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Abstract

The topology of the stable periodic orbits of a harmonically driven bubble
oscillator, the Rayleigh—Plesset equation, in the space of the excitation pa-
rameters (pressure amplitude and frequency) has been revealed numerically.
This topology is governed by a hierarchy of two-sided Farey trees initiated
from a unique primary structure defined also by a simple asymmetric Farey
tree. The sub-topology of each of these building blocks is driven by a ho-
moclinic tangency of a periodic saddle. This self-similar organization is a
suitable basis for a general description, since it is in good agreement with
partial results obtained in other periodically forced oscillators and iterated
maps. The applied ambient pressure in the model is near but still below
Blake’s critical threshold. Therefore, this paper is also a straightforward
continuation of the work of Hegedtis [1], who first found numerical evidence
for the existence of stable, period 1 solutions beyond Blake’s threshold. The
present findings are crucial for the extension of the available numerical results
from period 1 to arbitrary periodicity.
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1. Introduction

Pattern recognition. This is one of the most powerful skills of
mankind having a great contribution to reach our current tech-
nological and scientific level. For instance, without the recogni-
tion of stellar constellations and understanding of weather cycles,
the rise of civilized empires would not have been possible. More
specifically, pattern recognition is important, for instance, in the
statistical analysis of financial time series to identify the dynamics
of stock market crashes [2], in the prediction of earthquakes by
determining patterns of time series (such as fractal behaviour) in
stick-slip models [3].

Thus, pattern recognition plays a role in many branches of science, and
nonlinear dynamics is not an exception. The extensive study of periodically
driven nonlinear oscillators in the last few decades have revealed several
unique features of these systems. As computer capacities increased, more
and more information has been accumulated about the bifurcation struc-
tures of various systems, and summarised in many textbooks [4-6]. Some of
these classical models are the Duffing, Van der Pol or Toda oscillators. The
huge number of numerical investigations have uncovered several topological
universalities in the bifurcation structure with respect to a single control
parameter. For instance, the standard Feigenbaum period-doubling cascade
[7], the alteration of regular periodic and chaotic motions through different
kinds of crises [8], or the topological templates of chaotic motions [9].

The real challenge now is to find universalities in a two-dimensional pa-
rameter space. In the early stage of investigations, the endoskeletons of the
domains of some simple periodic oscillations were computed by using the
efficient continuation method. Although they could not reveal the fine bi-
furcation structures, the appearance of resonance horns organized as a Farey
ordering tree for small amplitude oscillations [10] or the universal descrip-
tion of the formation of stable periodic orbits above the first subharmonic
resonance [11] in the amplitude-frequency parameter plane provided valuable
information about the system behaviour.

The exponentially increasing computational resources allowed comput-
ing high resolution bi-parametric plots with the shooting method; see for
example the pioneering work of Bonatto et al. [12] and Lauterborn et al.
[13]. Here, at every parameter pair a simulation was started by using an
initial value problem solver with suitable initial conditions, and after con-
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vergence to a stable solution some properties are recorded. For instance,
positive values of the Lyapunov exponent indicate the regions with chaotic
solutions. These very resource-intensive computations showed specific fea-
tures of bi-parametric plots, such as the existence of isoperiodic stable struc-
tures immersed in large chaotic domains. These structures are usually form
shrimp-shaped domains or denominated Arnold tongues, and they can be
organized in several ways, such as Fibonacci-type series and Golden ratio for
Arnold tongues [14], located along a specific direction with an accumulation
point [15], or they can form zig-zag pattern [16]. In spite of the already ex-
isting huge amount of numerical results, no general rule has been found for
the organization of these structures. They can differ from system to system,
and year by year new patterns are discovered. This suggests that we are far
from global understanding of bi-parametric structures, not to mention higher
dimensional parameter spaces.

The present study intends to add a piece to the puzzle of the global
picture of two-parametric bifurcation structures in the excitation amplitude-
frequency parameter plane of a harmonically excited system, namely, the
Rayleigh—Plesset equation which is a spherical bubble oscillator. Via thor-
ough numerical investigations by combining the shooting and the pseudo-
arclength continuation techniques (for more details see Chapter 10 of [17]),
it has been revealed that the topological description of the bifurcation pat-
tern of stable periodic oscillations can be determined provided that excitation
frequency is above the first subharmonic resonance frequency of the system.
This structure is defined by an infinite sequence of two-sided Farey ordering
trees [18] and Feigenbaum cascades [7] based on a primary structure, which
is an asymmetric Farey tree and serves as an endoskeleton of the whole bi-
furcation pattern. The topology of each two-sided Farey tree is governed by
the homoclinic tangency of the invariant manifolds of a saddle-type periodic
orbit [17, 19]. These findings are in good agreement with the results of other
models, such as, complex maps [20], Duffing [21] or Toda [11] oscillators.
Still, this is the first study to put the partial results together and
to give a more general explanation of the bifurcation structure and
the validity range in the two-dimensional parameter space.

