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The paper deals with a Nonlinear Programming (NLP) problem that depends on a finite
number of integers (parameters). This problem has a special form, and arises as an auxiliary
problem in study of solutions’ properties of parametric Semi-infinite Programming (SIP)
problems with finitely representable compact index sets. Therefore it is important to provide
a deep study of this NLP problem and its properties w.r.t. the values of the parameters.
We are especially interested in the case when optimal solutions of the NLP problem satisfy
certain properties due to some specific requirements arising in parametric SIP. We establish
the values of the parameters for which optimal solutions of the corresponding NLP problem
fulfill the needed properties, and suggest an algorithm that determines the right values of the
parameters. An example is proposed to illustrate the application of the algorithm.
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1. Introduction

Semi-infinite Programming (SIP) deals with extremal problems that involve infinitely
many constraints in a finite dimensional space. Semi-infinite optimization has always been
a topic of a special interest due to the numerous theoretical and practical applications
such as robotic, classical engineering, optimal design, the Chebyshev approximations etc.
(see [8, 10, 11], and the references therein). Nowadays, SIP models are efficiently used
in dynamic processes, biomedical and chemical engineering, biology, tissue engineering,
polymer reaction engineering, etc. (see [1, 25|, and others).
Generally, a Semi-infinite Programming (SIP) problem can be formulated as follows:

m%l c(x) st f(oe,m)<0VTET,
»eR”

where s € R” is a decision variable, 7 is a constraint index, 7' C RP is an infinite index
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set. When, additionally, the index set T depends on the decision variable sz, one gets a
problem of the generalized SIP (see [12]).

The use of the SIP models for real processes systems is often associated with global
parametric identifiability of a dynamic model and a robust design of dynamic experiments
where certain parameters arise (see [1, 3, 4], et al). In such situations, the objective
function and the functions defining the feasible set depend additionally on so called
perturbational parameters and problems of parametric Semi-infinite Programming arise.
Many fundamental and especial results concerning parametric Semi-infinite Programming
are due to H. Th. Jongen, J.-J. Riickmann, and G.- W. Weber (|15-17]) as well as to F.J.
Bonnans, A. Shapiro, G. Still, O. Stein and others (see e.g. 3, 13, 24]). For applications
of the parametric SIP see [1, 23-25| et al.

When one deals with the parametric SIP problems, then even small perturbations
of the parameters can seriously change the properties of solutions. Hence the study of
the dependence of solutions on parameters is a topical issue in parametric SIP (see e.g.
[3, 15, 16, 24]).

In our study, we are interested in properties of auxiliary NLP problems that arise when
the following parametric SIP problem is being studied:

(SIP(e)): min c(s,e), st. f(,7,6) <0, 7€T ={reRP:g(r)<0,i€l}

where the index set T' € RP is compact, functions

c(s,€), f(o, 7, €), gi(T),1 € I, (1)

are sufficiently smooth w.r.t. all their arguments, and € > 0 is a parameter, ¢ € £(gg) =
[€0, €0 + 0], with sufficiently small § > 0, €9 being the unperturbed parameter value.

When considering a problem (SIP(¢)), with a fixed e, one is interested in finding an
optimal solution s(e) of this problem, the corresponding active index set Tg(5(¢)) := {7 €
T : f(s(e),7,e) = 0} and the Lagrange multipliers vector n(e) = (n(7),7 € Ta(x(c)))
satisfying the first order optimality conditions ( see e.g. [10, 11|, et al.).

Suppose that for the problem (STP(gg)) (corresponding to an unperturbed parameter
value ¢ := gg) we have found an optimal solution s(gg) with a finite active index set
To(#(e0)) = {7j(c0), j € I}, and the Lagrange multipliers vector n(eo) = (nj(e0),j € I).
Then under rather “nonrestrictive “ assumptions one can show that the perturbed problem
(SIP(e)) with € € &E(ep), has an optimal solution s(g) € R™ such that s(g) — ()
as € — ep. Moreover the corresponding active index set T,(s(¢)) and the Lagrange
multipliers vector 7(e) admit the presentations

Ta(%(g)) = {Tkj(g)ak = 1?" -5y Pj5 J € j}: "7(5) = (nkj(5)>k = 17' -y Dy ] € j)a

pi
such that 74;(¢) — 7(e0),k = 1,...,p;, j € J, anj(e) — nj(e0),J € J, with some
integer parameters p; > 1,5 € J,pj=1,7€ J\J,andaset J,JCJ CI,J:={jel:

nj (80) > 0}.

In other words this means the following;:

e for each j € J, the active index 7;(¢) of the unperturbed (SIP(g¢)) problem generates
p; active indices 74;(¢),k = 1,...,pj, of the perturbed problem (SIP(¢)),

e for each j € I'\ J, the active index 7;(g) of the unperturbed (SIP(gg)) problem does
not generate any active index of the perturbed problem (SIP(g)).
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Notice that the integer parameters p;, 7 € J and the set J, are unknown a priori and
can not be evidently found on the basis of a known solution of the unperturbed problem
(SIP(go)).

One of the main goals of study of the parametric SIP problem (SIP(e)) consists in the
following: based on the known solution s(eg), 7;(c0), n;(€0), j € I, of the unperturbed
problem SIP(ep) and the derivatives of functions (1) w.r.t. their arguments calculated at
#(g0), Tj(e0), j €I, and ep, to predict the behavior of optimal solutions of the problem
(SIP(e)) under small perturbations of . For example, it is interesting to know

a) the integer parameters p;,j € J and the set J; -

b) the initial values nii(eo +0),k =1,...,pj, i € J;

c) the derivatives (g + 0), 7xj(e0 + 0),k = 1,...,p;,j € J, and ngi(e0 + 0),k =
1,...,pj, i€ J.

In our subsequent paper dedicated to study of the parametric SIP problem (SIP(g)),
we will show that all of these data can be found on the basis of an optimal solution
of some auxiliary NLP problem P(p;,j € J) that depends on the integers p;,j € J,
mentioned above and has the following decision variables vector: £ = (x, tgj,yi;, k =
1,...pj, j € J; yi, i € I). Namely, if the “right” values of integer parameters p;,j € J,
are found, and ¢° = (20, tgj,ygj,k =1,..,p;, j € J; y?, i € I) is an optimal solution
of the corresponding problem P(pj,j € J), then s(gg + 0) = 29, 74;(e0 +0) = tgj, k=
1,...,pj,j € J, nkj(é?o—}—()) :y]gj,k: 1,...,pj, 1€ J; 171@(60-#0) =0,k = 1,...,pj,j S

Dbi
J\ J; and Zﬁki(&) +0) =y, i€ J.
k=1

Hence, to obtain the data a) - b), we have to find the “right” values of the parameters
pj,j € J, and solve the NLP problem P(pj,j € J). In its term, the “right choice” of
the parameters p;,j € J, is characterized by the fact that the optimal solutions of the
corresponding problem P(p;,j € J) possess some additional properties. Therefore it is
important to provide a deep study of this auxiliary NLP problem and its properties w.r.t.
the values of the parameters.

As well as most NLP problems arising in applications (see for example [2, 18]), the
problem P(p;,j € J) has a special form. It is well-known that a detailed study of NLP
problems taking in respect their specific structure permits one to get more strong theo-
retical results and to create efficient numerical methods [7, 14].

This paper is dedicated to study of the properties of the problem P(p;,j € J) w.r.t.
the parameters p; > 1,5 € J. We will justify the existence of the parameters’ values for
which the problem P(p;,j € J) admits an optimal solution possessing certain properties
and describe a procedure that permits to find these parameters values.

As far as we know, in literature there is no detailed study of NLP problems in the form
P(p;,j € J) in respect of the above mentioned aspects.

The rest of the paper is organized as follows. In section 2, we formulate problem
P(p;j,j € J) and present some of its properties that will be used in our subsequent
paper dedicated to parametric SIP. The main result of section 3 consists in formulation
and proof of optimality conditions for problem P(pj,j € J). In section 4, we provide
a detailed study of properties of optimal solutions of P(p;,j € J) for different values
of the parameters (lemmas 4.1-4.6) and on the basis of the obtained results, formulate
conditions that guarantee the existence of the values of the integers p; > 1,5 € J, such
that optimal solutions of the corresponding problem P(p;,j € J) possess the properties
formulated in section 2. In section 5, we present the conditions that guarantee solvability
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of the problem P(p;,j € J). A conceptual algorithm that determines the set of integers
pj,J € J such that an optimal solution of the problem P(p;,j € J) satisfies the proper-
ties from section 2, is described in section 6, and an example illustrating application of
this algorithm is presented in section 7. The final section 8 contains some conclusions.
We have included in the paper three appendices containing some technical proofs and
constructive procedures which can contribute to a better understanding of some of the
allegations and numerical rules for testing assumptions.

