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1 Introduction

There is growing interest in multisector models of economic growth.! In these mod-
els, it is common to draw a link between the relative prices of different goods and
productivity growth rates affecting those goods. These models generally do not ac-
count explicitly for intermediate goods, but are formulated in terms of value added.
These value-added models are isomorphic to models that allow for intermediates:
nonetheless, the existence of an isomorphism between the two types of models does
not imply that neglecting the existence and structure of intermediate goods has no
quantitative implications. In fact, it may lead to significant biases in the importance
attributed to different sources of economic growth.

We argue that there are two neglected factors that are quantitatively important
when mapping a multi-sector model with intermediate goods to a reduced-form one-
sector model: the potential role of each sector as an intermediate good, and the
distinction between value added prices and gross output prices. First, we demonstrate
the significance of the composition channel for the case of the well known model of
Greenwood, Hercowitz and Krusell (1997) (henceforth GHK), who find that about
60% of economic growth can be attributed to investment-specific technical change
(ISTC). We focus on this model because it is highly tractable, and because it has
motivated several other studies in which ISTC plays an important role. In particular
we show that, if the output of the equipment sector is used as an intermediate good
(for example, in the form of fabricated parts or electronic components), then the
relative price of intermediate goods declines relative to consumption. This model
reduces to the one-sector version of the GHK model yet, when we calibrate the
model to a reasonable intermediate goods share, we find that the ability of ISTC to
account for growth is boosted by half. Thus, for reasonable parameterizations of the
model economy, ISTC can account for the entirety of post-war US growth. This is so
even though the equipment share of intermediates is small — just 10%.

GHK motivate their general equilibrium approach (and contrast it with the ap-
proach of Hulten (1992)) by observing that capital accumulation provides a channel
thought which ISTC may be amplified, so that general equilibrium growth account-
ing may be necessary to establish the full contribution of ISTC to growth. According
to our results, accounting for the composition of intermediate goods provides a so-far
neglected general equilibrium channel that amplifies the aggregate impact of ISTC.
Interestingly, in a discussion of intermediate goods, GHK state that "provided the

! Examples include models of investment-specific technical change such as Greenwood, Hercowitz
and Krusell (1997), Cummins and Violante (2002) and Fisher (2006); and models of structural
change such as Kongsamut, Rebelo and Xie (2001) and Ngai and Pissarides (2008).



role of intermediate inputs is similar in all sectors, the use of a one-sector model
and value-added data should provide roughly the same answer as the more elabo-
rate multisector framework" (see p.354, footnotel4). We show that, in fact, allowing
for intermediate inputs greatly increases the aggregate impact of ISTC, even when
intermediate input shares are constant across sectors. Essentially, if the equipment
sector produces intermediates as well as final goods, then investment-specific tech-
nical change is reflected in the productivity index of the value-added production
function in all sectors. Therefore, growth accounting in a reduced-form value added
model tends to underestimate the contribution of ISTC to economic growth.

There is a second reason why accounting for intermediate goods may be quanti-
tatively significant in a multisector world. Relative productivity movements across
sectors are often calibrated using the relative price of gross output in those sectors.
We show that, in a multisector value-added model, the correct mapping between
output prices and model productivity requires a transformation based on the inter-
mediate share of gross output — which is roughly 50%. Thus, a given wedge between
relative goods prices reflects a much larger wedge between relative productivities
in the industries that produce those goods. The issues we raise are well known in
the productivity literature — see Hulten (1978). However, their relevance for quan-
titative general equilibrium work seems to have been overlooked. An exception is
Vourvachaki (2007), who studies the contribution of Information and Communica-
tion Technology to growth in other sectors of the economy through its use as an
intermediate. For simplicity, we follow GHK in assuming that production functions
are identical across sectors except for sector-specific productivity. If, for example,
capital shares are different across sectors, then the relationship linking relative prices
and relative productivity would be more complex, and also involves the differences
in capital shares, as in Hornstein and Krusell (1996). Nonetheless, it would still be
affected by the factors we raise.