The present investigation is also a natural continuation of Hegediis [1],
who found stable periodic solutions beyond Blake’s critical threshold with-
out applying any linearization or other reduced order modelling. The next
subsection intends to summarise this topic briefly.
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1.1. Blake’s critical threshold
The equilibrium radius of a gas-filled bubble is governed by the mechanical

balance .
B \™ 20 (1)
Rg Rg

at the bubble interface, where Rp is the equilibrium bubble radius. The
vapour and the ambient pressures are py and P, respectively. The surface
tension is 0. The polytropic exponent n, the gas reference pressure py, and
radius R, determine the mass of gas m¢ within the bubble.

The equilibrium radius with respect to the tension py — P, at ambient
temperature T,, = 37°C is presented in Fig. 1. The curve contains a turning
point called Blake’s critical threshold, first identified by Blake [22], which
separates the stable R3, (solid line) and unstable R% (dashed line) branches.
Beyond this threshold the bubble tends to grow indefinitely regardless of
its initial state as a consequence of the absence of both the stable and the
unstable equilibrium radii.

The experimental work with cryogenic liquids of Marston and Greene
23], however, implied that such bubbles can be stabilized by applying a har-
monically varying pressure field on the liquid domain (acoustic irradiation).
For decades, many authors attempted to find numerical evidence for this sta-
bilisation mechanism only with partial success. Gumerov [24], for instance,
found stable oscillations beyond Blake’s threshold but the applied third order
approximation limited the findings only to relatively small amplitude oscilla-
tions. Although Hao and Prosperetti [25] used no reduced order modelling,
the applied numerical technique was practically unsuitable to find any stable
solutions even after thousands of simulated cycles. The first break-through
was achieved by Hegediis [1], who was able to stabilize the bubble with-
out linearization or other reduced order modelling by using the well-known
Rayleigh—Plesset equation.

Although the results of Hegedis [1] are important for the understand-
ing of the stabilization mechanism, they are restricted to a special kind of
solution called period 1 oscillation (the period is equal to the period of the
excitation). The seeking process was rather simple. Below the critical thresh-
old, stable period 1 oscillations emerge from the stable equilibrium radius as
the excitation pressure amplitude p, starts to increase from zero. With
the pseudo-arclength continuation technique, the complete exploration of
the stable period 1 domains in the excitation pressure amplitude-excitation

O:pV_Poo+pgo(
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frequency (ps-w) parameter plane could be determined. By gradually de-
creasing the ambient pressure beyond the critical threshold, it was observed
that only one large stable period 1 domain remained.

The present findings are very important from this stabilisation point of
view, since a large stable period 1 domain beyond Blake’s threshold was found
at the higher frequency regions. This implies that results can be extended
to arbitrary periodicities described topologically in more detail in the next
sections.

It is worth emphasizing that the system under such conditions (low pres-
sure) is not-strictly dissipative, implying that stable bubble motions are not
guaranteed, see also the review of Feng and Leal [26]. Such bubble be-
haviour (near Blake’s threshold) has already been investigated by Chang
and Chen [27] and Smereka et al. [28] with Hamiltonian formalism near
the resonance frequency but a detailed topological analysis in the pressure
amplitude-frequency (p4-w) parameter space is still missing in the literature.

2. Formulation of the problem

The applied bubble model in this paper is the well-known Rayleigh—
Plesset equation [29] written in the form

. 3. 1

RR + §R2 = — (pr — p(1)) (2)
PL

where R(t) is the time dependent bubble radius, py, is the liquid density, pr,

and ps(t) is the pressure at the bubble wall and far away from the bubble,

respectively. The dot stands for the derivation with respect to time t. The

time-dependent far field pressure
Poo(t) = Pso + pasin(wt) (3)

is a sum of the static ambient pressure P,, and the harmonic forcing with
pressure amplitude ps and angular frequency w. The bubble interior is a
mixture of vapour and non-condensable gas. Both are treated as ideal gases,
therefore, the pressure inside the bubble is the sum of their partial pressures:

20 R
— +4up— 4

where o is the surface tension and gy is the liquid dynamic viscosity. The
vapour pressure depends on the ambient temperature 7., which was constant

PG +pv =pL +
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during the computations. The gas content inside the bubble follows a simple

polytropic relationship
Ro 3n
Pc = Pgo (f) (5)

with a polytropic exponent n = 1.4 (adiabatic behaviour). The reference
properties pg, and R, determine the mass of gas m¢ inside the bubble, that
is, the size of the bubble. The material properties of the liquid water (pr,, pyv,
o, pr) were calculated by means of the Haar-Galagher—Kell equation of state
[30], at an ambient temperature T, = 37 °C and pressure Py, = 5458 Pa. The
choice of the ambient pressure is explained in the next subsection.