2. Problem statement
Suppose that the following index sets:
I=0LUIL, [ NnI;=0, |Il\§n; J, |J\§n, (2)

matrices, vectors and numbers

D eR"™™ ceR", Dj e RP*P A; e R"P B; € R%*P,
c; €eRP.mj e Rym; >0,je€J, ¢ e R"w; e Ri e,

(3)

are given and fixed. These data are uniquely generated by data of unperturbed parametric
SIP problem (SIP(gg)) and its optimal solution, for example

L e— an(%O’ng‘?O) L e— 82f(%077—19750) L e— 82f(7’f077_i0750) J— . Y
Dj = =55, Aji= g g e o = g e my = nj(€0)j € J,
8 07 iO7 a 07 7;07 ;
qvl::w’ Wi:W>ZGI- (4)

Denote K(j) :={l € RP: Bjl <0}, j € J, and suppose that
D=D" 2"Dzx>0VzeR", D;=D] t"Djt < 0VteK(j),je (5)
Let relations

el

imply the inequality
— ) wily; > 0. (7)
i€l

We omit here a detailed explanation of the origin of conditions (5) and implication (6)
= (7), just mention that this is a property of the data of the parametric SIP problem
(SIP(gp)) and is supposed to be satisfied in our study. The importance of this implication
(6) = (7) will be explain is what follows.
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For any fixed set of the integers p; > 1,5 € J, consider problem in the form

‘ 1 Dj 1
min F(§) := imTDx - Z Zykj <§t;}Fijtkj + CJTtkj> - Zwiyi:

je€J k=1 i€l
p;
s.t. F(§) := Dz + ZA]' Zykjtkj + Z%’yi +c=0, (8)
jeJ k=1 el
pj
k=1
where

§ = g(pjaj € J) = (l’, tkjaykjak = 17"'7pja J € J> Yi, (S I) (9)

is a vector of decision variables. In what follows, we denote problem (8) by P(p;,j € J).

It can be shown that that the fulfillment of the implication (6) = (7) is a necessary
condition for boundedness from below of the cost function of the problem P(p;,j € J).
Moreover, due to this implication , for the problem P(p;,j € J) introduced above, without
loss of generality we may consider that rank(g;,i € I1) = |[I1] (see Lemma A.1 in Appendix
A).

The problem P(p;,j € J) is a parameterized NLP problem in a special form. When
values yi;,k = 1,...,p;, j € J are fixed (in particular, when p; = 1, j € J), this prob-
lem becomes a nonconvex Quadratic Programming (QP) problem. Hence the problem
P(pj,j € J) can be considered as a weighted QP problem that incorporates additional
nonlinearities.

Motivated by the ultimate aim of our study in parametric SIP, we are particularly
interested in determination of the values of the parameters p; > 1,5 € J, for which the
problem P(pj,j € J) admits an optimal solution

E=80pjied) =" ), k=1,...pj, j€J; ), i €I, (10)
possessing certain properties that are listed next.
Property 1: The following inequalities take place:
yp; >0,k =1,...,p;, j € J. (11)

Property 2: The following rank condition is satisfied:

rank (Aj(tgj = t?j), k=2, ..,pj,j€Jeq,ic hUI}) =I5+ ij—i—’y*,
jeJ
where | K| denotes a number of elements of a set K, v, := [I1| — |J|, Jy = {j € J : p; > 2},
Ig={iel: y) >0}

Notice that the above equality implies |I$| 4+ > pj+v. < n.
jed
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Property 3: For any j € J, vectors

i ke {se{l,....,p;} 1 y2 > 0}, (12)

are global optimal solutions in the problem
1
min U;(t) := (—itTDjt — (¢ + AJTxO)Tt>, s.t. t e K(j). (13)
Notice that problem (13) is quadratic but not convex.

The aim of this paper is to study the properties of the class of the NLP problems
P(p;,j € J) with different values of the parameters p; > 1,5 € J, and on the base of the
obtained results to

e prove that there exist the values of the integers p; > 1,5 € J, such that the corre-
sponding problem P(p;,j € J) possesses the Properties 1) - 3) mentioned above,
e propose an algorithm that allows to find such right values of the integers.

3. Optimality conditions for the problem P(p;,j € J)

Let us recall here some known results of the NLP theory that we will use in what follows.
Consider a general nonlinear problem

minc(z), s.t. fi(z) =0,i € S1; fi(x) <0,i € Ss. (14)

Let 2° be a feasible solution of problem (14). Denote by So(2°) = {i € Sy : fi(2°) = 0}
the set of the inequality constraints of this problem that are strongly satisfied at 20.

DEFINITION 1 The Relaxed Constant Rank constraint qualification (RCRCQ) is said to
be satisfied at a feasible solution 2 of problem (14) if there exists a neighborhood V (z°)
of 2° such that for any index set S C Sa(2%), the set of vectors {V f;(z),i € S; U S} has
constant rank in V (2).

The following statement can be formulated on the basis of [22].

PROPOSITION 3.1 Let 20 be an optimal solution of problem (14) and let (RCRCQ) be
satisfied at x°. Then there exist numbers \;,i € S1 U So(2?) such that

VC(SCO) + Z )\ZVfZ(JIO) =0, \;>0,7¢€ SQ(IL'O).
i€S1U52($O)

Notice that the problem P(p;,j € J) is a particular case of problem (14). Let us show
that any feasible solution & of P(pj;,j € J) satisfies the condition (RCRCQ). Consider
the matrix

9F (&)

where the function F(§) is defined in (8). Since ¢ is feasible in (8), then from the con-
straints of this problem we conclude that for any j € J there exists k(j) € {1,...,p;} such
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that yp;); # 0. Consequently rank (Ajyx;, Ajtrj, kb = 1,...,p;) = rank A;, j € J and
hence

rank (D, Ajyr;, Ajtiei, k=1,...,p5, j € J; qi, i € I) = rank (D, A, j€J; ¢, i €1).

Therefore the gradients of the function F(§) defining the equality constraints F(§) = 0
in the problem P(pj,j € J), have the constant rank at any feasible solution. Notice

that in problem (8) all the constraints in the form of inequalities as well as the equality
P;
constraints ) yx; = my, j € J, are linear.
k=1
Hence we have shown that the constraint qualification (RCRCQ) is satisfied for any
feasible solution & of the problem P(pj,j € J). Thus, it follows from Proposition 3.1
that the necessary optimality conditions for this problem take the form of the following

proposition.

PROPOSITION 3.2 Let

be an optimal solution of the problem P(pj,j € J). Then there exists a vector of the
Lagrange multipliers

(2 € R"A(j) €R, pu(k,j) eRY, k=1,...p;,j € J), (16)

such that
Dz’ + Dz =0, (17)
—q¢l2+twi=0,i€l; —q 24w <0, y(¢lz—w;)=0,i€ b, (18)
— 5t Dt — T 1)+ 2T Ajt) + A(j) = 0, k € P, (20)

— 3 Dt — et + 2T At + A(j) > 0, ke P, j e,
where

Pii={ke{l,...p;} yp; >0}, P} =={1,....p;}\ P}, j€J. (21)

Taking into account the definition of the problem P(p;,j € J), one can notice that if
vector (15) is its optimal solution, then any vector (z, tgj, ygj, k=1,.,pj, j€J; v, i€
I) with x satisfying the equality D(z" — ) = 0 is an optimal solution as well.

To reduce such an ambiguity in optimal solutions of the problem P(p;,j € J), in what
follows, without loss of generality, we will consider optimal solutions in the form

& =% R unk=1,pj, JET; ), i €1), (22)

where 20 = —z, z being the vector of the first components of the Lagrange multiplier
vector (16).

The necessary optimality conditions for the solution £° defined in (22) can be rewritten
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as follows:

=0, ke Pf
1,07 1y .40 7,40 0T A 40 . ’ v )
—5tr; Djth; — ¢jty; — 70 Ajti + A(4) { S0, ke Pjo, jeJ; (24)
qZ-TxO +w; =0, 1€l qz-T:CO +w; <0, y?(q?afo +w;) =0,i € I. (25)

Hence we have proved the following theorem.

THEOREM 3.3 (The first order necessary optimality conditions) Let vector (15) be an
optimal solution of the problem P(pj;,j € J). Then there exist vector 20 and multipliers
(A), (K, j), k=1,...,pj,5 € J) such that vector (22) is an optimal solution in P(p;,j €
J) and relations (23)- (25) are satisfied.

