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Abstract

This thesis focuses mainly on the derivation of mathematical model of contact thermo-
dynamics, which can be apply on numerical algorithm. We consider problem, where the
thermal expansion affects displacement and vice versa where the displacement of solid in-
fluences temperature of the material. This happens especially on the contact boundary
of each body, where we consider Coulomb friction, which depends on pressure on contact
boundary. Firstly from physical equations we derive weak formulations and discretize them
in space and time. We transform this equations into dual problem in Lagrange multipliers,
which are more sutiable for numerical computation. In last part we describe the process
of finding the numerical solution. At the end reader can see solution of problem based on
process derived in this text.

Keywords: contact dynamics problems, minimization problem, Coulomb friction, thermo-
mechanical problems, elasticity, heat transfer

Abstrakt

Hlavnim cilem této diplomové préce je odvozeni matematického modelu termo-dynamického
kontaktniho problému, ktery by byl jednodusge aplikovatelny na numericky vypocet. Uvazu-
jeme tlohu ve které je deformace téles ovlivnéna vznikem tepla a jeho Sifenim, a opacné
také vliv deformace téles na teplotu materialu. K tomu dochéazi predevsim v misté kon-
taktu, kde uvazujeme Coulombovsky model tieni zavisly na tlaku na kontaktni hranici.
Nejprve z fyzikalniho modelu odvozujeme slabé formulace, které diskretizujeme v prostoru
a Case. Tyto tvary pfevadime na dualni problém v Lagrangeovskych multiplikadtorech, které
jsou vhodnéjsi pro numericky vypocet. V posledni ¢asti popisujeme postup numerického
feSeni. Na zavér ¢tenaf nalezne feSeni tlohy pomoci postupu predstaveného v tomto textu.

Kli¢ova slova: dynamické kontaktni problémy, tlohy minimalizace, Coulombovské tient,

deformace, Sifeni tepla



Notation

d dimmension d € {2, 3}

Q c R domain

el. element in discretized domain

dof degree of freedom

f scalar values or unknowns (i.e. f: Q — R)

v vector values or unknowns (i.e. v: Q — R9)

T tensor values or unknowns (i.e. T : Q — ng)iff)

v algebraic vector values or unknowns (i.e. v € R")

M algebraic matrices values or unknowns (i.e. M € R"*™)

SVoi (%ym) vectorized values of symmetric matrix or tensor in symmetric Voigt notation:

|:m~N {jld]
sym. dd

mir - Mig
SVoi (Msym) = SVoi
sym. Myd
1 1 1 T
:|:m11 mdd %md(dfl) ﬁmld %m12”'

Differential operations

o f partial derivative

VY(f) = Vf gradient of scalar function: V(f) = [01f,...,04f]"

div(v) divergence of vector field: div(v) =V -v = d;jv; = 01v1 + - -+ + Jgvg
div(T) divergence of tensor field:

Ty +--+ 04714

div(T) =TV = [0kT1ks- .., Tae] = | ¢ _ :
8lTvdl +-t+ Bded



Specially we have
div(fId) = [0k fIdik, - .., Ok fIdas] " = [O1f, ..., 0af]" = V(f)
V(v) gradient of vector function:

(Y(v1))" Ot -+ Oqur
(V(va)) " Ovg -+ Oqug

Veym(v)  symmetrized gradient of vector function:

(Y(Ul))T oy - %(advl + 01vq)
Veym(v) = sym(V(v)) = sym : = " :
(V(Vvg)) " sym. Oqvq

A(f) Laplace operator of scalar

A(f)=V-N(f)=0uf=0uf+ -+ 0aaf

Binary operations

w = v;w; € R scalar product

<

I

U =TyUxj € R4 matrix product

llas

: U = T;;U;; € R Frobenius inner product (' : U = tr(TTU) =tr(TUT))
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Introduction

The research of solid bodies moves from engineering into computational mechanics. Be-
cause of continuing development of computational systems, we are able to easily simulate
behavior of body. That can be cheaper and faster in computer, than manufacture thing
from the examined material and test it. This is also true in field of contact mechanics.

Contact mechanics is discipline that deals with the analysis of system of deformable bodies.
This bodies are exposed to the influences of the real world, for example surface force and
heat flux (like in our case), but others e.g. volume forces. To the describtion of the model
is needed not only balance equation from continuum mechanics, like in one-body case, but
also conditions for describtion of more bodies. Here belongs nonpenetrability condition
and friction condition. There are several friction conditions, we are taking into account
Coulomb friction, which depends not only on material structure on contact part, but also
on the pressure between bodies. This influences formation of heat and motion of body.

Usually these types of problems take into account just one variable heat or elasticity,
but not both. This makes these types of problems more complex for analysis. In this
thesis we study contact dynamics problem with frictional heating and we are interested
in displacement and heat distribution of two bodies in time. We are taking into account
heating formed due to deformation and especially from friction on contact part. On the
other hand, heating can affect deformations. This work mainly draws from S. Hiieber and
B.I. Wohlmuth’s paper [1] and monography by Peter Wriggers [2].

In first sections we are introducing balance equations for the linear thermo-elasticity. We
have local momentum of balance, given by equation, where beyond common terms is
couple-term (i.e. temperature affect deformation and vice versa). In the second part
we derive weak formulations of this balance equations. Then apply space discretization
and choosing general base functions show, how to assemble mass-, stiffness- and contact
boundary matrices, vectors of load forces and contact conditions vector. Next, we discretize
this equations in time, using Newmark discretization scheme [7] and backward scheme.
In final part of derivation we show, how to get equivalent formulation of problem using
minimization of the energy functional.

Practical part of work is especially about extension of the Matlab MatSol library, which
is developed by the team of IT4Innovations. About MatSol see [5, 6]. We implemented
MatSol example in 3D for dynamics contact problem of two bodies. In algorithm are
procedures using FETI method, Lumped preconditoning and Mortar technique already
included in MatSol, so we don’t deal with clarification of these methods. We use one type
of geometry, and we are curious about heat transfer between bodies and about formation
of heat due to friction between solids. This is demonstrated in different tasks. Solutions
obtained in this process is presented at the end of this thesis.