2.1. Equilibrium radius, parameters and the dimensionless system

The equilibrium bubble radius Rg of the unexcited system (ps = 0) as
a function of the tension py — P, is shown in Fig. 1, and computed by
means of Equation (1), for a given mass of gas m and ambient temperature
T, = 37°C. The curve contains a turning point, called Blake’s critical
threshold marked by the black dot, which separates the stable R%, (solid)
and unstable RY% (dashed) branches at the critical radius Rc. In the paper
of Hegedtis [1] it has been derived that the critical radius, which is chosen to
be Rc = 0.1 mm, determines the gas reference pressure

20
(0] - bl 6
Py 37’LRO ( )
the mass of the gas content
80 R%,m
= 7
M 9 R T (7)

(R is the specific gas constant) and thus the size of the bubble, and the

critical tension
P 2_0 3n —1
bv C Re 3n
provided that the arbitrarily specifiable gas reference radius is R, = R¢.
By defining a dimensionless relative pressure as

(8)

pV_Poo
pp=tV "t 9
BTy — P ©)
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Figure 1: Typical equilibrium bubble radius curves for water at T, = 37°C as a function
of tension py — Ps. The solid and dashed lines are the stable and unstable equilibrium
radius curves, respectively. The black dot denotes Blake’s critical threshold.

the ambient pressure P,, € (pv, Pc) can be transformed into Pr € (0, 1), see
also Fig. 1. The region Pr > 1 does not have any equilibrium radius, neither
stable nor unstable, leading to steadily growing bubbles to infinity. This
region has been the subject of keen interest because of the issue of bubble
stabilisation with harmonic forcing discussed in the Introduction. From the
stabilisation mechanism point of view, however, the domain 0 < Pr < 1 is
much more important. At Pr = 0.9, Hegediis [1] successfully explored all
the period 1 solutions, bifurcated from the equilibrium radii R}, and R} as
pa started to increase from zero, in the pressure amplitude p4 - frequency
w plane. Then, by gradually decreasing P, beyond Blake’s threshold the
stable domains which survive the procedure could be easily determined with
the effective pseudo-arclength continuation technique. This paper focuses on
the topological description of the bifurcation structure of the stable periodic
solutions at Pg = 0.9, which is crucial for the extension of the numerical
results beyond Blake’s threshold to arbitrary periodicity. At the applied
relative pressure, the tension is py — P, = 1067 Pa, as shown by the blue
vertical line in Fig. 1, resulting in P, = 5458 Pa.

Introducing dimensionless time 7, dimensionless bubble radius y; and



dimensionless bubble wall velocity y, defined as

t
T = Z, (10)
R
- 11
U1 RC’ ( )
R
Y2 = Row? (12)

2

3

the governing second order nonlinear differential equation (2) can be rewrit-
ten as a system of first order dimensionless equations:

yi = Y2, (13)
mre®1 3

, 14
Dref Y1 201 (14)

Ys

17 where ’ stands for the derivative with respect to the dimensionless time 7.

s The reference pressure is

= o2 (2 (15)
Pref = pLic ot .
170 The mechanical balance at the bubble interface becomes

201 durwy
pe +py = pr + 2 = 4 MYz
Rec 27y

1o The polytropic relationship of the gas content is

20 [ 1\
— —_ . 17
be 3nRc <y1 ) (17)

1 Finally, the harmonic excitation far away from the bubble is

1

0

Poo(t) = Poo + pasin(2m 7). (18)

12 Note that in the dimensionless system, the period of the excitation becomes

183 unity (7, = 1) according to equation (18).

00



184

185

186

187

188

189

190

191

192

193

194

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

3. Numerical results

3.1. Global scan of stable periodic attractors

The simplest way to obtain a global picture about the stable solutions
(attractors) in a parameter range is to take an initial value problem solver
and perform numerical simulations at each parameter value with suitably
chosen initial conditions. After the convergence of the transient trajectory,
the points of the Poincaré sections, obtained by sampling the continuous so-
lution at every integer multiple of the period of the excitation 7,, are recorded
for some additional cycles. With the method of Poincaré section, the three-
dimensional continuous dynamics can be transformed into a two-dimensional
map. The Poincaré points of the continuous solutions y;(¢) and y(t) are de-
noted by II(y;) and I1(y,), respectively.

The employed initial value problem solver was a fourth order
Runge—-Kutta scheme with fifth order embedded error estimation
built in MATLAB (ode45). The absolute and relative error tol-
erances were both 107°. The solutions were relatively smooth in
time, see e.g. Fig. 2A, therefore, such non-stiff ordinary differen-
tial equation solver was quite suitable. Parenthetically, far away
from Blake’s critical threshold the bubble oscillators are usually
stiff problems due to the large amplitude collapse-like oscillations.
In such cases, they must be solved with an implicit scheme. Due
to the relatively low dissipation (viscosity) the transients died out
approximately within 700 to 1000 acoustic cycles.

During the computations, three kinds of solutions occurred. The most
common stable solution is a simple periodic attractor whose periodicity is an
integer multiple of the period of the excitation. The dimensionless bubble
radius vs. time curves of a period 1 (black) and a period 3 (blue) co-existing
attractors are presented in Fig. 2A, where the dots are the sampled Poincaré
points. The trajectories in the phase space (y;—y» plane) form closed curves,
and they can intersect themselves and each other due to the non-autonomous
nature of the system, see Fig. 2B. Observe that the number of the Poincaré
points in the state space of the period 1 and the period 3 orbits are 1 and 3,
respectively. In the rest of the paper, only the points of the Poincaré map
will be presented to avoid overcrowded figures.