It is easy to verify that from (23), (24), it follows A(j) = —%t%Djtgj, kePrjed
Let us make the following assumption.

ASSUMPTION 1 For an optimal solution (15) of the problem P(p;,j € J), there do
not exist two vectors of the Lagrange multipliers (16) satisfying (17)-(20) with different
components z.

Remark 1 It should be noticed that if
"DI>0, VIE{leR":¢[1=0,i€l; ¢ 1<0,iclI"Ajt); =0,k € P}, j € JH\{0},

then Assumption 1 is satisfied. Other necessary and sufficient conditions guaranteeing
the fulfillment of this assumption (as well as constructive rules for its verification) are
presented in the Appendix.

Note that if y,gj = 0 for some k € P}, j € J, then any vector from K(j) can be chosen
as the component tgj in the optimal solution (22). Therefore, under Assumption 1 the
condition (24) can be rewritten in the form

Uj(th) = —A(j), k€ Pry W,(t) > —A(j) Vt € K(j), ke P, jeJ, (26)

the functions ¥;, j € J, being defined as in (13). Hence we can formulate the following
corollary of Theorem 3.3.

COROLLARY 3.4 Let £ be an optimal solution of problem P(p;,j € J) satisfying As-
sumption 1 and suppose that P]Q £0,5¢€J in (21). Then £° satisfies Property 3).

LEMMA 3.5 Given j € J, let numbers y,gj, k=1,...,p;, satisfy the conditions

pj
E 0 0

yk_] = mj7 yk] Z 07 k = 17"'7pj7
k=1

vectors tgj, k€ P;, be global optimal solutions in problem (13) and tgj € K(j),k e P]Q,
with P, PjQ defined in (21). Then the vector

8
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s a global optimal solution of the problem

Pj
. : 1
min ‘bj(Vj) = — Z Yk (§t£ijtkj + (Cj + A?xO)Tth),
k=1
Pj (28)
s.t. Zykj =mj, yrj = 0, tg; € K(j), k=1, ooy Djie
k=1

Proof. Let v; := (txj, ykj, k =1,...,pj) be a feasible solution of problem (28).
Since vectors tgj, k € P7, are the global optimal solutions in problem (13), then having
denoted \Ifj(tgj) i= const(j), k € P}, we get const(j) < V;(t) Vt € K(j). Consequently,

p;
for any vector v; that is feasible in (28), we have ®;(v;) = Y Yk ¥; (tr;) = mjconst(j).
k=1

P;
On the other hand, vector I/]Q is also feasible in (28) and @j(yg) = kzl y,gjll’j (tgj) =

= mjconst(j). Hence V]Q is a global optimal solution of problem (28). The lemma is

proved. |

Fix 5 € J, and let a vector I/JO = (tgj, y,gj, k =1,...,p;) be a global optimal solution of
problem (28). Hence for all vectors in the form

vj = (ty = tgj + Atyj, yrj = y,gj + Ay, k=1,...,p;), 5 € J, (29)
such that
p;
k=1

we evidently have
®;(vy) — ;(v5) 20, j € J. (31)
Now we can prove sufficient optimality conditions for the problem P(p;,j € J).

THEOREM 3.6 (Sufficient optimality conditions) Let vector £° in the form (22) be a
feasible solution of problem (8) and let the following conditions be satisfied:

(1) €° satisfies (25) and
(2) for j € J, vectors (12) are global optimal solutions of problem (13).

Then the vector £° is a global optimal solution of problem (8).

Proof. Let us consider any feasible solution £ of problem (8). This vector admits a pre-
sentation

€= (z:= $0+A$,tk]‘ = tgj—f—Atkj, Ykj 1= y,gj—i—Aykj, k=1,..,pj,7 € J,y; := y?—I—Ayi,z’ el).
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From feasibility of £ in (8), it follows that

pj
DAz + ) " A > (Atgyup; + Aynity; + At Ayg;) + Y gidy; =0, (32)
JjeJ k=1 el

Ay; >0, ifi € Iy and 3 = 0, (33)

and relations (30) take place.
Taking into account equalities (32), let us calculate

F(€) — F(¢%) = %AxTDA:U = (@ gi + wi)Ayi + > (B5(v;) — 2;(14)),
icl jed

where vector V?, v; are defined in (27), (29).

Due to the assumption of the positive semi-definitiveness of the matrix D, we have
AxzTDAxz > 0 for all Az € R™.

Conditions (25) and (33) imply the inequality — > (2%7q; + w;)Ay; > 0.

i€l

Taking into account condition 2) of this theorem and applying Lemma 3.5, we conclude
that inequalities (31) take place when conditions (30) are satisfied.

Consequently, F (&) — F(£9) > 0 for any feasible ¢ in problem (8). This means that &°
is a global optimal solution of problem (8). The theorem is proved. [ |

4. Properties of the problem P(pj,j € J)

In the previous sections, we have formulated the Properties 1) - 3) that can be satisfied
by the optimal solutions of the problem P(p;,j € J) in the form (8). In this section, we
establish some additional properties of this problem. In the following lemmas 4.1-4.4 we
will study how the change of the parameters in problem (8) affects its optimal value.

LEMMA 4.1 Suppose that there is an optimal solution &9 (see (22)) of problem (8) such
that yl(c)ojo =0 for some 1 < ko < pj,, jo € J. Then

Ual(P(ﬁjvj € '])) = Ual(P(pj7j S J))7 (34)

where p; = pj, j € J\ {jo}, Pj, = pj, — 1.

Here and in what follows, val(P) denotes the optimal value of the cost function in an
optimization problem P.

Proof. Without loss of generality, we can consider that ky = pj,. It is easy to show that
vector £0(p;,j € J) :== (Y, tgj,y,gj,k =1,..,pj, j € J; ¥, i € I), is an optimal solution
of the problem P(p;,j € J) and equality (34) takes place. [ ]

LEMMA 4.2 Let integers pj,pj,j € J, satisfy the inequalities p; > p;, j € J. Then
val(P(pj,j € J)) < val(P(pj,j € J)).

10
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Proof. Let vector £%(pj,j € J) in the form (10) be an optimal solution of the problem
P(pj,j € J). It is evident that vector £(p;,j € J) = (¥, tgj,ygj,k =1,..,p5, j €
J; y?, i € I) with tgj =0, ygj =0,k =p; +1,...,pj, is a feasible solution of the problem
P(p;,j € J) and F(&(pj,j € J)) = F(&%p;,j € J)) = val(P(pj,j € J)), where F(§) is
the objective function of the problem P(p;,j € J) for a feasible &.

The last equalities and the inequality val(P(p;,j € J)) < F(&(pj,j € J)) imply the
inequality val(P(pj,j € J)) <wval(P(p;,j € J)). [ |

LEMMA 4.3 Let a feasible solution (22) of the problem P(p;,j € J) satisfy conditions
(25) and Property 3). Then for all integers p; > pj,j € J, the following equality holds:

val(P(pj,j € J)) = val(P(pj,j € J)). (35)

Proof. Tt follows from the assumptions of this lemma and from Theorem 3.6 that the
vector £ defined in (22) is a global optimal solution of the problem P(p;,j € J).
Consider vector

whose components are defined using that of the vector €0 as follows:
- 0.7 _ 40 = .0 7 _ LF 40 = . _ P
r=x 7tkj - tk]7yk] - yk]7k - 17"'7pj7tkj - tpjjayk‘j - Oak _pj+17"’7pj7] € va’b =Y;,tE I

It is easy to check that

i) vector £ is a feasible solution of the problem P(p;,j € J),

ii) the value of the cost function of the problem P(p;,5 € J) at £ is equal to the value
of the cost function of the problem P(p;,j € J) at its feasible solution &°,

iii) all the conditions of Theorem 3.6 are satisfied for vector £ and consequently, vector
¢ is a global optimal solution of this problem.

The conditions i)-iii) imply the equality (35) and the lemma is proved. [ |

LEMMA 4.4 Let problem (8) admit an optimal solution £° (see (22)) that satisfies As-
sumption 1 but does not satisfy Property 3). Then val(P(pj,j € J)) < val(P(pj,j € J)),
where p; =p; +1, j € J.