1 Model problem

In this thesis we study two bodies and their deformation and heat transfer. We consider
two deformable bodies in their reference configuration Q' C R, i € {m, s}, where d = 2,3
is dimension of problem, m stands for the master body and s for the slave body. We are
interested in displacement field u(z,t) and the temperature 0(z, t), for (z,t) € Q*x (0,T),
where (0, T) is the given time interval. The boundery 9 is Lipschitz and is divided in this
way. For elasticity holds

I =T,pUT,y UTG,
0 =Tp Ny =Ty NTe =T, NTE,
and for heat transfer holds
R R S
["=Typ UTyy UTc,
0 =Thp Ny =Ty NTe =Thp NTE.

Moreover Iy UTyy = Lyp UT,x. The portion "}, represents the part of the boundary
where displacement or temperature are prescribed. I is the part, where tractions or heat
flow are prescribed. Finally ZC is the part of possible contact between master and slave
bodies which is equal for elasticity and heat problem. Inside area €2’ can be prescribed

body force for elastictiy or heat source for heat transfer problem.

I'*y

Qm

ﬁ
53
AV

LTy

Figure 1.1: Master and slave body.
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2 Strong formulation

In this part we show separately elasticity problem with given boundary and initial con-
ditions and similary heat transfer problem with given conditions. How to obtain local
momentum of balance equations can be seen in [3, 4]. For both cases let Q' C R? be
a bounded domain with the Lipschity boundary described in previous section.

2.1 Elasticity

For i € {m, s} we have local momentum of balance equation with Dirichlet and Neumann
boundary conditions and initial conditons for each body. We are looking for

u(z,t) : Q x (0,T) — R? which is called strong solution of a contact problem and it
satisfies following five equations:

o'’ — div(P'(u', 6") = [, in Q' x (0,7), (2.1)
u' = uly, onT¢, x (0,7), (2.2)

o' (u')ng = ply, on Ty x (0,7), (2:3)

o =4, ul=ud, in Q' x {0}, (2.4)

where p is density of material, ng is outward unit normal vector in reference configuration
on I'Y, and the first Piola-Kirchhoff stress tensor is

gi(ui7 91) — gz(uz) + dKZOéZ(Ql . 90)@7
where gi is the linear stress tensor, K is the bulk modulus, o is the thermal expansion
coefficient and 6y is the reference temperature at which the bodies are stress free which we

assume to be constant on Q° U Q™. From linear elasticity (Hooke’s law) we have fourth
order elasticity tensor ¢ = ¢;;g;, Cauchy’s strain tensor € = ¢;; and holds

i) = ¢ g(u') = Nitr(e)d + 2'g", £ (u') = = (z(gz) _i_zT(ui)) .

IS}
e

Where Lamé parameters A, p are equal to

Ei
2(1 + vt)’

. Eiyt .
)\Z — _ _ (] —
1+v)1—2v1) *

. 9
K= )\ “ i
+ d'LL Y

depending on the Young’s modulus E? € R* and Poisson ratio v* € (0,0.5).

Moreover we can modify term —div(P*(u')) in (2.1), so we get
o'’ — div(a'(u')) + dK'a'V0" = f', in Q' x (0,T). (2.5)

11



For further use denote

p'(w') = g'(u')np,
ph(u') = o' (u')ng - ng,
pL(u') = p'(u') — pl, (u')nf,

where pf, is normal pressure, p’ is tangential pressure. For the definition of linearized

contact conditions we assume a smooth mapping R;(z®) : ', — I'} such that

o &(Tg) CTE

e the vector ©*(z°,t) — 9" (Ry(x°),t) is parallel with the actual outer normal n(z?,?)
to I't, in p*(2°, 1)

e actual gap g(z°,t) := [p*(2°,1) — " (Re(2°), t)|n(2®,t)

Using the above defined mapping we define the jump of the vector function w(z,t) across
I'; and its normal and tangential part

There are two conditions on Fic. In the outward normal direction is prescribed the non-
penetrability, i.e. Va® € I';,

0> g(z®,t) = [p°(z°,t) — " (Re(z°), t)]n(z®, t)
= [uln(2®,t) + [2° — Re(2”)In(z®,t) = ([u]n — g0) (2°,1)
0 < pn(z®t) = (g(u)n -n) (z°,1) (2.6)

and friction condition

195 ()| = Flpi (u')] < 0
[a]- + 5 pT(g)zo (2.7)
(i) (Ilp ()| = Flpj, (w')]) =0

Problem to solve is given by the equilibrium condition (2.5), the boundary conditions (2.2),
(2.3), the initial conditions (2.4) and the mechanical contact conditions (2.6) and (2.7).

12



2.2 Heat transfer

Similarly we are looking for §%(z,t) : Q¢ x (0,T) — R, which is strong solution of the heat
conduction equation. We can get this equation from the first law of thermodynamics, and
add prescribed boundary and initial conditions:

—q*

0 — div(k'VO") + H'(w) =, in Q' x (0,7), (2.8)
0" = 65, on T, x (0,T), (2.9)

qa'nh = div, on Ty x (0,7), (2.10)

g'n' = g, on Ty x (0,7), (2.11)

0 = 6}, in Q' x {0}, (2.12)

where k' > 0 is the thermal conductivity, ¢’ is the specific heat capacity of the body QF,
gi is the heat flux, r* is the prescribed heat source and the heating term from the Joule

effect is
H' = do' K fydiv(a?).

