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Abstract

There are different equations to describe relations between different classes of Love-Shida
numbers. In this study with the use of the time-varying gravitational potential an integral
relation was obtained which connects tidal Love-Shida numbers (h, I, K), load numbers (h’, I',

k'), potential free Love-Shida numbers generated by normal ( h”, I, kK" ) and horizontal

(h”, I, K ) stresses. The equations obtained in frame of present study is the only one
which

* holds for every type of Love-Shida numbers,

e describes a relationship not between different, but the same type of Love-Shida
numbers,

¢ does not follows from the sixth-order differential equation system of motion usually
applied to calculate the Love-Shida numbers.
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Introduction

The improvement of accuracy of Earth tidal observations and increase the length of the
monitoring period, especially in the case of gravitational tidal observations, recently allows
high resolution separation of near-frequency waves and precise determination of their
amplitudes (Ducarme, 2012; Calvo et al, 2014; Van Camp et al., 2016). At the same time
interpretation of observation results requires a calibration accuracy at the 1%. level
(Meurers et al., 2016). This is important for the interpretation of Earth tide data, because
of relatively poorly known amplitude ratios. The amplitude ratios obtained from
observations carried out with gravimeters are d,=1+h,-3/2k, with tiltmeters y,=1+ K- hp,
with strainmeters S;50=ho-4l, and §,=h>-2l, and with dilatometers f,=2hy-6l,[1-
Al(A+2u)], where A4 and u are Lamé parameters and ¢ and / the geographical latitude and
longitude. On the basis of theoretical model calculations it can be assumed that ko~ 0.5h
and [,~0.15 h and at the surface of the Earth (r=a) A(a)~u(a), 0,=1+1/4 hy, y,=1-ko,
Sip2=1/3hy, S§,,=2/3 hp, f,=3/4h,. This means that deviation from the absolutely rigid,
inelastic Earth in case of gravity Earth tides is only 15%. In case of tilt and strain
observations along latitude and longitude this deviations are 30%, 20% and 40%
respectively, while for dilatational observations it is 45%. The free core nutation due to the
dynamical effect of the liquid core is more pronounced in case of strain and dilatation
measurements than for gravimetric and tilts observations:



do1- 0 k1=0.021 (1.8%)
vor 7ki=-0.041 (5.8%)
Sis o1- Sik1=0.098 (33.7%)
Sy o1 Syki=0.192 (37.5%)
for fri=0.117 (23.7%)

The amplitude ratios derived from observations provide linear combinations of Love and
Shida numbers but do not provide the numbers themselves. At the same time for study of
many different geodetic and geophysical problems the numbers and not their combinations
are needed. It may be therefore important to determine relationships between the Love-
Shida numbers. A similarly important task is to derive relations between the tidal and other
types of Love-Shida numbers, the load and potential free load numbers.

For the study of aforementioned problems the time-varying gravitational potential was
determined in case of deformation generated by tide, tidal, load and potential free load with
the use of the Love and Shida numbers in case of a symmetric non-rotating isotropic elastic
model Earth. The Love-Shida numbers are determined in this case by the radial profiles of
elastic Lamé parameters and density. Due to the mass conservation in case of elastic
deformation the incremental mass density was inferred from the divergence of the product
of initial mass density and the vertical displacement field.

Equation of Melchior (1950) for the ratio of Love numbers h, and k,

For ratio of Love numbers k, and h, Melchior (1950) obtained

kn _ n+3  Jypr™t2dr
h, (@2n+la foa p(r)ridr

These ratios for n=2-10 and n=20 are shown on Fig. 1.

In case of N=2

ko _ 1 Jy p(rtar

h, a foap(r)rzdr 2)

The r.h.s. of this equation is a ratio of two Stokes constants: the mass (M) and polar
moment of inertia (C) of the Earth. Consequently the ratio of the two Love numbers can be
determined without any hypothesis concerning the inner structure of the Earth. According
to Jeffreys (1959)

foap(r)r4dr = %M@L2 (1- gw/l +1n(a)) (3)

2
where 7(r) is the Radau function and for r=a it is n(a) = % . :(—cg = 0.572 (Moritz, 1990).
Consequently % = 0.493.
2



Relationships between different types of Love-Shida numbers

The Love-Shida numbers can be obtained with the use of the inhomogeneous motion
equation system given by Takeuchi (1953), Molodensky (1953), Alterman et al (1959). The
solution of this system must satisfy three boundary conditions on the surface of the

Earth which concern the normal stress (N(@)) , the tangential stress (M(a)) and the
derivative of the mass potential (L(a)) (Saito, 1978):

N(a) = — . ay (3a)
2n+1

M(a) - 3n(n+1) "M (3b)

Lla)=(2n+1)-«q; (3¢)

where ay, ay, a; can take the value 0 or 1 and n is the order of spherical harmonic
describing the deformation.