Section 2 develops the model economy, and Section 3 discusses the mapping
between the model of GHK and a multi-sector framework with intermediate goods.
Section 4 calibrates the GHK model using their own parameterization as well as some
parameters on the structure of intermediate goods. Section 5 concludes.

2 Economic Environment

We will first review the GHK model, then present a three-sector model with inter-
mediate goods that reduces to the model in GHK. The household sector is identical
in both cases and is presented below.



There is a representative household with the following life-time utility
EY B'U(c1)
=0

where per-period utility U is a function of consumption ¢ and labor [ :
Ule,l) =0logc+ (1 —0)log (1 —1).

Households own all the capital of this economy. Capital income and labor income
are subject to taxation at rates 7, and 7; respectively, and the proceeds of taxation
are redistributed to households via a lump-sum transfer 7, so that:

T = Tk (Teke + 1sks) + Tywl.

where k. is equipment capital and k; is structures capital.
The household’s maximization problem may be formulated recursively:

Vi(kok) = max (U (D) + BEV (K. K)) 0
s.t.
ct+ic+is = (1 —7k)[Reke + Rsks) + (1L — 1) Wi+ 7
K. = (1—20,) ks +is (2)
kK, = (1 —=20c)ke+icq (3)

the last two equations are the accumulation equations for each type of capital. Equa-
tion (2) is standard. However, Equation (3) is less so, and allows for investment-
specific technical change. By spending i, on equipment, household can obtain i.q
units of equipment. In other words, 1/q is the inverse of the relative price of equip-
ment in terms of consumption goods.

2.1 GHK one-sector model

The one-sector model in the GHK is as follows. There is one final good ¥ in this
economy which can be used as consumption ¢, investment in structures i, or invest-
ment in equipment 7.. The final good is produced using a combination of equipment
k., structures k, and labor [, such that

y = zF (ke ks, 1) (4)
F (ke, ks, 1) = k?ekgsll_%_“s, (5)



where z is the total factor (or neutral) productivity index for value-added.
The market clearing condition is:

Y =C+ic+is. (6)
The representative firm’s maximization problem is

max [y — Reke — Rsks — W] (7)

esfvs,

2.2 A Three-sector model with intermediate goods
In a discussion regarding intermediate goods and multisector model, GHK state that

"In principle, a multisector general equilibrium model could have been
developed, where a portion of each sector’s output is used as intermedi-
ate inputs in other sectors.....Provided the role of intermediate inputs is
similar in all sectors, the use of a one-sector model and value-added data
should provide roughly the same answer as the more elaborate multisector
framework" (see p.354, footnotel4).

We take on this challenge and derive a many-sector model with intermediate
goods?. We find there are two potential channels that may actually increase the
quantitative contribution of ISTC to economic growth in such a model.

There are three final goods sectors: equipment, structures and consumption. In
each sector 7, gross output d; is produced with the following production function:

di = AzF (ke’iv k8i7 mi, lz) ) L= ¢ e,s (8)
where F'(.) is:
F (e, kgym, 1) = (kQek@slimaemas) 7o pan 9)
The intermediate goods are produced in the intermediate sector as follows:
h. Pi
m=T (%) T a-tazo (10)
1€c,e,s P; 1€c,e,s

Market clearing for each final good sector requires:

d; = ii%+h¢ i=s,e (11)
d. = c+h. (12)

2The intermediate goods is modelled in a similar way as in the multi-sector model of Ngai and
Pissarides (2007).



where p; is the price index for gross output d;, i = e, s, c.
The market clearing condition for intermediates, capital and labor input are

>, my=m, (13)

i=c,e,s

> ki=ki J=es, (14)

1=c,e,s

and

>, L=l (15)

i=c,e,s

2.2.1 Competitive equilibrium

Households: The household sector is identical to (1) in the one-sector model with
the capital accumulation equation as follows:

K= (1—0)k+il i=es (16)

Di

Here, % is the price of a unit of investment good ¢ in terms of consumption.
7

Final goods sectors: Profit maximization for firms in final good sector ¢ = e, s, ¢
is:
max [pzdz - Rekez‘ - Rsksi — PmMy; — le] . (17)

keisksimi,l;

The Cobb-Douglas production function (9) implies constant expenditure shares on
all inputs — for instance, in the case of intermediate goods:

PN = Qppid;. (18)

Free mobility of inputs across sectors then implies the capital-labor ratio and intermediate-
labor ratio are equalized across sectors, so together with market clearing conditions
(13) and (15), for any sector i = e, s, ¢ we obtain:

m; m kji k’j .

— = _7 —_ = — frd 6’ S ]_9

L L1 (19)
and it follows that relative prices of gross output reflect the inverse of relative pro-
ductivities in gross output production (8):

pi _ 4

iy 20
by A (20)



Intermediate goods sector: Intermediate goods producers solve:

3, [p me T ]

i=e,s,C

given the intermediate goods’ production function (10), optimality for i € M re-
quires:

pihi = ©;pmm, (21)
together with (10), the price-index for intermediate goods is p,, = [] p{, so the

7 )
1=c,e,s

relative price of intermediate goods follows from (20):

i ¥i
Pm Di ’ AC '
fm = = —= ) 22
De i:lc_,[e,s <pc) i=16_,[6,8 (A1> ( )

2.2.2 Aggregation

To aggregate the three sectors, we first derive value-added for each sector. Let p,;
be the price-index and y; be the real value-added in sector i. By definition,

Pyi¥i = pidi — pmmi = (1 — ) pids, (23)
where the equality follows from the optimal choice of intermediate goods (18). Aggre-
gate real value-added (in terms of consumption goods) is defined by y = > %.

1=s,c,e N

Using (18), aggregate expenditure on intermediate goods follows from the market
clearing for intermediate goods (13)

7%

1=8,c,e 1-— m

Using (23), the expression for relative prices (20) and the production function (8),

we find that
Qe N\ s l—am N\ @m
- g A () (5] ()

and, using (19),
Y= (1 — ) A, [Koe ko1 moeas 170 o



which, together with the relative price of intermediate goods (22) and the aggregate
expenditure share of intermediate goods (24), yields an expression for aggregate real
value-added:

y = Zk?ekgsllfaefas (25)

am/(1—aum)
z o= (1—am)al/0-am 4, ( [T A7 ) | (26)

We now verify the capital accumulation equations (16) and the market clearing
conditions (11)&(12) in the three-sector model can be reduced to (2) & (3) and (6)
in the GHK one-sector model. Equation (20) derives the relative prices (in gross
output) based on the relative productivity indexes for the gross output. As a result,

the capital accumulation patterns in (16) are identical to those of (2) and (3) in
GHK, provided A. = A, # A, and

_Pe_ A (27)

qpe A,

Thus, the rate of ISTC is linked to the decline in relative prices of equipment, as
measured in terms of gross output.

Finally, we show that the market clearing conditions (11) and (12) reduce to the
resource constraint (6) in the GHK one-sector model. By the definition of y and (23)

pid;
Y= (1 - Oém) Z )

i=s,c,e De

together with the market clearing conditions (11) and (12), and the optimal input

composition (21),
. . m 1T
y = (1—am)(ze—|—zs—|—c)+pp ,

the result follows from (24).

3 ISTC in the multisector model

We now underline the two channels through which the quantitative implications of
ISTC in a multi-sector model with intermediate goods might differ from a reduced-
form one-sector value-added model.



3.1 Equipment’s share in intermediate goods

In the one-sector value added model of GHK, the residual z is interpreted as an
index of "neutral technical change" — technical change from sources other than the
investment specific technical change. However, the productivity index z of aggregate
real-value added derived from the multisector model is:

Ae)amwe/(l—am)

2= (1 — ay,) aom/(d=am) gL/(1=am) (A

, (28)

which includes the ISTC term A./A.. Hence, if equipment is used as an intermediate
good (p, > 0), the index z remains influenced by technical progress specific to the
equipment sector.