The condition for heat flux on contact boundary qé = g’@i can be written as

4 =78pn(0° = 00),  qf = Epa(0@™ —0), 0=q¢ + & + p-lils, (2.13)

let’s note, that material coefficient ’yév (pn), which affects heat transfer depending on presure
is used as a linear model ’yév(Pn) = ’yépn. From previous equations follows

qg’ = Bopn [9] - 56‘5}%”[@]7’“7
a¢ = —Bcpn [6] - (1 - 56’)31771‘”@]7'”7

gle s am
—==— o= —F"—, [0]=0°-6",
Yo +E e +E

because
0=q& +q& + prli]r = pn [vE(07 = 00) + 7 (0™ — o)) + pr[]-

13



From that follows

_ ’yéves —+ ,.Yrcnem br [Q]T
Ve 4+ vE Pr(VE + 3
I VoL e Vo prlt)r )
Y&+ Y pn(V& + &)
,yS ,78 ,ymem ,.YS .
= DPn (7598 <1_ s < m>_ g < m + s < mBT[Q]T
Yo T 0 Yo T 0 Yo T Ve
= pnBc [0] — dcllp- I[@]-|| = pnBe (0] — dcFpalllt]-,
4 = VP <9m et +gem prli)r >
Ve + Al Pn(VE + )
e} glealoldl gle} ,
= a0 (1 — - + U
bn (70 ( vscﬂé”) Ve +E 78+V6”BTL]T
= —pufc [0] — (1 — 0c)8pullltl- | = —q& — Spallltl- |,

o

ac: = YoPn <9

which completes the way of derivation of the above formulas. We should stress that in the
previous adjustments we used the relations

prlilr = —=llp- - || and [[p- |||l [l || = Spnllll- |
Now the heat transfer problem is given by heat conduction equation (2.8), the bound-

ary conditions (2.9)-(2.11), the initial condition (2.12) and the thermal flow conditions
on contact interface (2.13).

14



3 Weak formulation

In this section we demonstrate how to get weak formulations from strong forms in previous
section. First of all we need to define spaces of test functions for each body in given problem
and sets of admissible displacements.

3.1 Spaces definition

In this part we define space of test functions, define

Vii=H'(QY), V=Vixym
Vh = {x" e V| T(x") =60p onTyp}, Vp = Vi x Vi,
Vi ={x'"eV|T(x')=0onTyp}, Vo= Vg x VJ",
vii=(vH)?, V=VixVym
Vi ={v' € V| T(') =up on T\p}, Vp =V} xVE,
Vii={v' e V[ T()) =0on Typ}, Vo =V§x Vg,

and convex sets

K(t) ={veVp| [, (z°t) < golz’, 1)},
M) ={peV| >0, |u <F},

where K () is a convex set of functions satisfying the non-penetration condition (2.6), and
M(7y) is convex set of Lagrange multipliers.

Theoretically, we are looking for solution from V p for elasticity and from Vp for heat
transfer. In this phase its too difficult, because of continous functions, but that will be
discussed later.

3.2 Elasticity

Multiplying (2.5) by w € Vg, and integrating over Q¢ we get

/ / o' (u'))w d:c+/AdKio/V9iwi dw:/_fiwi dz, Yw € Vo,

15



apply Green’s theorem on term with div(-)

- [ div(e’ @)
—— [ o (W) win ) ds@) + [ o ()Y (w)ds Ve Vo,

&
I

Integral over boundary Q divide into sum of integrals over I'p, I'y and T'c

=0

/ o () win (2) dS(z) = / o (o) W' () dS(z)+
oN¢ I'p
+ / o' (u') nyw' (2) dS(z) + / o' (u) nyw' (') dS(z),
'y Le

where A € M approximate the contact stress. Because of contact boundary we have
to apply jump between solids and apply (2.6), (2.7). Using above process we get weak
formulation of elasticity problem

( 9(0,2) + bu(m, A) = fu(@), Yw € Vo

ie{s,m}
= > / (Cii(ui)) re'(w') da’,
1€{s,m} =
aug 9 w Z / Klalvazwz da:
ie{s,m}

by, (Ma H) = bun (Ma H) ~+ bur (Ma H),
bun(wy H) = /5 [M]nﬂn ds(gs)’

C

bur(w, p) = / [w]r - pr dS(z7),

C

and the linear form

-3 / pyw dS(z / i dai.

ie{s,m} ’LE{S m}

16



3.3 Heat transfer

Multiplying (2.8) by x € Vo, integrating over Q, and using the Green’s theorem we have

mo (6, X) + as (8, X) + agu (i, x) + (Mo, Dddrs, = fa (), Vx € Vo, Mo(An)
<>‘9’ w>FSC + d97>\un (Q7 w) = b97>\un (9> w)a Vw € w, "

with linear and bilinear forms

Z / Ayt da,

ie{s,m}

Z /ﬂVHZ V' dz!,

1e{s,m}

agy (1, X) Z d¢9OKZ div(u')x* dzt,
1€{s,m}

Z/ gyx'dS(@) + > /szdxi,

ie{s,m} ie{s,m}

b v (9, 0) = / Aol dS(a?),

o x (@, w0) = | dcFAun| [+ ||w dS(z®).
I

Taking a closer look on ag, (%, x) we see (because of V- (fg) = f(V-g) +g-V(f) and the
Green formula) that

agu(it,X) = Y dﬁoKiai/_(V-ui)xidx":

ie{s,m}
= % et ([ viatase) - [ aviar) -
, o0l Qi

i1€{s,m}
= 3 ke [Nl dS() - el )

1€{s,m} o

In accordance with REMARK 4.1 in [1], we can substitute w = [x] into (Mg(Ayp))2 and
denote

697)\7477 (,19’ X) = b0,>\un (197 [X])’ (:Zeg)\un (@, X) = d‘g,)\un (H7 [X])7

now we can substitute (Ag, [x])re, in (Mp(Aun)) and get

ma(0,X) + ag(0, x) + agu (i, X) + born (0, X) — dor, (@, X) = folx), Vx € Vo.

17



3.4 Fixed point formulation
We will simplify our problems by defining the auxiliary problem

My, (1, W) + @y (u, w) + ayg(0, w) + by (w, A) fu(w), Vw € Vo,
- A

( =
bun (U, pt = A) + bur (@ p = A) < (g b — An), Vo € M(y), } Ml

for the given v € H(QF), so the solution (u,\) of (My(\y,)) is the solution (@, \) of
(My(7)) iff A is the fixed point of the mapping

v+ Ap, where ), is the solution of (M,(¥)).

Analogously as in the elasticity problem we will use the fixed point approach and define
the auxiliary problem

mg(6, x) + ag(8, x) + agu (i, X) + b (0,X) — doy (1, X) = folx), Yx€Vo.  Mo(7)

18



4 Discretization of spaces

In this part we will introduce discretized form of spaces in previous section, and using basis
functions to get algebraic representation of known (bi)linear forms.