Proof. Suppose that, on the contrary, the equality
val(P(ﬁjvj € J)) = val(P(pj,j € J)) (37)

takes place. Consider an optimal solution £°(p;,j € J) of the problem P(pj,j € J). Let
&%(p;, 7 € J) have the form (22). It follows from (37) that vector £%(p;, j € J) defined as

go(pjvj €J):= (xovtgjvyl(c]jv k=1, '”7pj;t2j+1,jaygj+1,j =0,j€ J;yzoai €l

with any tgjﬂ,j,j € J, satisfying the conditions tngrl,j € K(j),j € J, is an optimal

solution of the problem P(p;,j € J). Hence it follows from Assumption 1 and Theorem

3.3 that for the optimal solution £°(p;,j € J), conditions (26) with p;,j € J, replaced by
pj = pj + 1,5 € J, are satisfied.

Based on these conditions and the equalities ygj j=0,5€J, we conclude that, for any

j € J, vectors tgj, k =1,...,pj, are optimal in problem (13). This means that the optimal

11
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solution £° of the problem P(pj,j € J) possesses Property 3). But this contradicts the
assumptions of the lemma. The obtained contradiction completes the proof. [ ]

In the final part of this section, we present the conditions that guarantee that the
problem P(p;,j € J) admits optimal solutions satisfying Properties 1) - 3).

LEMMA 4.5 Suppose that the problem P(p;,j € J) with p; = n+ 2,j € J, admits an
optimal solution satisfying Assumption 1. Then the optimal solution satisfies Property 3).

Proof. Suppose that the problem P(p;,j € J) with p; =n +2,j € J, admits an optimal
solution &Y = (29, tgj,ygj,k =1,..,pj, j € J; ¥2, i € I). Consider the sets P]Q, jedJ,
defined in (21).

It follows from Assumption 1 and Theorem 3.3 that conditions (26) are satisfied. Hence,
if for all j € J, we have P]Q # (), then the optimal solution ¢° satisfies Property 3) and
the lemma is proved.

Suppose now that for some j € J it holds PjQ =0, i.e. y,gj >0 forall k=1,...,p;. It

follows from (26) that for these j € J and £, there exists a multiplier A(j) such that

tg?Djtgj tk] - xOTAjtgj - )‘(])a k=1, <y Dj- <38)

Hence

Pj pPj pPj
L or T T . 0,07 4 40 .

- Zygj(itgj Djtgj +cj tgj) = Zylgj(xo Ajtlgj —A(j)) = Zyij Ajty; — Ad)m

k=1 = k=1

(39)
. Ajtgj

Consider the (n + 1)—vectors 1 Jk=1,..,pj, where pj =n+2.
It is evident that these vectors are hnearly dependent, hence there exists a vector

Ay = (Ayx,k =1,...,p;) # 0 such that ZAykAt =0, ZAyk—O

Set: A := oo if Ay >0, A\ := —ykj/Ayk if Ay < 0 k: = 1,...,pj, and calculate
A= i I{un Ak > 0. Consider the numbers
=1,..,P;
Uni =y + My k=1,...p;. (40)

By construction, we have

Zykj mj,y,gj >0,k=1,...,pj,3 1 < ko < pj such that 3720]- =0,

Vi
-0 0 0 0
Z T Ajthy = Y kAt
k=1 k=1

12
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pj
0T 0T

—Z k}j t Dtk]+C t Zyk,] Atk‘]_)\ Zyk] At )\( )

k=1
P 1
T . T T
= Zylgjxo Ajtgj —A(J)m; = — Zygj(itgj Djtgj +¢; tgj)'
k=1 k=1

Consequently the vector &* := (20, tOJ,gjg],k =1,..,pj, j € J; v, i € I), with the
components gj,gj, k=1,..,pj, j€J, defined by the rule:

° B =Yhp k=1,.,pj, if P)#0;
° ggj, k=1,...,pj, are given by formulae (40), if PjQ =0,

is an optimal solution in P(p}, j € J) as well.

The vector £* satisfies Assumption 1 and, by construction, min{y,gj, k=1,.,p} =
0, j € J. Hence it follows from Corollary 3.4 that £* satisfies Property 3).

Taking into account the rules for constructing the components ggj, k=1,..,pj,j€J,

and the fact that the vectors £ and €* have the same components z° and tgj, k=1,..pj,
j € J, we conclude that ¢° satisfies Property 3) as well. The lemma is proved. [ |

LEMMA 4.6 Suppose that the problem P(p;,j € J) has an optimal solution satisfying
Property 3). Then there exist integers 1 < p; < pj;,j € J, such that problem P(p;,j € J)
has an optimal solution satisfying Properties 1)- 3).

Proof. Suppose that the problem P(p;, j € J) has an optimal solution satisfying Property
3). If this solution does not satisfy Property 1),then following the proof of Lemma 4.1,
we can easily find numbers p; < p;,j € J, such that the problem P(p;,j € J) has an
optimal solution

satisfying Property 3) and, additionally, Property 1):
Ui >0, k=1,...p;,j €. (42)

Consider the sets J, := {j € J : p; > 2} and I$ = {i € I : y > 0}. Suppose that
Property 2) is not satisfied for £9(p;, 5 € J), i.e.

m(E By, € 1)) <IIS1+ Y B + 7, (43)
jeJ

where m(€°(p;,j € J)) := rank (Aj(tgj — t(l)j) =2,..,05,J € Jx,qi,t € L U Ia) . Hence

At
vectors < je‘kﬂ ) k=1,...,pj,j € J, and < > i € [1UIS, where e; = (e;5,1 € J)T,
J
e; =0ifi# jey=1ifi=jield jeJo=/(0,0,.,07T ¢ R are linearly

dependent. Consequently, there exist numbers Ay, k = 1, D, J € J, Ayt € [UIS,
such that

13
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(Aypj, k =1,....05,7 € J, Aysi € I3) # 0,

p; pPj
ZZAyijjtgj + Z inyi =0, ZAyk] =0,75€J

jeJ k=1 i€ UIg k=1

(44)

Let us set

Akj =00 if Aykj >0, )\kj = fy,gj/Aykj if Aykj <0, k= 1, ...,ﬁj,j S J;
Aii=o0 if Ay; >0, A= —y?/AyZ— if Ay; <0, i € I§; (45)
A= mln{)‘khk =1, aﬁ])] € J; )\271 € I2a} >0,

and

Uni =Yy + My, k=1, 55,5 € J; (46)
70 =) + A\Ay;, i € LUIY, 39 =9, i€ I\ (LLUIY).

Dj
By construction, we have > gjgj =mj, ggj >0,k=1,..,pj,7 € J; gj? > 0,1 € Is.
k=1

Due to inequalities (42), it is easy to show that for all j € J, relations (38) take place
with p; replaced by p;. Hence

Dpj ﬁ] ﬁj
1
o lorpy,0 | 10 0 (0T 4 40 : 0 0T 4 40 -
- E ykj(itkj Djti; +cjty;) = E Yij (@7 Ajty; — A(J)) = E Yoz Ajtp; — A(J)my,
k=1 k=1 k=1

D; pj

1
§ —0 or 0 1,0 E -0 .07 0 .
k=1 k=1

i (47)
£ Lorn 0 o 10 < 0T 4 40
0 0
k=1 k=1

Recall that F'() stays for the objective function of the problem P(p;,j € J) in £. Taking
into account the last relations and (44), it is easy to verify that

F(&"(pj, € 7)) = F(&(B;.5 € 7)),
where £°(p;,j € J) is defined in (41) and
go(ﬁjaj €J):= (330’ t%jvygjvk =1,...p5, € J; g?a i€l).
From the considerations above, it follows that ¢° (pj,J € J) is an optimal solution of the
problem P(p;,j € J).
Notice that, by construction, min{gjgj,k =1,..,05,j € J;5;,i € I$} = 0. Following
lemma, 4.1 let us find numbers @ < pj,J € J, such that the vector

Epj,j€J) =" )00 k=1,...5;, j€J; 4, i € I)

14
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is optimal for the problem P(p;,j € J) and g,‘gj >0,k =1,..,pj, j € J. It is easy to
check that

m(&(ps,j € 1) = m(& (5,5 € D)), 51+ 55> 5|+ pj, (48)
jed jed

where I§ :={i € I : 0 > 0}, J. :={j € J : p; > 2},
~0 :. . L . 0 0 o :. . T s TQ
m(&°(pj,j € J)) := rank (Aj(tkj —t1;)k=2,...05,j € Ju,qi,i € I1 UIQ).

It follows from (43) and (48) that in a finite number of iterations, one can find the
numbers p; < pj;,j € J, such that Properties 1)-3) are satisfied for an optimal solution of
the problem P(pj,j € J). The lemma is proved. ]

Based on lemmas 4.5 and 4.6, it is easy to prove the following theorem.