In case of Earth tides boundary conditions ay = a = 0and a; = 1 determine the Love-
Shida numbers hy, kyandl,. In case of a normal load acting on the surface of the Earth the
triplet of parametersay =1 ay = 0and a; = 1 allows to determine the load Love-Shida
numbers h'y, K'yand I',. If a potential free stress acting on the Earth surface (@, =0)
potential free Love-Shida numbers can be introduced (Molodensky, 1977) for normal

ay =1 ay =0 a, =0 and tangentialay =0 ay =1 a; = 0 stresses. The corresponding
triplets are h”,k”, I” and h™, k™, I"" . The three different triplets are connected due to their physical
meaning. The load numbers are sums of deformation due to normal stress and gravitational effect of loading
masses:

2n+1

hy = hy — 2= by (4a)
ke, = kn — 22 (14 k) (4b)
U, =1, — 22 (4c)

3
Furthermore according Molodensky (1977) the following equations can be introduced

hy =n(n+1)- 1 (5a)
h =2 (1 + k) (5b)
2n+1 "
=T LK) (5¢)
From (5b) it follows
ky, =k, — hy (6)

The validity of (6) can be checked with computation of Love numbers h,, k, and load number
k;, (Table 1). A comparison of k, and k,, — h, where the Love-Shida numbers were
obtained with the use of boundary conditions ay = ay = 0; a; = 1 and the load number



k;, with ay =1ay =0anda;, =1 allows to conclude that the calculations carried out
with the differential equation system of Molodensky (1953) have deviation <+2-10™.

Table 1. Love numbers hy, k, and load number k;, calculated with the use of differential
equation system of Molodensky (1953) on the basis of PREM for the degrees n=2-4.

ky hy ki = kn = hy ky
0,3035 | 0,6176 -0,3141 -0,3145
0,0944 | 0,2957 -0,2013 -0,2012
0,0425 | 0,1781 -0,1356 -0,1354

H~ (W (N [S

The gravitational potential of a deformable body generated by tidal, load and potential
free potentials.

The aim of the next part of present study is to derive a mathematical expression which is
composed by all three components of triplets and which is equally applicable for Love-Shida,
for load and for potential free Love numbers. For this purpose an approach was developed
which is not based on an inhomogeneous motion equation system given by Takeuchi (1953),
Molodensky (1953), Alterman et al (1959).

The Newtonian equation for the time dependent deformation potential is (Grafarend et al.,
1997)
Aw(xq,t)=-G [, ¢wd rdAde (7)

where X is a source point within the Earth, X, is the field point on the surface (r=a), p(x) and
d(x,t) characterize the initial mass density and the time dependent displacement vector of
the deformable Earth. In (7) the continuity equation has been used

Ao(x, t) = —div[p(x)d(x, )]
what means that there is no loss of mass during the deformation. Furthermore

. . grado(x)
Ao(x, t) = —div[p(x)d(x, t)] = —o(x)divd(x,t) + —7———
d(x,t)
The denominator in (7) could be expanded into the scalar surface spherical surface functions
”xa_x” = _Zn 0 Dm=—n ol (1) Yn,m(la »$a) Yn,m(/L ®) (8)

In the most general case the displacement vector expressed by orthonormal vector surface
spherical functions is



d(x,8) = X0 Xm=—nlr™™ (1, ORpm (4, @) + s"T (1, O)Spm (4, @) + "™ (r, ) T (4, )]
(9)
On the r.h.s. of (9) the first two terms represent the spheroidal displacements. The third

term stands for the toroidal displacement field s connected to phenomena not discussed
in this study. Furthermore with unit vectors €&, €, g one can write

Rym = e Yn,m(/ll ®) (10a)
[— 2.9y (4d)+ey— Y, (L) (10b)
T n(n+1) \ cosgaa - mAY $op MmN