4.1 Discretized spaces definition

The spaces V', Vp, V., V, the affine sets Vp, V p and the convex set M () will be discretized
by

Vi = {v;; e O vl € Plel), Vel e 7';;'} , Vi = Vi x V™,
Vin={vi, € Vi| v, =00nTjp}, Vo = Vo X Vo
Vi = {v, € Vi| v}, =0p on Thp}, Vo = Vi x Vi,

Vi = (), Vi =V x Vi,
Vin={v, €Vi|v,=00nTip}, Vonr =Y x Vi,

Vion={vh € Vi|vj, =up on Tp}, Vorn=Vhn*xVD

NS, nodes

C
Mu(y) =t €My = > mete o, My = (M),
k=1

where 1, are basis function of My. The discretization of spaces allows us to write each
space as the linear combination of each base function, therefore denote using linear span

i ) 7 i,k
Vy = span {¢}}, Vi, = span {p;"},
]:1""’nlz'\odes =L ilodes

k=1, .d
A 7 7 _ ik
Voo = span  {¢j}, Vo= span {g; },
JZl’""’”}]odes JZl{""”}]odes
¢y z ¢ p
k=1,...d
k
My = span {1}, M= span {¥5},
]:17‘“7”1—‘30 nodes ]:17~~7n1"sc nodes
k=1,...d

19



and with the above notation we mean e.g. for the case of d = 3

| #;(z) | 0 | 0

ei@ =1 0 0, (z) = | ¢i(z) )= 0
0] 0 5 (2)
¥;(z) 0 0

%(E) = 0 ’ %(E) = % (l) > @(2) = 0 >
0] 0] () |

where goé are the nodal basis functions.

4.1.1 Algebraic form of solution

The displacement uj for d € {2,3} and 6} can be expresed using basis functions and
summation over nodes as follows

n;’ilOdCS d nflodcs
uh= Y D wlkragne;ts Gh= ) [0 (4.1)
J=1 k=1 J=1
26T, =T
Similarly we need discretized form of Lagrange multipliers, which can be written as
A S . S . A
A= |, A, € RMTE modes A g RIMIE nodes 4y 3D A= |7 (4.2)
7\7‘ }\7'2
nFSC nodes nFsC nodes .
{1}, in 2D,
An,p = Aoljthi, Arin = Al L€
= X Bl da= X Db teqh
d
A =Anp i+ Y Arp 1o,
=1

where n, 7; are orthogonal unit vectors and NT$, nodes are nodes over contact interface
on slave body.

4.2 Algebraic spaces and sets definition

In section 4.1 we introduced discretized spaces, but for computational resons, we also need
spaces, where are only node-values. Let’s introduce algebraic spaces related to discretized
forms:

Vh = V9 — Rnnodes’ Vh = Vu — Rdxnnodes'

20



Next, there are subspaces Vg, V,, where nodes belonging to Dirichlet dof’s are equal
to zero. Dimensions of that spaces are

‘/O’h = X&O — Rnnodes7 Zo,h = Muo — RannodES'

Finally, we introduce affine sets, where value for nodes on Dirichlet boundary is equal
to value of the prescribed function

Vph=Vop =RModes, V) =V,p = R Mnodes,

4.3 Space-discretized form of elasticity problem

Now we show, how to write down algebraic representation of known linear forms, first of all
relable equation (M, (7)), so we get weak discretized formulation of elasticity problem

My (Tn, wh) + au(Un, wn) + aug(On, wr) + bu(wh, An) = fu(ws), Ywy, € Vo,
br(Uns th — An) + br(Uh, o — An) <Gy finh — Anoh)y Y € Mp(y),

after that using (4.1) we can write bilinear form in discretized formulation

mu(@h;wh): Z mu(gﬁmwﬁJ -
i€{m,s}

I
]
3
e
]
(]
=
¥
S
QI.
5.
. ol

M=

=
=
=
5
s
Il

i€{m,s} ij=1z k=1 7L_j=1i k=1
£j¢rg §j¢rgD

e o ] [ .
= [w'T w™7] [0“ Mm] [um] =w' M,i,
h2A pe) 2

where M,, is the mass matrix of elasticity problem and the number [Mf],, in the matrix
M, on the position (o, p) is

i
nodes

d

i i i,k1 ik i

Mop = > > 5o,k1+d(j1—1)6p,k2+d(j2—1)/iQ‘le vy, da’,
J1j2=1 k1 ka=1 @

3¢9 p

n
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iko .

we note here that b kl(p 2 is the scalar product in R, The bilinear form a,, can be written

then as

au(un,wp) = Y ay(uj, wh) =

i€{m,s}
n;odes d nodes
= E ay E Z k+d(j— 1%7 Z E k+d(] n¥
ie{m,s} Jj=1 k=1 J=1 k=1
AT, 25 ¢l
K 0 u’®
—_ [wsTme] = :m —m ZETKE,
0 K" |u =

where K, is the stiffness matrix of elasticity problem, and holds

nodes

[[gi]]qp Z Z 50 k1+d j1 1)5p,k2+d(j2 1)

J,j2=1 ki,k2=1
£}¢F§D
SVoi T (Veym (257) ) CSVoi (Taym (#5172 ) da'.