Observation 1 When equipment is used as an intermediate good, the correct ex-
pression for "neutral" productivity growth is

Y = pamg e e, (29)

Observation 1 implies that GHK understate the quantitative contribution of
ISTC. By deriving the full three-sector model, we show that v, itself includes the
contribution from ISTC through the equipment’s share as intermediate goods. There-
fore a correct measure of neutral productivity growth is «; in (29). Thus, given price
data on ¢ and a growth rate for aggregate value added y, the contribution of ISTC
is larger when the composition of intermediate goods is taken into account.

A significant finding of GHK, replicated in other studies,® is their growth ac-
counting result that ISTC accounts for about 60% of economic growth. Long run
growth accounting in their model yields the expression

1 ae

Ty =T g (30)

which remains the case in the multisector framework also. However, this does not
fully account for the influence of ISTC upon growth. Using expression (29), the
"complete" growth accounting expression is

1 ﬂe"r(PeOém/(l*am)

l—ae—as ,_yq l—ae—as (31)

7y = 72
What is different is that the exponent of 7, has an additional term, corresponding to

Petm/(1—am)
l—ae—asg

or, if oy, = 0.5, then this is 1—a%—a . Thus, given price data on v, and a

3See Cummins and Violante (2002) and Fisher (2006).
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growth rate for aggregate value added v,,, the contribution of ISTC is underestimated
when the composition of intermediate goods is not taken into account. Section 4
explores how significant this underestimate might be. Since a, is small (a typical
value is 0.3), even a small value of ¢, may have a large influence on growth accounting
computations.

3.2 Distinction of gross output and value-added productiv-
ity

The second channel is through the distinction of gross output and value-added pro-
ductivity indexes in a multi-sector model with intermediate goods. As shown in
equation (27) the rate of ISTC in GHK’s capital accumulation equation (3) is re-
lated to the decline in relative prices in gross output. This, in equilibrium, is linked
to the relative productivity indexes for gross output rather than value-added which
was used in the two-sector model of GHK (equation 25, p.357). We now derive the
real-value added for each sector to illustrate the point. Using the definition of price-
index for value-added, p; = p;;ampfn’", and the condition for optimal intermediate
use (18), the gross output in sector 7 is

d; = @aang/(lfam)k;ek;slilfaefas, (32)
Di
so that real value-added in each sector is
Yi = Zik?fkfgf liliaeias (33)

zi = (1 —ap) af{(l_ﬁ)A-l/(l_am).

This establishes the link between the productivity index for value-added (z;) and
for gross output (A4;). An implication of (33) is that there is indeed an isomorphism
between the multisector model with intermediate goods, the 2-sector value-added
model of GHK, and the 1-sector model developed fully in that paper. However, the
productivity growth rate of gross output and the effective productivity growth rate
of value added are not the same.

Observation 2 The rate of ISTC is captured by the rate of decline of the relative
prices of equipment measured in gross output (not value-added). The correct
calibration for a multisector model without intermediate goods requires

1/(1—am
h — (h) /t ) _ A1/(A—am)
= =,
Vzc ’YAC

10



Therefore, the presence of ¢ in the two-sector model in GHK, their equation (25)
on p.357, should be replaced by ¢'/(*=*m)_ To see the potential impact of this mistake,
imagine if GHK were to calibrate their two-sector model using the relative price of
equipment as measured by Gordon’s price series (which is in terms of gross output
price). They would have set v, /v, = v, = 1.032 as given by their equation (25),
then attribute the rest of economic growth to the neutral productivity growth -, .
Our Observation 2 shows that the correct estimate of the divergence in productivity
across sectors is v, /7, = 1.0321/0=%m) which is basically 1.0322 for a,,, ~ 0.5. This
would imply much smaller growth left to be explained by the neutral productivity
growth. In other words, GHK would have understated the quantitative contribution
of ISTC to economic growth if they have calibrated their two-sector model. Their
quantitative finding that 60% of economic growth can be attributed to ISTC is
based on the calibration of their one-sector model, so their growth accounting is not
affected by this observation. However, v, does not reflect the rate of investment-
specific technical change in value-added form: rather, 7;/ (1=am) 72 does.