With the use of equations (7)-(10) the time dependent deformation potential is

Aw(xa; t) fffr A Zn OZm— n2n+1( ) nm(ﬂ-a; ¢a) Ynm(l ¢)) (11)
o d .. ii+D y
;F_ {[ —r J —Ts J] p(x)Y;;(4, P) + rcos¢ s

ij
L/l(l +1) COS¢ 6& Y4 ¢)l r 6(]) L/l(l +1) 6(])
+g—[ e ¢)]}drd/1d¢

Yii(4 ¢)

The tidal displacement components could be represented as
A
dy = 1(r) (yreos¢) ™ ==

A
10V
dp = 1)) 2
dr = h(r)y~'Vr

where y is the mean gravity acceleration and the tidal potential expressed with spherical
surface function is
[ l
= Z z Vannm(Aa; ¢a)
n=0 m=-1

Consequently 7™ (r) = hy, ()Y "Wy and s"™ (1) = L,(r)y *n(n + DV,

Due to the radial symmetry of the Earth model used in this paperaQ/alz aQ/(M) =

0, ah/al = ah/a¢ =0 andal/a)L = al/a¢ = (. Consequently (11) can be given in a simpler

form:



B, t) = fofrw{[p(r) 31 (5) Yum(Aas b)Y mA )| - {[2 ) + (2) 222
Dy vty e) + [(5) 22, ] v, 'j(a,¢)}} (12)

With the use of orthonormality relations of the surface spherical harmonics (12) can be
given in form:

B (@, ) = =416 [3 {E2 | Yom G 80| - [ 2 P (1) + 355 = P20, (1) | Vi +

[429 2 1V, ]} (g) r2dr = —4””;’:((;;;’1‘;)"”"“ [y {p@) |22 + %r(”—

n(n+1r)zn(r>] ¥ hy(r) 20 (2)” r2dr (13)

Using some simplifications (13) can be written as

B (,8) = ~4nG /Ty (2n + D™ T Yum (A, b0) - [y {p () [T rm+ +
2h,(r)r*tt —n(n + 1)ln(r)r"+1] + di—(:)hn(r) . r””} dr (14)

The partial integration of the last term of (14) gives
Cdo(r a dh,(r
f Q( )hn(r) . rn+2 — _f Q(T)[ n( )Tn+2 + hn(T)(Tl + z)rn+1] dr

o dr 0 dr
Therefore (14) may be simplified:
Awp,(a,t) = 4nG/[y(2n + 1)an+1]Vannm(Aal ba) - foap(r) [n(n + l)ln(T‘)T‘n+1 +
nhy, (r)r*t1dr (15)
The r.h.s. of (15) gives the potential variation generated by deformation of the Earth which
can be written as

Awnm(a; t) = ky (@) VimYnm (Aa) $a) (16)

where k, (a) is the Love number to describe the potential variations due to deformations.
Connection of (15) and (16) leads to a relation between the Love-Shida numbers:

k,(a) = 4nGn/[y(2n + 1)a™*1] - foa —p(Mr*“nn+ DL,() + h,(M)]dr  (17)

With the use of relative system of units: the unit of distance is &, the unit of the gravity the
mean gravity acceleration y and the unit of the density is the mean density of the Earth

(pmean=5514kg/m3). In this system G = 3/4_7'[ and (17) will be

k(@) = —=— [0 () - 7™ [(n + D1 (r) + hy ()] (18)
And consequently for n=2,3,4
k(@) =2 [} () - 73 [3L, () + hy (7)] (19)
k(@) =2 [ 0(r) - 74 [4l, (1) + ha ()] (20)
k(@) =2 [ 0(r) - 7 [SLy(r) + hy (1) (21)

Conclusions



The importance of equations (18) - (21) is that they are only relations which do not follow
from the differential equation of motion usually used to calculate the Love-Shida numbers
and consist the complete triplet hy, k, and |,,of the same type. They were obtained without
any considerations concerning the boundary conditions (3) and therefore they are valid both
for tidal, load and potential free Love-Shida numbers.

With the use of (19) k,(a)=0.3031 which is close to value in Table 1 (0.3035).

On the r.h.s. of equations (18) - (21) the first term describes the horizontal and the second

the vertical displacements. Their contribution to the value of Love number K is almost equal to
0.148 and 0.146 respectively in the case of n=2. In case of the load numbers this ratio is different and
significantly decreases with increasing n: 0,589 in case of N=2 and 0.097 for n=10.
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Figure 1. Ratios ky/h, for n=2-10 and 20
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