The linear form f,(w) can be written as

O

node%

Z fu Z Z ]]k-l—d(] P ‘k :[WSTﬂmT] [ffi] :ﬂ—riua

ie{m,s} J=1 k=1
zi ¢l p

where f,, is vector of the load forces, which contains Neumann boundary conditions and

is equal to

Mnodes
o= 5 S tesasen ( f shefasts [ Fera)
J=1 k=1 Iy :

2l ¢,
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The bilinear form a,g can be written then as

aup(On,wn) = > au(0), w}) =

ie{m,s}
;odes nodes
p— k pr—
= > aw| X O Z Z[[ prag-ng; | =
i€{m,s} J=1 Jj=1 k=1
2igrh, oigT
K? 0 0°
sT .mT uf = = T
=w W = = =w Kb
where
nodeb &
i,k1 % i __
Koy 55 3 byt et [ e el -
Ju.g2=1ki1=1
£}¢FZ
nodes k
ik1 i
S T yKal [ G vgar
J1,92=1 k=1
3¢y
And

buntanspn) = [ lonlopinn aS(e%) = [ (win = wfnpns dsG) =
c C

nodes nl"é nodes
= bun Z Z[[ k+d(5—1 %0] ) Z [[Eﬂ]]Jw] =
j=1 k=1 J=1
Z%F
B
= [w*TwmT] =" Qm Enl = w B,
0 B7| k-
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where

5 K4d(i—1) / ijk -ﬂ% dS(£S)7
e

J=1 o=1
2Ty,
ngédes nFSC nodes
By =~ 3 z Spasatsn [ mbndS@)
J=1 k=1 o=1
¥ ¢F

one can also easy see that

B=| Bn
(Br2)

The space-discretized version of (M,(7)) is to find u € Vp such that

w' (Myii+Keu+BTA+ Kuge =w'f, Vv : V.
(o y ()

(n—=2), Baut (n—2) Bt <(u-A)g  VueMy).

4.4 Space-discretized form of heat transfer problem

In a similar way relable (Mg(7)), which implies weak discretized formulation of heat trans-
fer problem

me (O, Xn) + a6(Oh, Xn) + aou(@n, Xn) + bo~(On, xn) — do~(@n, xn) = foOxn),  Vxn € Vo
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The mass term can be written as

mo(On,xn) = D> mo(0, ) =

ie{m,s}
iodes L iodes
= > mo| X 8¢ Y i | =
iE{m,S} 7j=1 .‘7:1
;¢ p z3¢%p
M; 0 0°
— [XST7XmT] [09 m] [em] :XTM9Q7
= :9 -

where the number &é[o,p} in the matrix ¥19 on the position [o, p| is

nl

nodes
Molo,p] = E 50,]1529,92/,0 P Pja dz —/_C¢o¢pd$~
=1 (913 (o1
J1,J2=
£;¢F§D

The stiffness matrix is assembled from term agy as follows

nznodes 7q’i;odes
ag(On, xn) = Y asOhxi) = > as | > [0 X595 | =
ie{m,s} i€{m,s} =1 J=1
EATI NP EATIN PN
K 0 0%
T T [0 = ~ T
= [Xs 7m ] 9 Kg@] em] =X QQ,

where the number glé[o,p] in the matrix gg on the position [o, p] is

@
Mhodes

Kiiop) = D 005100 / Vg, - Vg, da' = / K'Yy, Y, dz'.
Ji,j2=1 @ @
E;%FED
The term
. i K2 0 u’
agu(Un, Xn) = Z agu (), X)) = X* T, x™ '] :g“ K m] =x ' Ko,
ie{m,s} Zou] B
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where

i
Mhodes

d
7 1 1 7 i,ko 7
Kb dop=dOo > > b0ji0pmrage—1K'e / Ngj, g, dat
jiojo=1 ka=1 o
§3‘¢F5D

The linear form f,(w) can be written as

i

foxw) = Y fu Z IXTies | =" x™"] [ff’] =x'fo,

fm
ic{m,s} =1 0
z; ¢
where
) Mnodes ) k ) . )
[f5lo= D> / dvey dz’ + / reptde’ ).
=1 \'Tw v
z3¢%p

The discretization of the term 3977(9;“ Xh) is

bg . (On, Xn) = BC/ Y[0n][xn] dS(z) =

FS

C

1,58 Lsm o5
ST ,mT] | 20y =0y 2 — TL 0
[X 7X ] [Sym Lgf;n] [em] K :0,’7*7

where
T nodes
[L5% 15 = Be / vl (@)pi(z)dS(z) = B D / prpips dS(z),
I'e k=1 I'e
nFC nodes

[L5']:5 = B /

VP R (Rl dS@) = B Y- w [ eielel dS(a),
r k=1 r'e

S
C
"I nodes

L7 = ~fo [ 1ot (@) as(a) = ~fe > / el dsta)

C

Finally, discretization of bilinear form J(M(g, X) is

o i 0) = [ ST ilnllon] dS(*) =

_rysT omTy |96 (@)] _ .
- [X TJX T] [dzr}:(u)] _XTQG:W(Q)u
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where

145, (0L = 60 [ llilallei(a) aS(a)

145, (0L = 60 | il (Ba(a) aS(e”).

The space-discretized version of (Mg(7)) is then

M0 + Ko0 + Koyt + Lo 0 = £ + dpy - (10).
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5 Time discretization

Now we have weak formulation in discretized space, but we also need to discretized time to
timesteps. Due to the fact that in elasticity problem we have second time derivative of dis-
placement, we can use time discretization employ Newmark integration scheme, see [7]. In
heat transfer part of problem we use backward formula approximation, for discretization
scheme.

5.1 Newmark integration scheme

Newmark integration scheme is method for solving differential equations of the second
order, which uses known values in t* to get solution in time interval t**1. With simple
modification, we can use this method to get time discretized form of displacement problem.

We split the time interval into n; times t* = kr, 7 = T /n; and denote
Qk ~ Q('v tk)

Standard Newmark integration scheme is defined, according to [8], as follows

2

Wt =0k 47 [(1 — ) i* + m’“”} : (5:2)

to get acceptable order of convergence and to stabilize this method set constants % ==
23, this choice provides the energy conserving of algorithm. Now from (5.1) we can express

4
ﬁk—’—l _ ﬁ(uk—&-l _ uk) o
T

R

which we immediately insert into (5.2) and obtain

gkﬂ’l — g<gk+1 _ Hk) _ uk’
T

+1 5k

Substituting formulas for ii**! | a**1 into the equilibrium equality (M(7)) one will obtain
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for t**1 the problem of finding (u***, A\**1) € V,,p x M(y) such that

Vw € Vyo, Vi € M(7) :

4 T
w' [(K + 2Mu> L (B AR Kuee’““} = wl Wi i), (5.3)
K.+ M B K

T k+1 T k+1
(ﬂ Ak—&-l) 2Bnk+1 aH < (M )\k+1) " & N
TE’T ET (FE +u )
where A A
£ (Wb, b, i) = £+ My, <T2 ut+ i+ uk>
Let us choose ' € {[p,), A7), (AT 2,011} and decouple inequality into two inequal-
ities
T T
<g - Ak“)n Bt < (g - Ak“)n gh Vi € M(v),
2 (H 7Ak+1)TB;;+1Ek+1 < 2 (M )\k—i-l) Bli-&-l (Hk n Zﬁ) ’ Vi€ M(v),
T \™ T T T

and summed again together as

(M - )\k—i-l)T By

Pn
Bk—i—l
27

-
k41 kL g

Equations (5.3) and (5.4) are discretized equations of elasticity part of our problem, note
that in (5.3) still occurs unknown term @%*1.