The effects of this claim are best seen in terms of growth accounting. The main
message is that: to be interpretable as reduced-form models of a world with interme-
diate goods, value-added multi-sector models need to adjust the mapping between
gross output prices and industry productivity by the intermediate goods share.

4 Calibration

We have shown analytically (Observation 1) that the finding of GHK that 60% of
economic growth can be attributed ISTC understates the contribution of ISTC due
to the role of equipment as an intermediate good. We now establish our claim
quantitatively using data on the share of intermediate goods in gross output (o)
and the share of equipment in intermediate goods (¢,).

4.1 The GHK calibration

To calibrate the one-sector formulation of the model, we follow the same procedure
as GHK, using the same values of parameters as theirs. The interested reader may
refer to their paper for details.

11



Parameter | o, Qg O P Vq g Tk Tl de s

Value 0.17 0.13 0.5 0.10 1.032 1.0124 0.42 0.40 0.056 0.124

Table 1 — Parameters used in calibration. Sources: Greenwood et al (1997)

and the US Bureau of Economic Analysis.

In addition to the parameters reported in GHK, we require values for «,, and
©,.. We construct these from the Input-Output tables reported by the US Bureau of
Economic Analysis.? Figure 1 shows that the intermediate share of gross output is
close to one half, consistent with the values reported in Yamano and Ahmad (2006),
Vourvachaki (2007), Jones (2008) and others. Hence, we set «,, = 0.50. As for
©,, Figure 2 shows that the equipment share of intermediate goods averages around
10%,> and we set ¢, = 0.10.

If o, = 0, ISTC accounts for about 60% of economic growth, as in GHK. However,
if ¢, = 10%, as suggested by the data, the contribution of ISTC to growth rises to
93%. An equipment share of intermediates as low as 12% is enough for ISTC to
account for the entirety of post-war US economic growth. See Figure 3.

4.2 Sensitivity

There is some controversy regarding the appropriate measure of q. GHK use the
quality adjusted price of capital, based on the work of Gordon (1990), relative to
the official deflator for consumption and services, and find that v, = 1.032. Using
a similar method Cummins and Violante (2002) find that v, = 1.04, and we will
examine this value. Finally, Whelan (2002) argues that Gordon (1990) and GHK
overestimate ¢, as they assume no quality improvements in consumption and services.
Hence, we also repeat the exercise using official price indices. According to official
price data, v, = 1.008.

4We use the Benchmark I-O tables from 1947-1997. These are generally reported every 5 years,
except that there are no tables for 1952-53. After 1997 we use annual I-O tables. While there
was a major revision of the methodology for constructing IO tables in 1997 (mainly concerning
the treatment of auxiliary services), the BEA also reports tables using the methodology before
revisions, and these were the tables we used.

Gordon (1990), and hence GHK, does not consider software as equipment. Hence, our value of
v, was derived without considering software as part of equipment. Our value of ¢, is thus a lower
bound and, in this sense, our results are conservative. Cummins and Violante (2002) do consider
software as part of equipment and, although there are other differences between their method and
GHK, they find a higher value of ~,.

12
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Figure 1: Share of intermediate goods in gross output. Source: US Bureau of Eco-
nomic Analysis.
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Figure 2: Share of intermediate goods that is composed of by equipment. Source:
US Bureau of Economic Analysis.
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Figure 3: Contribution of ISTC go growth, for the GHK calibration and different
values of ..