THEOREM 4.7 Suppose that the problem P(p},j € J) with p; = n+2,j € J, admits
an optimal solution satisfying Assumption 1. Then there exist numbers p; > 1,5 € J,
Y. pj < n — 7, such that the problem P(pj,j € J) has an optimal solution satisfying
jeJ

Properties 1)-3).

The main result of this section consists in the proof that for the existence of integers
pj > 1,7 € J, such that the problem P(p;, j € J) possesses an optimal solution satisfying
Properties 1) - 3), it is sufficient that the problem P(p},;j € J) with p} =n+2,5 € J,
had an optimal solution for which all the Lagrange multiplier vectors in the form (16)
have the same first component z.

In section 6, we develop a constructive procedure of determination of the values of the
parameters for which the problem P(p;, j € J) satisfied Properties 1) - 3).

5. On solvability of the problem P(pj,j € J)

In section 4, we considered properties of the optimal solutions of the NLP problem
P(p;,j € J) in the form (8) having supposed that the optimal solutions of this prob-
lem exist. Now, we will study in which cases one can guarantee the existence of the
optimal solutions of P(p;,j € J).

First of all, we should notice that if the feasible set of problem

Pmin ::P(pj:LjGJ) (49)
is not empty, then the same we can state about the feasible sets of all problems P(p;,j €

J) with p; > 1,5 € J.
In what follows, we will need the following assumption.

ASSUMPTION 2 In (8), the matrices Dj, j € J, satisfy
t'Djt <0V te K(j)\ {0}, jeJ (50)

Denote the feasible set of the problem P(p;,j € J) by & and a feasible solution { € X
of problem (8) (see (9)) by

15
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g: (va)a where = (:L‘v tk‘]ak = 177pja.7 € Jﬂ ylaZ S I)vy = (ykjvk = ]-aapjv] € J)

LEMMA 5.1 Given problem P(p;, j € J) satisfying Assumption 2, suppose that its feasible
set X is not empty. Then the objective function F(&) of this problem is not bounded from
below on X if and only if there exist numbers Ay;, i € I, such that the following conditions
are satisfied:

D qidy;=0,Ay; >0 €L, — > wiAy; <0. (51)
i€l iel

Proof. <) Evidently, if X # () and there exist numbers Ay;, i € I, satisfying (51), then
the objective function of the problem P(pj;,j € J) is not bounded from below on the
feasible set X.

=) Suppose now that in the problem P(p;,j € J), the objective function F(§) is
not bounded on the feasible set. Then there exists a sequence of the feasible solutions
& = (¥%,9°), s = 1,2,..., such that F(£%) =: My — —o0 as s — oc.

For each s € N, consider the following NLP problem:

[17][ — min,
s.t. F(§) < My, [[7]l < Ps = [[3°]; F(§) =0,
P; (52)
k=1

where £ = (7,y), and the functions F(§), F (&) are defined in (8).
Problem (52) has an optimal solution since its feasible set is nonempty, bounded and
closed. Let £° = (7%, y*) be an optimal solution of problem (52).

Evidently, the sequence &° = (7%,9°), s = 1,2,..., does not possess any convergent
subsequence since F(£°) < My, My — —oo as s — 0o. Therefore, taking into account
that ||y°||1 = > mj, s =1,2,..., where || ||1 stays for the [; norm, we can conclude that

Jj€J

||7%]| — oo as s — oo for any norm, including the Euclidean norm || - ||.
Let us divide both sides of the inequality F(£%) < Mg < 0 by ||7*||? and pass to the
limit. As a result we obtain

P;
%AJ;TDA:C - ]EZJ kzlygj;At{ijAtkj <0 (53)
where
Ay = (Az, Aty k=1,...,p;, j€J; Ay;, i €1) = slgrolo ﬁ, [|Av]| =1, (54)
Yy = (y,gj,k =1,...,pj, jeJ) = slg%oys.
It follows from (53) that

Az"DAz =0, Atf;DjAty; =0,k =1,....p;, j € J. (55)

16
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These equalities together with (50) imply
DAz =0, Atkj =0,k = 1,...,pj, jed (56)
Taking into account that for any & € X, it holds

TDx—E:E:%Ai%ﬁHM>_Q (57)

j€J k=1

we conclude that — %;Ik:z Yij thj — %:Iwiyf <M;<0,s=1,2,...
j i
Let us divide both sides of the last inequality by ||7®|| and pass to the limit, taking

into account (56). As a result, we obtain

= wil\y; <0. (58)
el

Since £* is feasible, the equality F(£°) = 0 holds. Having divided both sides of this
equality by ||7*|| and passing to the limit, taking into account (56) , we get

Z qiAy; = 0. (59)

i€l
Notice that the inequalities y; > 0, ¢ € I3, imply
Ay; >0, i € Is. (60)

Consider the inequality (58). Suppose, first, that it is strictly satisfied:
> wil\y; < 0. (61)
el

Then the relations (59)-(61) imply the existence of the numbers Ay;,i € I, satisfying
(51), and the lemma is proved.
Suppose now that (58) is verified as an equality:

— Zwl-Ayi = 0. (62)
i€l
By construction, for any s = 1,2, ..., the vector £° can be presented in the form
S A _1_6 S S
gs:<zs>:<(7 yZ)H'YH)’ (63)
where
69° 1= (6%, 6tk =1,...,pj, j € J; 0y}, i € DT, ||67°]] = 0 as s — oo. (64)
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Notice that by construction,

Ay; +6y; >0, Ay; >0, i € Is. (65)
Hence

if Ay; =0 then dy; > 0,7 € Is. (66)

Denote
n® = max{n;,i € Ir}, (67)

where
s 0, if dy; >0, )

e { 8y /Ay, itoy; <0, '€ (68)

It follows from (64) and (66) that n® > 0 and n°* — 0 as s — oo. By construction,
Aty +6t3; € K(j), Aty =0€ K(j), k=1,...,pj,j € J. (69)
Then
5ty € K(j), k=1,...,pj,5 € J. (70)
It is evident that
n°Ayi +0y; >0, i € Ia, n°Aty;+6t; € K(j), k=1,....p;,j € J. (71)

From (63), (64), it follows that vector £ can be presented in the form

AT s 2 ¥\ .
o= (2 ) e e = (1) = @m0 = (el =) (2
Taking into account this presentation and (56), (59), (62), it is easy to show that

~ ~

F(&) = F(&), F(&)=F(&).

It follows from the last equalities and (71) that the vector & is a feasible solution of
problem (52). Taking into account that (Ayn® + 67*) — 0 as s — oo, we obtain the
inequality

V1> 131 = [1(Ayn® 4+ 69T - [l (73)

that contradicts the optimality of £° in problem (52). The obtained contradiction proves
that equality (62) can not take place and hence inequality (58) is always verified as a
strict one. The lemma is proved. |

Remark 2 In formulating and proving Lemma 5.1 we do not assume that the implication
(6) = (7) takes place.
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COROLLARY 5.2 Given problem P(p;,j € J), suppose that X # 0, Assumption 2 and
the implication (6) = (7) are fulfilled. Then the objective function of this problem is
bounded from below on the set X.

LEMMA 5.3 Let Assumption 2 be fulfilled for the problem P(pj,j € J) in the form (8).
If the problem Py, defined in (49) is feasible and the objective function of the problem
P(pj,j € J) is bounded from below on its feasible set, then for all p; < p;, j € J, the
problems P(p;,j € J), admit optimal solutions.

Proof. Let us show, first, that the problem P(p;,j € J) admits an optimal solution if it
is feasible and its objective function is bounded from below in the feasible set.

Indeed, since the objective function F(£) in (8) is bounded from below, there exists a
sequence & = (3°,%°), s = 1,2, ..., such that

F(gS) =: My, My — My, as s = oo; My := glggf\f F(&),

where X is the set of all feasible solutions of the problem P(p;,j € J).

For any s, let us consider problem (52). This problem admits an optimal solution
£* = (v%,y°) since its feasible set is nonempty, bounded and closed. If the sequence
& = (v%,y°), s = 1,2,..., admits a convergent subsequence &%, i = 1,2, ... such that
8 — 00 as 1 — 00 and hm €% = €9 then it is obvious that &° should be an optimal

solution of the problem P(p], j € J) and the lemma is proved.

Suppose now that all subsequences of £* = (7%, y*), s = 1,2, ..., diverge. In this case we
have ||y¥]| — oo as s — oco. Here (as before) we took into account that [|y°|1 = > my,
Jj€J
s=1,2,....

Let us divide both sides of the inequality F(£%) < Mj by ||7*||? and pass to the limit,
taking into account that the numbers Mj are finite. As a result we obtain inequality (53),
where Ay, y" are defined in (54).