5.2 Backward formula scheme

As in previous section, we need to discretized time into timesteps also in heat tranfer part
of problem. We split the time interval into n; times t* = k7, 7 = T'/n; and denote

Qk ~ Q(atk)a

Newmark integration scheme can not be used, because the heat constitutive equation lack’s
second time derivative. We simply use backward formula from Backward Euler method

gt _ 1 (ekJrl _ ek) (5.5)
T )
and from the Newmark time discretization for displacement we have

ngrl _ 2 (EkJrl _ uk) -k
T

u-.
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Now substitue 8 and u**+! into (4.3) and rearangement this equation into
1 2
<M9 + KG + LG;y) Qk+1 + *Kﬁuglﬁ—l = £lg+1(gk’ gk’ Qk) + d@u,v(g
T— = = T

where ) )
ATl (b b, 0F) = £+ “Mp0F + Ko, (u’f — u’“) :
T - T
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6 Numerical Realization

In this chapter we complete derivation of main problem. Before that we outline, how
assembling of vectors is realized

6.1 Assembly of matrices

In previous text we introduced discretized formulation of problems and assembly of ma-
trices using basis functions. Although in numerical example we solve problem using the
eight node hexahedron (brick) elements with appropriate shape functions, in this chapter
we explain discretization of domains in the 2D with triangulation. Note, that there are
several types of discretization [10, 11].

Each body Q' is divided into triangular elements, who are non-overlapping. Note that
in our problem we use domains, that can be discretisable without any error. These elements
could be written as 7;3 = {775 Zi’l, where ng). is number of elements in body. The set of all
nodes is ﬁi’h(el.) := {x;};299, where npodes is number of all nodes. Each node in element
is numbered counter clockwise, its called local numbering. Similarly, the boundary parts
are replaced by their discretized form Ff;.h, Fé{h, I‘}é.

\
AYNUIS
!MAVA

N/

e

<
N avavivare

A

m,h
L} h
b Qs

Figure 6.1: Possible discretization of the domains

We use finite element discretization from section 4.2, be cautious to see different notations
between algebraic vector V and analytics vector V. The solution u(t) € Vp is approxi-
mated by u”(t) € V.p, respectively 8"(t) € Vyp. The set V,p consists of vector functions
u(x,t) = (u(z,t),0(z,t)) whose components are piecewise linear over each element and
@, : R? x T — R. Similarly 8"(¢) consists of 0(x,t) = (@(z,t), X(z,t)). Choose basis
function with respect to definitons in 4.1, ¢;(z;) = 0;;, where d;; is Kronecker’s delta.
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Now, we approximate solution and test functions

Mnodes Tnodes

iz,t) = Y wt)pi(w), oz, t) = ) wilt)pi(x),
=1 =1

=3 6t W= S xiei).
i=1 i=1

where u;, 6; are unknowns of the functions 1, 0 at the nodes. Because of easy implemen-
tation, the assembling of matricis and vectors is performed over individual elements. For

more see [9].

6.2 Domain decomposition

Because of possible computationally comprehensive problems, we introduce so-called gluing
condition. It helps in finding solution faster, due to smaller subdomains. After decom-
position of main domains, we need to prescribed neumann condition on new boundary
nodes. It is ensured by new matrix By € Rnedes XMnodes with [~ 1 —1 ---] on relevant

positions of boundary nodes and zeros elsewhere.

Yy
A A

Yy
A A

Yy
A A
Yy
A A

AN

y
[
y
A

Figure 6.2: Domain decomposition

6.3 Decoupling

From previous section we have (5.6) as the main equation for heat flux and two equations for
displacement (5.3), (5.4), but there are still “displacement terms” in heat transfer equation
and vice versa. Some might say, that for decoupling, we could express 85! substitued
into (5.3), then u**! put into (5.4) and find solutions, but this can not be done, because
in that case full non-symetric matricies appears.

Instead, we find solution in each timestep using successive iterations. In this case we want
to find solution (uF*!, @¥+1 A1) in the time t*+! as the limit of (ufT1P, @F+1p Ak+1p),

using starting values from previous timestep

(Ek+1,o’gk+1,0,Ak+1,0) = (Hkygkahk)'
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When we know (uF+1P @k+1Lp AF+LP) e want to compute (ub+1p+1 ghtlptl Ak+lptly,

Here we want to stress the fact, that

,ykJrl,p = (Akﬂ,p)n

)

so in the successive iteration scheme we don’t need to compute v*+1P, only extract

it from A*F1P. We decided to solve the heat problem (5.6) at first. So assembling
Lgyk+1.p, dgyyk+1p and substituing into (5.6) we obtain

1 ~
X" (TMQ +Kp + L(,,ym,p) OFFIPHL — X TEFIP Wy € Voo, (6.1)

Fh+1, k+1/ .k -k ok k+1, 2 k+1,
£9 P :£9+ (E ,u",0 )_{'QBu,fy’“JFl»p(u * p) - ;g&ug e,

Because of the computational reasons we approximate Ly ,k+1p @FF+Lptl fy ég’ykJrl,ka—*—l’p
so instead of (6.1) we use

1 ~
x' (TMe + K@) QR = X TEETP o T (TP — Lygrins0717) . Vx € Vi,

(6.2)

and obtain 0%¥t1PT1 Because the possitive definite matrix %M@ + Ky is sparse, block
diagonal and does not change during the computation it can be factorized and the action
of it’s inverse can be effectively computed.

