W(Gh)
= nj(ne —1)S*(G1) + 2n2(na — 1)g25(G1) + 463 W (G1) — Z1(G2)W (G1).

Since {A1, Az, A3, A4} is a partition of the set of 2-sets of V' = V7 x V5 then S*(G)
4, (G) + 84, (G) + 84, (G) + 5%, (G) and the result follows.

Ol

Example 2.3. Composing paths and cycles with various small graphs one obtains classes
of polymer-like graphs. For G = P,[K,|, we have S*(P,[K,]) = %(1 —3p)2 +n?p3(1 -
3p) — p?(6p* — Tp + 2) + 7E(42p® — 45p® 4 20p — 3). In particular, for P,[K,], the fence
graph, 5*(P,[K>]) = 32n3 — 40n% + 192n — 48.

2.4. Subdivision of a graph. The subdivision graph G’ = (V’,E’) of a graph G is the
graph obtained from G = (V, E) by inserting a new vertex of degree 2 in each edge of G.
It follows immediately that |V'| = |V| + |E| and |E’| = 2|E|. We define, for each u € V,

D*(u) = ) ecp di(u,e) and D°(G) = 3 ey da(u) D™ (u).
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Theorem 2.4. Let G = (V, E) be a connected graph of dimension q and G' = (V',E’) the
subdivision graph of G. Then

S*(G') = 28*(G) + 8W(L(G)) + 4D°(G) + 4 ¢*.
Proof. Foru,v e V',

2dg(u,v), ifu,veV
daor(u,v) =< 14 2d5(u, ey), ifueV,oeV'\V
2+ 2D¢g(ey, ), ifu,veV'\V

with e, € F being the edge of G where a new vertex « is inserted.
In the following we use (1.1) to obtain

S*(G/) = Z dG/ dG/ )dG/(u,v)

{u,v}CV’

:2ZdG dGuU+2ZZdG dG/UU)
{uw}CV ueV veV/\V
+4 Z de (u,v)

{u,v}CV\V
= 29%(G)+2) > do(u)(l+2d5(u,e)) +4 Y (24 2Dgl(e, £)))
u€V e€eE {e,f}CE

= 25%(G) +4¢° +4D°(G) + 8(3) +8W(L(G)) -8 (g>

= 25%(G) + 8W(L(G)) + 4D°(G) + 4¢>.
O

Example 2.4. Let G’ be the subdivision graph of the complete graph K,,. From Theorem
2.4, it follows that 5*(G) = 25°(K,) + 8W(T,) + 4D°(K,.) +4(3)" = 2(3)((n - 1)

8(";") + 2(3)) = 3n(n — 1)?(2n — 3), with T,, being the line graph of K, that is, the
triangular graph.
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