It follows from (53) that equalities (55) take place. These equalities together with (50)
imply the equalities (56). Taking into account that for any £ € X, the inequality (57)
takes place, we conclude that

p;
=20 ukic) thy — Y wiyi < M.

jed k=1 icl

Divide both sides of the last inequality by ||7®|| and pass to the limit, taking into
account (56) and finiteness of numbers M. As a result we obtain inequality (58).

Since & is feasible in (52), then F(£%) = 0.

Now divide both sides of the equality F(£°) = 0 by ||y*|| and pass to the limit, taking
into account (56). As a result we get equality (59).

Notice that inequalities y7 > 0, i € I, imply (60).

Let us suppose that inequality (58) is strict: — Y w;Ay; < 0. Then according to Lemma

icl

5.1, this inequality together with (60) and (59) imply that the cost function F'(£) in
unbounded from below on the feasible set X'. But this contradicts the assumptions of the
lemma. Hence equality (62) takes place.

By construction, the vector £° can be presented in the form (63), (64). Notice that
inequalities (65) take place and hence (66) holds.

Consider the sequence of the numbers n® defined in (67), (68). It follows from (65), (66)
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that n°* > 0 and n® — 0 as s — oo. By construction, inclusions (69) take place, hence
inclusions (70) take place as well. Consequently, conditions (71) are fulfilled.

It follows from (63), (64) that for any s € N, vector £° can be presented in the form
(72). Taking into account this presentation and (56), (59), (62), one can show that

F(§) = F(£°), F(&) =F(£).
It follows from the last equalities and (71) that vector és is a feasible solution of problem
(52). Notice that taking into account that (Ayn®+dv*) — 0 as s — oo, we get inequality
(73) that contradicts the optimality of £* in problem (52).

This contradiction proves that the sequence £* = (7%, 4%), s = 1,2, ..., has a convergent
subsequence £%,i = 1,2, ..., such that s; — oo, lim &% = ¢°, as i — oo, and hence, £° is
1—00

optimal in the problem P(p;,j € J).

Thus, we have proved that the problem P(p;,j € J) admits an optimal solution if it is
feasible and its objective function is bounded from below on the feasible set. To complete
the proof of the lemma, let us notice that

e the feasibility of the problem P, implies the feasibility of any problem P(p;,j € J)
with p; > 1,5 € J,

e the boundedness from below of the objective function of the problem P(p;,j € J)
on its feasible set implies the boundedness from below on the feasible set of the objective
function of the problem P(p;,j € J) when p; < pj,j € J.

The lemma is proved. n

Based on the results of this section and the previous one, we can prove the following
theorem.

THEOREM 5.4  Suppose that Assumption 2 is fulfilled, the problem Py is feasible, and
there are no numbers Ay;,i € I, satisfying (51). Then problem P(pj,j € J) with p; >
1,7 € J, has an optimal solution.

6. Determination of the "right" values of the parameters p;,j € J, in the
problem P(p;,j € J)

The results of the previous sections, permit one to develop algorithmic procedures that
determine integers p;,j € J, such that the problem P(p;,j € J) has an optimal solution
satisfying Properties 1)-3).

Below, we describe a conceptual algorithm that is based on theorems and the lemmas
proved in the sections 4 and 5.

Algorithm

Step 1. Solve the problem P(p;,;j € J) with p; =n +2,j € J. If this problem has no
solution, then STOP: there are no integers p;, j € J, such that the problem P(p;,j € J)
has an optimal solution satisfying Properties 1)-3). Otherwise go to Step 2.

Step 2. Suppose that for the optimal solution found at Step 1, Assumption 1 is fulfilled.
(See Remark 1 that gives sufficient conditions for fulfillment of Assumption 1 and the
Appendix for the common rules that can be used for verification of this assumption.)

It follows from Lemma 4.5 that the optimal solution found at Step 1, satisfies Property
3). (The rules for testing Property 3) are described in Appendix.) Go to Step 3.
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Step 3. At this step, we have an optimal solution
éo(p;f,j elJ)= (:Eo,tzj,y,gj,k‘ =1,.pj,j € Joyliel)

of the problem P(p}k-, § € J). This solution satisfies Property 3). If, additionally, £° (p;f, jEe
J) satisfies Property 1) then set p;(1) := pj, j € J, and go to Step 4.

If &0 (p;, j € J) does not satisfy Property 1), then follow the method used in the proof
of Lemma 4.1 to find integers p;(1) < p}, j € J, such that P(p;(1),j € J) has an optimal
solution

Epj(1),5 €)= " R unk=1,..p;(1),5 € Jf i€ 1)

that satisfies Property 1). Go to Step 4.
Step 4. At the beginning of this step we have s > 1 and integers p;(s), j € J, such
that P(p;(s),j € J) has an optimal solution

Qpj(s),j €)= (:Uo,tzj,ygj,k =1,..pi(s),j € J,90,i€1)

satisfying Properties 1) and 3). If this solution satisfies also Property 2) then STOP: we
have found the "right" integers p;,j € J.
Otherwise, following the rules described in the proof of Lemma 4.6, find new integers

pj < pj(s),j € J, and an optimal solution
&by, € ) =" 050k =105, €T3 5, i €1)
of the problem P(p;,j € J) that satisfies the Properties 1) and 3) and
m(go(ﬁjvj €J)) = m(fo(pj(s),j € J)), ’Ig’ + ij(s) > ‘jg‘ + Zﬁj? (74)
jeJ jed
where m(€%(5;,j € J)) = rank (Aj(tgj 10 k=205, € Juuqiyi € 1 U Iig) ,

m(&%(pj(s),j € J)) = rank (Aj(tgj — t?j),k =2,..,pi(s),j € Js,qi,i € I1 UIS) , and

the sets are defined as I = {i € I, : 49 > 0}, J. = {j € J : p; > 2},
IE={icl:y) >0}, J.={jeJ:pj(s)>2}.

Set pi(s+ 1) = pj,j € J, &(pj(s+1),5 € J) = E%p;,7 € J), and repeat Step 4 with
s replaced by s + 1.

It follows from (74) that in a finite number of iterations we will find parameters pj,j€J
such that m(€%(p;,7 € J)) = |I$| + 3 pj, i.e. Property 2) is satisfied and according to
jeJ
Step 4 the algorithm finishes its work. Consequently, the described algorithm is finite.

7. Example

Consider the problem P(p;,j € J) (see (8)) with the following data:

n=>5 p=4, J={1,2,3}, L ={1,2}, I, ={3,4}, D=FEcR"™",
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01 2 1 1 1 0 0 1 0 0 1.5

1 011 1 01 5 0 0 -1 -0.5
Di==lo 103 [P2= o112 0 -1 -1 15
1 1 3 0 05 2 1 1.5 —-0.5 1.5 0

1 0 0 -2 0 O 0 2 1 -1 0 -1

4 -1 2 1 1 -1 -2 1 1 1 1 0
Ay=Ay=|0 1 3 0 |.A45=]0 1 0 0 /l|.Bs=| 0 1 -1 1

2 -1 0 1 2 -1 0 1 1 2 1 0

0O 0 1 O 1 0 1 0 -1 0 0 0

Bl = B2 = —-F € Rpxp’ 1 = (_7,4,57 1)T7 C2 = (_673a6a2> ) C3 - ( 2a]-a ) 2)T7

w1 = 57 W2 = 77) w3 = 87 Wy = Oa Q1 - (1 0 2 0 )T> q2 = ( -1 170) y 43 =

(0,—1,2,0,3)T, qs = (1,—-1,0,0, —2) = (—25.5,—-37.25,4.5, —27. 75 75) , mp =

1.5, mg =2, mg = 3.

According to the algorithm proposed in section 6, let us find such values of the integers
pj > 1,j € J, that a solution of the corresponding problem P(p;,j € J) possesses
Properties 1)-3).

Step 1. Solve the problem P(pj},j € J) with pj =n+2=17,j € J. It has an optimal

solution §O(p;,j elJ)= (mo,tgj,y,?j,k =1,..,p}, j € J, Y€ I) , where

= (1727 _37 _170)T7 y? = 1ay8 =-1 y3 1 y4 = 0
t(l)l = (070707 1)T7 t(2)1 = (07 17070)T7t81 = (0707 170) 7t?1 - (1707070) 7i - 47 "‘777

9[1)1 = 0.5, ?/31 = 0.25, ygl =0.25, 3/21 = 0.5, yg1 = ygl = y% =0; (75)

0y = (1,0,1,0)7,% = (1,0,0, )T, i = 2,...,7; y95 = 1.5, 495 = 0.5, 3% =0,i =3,...,7;
% =(0,-4,0,4)T,i=1,...,7;, y)5 =3, ¥4 =0,i =2,...,T.