Because of the non-strictly dissipative property of the bubble model, there
are special, unbounded trajectories where the bubble radius exhibits infinite
growth. An example is presented by the red curve and dots in Fig. 2A-B.
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After only 10 cycles, the bubble escapes from the global basin of attraction of
the system, its radius tends to increase very rapidly and keeps growing with
time. This behaviour makes the hunting for stable oscillations difficult, and
thus, the application of several initial conditions at given parameter values
is necessary.
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Figure 2: Different kind of solutions of applied bubble model. The upper panels show a
period 1, a period 3 and an unbounded co-existing solutions. The lower panels represent
an unbounded trajectory initiated near an unstable chaotic solution (transient chaos).

The especially long, seemingly stable transient oscillations prior to the
infinite growth of an unbounded trajectory imply the presence of transient
(unstable) chaos, see Fig. 2C-D. Such solutions usually cannot be found even
if one integrates the system backward in time as they are often chaotic sad-
dles. The determination of their properties, such as the fractal dimension
or Lyapunov exponent, needs large computation capacities. The methods
based on measuring the escape rate, for instance, require the solution of mil-
lions of transient trajectories initiated systematically from a grid of points
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defined on a rectangular domain in the state space. A thorough discussion
on the properties of unstable chaos and its effect on the global dynamics of a
system can be found in the book of Lai and T¢él [31]. These theories can be
successfully applied on very complex geometries as well [32]. Although the
investigation of transient chaos is beyond the scope of the present paper, its
presence makes the monitoring of the convergence difficult. Therefore, the
maximum number of allowed acoustic cycles were as high as 1500 which was
sufficient for most of the trajectories to escape from the neighbourhood of
the unstable chaotic solutions, if there were any.

The bifurcation diagram is a very efficient tool for the analysis of the
qualitative change of the different attractors with respect to a parameter. As
a global scan of the bifurcations structure, Fig. 3 presents the first component
of the Poincaré points P(y;) at different relative frequencies wg with the
pressure amplitude p4 as control parameter varied between 0 Pa and 12000 Pa
with an increment of 1 Pa. At every parameter value, 40 randomly chosen
initial conditions were used to reveal the co-existing stable solutions. Observe
that the achieved maximum pressure amplitudes never reach the prescribed
upper limit because of the non-strictly dissipative nature of the system. That
means that, in spite of the applied large number of initial conditions, at
sufficiently high pressure amplitudes, only unbounded trajectories can be
found. Throughout the subfigures, the periodicities of the relevant attractors
are denoted by arabic numbers.

The bifurcation structure at relative frequency wgr = 0.4 is rather simple.
A period 1 attractor emerges from the stable equilibrium radius Rj;, and it
goes through a pair of saddle-node (SN) bifurcations forming a hysteresis
at approximately py = 35Pa. It becomes unstable at p4, = 100 Pa via a
period doubling (PD) bifurcation, and the evolved period 2 attractor exists
only up to pa = 110 Pa pressure amplitude. In a very narrow parameter
range, a period 3 stable solution co-exists with the dominant period 1 orbit.
Increasing the relative frequency to wgr = 1.0, the hysteresis of the period 1
curve disappears, and a period 2 and a period 3 domain arise in the region
of small pressure amplitude.

At higher relative frequencies, above wr = 2.0 (Fig. 3C-F), the attractors
survive larger pressure amplitudes. At wr = 5.0, stable domains exist up to
pa = 10000 Pa. In parallel, the period doubling bifurcation of the period 1
solution is shifted towards larger pressure amplitudes, that is, the parameter
region of the existence the fundamental period 1 orbit increases with the
relative frequency. Within this domain, regular patterns in the bifurcation

11
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Figure 3: The first component of the Poincaré section P(y;) of the attractors at different
relative frequencies wr with respect to the pressure amplitude p4 as control parameter.
The numbers denote the periodicity of the attractors.
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diagram of periodic attractors with a large variety of periodicities can be
detected whose complex structure continuously unfolds as the relative fre-
quency increases. In the following, the rules of organisation of these periodic
orbits at such high frequencies will be systematically explored, and the full
topological description of the bifurcation pattern will be given.

The simple initial value problem solver, applied here, has been used for
decades to investigate the bifurcation structure of various bubble oscillators
with a variety of control parameters. The interested reader is referred to the
publications [1, 33-46].

3.2. The main structure

In Fig. 4, the magnification of Fig. 3F is presented for a better overall
view of the bifurcation structure. The lower subfigure shows the period of the
found attractors (IV) which help identify the periodicities and the bifurcation
patterns. The main structure is composed by orbits with relatively low pe-
riodicities marked by the arabic numbers in the lower panel of Fig. 4. They
appear via SN bifurcations (except the period 2 solution which originates
from the period 1 curve via period-doubling bifurcation) and their period
gradually increases one by one towards the lower pressure amplitudes up to
period 9. Observe that the SN bifurcations seem to approach to an accu-
mulation point exists somewhere between 1000 Pa < p4 < 2000 Pa pressure
amplitude. We shall see that this plays an important role in the dynamics
explained later. Each periodic block in the main structure exhibits an un-
finished Feigenbaum period doubling cascade indicating the presence of the
aforementioned transient chaos. Moreover, between the SN and the first PD
bifurcation in each block, there is a fine structure with very high periodicities
(up to even period 50) highlighted in the lower panel of Fig. 4 for the period
5 block.