For these alternative calibrations, we again use the same values of parameters as
GHK - provided they do not hinge on the value of v,. In particular, the value of
a. and of the capital tax rate 75, depend on 7, — and this parameter is crucial for
the growth accounting exercise in GHK. Figure 4 shows the dependence of o, and
T on the choice of ~y,: however, the differences are very small. Thus, the calibrated
parameters turn out not to be too sensitive to the choice of v,, and a calibration
with a wide range of values of v, is consistent with essentially the same parameters
as those used by GHK. Figure 4 also shows the sensitivity of the contribution of
ISTC to economic growth to the assumed value of v, — varying from about 16% for
official price data to almost 80% for the values in Cummins and Violante (2002),
even assuming that ¢, = 0.

Results from varying ¢, are reported in Table 2. For these alternative values of
7, we find that raising ¢, from zero to 10% amplifies the contribution of ISTC to
growth by over 50%. Thus, in a calibration in which ~, is low, this amplification
will not be too large in absolute terms, as the ISTC channel for growth is weak to
begin with. On the other hand, if v, is high as suggested by GHK and CV, the
amplification has a significant impact on growth accounting.

14



Figure 4: Calibration of the one-sector model
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Contribution of

ISTC to growth

. The contribution to growth of ISTC

Yy Source P = v, = 0.10 Increase
1.008 | Bureau of Economic Analysis | 16% 24% 49%
1.032 | Greenwood et al (1997) 62% 93% 50%
1.04 | Cummins and Violante (2002) | 77% 119% 50%

Table 2 — Contribution of ISTC to growth, for different values

of 7,. The table also reports the relative increase in this

contribution when ¢, is raised from 0 to 10%.

Table 3 displays the impact on the computed rate of ISTC for each of these
calibrations, varying the intermediate share «, from zero to 50%. As can be seen,
the intermediate share has a substantial impact on the rate of ISTC in value-added
form (the growth rate of z./z.) implied by a given growth rate of relative output
prices (the growth rate of A./A.).
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Rate of ISTC in value-added form
Yq Source Q=0 = 0.5
1.008 | Bureau of Economic Analysis | 0.8% 1.6%
1.032 | Greenwood et al (1997) 3.2% 6.5%
1.04 | Cummins and Violante (2002) | 4.0% 8.2%

Table 3 — Rate of ISTC, for different values of y, and ay,.

In the model of GHK, this turns out not to have an impact on the growth accounting
exercise. However, there are contexts in which the growth rate of itself matters.
For example, in the multisector value-added model of Ngai and Pissarides (2008),
rates of structural change depend upon the differences in sector-specific TFP growth
(in value-added). Hence, a calibration of that model considering the appropriate
mapping between a multisector value added model and gross output prices would
imply a larger difference in sector-specific TFP growth — which would strenghten the
ability of the model to account for structural change in the data.

5 Conclusion

We have argued that research mapping relative prices into rates of technical change
needs to be sensitive to the distinction between gross-output and value added. We
argue there are two channels why it matters. First, when rates of technical change
differ across sectors, those sectors that experienced faster technical change can con-
tribute to economic growth by being used as intermediate goods. Second, the prices
reported in the national income and product accounts and elsewhere are generally
reported in terms of gross output. However, macroeconomic models are usually for-
mulated in terms of value added. While there exists a simple isomorphism between
models with and without intermediate goods under certain assumptions, the use of
gross-output prices to impute TFP growth rates in value added models does need to
account, for the share of intermediate goods in gross output.

We demonstrated this using the example of GHK, a widely-cited paper that at-
tributes a significant proportion of aggregate growth to investment-specific technical
change. When our suggested mapping is used, we find that GHK in fact underesti-
mate the contribution of ISTC to economic growth. More generally, neglecting the
value added-gross output distinction underestimates the divergence of industry TFP
growth rates in value added multisector models. In multi-sector models in which
cross-industry resource reallocation is important, this could have a significant in-

16



fluence on quantitative results regarding structural change and policy, among other
applications.
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