Go to Step 2.

Step 2. Assumption 1 is fulfilled since matrix D = E is positive definite (see Remark
1). Go to Step 3.

Step 3. The optimal solution §O(p;, j € J) satisfies Property 3) but does not satisfy
Property 1). Then following the method used in the proof of Lemma 4.1 we find the
integers p1(1) = 4,p2(1) = 2,p3(1) = 1, such that P(p;(1),j € J) has an optimal solution
Op;(1),je )= (xo,tgj,y,gj,k =1,..p;(1),j € J,y?,i € I) with the data given in (75)
and this solution satisfies Property 1). Go to Step 4.

Step 4. Calculate v, = |I;| — |J| =2 — 3 = —1, I§ = {3} and verify that the solution
€%(p;(1),j € J) of the problem P(p;(1),j € J) found on the previous step, does not
satisfy Property 2) since

m((p;(1),j€ ) =5 < I+ > pi(D)+n=14+4+2+1-1=7.
jeJ

According to the proof of Lemma 4.6, find the vector
(Aykjv k= 1> 7pj(1)7] € J7 Aylaz S Il U Iél) =
(0.73, 0.27, 0, , 0.18, —0.18, 0, 0.39, 1.72, 0.07) satisfying (44) and the numbers

A =min{\y1 = 0.5, \y2 = 2.83} = 0.5,
79, =0.86, 9, =0.39, ¥, =0.25, 49, =0, y5 =1.59, 49, =0.41, 395 =3,
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PR =119, 39 =-014, 73 =104, 79=0

by the rules (45), (46). Since 79; = 0, then, following the proof of Lemma 4.2, define
new numbers p; = p1(1) — 1 = 3, po = po(1) = 2, p3 = p3(1) = 1. The vector
&(pj,j e J) = (2, tgj,ggj,k =1,...0;, 5 €J; 92, i € I) is an optimal solution of the
problem P(p;,j € J) that satisfies the Properties 1) and 3). Set p1(2) = p1 = 3, p2(2) =
P2 =2, p3(2) =p3 =1, pj(2),j € J) =E°p;,j € J) and repeat Step 4 with s = 2.

Step 4. Solution £°(p;(2),; € J) of problem P(p;(2),j € J) does not satisfy Property
2) since m(%(pj(2),5 € J)) =5 < |I§|+ Y pj(2)+ 7 =14+3+2+1—-1=6.

jed
Following the rules described in the proof of Lemma 4.6, find vector

(Ayrjk=1,...,p;(2),j € J,Ay;,i e 1 UIY) =(1, 0, =1, 1, =1, 0, 0, 0, 0),
satisfying (44) and numbers A = min{A3; = 0.25, Aga = 0.41} = 0.25,

P =111, 99, =0.39, g%, =0, (76)
Py =184, 99, =0.16, 35 =3, 39 =1.19, §9=-0.14, 7 =1.04, 3} =0,

by formulae (45), (46). Since ¢$; = 0, then following Lemma 4.2, define new numbers
p1=p1(2) =1 =2, po=p2(2) =2, p3 =p3(2) = 1. The optimal solution £°(2,2,1) of
the problem P(2,2,1) satisfies the Properties 1), 3).

Set p1(3) =2, pa(3) =2, pa(3) =1, (p;(3),j € J) = E(F;,j € J) and repeat Step
4 again with s = 3.

Step 4. Solution £°(p;(3),5 € J) of problem P(p;(3),j € J) satisfies Property 2):
m(&(pj(3),i €J)) =5 = |[I§|+ Y pj(3) +v=1+2+2+1—1=5, then STOP.

=

As a result of applying of the al]gorithm to the example, we have found integers p; =
2,p2 = 2,p3 = 1 and an optimal solution £°(p1, p2,p3) of the corresponding problem
P(p1,p2,p3) that satisfies the Properties 1)-3). Here £%(p1,p2,p3) = (xo,tgj,gj,gj,k: =
1,...,pj,j € J;49,i € I) with components :L‘O,tgj,k‘ =1,..,pj,j € J, defined in (75) and

components y,gj,k: =1,..,pj,j € J;50,i € I, defined in (76).

8. Conclusions

In this paper, given a finite set J, |J| < n, and a finite number of integers p;,j € J, we
have considered the NLP problem P(p;,j € J) in the form (8).

This problem appears as an auxiliary problem in our study of the parametric problems
of SIP and may have different values of parameters p;,j € J. When the differential
properties of solutions of the parametric SIP problems are being studied, we are especially
interested in such values of parameters p; > 1,57 € J, that the corresponding problem
P(p;,j € J) has an optimal solution possessing Properties 1)-3).

Use of the specificity of the problems P(p;,j € J) and in-depth analysis of their prop-
erties allowed us to get the following results.

e We have shown that all the feasible solutions of the problem P(p;,j € J) are regular,
in the sense that they satisfy the Relaxed Constant Rank CQ. This has permitted us
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to formulate and prove the first order necessary and sufficient optimality conditions.

e Taking into account the obtained optimality conditions, in Section 4, we have studied
in details how the change of the parameters in the problem P(p;,j € J) affects the
optimal value of its cost function.

e We have shown that if the problem P(pj,j € J) with pj; = n+2,j € J, admits
an optimal solution satisfying Assumption 1, then for some values of the parameters
pj > 1,5 € J, > pj < n — 7, the corresponding problem P(p;,j € J) satisfies

jEeJ
Properties 1) - 3). We have also proposed conditions that guarantee the solvability of
the problem P(p3,j € J).

e Finally, we have constructed an algorithm that in a finite number of iterations either
finds the values of the parameters for which the corresponding problem P(p;,j € J)
has optimal solutions satisfying Properties 1) - 3) or proves that such parameters do
not exist.

The results of the paper will be used in the forthcoming paper devoted to study of the
parametric SIP problems with finitely representable index sets.
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Appendix A. Proof of Lemma A.1

LEMMA A.1 Let the implication (6) = (7) take place and

rank(g;,i € I1) = rank(g;,i € ) = || < ||, L1 C L. (A1)

Then in the problem P(pj,j € J), without loss of generality we can exclude from consid-
eration variables y;,i € I1 \ I, having replaced I by I;.

Proof. From the implication (6) = (7), one can deduce the following one:

Y aidyi=0 = ) wiAy; =0. (A2)

i€l i€l

Indeed, let us consider two sets of parameters

(Ay:,l e, Ay; =0,i € 12) and(—Ay;‘,i el, Ay; =0,i € IQ)
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with Ay’,i € I1, such that ) ¢;Ayf = 0. Both these sets satisfy conditions (6) that imply

i€l
(see (7)) the inequalities — > w;AyF > 0 and — ) w;(—Ay}) > 0. The implication
i€l €l

(A2) is proved.
It follows from (A1) that

for any Awy;,i € I\ I1, 3Ay;,i € I, such that Zinyi =0. (A3)
i€ly

Taking into account (A2), (A3), it is easy to see that for any feasible solution £ (see (9))
of the problem P(p;,j € J), there exists a feasible solution

§: (x7 tkjaykjak = 17"'7pj7 je J7 guz € Il7 Yis (AS IQ)

such that g; = 0,4 € I \ [; and F(¢) = F(€) where F(£) denotes the cost function in the
problem P(p;,j € J). Hence, without loss of generality, in the problem P(p;,j € J) we
can exclude from consideration variables y;,i € I; \ I, having replaced I by I;. [ |

Appendix B. Verification of Assumption 1
It is evident that system (17)-(20) can be written in the form
Az+ Bu=»5, un>0, (B1)

where A € R™" B = (b;,i € I) € R™UI and b € R™ are given matrices and vector
that are constructed on the base of initial data (3). It is known that the system has a
solution. Then Assumption 1 takes the form of the following one.

ASSUMPTION 3 Given a solution (z*,u*) of system (B1), there is no another solution
(z, 1) of this system such that z # z*.

Denote M* := {p e Rl : Az* + Bu=b, p >0}, I, :={iel:3u=(u,icl) e
M*, ;> 0}

PRrROPOSITION B.1  Assumption 3 is fulfilled if and only if the following two conditions
are satisfied:

1) rank (A, b;,i € I,) =n+rank (b;,i € 1), 2) val(LPy) =0,

where val(LP,) denotes the optimal value of the cost function of the following Linear
Programming (LP) problem:

LP, : max »y, Au,,
'LG]()
st. AAz+BApu =0, > Au; <1, Ap; >0,i €Iy =1\ 1.
i€ly

Proof. Notice that by construction, there exists a vector i € M™* such that f; > 0,7 € I,
and (z*, 1) is a solution of system (B1).
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=) Suppose first, that Assumption 3 is fulfilled, but condition 1) is not satisfied:
rank (A, b;,1 € I,) < n+rank (b;,i € I,.). Let I, C I, be such a set that

rank (b;, i € I,.) = rank (b;,i € I,.) = |I.].