Besides periodicity, a more powerful tool to analyse the topology is the
winding number w which describes the average number of twists of a nearby
trajectory around a given solution during one period of the excitation. By
straightforward calculation, the winding number can be expressed as frac-
tion of w = M /N, where M is the torsion number (the number of twists of a
nearby trajectory) and N is the period of the solution, for the details of the
computation see e.g. [47]. In general, the winding number is a real positive
number, but near saddle-node and period—-doubling bifurcations it becomes
rational due to the real Floquet multipliers [9], and more importantly it is

13
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Figure 4: Magnification of the structure of the periodic attractors at wr = 5.0 (upper
panel). Periodicity of the attractors (lower panel).

invariant for a wide range of parameters. The winding numbers correspond-
ing to the SN bifurcations of the main blocks and the first PD point of the
period 1 solution are denoted by the italic bold fractions in the upper panel
of Fig. 4. This invariant quantity was successfully applied to classify the en-
doskeleton of the bifurcation structures of different oscillators, for instance,
Duffing [47-49], van der Pol [50], Toda [51, 52], different bubble oscillators
[34, 41, 53] or even comparison of several nonlinear oscillators [10].

To completely understand the mechanisms that build up the topology of
the stable periodic orbits, one needs to compute the unstable periodic solu-
tions as well. An efficient way to do that, is to reformulate the problem into a
boundary value problem (BVP) by specifying periodic boundary conditions
for the system (13)-(18):
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y1(0) = y1 (N 7o),

y2(0) = y2(NT), (20)
where N is the periodicity of the desired orbit. Keep in mind that 7, = 1 is
the period of the dimensionless excitation, see again equation (18). With a
boundary value problem solver, the periodic orbit can be obtained directly,
independently of its stability. During the computations, the AUTO bifur-
cation analysis software was used [54], which discretizes the problem by the
method of orthogonal collocation using piecewise polynomials with 2 —7 col-
location points per mesh interval [55]. The mesh is automatically refined to
the solution according to the local discretization error [56]. In our case, the
relative error was given as 1071°. A thorough investigation on its capabili-
ties were carried out by Hegedis [1] and Hegediis and Klapcsik [46]. In the
field of bubble dynamics, this powerful software was also used by Fyrillas
and Szeri [57] for the rectified diffusion problem, Lauterborn and co-workers
to investigate the bifurcation patterns of a single bubble [58], and Hés and
co-workers to study the stability of compression systems and pressure relief
valves [59-61].

AUTO uses pseudo-arclength continuation to follow solution families (bi-
furcation curves) with respect to a control parameter. From the stable equi-
librium radius Rj, for instance, a complete stable period 1 bifurcation curve
can be traced as a function of the pressure amplitude p4, shown by the lowest
black curve in Fig. 5. Observe that here the maximum of the dimensionless
bubble radius y;"** is presented in the vertical axis. Since AUTO can han-
dle a periodic solution only as a whole object, the representative picture of
the Poincaré points has been lost. As the BVP solver is insensitive to the
stability, the unstable part of the period 1 curve can be continuated for-
ward indicated by the small red segment above p4, = 9000 Pa. In Fig. 5, the
stable and unstable branches are marked by black and red curve sections,
respectively. The bifurcation points where the change of stability takes place
can be detected as well. In Fig. 5, the saddle-node (SN) and the period—
doubling (PD) bifurcations are denoted by dots and crosses, respectively.
With a suitable branch switching algorithm, the family of the period 2 or-
bits, originated from the PD point of the period 1 curve, was computed up
to pa = 10000 Pa pressure amplitude which also contains a PD point. It is
important to emphasize that a saddle-type period 1 branch is evolved from
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Figure 5: Bifurcation curves of the main structure at wg = 5.0 computed by the bound-
ary value problem solver AUTO. The black and red curves are the stable and unstable
solutions, respectively. The saddle-node and period—doubling bifurcations are marked by
dots and crosses, respectively.

the unstable equilibrium point R} presented by the upper red curve in in
Fig. 5.

Similarly, all the periodic orbits from period 3 up to period 9 of the main
structure were computed and presented in Fig. 5. They are composed of a
single branch containing a turning point, which is an SN bifurcation, and a
period-doubling point. Between the two bifurcation points, a relatively small
segment of stable orbits exist. Keep in mind again that only the maximum
values of the whole periodic solutions were recorded. That is, with each so-
lution family only a single curve is associated. The aforementioned winding
numbers for the bifurcation points are indicated by the bold fractions. As
can be seen, the winding numbers of the main periodic blocks obey a Farey
ordering. Between two given bifurcation points characterised by w; = M7 /Ny
and wy = Ms/Ny, another one exists with ws = (M; + Ms)/(Ny + Ns). For
instance, between the bifurcation points of order 0/1 and 1/2 there is an-
other one with order 1/3. Similarly, between points 0/1 and 1/3 there is
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an SN point with order of 1/4. This topological description is commonly
called as Farey ordering tree, summarised in Fig. 6, and it can help identify
stable periodic orbits using the pressure amplitude as the control parameter.
Therefore, it also seems to be a promising and efficient tool in the hunt-
ing for stable solutions beyond Blake’s critical threshold. In Fig. 6, the
extensions of the period doubling bifurcations of orders 1/4 and
1/6 included only for the better understanding of the forthcoming
substructures presented in Fig. 9 and Fig. 11, respectively.