After that we will solve the contact problem with known fixed temperature distribution
0F+1Lpt1 which will affect the righthand side of (5.3) and obtain the system

£ﬁ+1717

A

W' <42Mu +Ku> G et i N (Bk—l—l)TAk;—‘rl,P-&-l — (£k+1(gk7gk’gk) _ Kuegk—&-l,p—l-l)’
7- T - T pr—

(6.3)

T T
(E _ Ak+1,p+1) Ek-&-lgk—i—l,’p-&-l < (H _ Ak-ﬁ-l,p—i—l)

Also here the matrix %Mﬂ + Ky is sparse, block diagonal and constant during the com-
putation.
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6.4 Treating Dirichlet boundary conditions using additional Lagrange
multipliers

In this part, we want to demonstrate in generaly terms how to solve our problems. We use
equivalency of solution of boundary value problem with minimization quadratic functional.
Introducing indicator function and extending sets over we minimize, we can rewrite problem
with homogeneous conditions into nonhomogeneous contact problem.

6.4.1 Deriving of the general procedure

So far we didn’t mention the nonhomogeneous Dirichlet boundary conditions. Taking
closer look at (6.2), after rearanging the Dirichlet dof’s at the end of the vector we have
the abstract problem

Arr Arp
A;D éDD

T OT}
{KF =b up bp

uF] =v'Au=v'b= [ﬂv QzT)} [bF] , Yvp eR"F,

for prescribed up € R"P, where np is the count of Dirichlet dof’s and ng is the count
of the rest dof’s. This problem is equivalent to the unconstrain minimization problem

1
argmin —vpAppve —vi (bp — Appup). (6.5)
VFr

The minimization in (6.5) is over vy € R™F but can be equivalently written as the equality
constrained minimization over v € R™nodes

1
arg min fXTéy - yTb.

v:Vp=up
Indeed, after expanding the multiplication of block matrices we have

const.

— e const.
17 T 1 T
argmin —VpAppve +VpAprpvp + §KDéDDXD —vrbr —vpbp,

V:Vp=Up

which is the same as (6.5) except the constants which will not influence the resulting vp
where the minimum occures. Now, we want to get rid of the equality constraint. That
can be enforced by adding indicator function sup,,, p(vp —up), which is equals to 0 if
vp = up and equals to oo if vp # up, where p € R"?:

1
argmin sup ~v'Av —v'b+pp (Bpy —up).
v D
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Here we introduce the mapping matrix Bp, that maps from v to vp. By the duality
approach we can swap the minimum and supremum

1
arg max inf izTAz —v'b+uj, (Bpy —up).
wp o ¥ = =

The infimum is achieved in v = é_l (b _EDED) and substituting this into the above
saddle point problem we get

argmax - (b~ Bppp) ' A" (b~ Bppp) — (b~ Bpup) A~ (b—Bpup) - ppup.
HD

That can be written as the unconstraint minimization problem

1 _ _
argmin o 1upBpA~'Bpup — up (BpA™'b —up),
D

which is equivalent to
(BoA™'BS) Ap = BoA™'b — up.

Similarly we demonstrate, how to modify (6.3) and (6.4) into minimize problem, where the
nonhomogeneous Dirichlet boundary conditions are taken into account. We use analogous
procedures, therefore explanation is simplified. From (6.3) we get

viAu+v BiAc =v'Dh,

up
App App B} br
T oT] |2 A 5S¢, _[.T T
[XF QD} Alp App 0 iD [XF QD} bp|’
= = Ac

and from (6.4) we have

(ko —2c) ' [ECF 9} [E;] = (uo—A0) ' Beu< (pe—2c) &

This is equivalent to to the saddle point problem, for all pue € M

argmin sup §¥;éFF!F — v (br — Appup) + s (Bopve — §) -
VF ECGM

As in the previous case, we want to rewrite this problem to minimalization over v € R"nodes,
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i.e.
1
argmin sup —v'Av—v' b+ Mg (BOX - g) )
V:Vp=up ECEM o - B

where Be = ECF 0]. Applying indicator function we get

argmin sup
¥ peceEM

ED

vIAV—v b+ pd (Boy — &) + 1, (Bpy —up)

N[

1
argmin sup ~v' Av—v'b+pu' (Bv—g),
¥ HEM 2T = - B

where g = MC ED] e M= DM x R"P, B = [EC ED} and gT = ET QE]. After swapping
the minimum and supremum and finding minimum over v € R™nedes - we obtain

1
argmin —u'BA'B'p—u’ (BA™'b—g), (6.7)
g 22 2 ETRES 278

is the minimization of similar quadratic function that in (6.6) but yet over the convex set
M.

6.4.2 Notation

Using this procedure we obtain from (6.6) equation of nonhomogeneous boundary value

problem for heat transfer as follows

1 -1 1 -1
(BD (TMG +K9) BE) Ap =Bp <TM6 +K0> £y —up, (6.8)

1 -1

Accoridng to choice of algorithm, this problem can be solved also in the unconstrained
minimization form (6.6). For elasticity from (6.7) we get constrained minimization problem

1 4 - 4 -
AP = argmin Sp'B <2Mu+KU> B'p—p' B(zMﬁKu) £ —g),
weM(y 2° T\ T T T [ -
(6.9)

-1
4
u16-1-171?4-1 — (7_2Mu +Ku> (ﬂi-ﬁ-l,p _ EA’H—LP—H> ]
Finally, we obtained two equations, that can be solved with suitable algorithm.
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6.5 Scheme of algorithm

Now we outline process of finding solution with the MatSol library, which is developed by
the team of IT4Innovations at VSB-TU Ostrava. Complete selection of data to solve can
by found in next chapter.

Because of small problem, we can afford solve system (6.9) with some direct method.
Modified Proportioning with Gradient Projection (MPGP) algorithm for finding solution
of the constrained minimization problem (7.1) is used.