Hence, there exists a vector (Az, Ap;,i € I;) # 0 with the componentes satisfying the

condition AAz + > bjAp; = 0, Az # 0. It is evident that for sufficiently small € > 0
i€l

the vector (Z = z* + €Az, i; = [1; + €eAp;,i € f*,ﬂi = [i;,1 € I\f*) is a solution of

system (B1) and z* # z. But this contradicts Assumption 3. Hence under Assumption 3,

condition 1) should be satisfied.

Now suppose that Assumption 3 is fulfilled, but condition 2) is not satisfied. Hence
there exists a vector (an optimal solution of problem (LP.)) (A2°, Ap?,i € I) with
Ap? >0, € Iy, >, Aud = 1. If suppose that in this vector Az® = 0, then it is easy to

i€lp
show that for a sufficiently small € > 0, the vector (fi; = ji; + €Apu?,i € I) belongs to the
set M* defined above, and there exists ¢ € Iy such that g; > 0. But this contradicts the
rules for constructing the set I,. Hence Az? # 0. As before, it is easy to show that in this
case the vector (Z = 2* + €A% [i; = fi; + eAp?,i € T) is a solution of system (B1) and
z* # z that contradicts Assumption 3.

Hence we have proved that if Assumption 3 is fulfilled, then conditions 1) and 2) are
satisfied.

<) Now suppose that conditions 1) and 2) are satisfied but system (B1) admits an
another solution (z,y) such that z* # z. Denote Az* = z — z* £ 0, Ap* = i — fi.
Notice that by construction, Au’ = fi; > 0,7 € Iy. If suppose that at least one of the
last inequalities is strictly satisfied, then »_ Ap’ > 0, and we obtain a contradiction
i€ly
with condition 2). Hence Apf = 0,4 € Iy. Therefore AAz* + >~ b;Ap! = 0, wherefrom,
1€l
taking into account the definition of the set I,, one can conclude that there exist Afif, i€
I, such that AAz* + 3 b;Anf = 0. Since Az* # 0, then from the last equality it
icl.
follows: rank (A, b;,i € I.) < n+|I,] = n+rank (b;,i € I,). Taking into account that
rank (A,b;,i € I,) = rank (A,b;,7 € I.) we obtain a contradiction with condition 1).
Hence conditions 1) and 2) imply Assumption 3. The proposition is proved. [ |

It follows from Proposition B.1, that to verify the fulfillment of Assumption 3 one needs
to find the set I,. This set can be constructed by a procedure described below.

Recall here that val(P) denotes the optimal value of the cost function in an optimization
problem (P).

A procedure of constructing the set I,.

Let (z*, u*) be a known solution of system (B1).
Initialization. Set I := {i € I+ p* >0}, IV := 0, s := 1.
Step s. 1 I U I = I, then set I, := I!”) and STOP.
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Suppose that I(®) = T\ (Iis) U ISS)) # (. Solve the following LP problem:

LPy: max Z A, s.t. Z biAu; =0, Z Ap; <1, Ap; >0, i € AN
i€l ieIPurs icl(®)

This problem has an optimal solution. Let (Au?,i € LES) ul (5)) be a primal and A € R™
be a dual optimal solutions of problem (LFp).

There are two possibilities here: either val(LPy) = 0 or val(LFPy) = 1.

If val(LPy) = 0 then set I, := I°) and STOP.

Suppose now that val(LFy) = 1. From the LP optimality conditions we have

ATb; = 0,0 € I, AT, > 0, ApdNTh; = 0,i € I¢).
Set I8 = 189 U {i e 1) 1 AP > 0}, IET =1 U {i € I : ATh; > 0}, and go to
the next step having set s := s+ 1.
Since by construction |L£S+1)| > |LES)| + 1 and |I(()S+1)| > \Iés)], it is evident that the
described procedure constructs the set I, in a finite number of steps.
Notice that the matrices A and B were introduced to rewrite system (17)-(20) in the

form (B1) and therefore have special structure. Accounting of this structure considerably
simplifies the described above procedure and verification of the conditions 1), 2).

Appendix C. Testing optimality of feasible solutions of the QP problem (13)

Any problem (13) can be written in the following form:

1
QP*: min 5tTQt +alt, st.te K={teRP:bIt <0, se S},

where matrix @ satisfies the condition t7Qt > 0, Vt € K.

Problem (QP*) is a nonconvex QP problem with the unbounded feasible set. It is
known that such problems are NP-hard and over the past decades, much effort has been
applied to the search for solutions of these problems. Some computational algorithms for
solving special classes of nonconvex QP problems can be found in [5, 6, 23|.

In what follows, we present three theorems (see [5, 23|) that can be used to test the
optimality of a given feasible solution of problem (QP*).

THEOREM C.1 (Necessary and sufficient optimality conditions for local optimality) A
vector t° € K is a local minimizer of problem (QP*) iff there exists a vector (ps,s €
Sa (1) with S, (t°) := {s € S: bI't" = 0} such that

Q' +a+ Y bops =0, ps > 0,5 € So(t9), (C1)
s€8,(t°)

and ITQL >0, VI € {l € RP : bT1 < 0,5 € Su(t°), (Qt° + a)T1 < 0}.

THEOREM C.2 (Sufficient optimality conditions for global optimality) A vector t¥ € K

is a global minimizer of problem (QP*) if there exists a vector (us,s € Sq(t°)) such that
conditions (C1) are satisfied and ITQl > 0, VI € {l e RP : b1 < 0,5 € S,(t°)}.
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THEOREM C.3 If in problem (QP*), matriz Q has s negative eigenvalues and t° is any
local (global) optimal solution of this problem, then |S,(t°)] > s.

In the cases when application of Theorems C.1- C.3 does not permit to check the
optimality of a given feasible solution t° of problem (QP*), the following procedure can
be applied.

Denote by S be the set of all subsets S* of the index set S. For S* € S, solve the
following LP problem:

max(\ — a’'t),
LP(S"): Xa+Qt+ > bsus=0,0<A<1;
seS*
bt =0,5s€ 5% bt <0,s€ S\ S*

This problem possesses a feasible solution: A = 0,t = 0,us = 0,s € S*. Hence
val(LP(S*)) > 0.

If val(LP(S*)) = oo, then val(QP*) = —oo and problem (QP*) does not admit optimal
solutions since its cost function is not bounded from below on the set of its feasible
solutions.

Suppose that the problem (LP(S*)) has an optimal solution that we denote here by
N t5 ks € S

a) If val(LP(S*)) = 0, set v(S*) := 0. Notice that the equality val(LP(S*)) = 0 implies
the relations A* = 0,a”t* = 0.

b) If 0 < val(LP(S*)) < oo, set v(S*) := —2t*TQt* < 0. In this case A\* = 1 and
a'ty = —tTQt* = aTt = —tTQt for all t € K(S*), where

K(S*)={teRP:3uss€ S*,a—i—Qt—i—Z boprs =0, b1t = 0,5 € S*; bt < 0,5 € S\S*}.
seS*

Therefore in the case b), we have v(S*) = 2t*TQt*+a”t* = JtTQt+a’t for all t € K(S*).
Suppose that val(LP(S*)) < oo for all S* € S. Then val(QP*) = émr}g v(S*).
€
To test the optimality of a given t° € K, one has to compare two values: f(t%) :=
$TQtY + o710 and val(QP*). If f(°) = val(QP*), then ¥ is an optimal solution of
problem (QP*). If £(t°) > val(QP*), then t° is not optimal in (QP*).

Remark 3 The described procedure, additionally, provides the following information

about the set K of all optimal solutions of problem (QP*):

e if there exists S* such that val(LP(S*)) = oo, then val(QP*) = —co and K° = (;
e if val(QP*) =0 then K = {t € K : tTQt = 0,a’t = 0};
o if 0 > val(QP*) > —oo then K* = |J K(S*), where S” = {S* € S : val(QP*) =

S*eS80
v(S*)}.

Remark 4 Applying the approach described above, using Theorems C.1-C.3, the branch
and bound method and the duality theory, one can develop more efficient procedures
permitting in many cases to avoid iterating through all the existing options.
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