0/1 1/2

—PD
\\\\ —1/3 1/4

'1/4 PD'1/6 Fig. 9

1/5/ Fig. 11
e

Figure 6: Farey ordering tree of the found periodic attractors of the primary structure.
The period doubling bifurcations of order 1/4 and 1/6 serve only for the better
understanding of Fig. 9 and Fig. 11, respectively.

It is apparent that the Farey ordering tree describing the topology of the
main structure is far from complete. Although there are SN bifurcations with
orders of 2/5 and 2/7 appearing also in Fig. 4, which would fit very well into
the Farey structure, they were omitted in Fig. 6 with reason. In the next
section, it will become clear that such higher order periodic orbits, lying
between each adjacent pair of main SN blocks, constitute the well-defined
substructures of the system. Therefore, they have a more proper place and
role in the overall bifurcation pattern. Such incomplete Farey ordering tree is
very common in the literature, for instance, in the case of the forced Duffing
oscillator [21]. The structure in the asymmetric Farey tree, presented in
Fig. 6, is governed by the ordinary saddle R}, with order of 0/1, that is, the
aforementioned accumulation point of the SN bifurcations, see again Fig. 5,
is also governed by the ordinary saddle. Moreover, it is well-known (Wiggins
[19]) that near the homoclinic tangency of the stable and unstable manifolds
of a saddle-type solution, an infinite number of SN and PD bifurcations
accumulate. This accumulation behaviour can be seen both in Fig. 5 (results
of AUTO) and in Fig. 6 (Farey ordering tree). Therefore, the organisation of
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the stable periodic orbits in the main structure is governed by the homoclinic
tangency of the manifolds of the saddle-type periodic orbit bifurcated from
the unstable equilibrium point, that is, from the regular saddle RY,.

Each stable family of solutions appearing via the SN bifurcation exhibit
period—doubling cascades, see the upper panel of Fig. 4. However, after a
few PD bifurcations the cascades seemingly terminate without the
evolution of any stable chaotic solution. The non-strictly dissipative
nature of the system enhances the tendency that solutions with high peri-
odicities have usually smaller domain of attraction. Consequently, they are
hard to find with a simple initial value problem solver (shooting method).
Although there is no clear evidence for the existence of stable chaotic os-
cillations evolving via fully developed period—doubling cascades, it is worth
discussing the evolutions and the limits of the winding numbers of the PD
points in the cascades. There are two winding number routes to the accu-
mulation point of period doubling cascades [47, 62-64], namely,

(=1)*
= Weo , 21
1
o= Wy — —— 22
w Wo 30 (22)

and

(23)
Woo = Wy + —, (24)

where wy, is the kth winding number in the cascade, w,, is the winding num-
ber at the accumulation points, wg and mg are the basic winding number
and the basic period of the cascade, respectively. The winding numbers of
the first PD, and the winding numbers of the accumulation points of some of
the PD sequence are presented in Fig. 5. Interestingly, the winding numbers
in a PD sequence can also be described by the Farey fractions [65], that is,
the Farey sum of two adjacent winding numbers is the winding number at
the accumulation point. Therefore, the bifurcation pattern of stable solu-
tions of the main structure can fully be characterised by Farey orderings.
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One is responsible for the development of the SN bifurcations and
the other one governs the PD cascade, and they form a complete
endoskeleton of the bifurcation structure of the periodic orbits.

It is worth mentioning that the organization of stable periodic orbits by
Farey ordering originates from dynamical systems where the trajectories lie
on an invariant torus [53]. The behaviour of such systems is usually governed
by the sine circle map, and the Farey ordering is valid provided that the
torus exists. Moreover, the presence of Farey structure in the appearance of
resonance horns as a function of the excitation frequency w is reported by
Parlitz et al. [34] and more recently by Hegediis et al. [41].
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Figure 7: Bi-parametric bifurcation curves of the SN (red curves) and PD (black curves)
points found by the BVP solver and presented in Fig. 5.

After the exploration of the topology of the main structure at wgp =
5.0, the main question is how the found topology changes with the relative
frequency wg? In other words, does the topology remain invariant under the
change of the parameter wgr? The advantage of AUTO is that the detected
bifurcation points (SN and PD) can be traced in a two-dimensional parameter
space; in our case, in the wr—p4 plane, by choosing the relative frequency as
a secondary control parameter. The results are summarised in Fig. 7, where
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the SN and PD bifurcation points are marked by the red and black curves,
respectively. The low frequency, low amplitude region is enlarged in the
upper left corner of the figure. In the enlargement, the subharmonic resonant
frequency of order 1/2 is represented by the vertical blue line. As usually,
the winding numbers are indicated by the bold fractions. The bi-parametric
plots in Fig. 7 reveal that the topology remains invariant (the curves do
not cross each other) in the high frequency region, approximately above the
subharmonic resonance frequency of order 1/2 (wg = 1.671). Notice that the
higher order subharmonic resonances (e.g. of order 1/3 and 1/4) are far less
developed and vigorous than the resonance of order 1/2, and the resonance
of order 1/9 is not recognisable at all.