Firstly, all unchanging matrices and vectors are assembled. After that we enter timestep
loop and set initial values of variebles (following section 6.3) and assemble f5+1(u¥, u* | ii%)
from (5.3) and fngrl(gk,gk,Qk) from (5.6). Matrices B, Ly and vector dg  are also assem-
bled before entering th successive iteration loop. Now we update (if needed) load vectors,
for simplification we add Lg and dg as mentioned in (6.1), (6.2). By now, we can solve
heat transfer part of problem (6.8), and obtain distribution of heat in bodies.

We add obtained solution into right side vector of elasticity problem and solve system
(6.9) using MPRGP algorithm. This si repeated in successive iteration loop in prescribed
number of iterations and whole process in every timestep.

You can se one timestep loop in following scheme of algorithm.

Algorithm 1 One loop of timestep
Choose EIH_LO — Ek; Qk+1’0 — Qk; Ak+1’0 — Ak; ’}/k+1’0 — (Ak—l-l,())
for every timestep
assemble £y, " P £5 TP BP LD o db
while stopping criterion is not satisfied do
update £§+1’p;
solve (6.8);
return @++1.r+1;
update fET1P.
solve (6.9);
return uFtirtl;
it =it +1;
end while
end for

n
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7 Numerical example

In this section, we show numerical example in the three dimensional situation. We use one
geometry and looking into different qualities. Firstly heat flux between bodies and then
formation of heat due to fricition between bodies. Our numerical realization uses MatSol
library, which is developed by team from IT4Innovations at the Department of Applied
Mathematics at VSB-TU Ostrava.

7.1 Initial settings

We consider two bodies in 3D, in following configuration, master body is cuboid of size
and initial position Q" := [-0.15,0.15] x [—0.15,0.85] x [—0.2,0] and slave body is cube
Q° :=[-0.1,0.1] x [-0.1,0.1] x [1-1074,0.2]. In fig. 7.1 you can see cross-section of bodies
and denotation of boundarise and forces.

s
FGN

4
L1l |
— > z =
I'e
lt6(0,0.2T>
I'e

Qm

777777777 7777777777

Figure 7.1: Front view of example problem

Lower body is clamped at its lower face and prescribed temperature 20°C. Upper body
have prescribed dirichlet conditions for elasticity on upper face, to stay parallell to the
ground. Possible contact boundaries are colored blue. Unwritten boundaries consider as
Neumann boundary with zero conditon in both options (elasticity or heat transfer).

In this dynamic problem with this boundary conditions we will be interested in 100
timesteps of size 7 = 0.01, i.e. T = 1 [s], note that motion can continue, but we are
interested in first second of moving. Motion of upper body is as following firstly upper
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body approaches lower body until they are in contact, in the rest of time it shifts on the
master body in direction of axis y. In following table, you can see values of material
parameters (in SI base units):

‘ Master body (£2") ‘ Slave body (2°) ‘ Units
Density (p) 7874 7859 kg-m™3
Poisson ratio (v) 0.3 0.29 Pa
Thermal expansion () 1.15- 10713 1.2-10713 -
Heat capacity (cg) 450 466 Kt
Thermal conductivity (k) 70 40 J kg7t K1
Reference temperature (6p) 20 20 W.-m Kt

Table 7.1: Material properties

Furthermore, we use the parameters vy = 2.5- 1073, v& = 1, which lead to B¢ = 1.25-1073
and dc = 0.5.
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7.2 Solutions

In this part we show obtained solutions of following problems. Due to small geometry
of examples, we solve them without domain decomposition, although implementation in
algorithm is done.

7.2.1 Heat transfer between bodies

In this example, we want to demonstrate transfer of heat between bodies. Its ensured
by prescribtion of heat flux on upper face of upper body. We set space discretization as
follows: upper body 6 x 6 x 6, lower body 8 x 30 X 6.

For better visualisation we neglect formation of heat from friction on contact part. In
following figure 7.2, you can see propagation of heat in every 0.09s. Note, that upper body
acquire values out of colorbar range, its for better view of transfer conditions.

21,8

Figure 7.2: Heat transfer: Temperature distribution at each % of 1 second
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7.2.2 Formation of heat between bodies

In this example, we show formation of heat due to Coulomb friction. We are interested
in formation of heat in first second of move. The static friction coefficient is set § = 0.9
and discretization is same as in previous example. In every timestep was three or less
successive iterations, worst number of MPRGP outside iterrations is 17, but usually number
of itterations was below 80. Heat transfer between bodies is neglected, to see more details

in figure 7.3.

Figure 7.3: Formation of the heat: Temperature distribution at each 1—12 of 1 second
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Conclusion

Main goal of this thesis was to transform the mathematical model of thermodynamical
elasticity contact problem to numerically convenient computational procedure. We intro-
duced strong formulation as a balance equations with initial and boundary conditions.
After that we derived weak formulation which was discretized firstly in space and after
that in time using Newmark discretization scheme for elasticity and backward formula for
heat. Finally we used equivalency of discretized weak formulation with minimization of the
energy funcitonal. At that point was the nonhomogeneous Dirichlet conditions enforced by
additional Lagrange multipliers without changing the assembled matrices. Great advan-
tage of this approach is that each equation contains easily distinguishable terms, for heat
transfer between body, formation of the heat, etc. That terms, ans so also the physical
phenomenons, can be easily switched on or off according to what feature we want to focus
on. Although we apply a few aproximations e.g. fix-point or substitution from previous
timestep, in numerical experiment, we obtain acceptable data. We were able to simulate
creation of heat only from the friction between the bodies in contact.

In first chapter, we introduced reference temperature 6y, it is necessary to ensure, that
this coefficient is non-zero. It appears in terms in sense as subtracted value, but also as
a multiplicator and in case #y = 0 can vanish some term in whole formula. We are not
sure about the physical model in that point and the only meaningful conclusion here was
to express the temperature numericaly in Kelvins and not Celsius degrees.

From numerical perspective, there is a huge space for optimalization of the formulation
and algorithms. As a continuation of this work it would be appropriate to implement
the parallelization of the whole computation schema. It would open the space for finding
solutions of bigger, better discretized problems, especially for real world benchmarks.
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