3.3. Substructures

The main structure, described in the previous section, defines the en-
doskeleton of the topology of the stable periodic orbits with respect to the
pressure amplitude as control parameter. This topology is invariant under
the change of the relative frequency provided that it is higher than the sub-
harmonic resonance frequency of order 1/2. In the following, the topology of
the fine substructures, such as those already highlighted in Fig. 3 and Fig. 4,
will be clarified. First, let us examine the region near the PD point of order
1/2 between pressure amplitudes ps = 9kPa and p4 = 10kPa. The scan for
stable solutions with the IVP solver is summarised in Fig. 8. The increment
of the control parameter was reduced from p4 = 1 Pa to p4, = 0.1 Pa in order
to obtain a better resolution but the number of initiations per control param-
eter remained 40. The winding numbers are denoted by the bold fractions,
as usual.

The results of Fig. 8 show that near the PD point of order 1/2, the fine
structure of the SN bifurcations tend to accumulate to a certain value of the
pressure amplitude from both the right and left hand sides. This accumula-
tion point is supposed to be at the previously discussed homoclinic tangency
but now corresponding to the saddle-type, period 1 solution evolving through
the PD point of order 1/2, see the BVP computations in Fig. 5. Since this
family of the solutions is unstable, it does not appear in the IVP scan. Ac-
cordingly, the topology of the fine structure can be described by a two-sided
Farey tree shown in Fig. 9. This representation of the Farey structure un-
derlines the fact that the topology in this substructure is dominated by the
homoclinic tangency of the invariant manifolds of the periodic saddle of or-
der 1/2, and it "collects” the SN bifurcations from both sides. The left hand
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Figure 8: Magnifications of the stable periodic attractors at wg = 5.0, near the PD point
of order 1/2 marked also by the first red rectangle in Fig. 4. The increment of the control
parameter was 0.1 Pa. The number of initiations in each control parameter was 40.

Farey structure starts with the SN point of order 1/3 located immediately
next to the dominant PD point from left in the main structure, compare
Fig. 9 and Fig. 6. In contrast, the right hand side of the Farey structure
starts with the next PD point in the Feigenbaum period—-doubling sequence,
precisely, with the PD point of order 1/4, highlighted also in Fig. 5. The
basic elements of this two-sided Farey tree are also highlighted in
Fig. 6 by the corresponding rectangle.
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Figure 9: The double-sided Farey ordering tree of the found periodic attractors at wg = 5.0
near the PD point of order 1/2. The structure is dominated by the homoclinic tangency
of the invariant manifolds of the periodic saddle of order 1/2.
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Now, let us examine the topology of the fine structures in a different
region of the control parameter p4. Figure 10 shows the scan of the stable
periodic orbits between pressure amplitudes p4 = 7kPa and py = 8kPa.
The increment of py was 0.1kPa but the number of the initial conditions
had to increase to 60 for a sufficiently fine resolution of the structures.
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Figure 10: Magnifications of the stable periodic attractors at wr = 5.0, near the SN point
of order 1/3 marked also by the red rectangle in Fig. 4. The increment of the control
parameter was 0.1 Pa. The number of initiations in each control parameter was 60.

Similarly to the previous example, an accumulation point of the SN bi-
furcations can be observed marked by the dashed vertical line in Fig. 10.
This accumulation point is at the location of the homoclinic tangency of the
invariant manifolds of the period 3 saddle of order 1/3. The unstable saddle
again cannot be represented by an IVP scan, it can be shown only in Fig. 5
(BVP calculations) by the red curve originating from the corresponding SN
of order 1/3. The topology of the fine structure is described also by a two-
sided Farey tree. Although the accumulation of the series of SNs in left side
is less characteristic than in the previous case, the Farey ordering reveals
that the topological description is quite the same. The starting values of
the two sides of the Farey tree can also be explained similarly. The left side
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starts with the SN of order 1/4, which is next to the dominating SN point
of order 1/3 from left in the main (parent) structure. Meanwhile, the right
side again starts with the next PD point in period-doubling sequence. In
this case, the basic elements of this two-sided Farey tree are again
highlighted in Fig. 6 by the corresponding rectangle.
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Figure 11: The double-sided Farey ordering tree of the found periodic attractors at wg =
5.0 near the PD point of order 1/3. The structure is dominated by the homoclinic tangency
of the invarianr manifolds of the periodic saddle of order 1/3.

3.4. Higher order substructures

In the previous two subsections, it has been shown that for each member
of the main structure (Farey tree) a substructure can be associated described
by a two-sided Farey tree. Now, it will be demonstrated that for each element
in each substructure there is a sub-substructure which has the same topology
as its parent substructure. Figure 12, for instance, represents the usual
sequence of stable periodic orbits appeared via SN bifurcations near the PD
bifurcation of order 1/4 highlighted by the blue rectangle in Fig. 8. These SN
points are governed by the homoclinic tangency of the invariant manifolds of
the period 4 saddle originated from the PD point of order 1/4. The increment
of the control parameter p, were reduced further to 0.001 Pa. The number
of the initial conditions were 60 at each parameter value.

The double-sided Farey tree corresponding to the marked stable periodic
orbits in Fig. 12 are presented in Fig. 13. It is clear that it obeys the same
rule as in the case of the previously discussed two examples. That is, the left
side of the Farey tree starts with the element located next to the dominant
saddle from left in the parent substructure, see the SN point of order 2/6
both in Fig. 8 and Fig. 9. And as usual, the right side starts with the next PD
point highlighted in Fig. 12. Therefore, it is reasonable to conclude that the
subsequent substructures of the unique main structure follow a self-similar
topological role, which are nested two-sided asymmetric Farey trees.
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Figure 12: Magnification of the stable periodic attractors at wg = 5.0, near the PD point of
order 1/4 marked by the blue rectangle in Fig. 8. The increment of the control parameter
was 0.001 Pa. The number of initiations in each control parameter was 60.
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Figure 13: The double-sided Farey ordering tree of the found periodic attractors at wr =
5.0 near the PD point of order 1/4 marked in Fig. 12. The structure is dominated by the
homoclinic tangency of the invariant manifolds of the periodic saddle of order 1/4.

4. Summary

During the exploration of the dynamics of a harmonically excited gas
bubble placed in water at low ambient pressure, the topology of the found
periodic attractors was determined in the pressure amplitude-excitation fre-
quency parameter space. It has been found that there is a main or primary
structure composed by the subharmonic resonance curves, thus it is valid
above the first subharmonic resonance or order 1/2. The organization of the
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stable orbits obeys a simple Farey ordering, which is dominated by the ho-
moclinic tangency of the invariant manifolds of a period 1 saddle bifurcated
from the unstable equilibrium point of the unexcited system (the pressure
amplitude is set to zero). These stable orbits, appearing via saddle—node
bifurcations, exhibit a Feigenbaum period—doubling cascade, which can also
be described by a Farey structure. This primary structure is the en-
doskeleton of the topological description of the stable orbits.

With each element in the main structure (parent), a substructure (child)
can be associated composed by a series of saddle—node bifurcations and de-
scribed by a two-sided Farey tree. The dynamics is again dominated by the
homoclinic tangency of the invariant manifolds of a saddle-type, unstable
solution corresponding to the element of the parent structure. The left hand
side of the Farey tree (child structure) starts with left neighbouring element
of the parent structure, while the right hand side starts with the next period
doubling bifurcation corresponding to the element in the parent structure.
Each element in the substructure then exhibits a period—doubling cascade.

The aforementioned description of the two-sided Farey ordering holds for
all the subsequent higher order substructures. That is, for the elements of
the substructure and the elements of its own substructure and so forth. The
only important thing is to precisely register the associations of the parent
and children structures. Summarizing the results, the topology of the
stable periodic orbits can be described by a series of repetitive,
self-similar Farey ordering trees, provided the frequency is higher
than the first subharmonic resonance frequency.

To the best knowledge of the author, the results presented in
this paper are the first ones to put the pieces together, obtained by
other researchers on different physical models (see the references
in the text), and provide a more general topological description
of the stable orbits in a wide domain of the bi-parametric space
spanned by the excitation frequency and pressure amplitude. That
is, the appearance of solutions with high periodicities (in the literature called
period-n tupling) are related to the cascade of Farey ordering tree and the
domination of the homoclinic tangencies of the invariant manifolds of saddle-
type unstable orbits. Moreover, the results are a natural extension of the
work of Hegediis [1], who provided evidence for the existence of stable period
1 solutions beyond Blake’s critical threshold. Now, there is a possibility
to extend those numerical results to arbitrary periodicities and provide a
topological description for stable periodic orbits at that parameter region.
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The better understanding of the behaviour of a harmonically ex-
cited bubble can support several applications to operate in a more
efficient way. These are mainly related to the ultrasonic technol-
ogy, exploiting the physical phenomenon of bubble generation in a
liquid domain by irradiating it with high intensity and frequency
ultrasound. Sonochemistry, for instance, is currently regarded as
a special trick of modern chemistry to increase the yield of various
reaction products even by several hundreds of percentage [66—77].
In food industry, the ultrasonic technology has been successfully
applied in pasteurisation [78], to alter the viscosity of many food
systems [79, 80], and to produce highly stable emulsions by mix-
ing two immiscible liquids [81, 82]. As a special application, in
medicine, the emitted shock waves of ultrasonically excited bubbles
can be used to destroy kidney stones (litotropsy) [83], to remove
tissues in a targeted area (histotropsy) [84], and to destroy tumour
locally in cancer therapy [85, 86].
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