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Notations and conventions in molecular 
spectroscopy: Part 3. Permutation and 
permutation-inversion symmetry notation 
(IUPAC Recommendations 1997) 

Abstract -- The field of Molecular Spectroscopy was surveyed in order to determine a set of 
conventions and symbols which are in common use in the spectroscopic literature. This 
document, which is Part 3 in a series, deals with symmetry notation referring to groups that 
involve nuclear permutations and the inversion operation. Further parts will follow, 
dealing inter alia with vibration-rotation spectroscopy and electronic spectroscopy. 

PREAMBLE 

The sub-committee on Notations and Conventions in Molecular Spectroscopy was initiated by 
Commission 1.5, the Commission on Molecular Structure and Spectroscopy, to establish and recommend a 
set of conventions and symbols from those that are in common use in the spectroscopic literature. 

Part 1 of the series is titled General Spectroscopic Notation [l], and Part 2 is titled Symmetry Notation 
[2]. The present part deals with symmetry notation referring to groups that involve nuclear permutations 
and the inversion operation. The recommendations follow the notation of Bunker [3], and in particular the 
symmetry groups involved will be called Molecular Symmetry Groups after the work of Longuet-Higgins 
[41. 

Part 3. PERMUTATION AND PERMUTATION-INVERSION SYMMETRY NOTATION 

3.1 General Comments 
3.2 Symmetry Operations for the Molecular Symmetry Groups 
3.3 The Molecular Symmetry Groups 
3.4 Representations for Molecular Symmetry Groups 
Appendix of Examples 

3.1 GENERAL COMMENTS 

For a given molecule the group consisting of the identity and all permutations of the space and spin 
coordinates of identical nuclei is called its Complete Nuclear Permutation Group. The direct product of 
the Complete Nuclear Permutation Group with the group {E,  E*} ,  where E is the identity and E* the 
inversion of the space coordinates of all nuclei and electrons in the molecular centre of mass, is called its 
Complete Nuclear Permutation Inversion Group. 

The subgroup of the Complete Nuclear Permutation Inversion Group of a molecule, obtained by deleting 
all unfeasible elements, is called its Molecular Symmetry Group; the elements in the Molecular Symmetry 
Group are said to be feasible. An unfeasible element is one that interconverts nuclear-numbered 
equilibrium forms of the molecule when these forms are separated by an insuperable barrier in the 
potential energy surface; an insuperable barrier is one that does not allow observable tunnelling to occur 
through it at the energy resolution of the experiment being performed (i.e., no energy level shifts or 
splittings resulting from tunnelling are detected). Tunnelling may not be observable if we use a low 
resolution experiment yet it may be apparent if we use a high resolution experiment; the Molecular 
Symmetry Group that we use to analyze the results will then be different for the two cases since the 
elements associated with the tunnelling are feasible in the latter (high resolution) case but not in the former 
(low resolution) case. 
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Permutation and permutation-inversion symmetry notation 1653 

For molecules that have a non-linear equilibrium configuration, and for which there are no observable 
effects on the energy levels from tunnelling motions, the Molecular Symmetry Group is isomorphic to the 
Molecular Point Group and each element of the Molecular Symmetry Group has the same effect on the 
vibronic coordinates as its partner in the Molecular Point Group. In general, the Molecular Symmetry 
Group is not isomorphic to any point group. For linear molecules, and molecules having coaxial internal 
rotors and observable tunnelling effects, it is sometimes useful to use a group OK higher order than the 
Molecular Symmetry Group (see, Hougen [5] and Bunker and PapouSek [6]), and such a group is called an 
Extended Molecular Symmetry Group. 

3.2 SYMMETRY OPERATIONS FOR THE MOLECULAR SYMMETRY GROUPS 

3.2.1 Identity operation E 

3.2.2 The pair permutation (or exchange) of the space and ( i j )  
spin coordinates of identical nuclei labelled i and j 

3.2.3 The cyclic permutation of the space and spin coordinates 
of identical nuclei labelled i, j ,  k, ..., m, n where nucleus 
i is replaced by nucleus j ,  j by k, ..., m by n, and n by i. 
After such an operation the space and spin coordinates 
of nucleus j will be the same as those that nucleus i had 
initially, those of k will be the same as those that j had 
initially, ..., those of n will be the same as those that m 
had initially, and those of i will be the same as those 
that n had initially. 

3.2.4 The inversion of the space coordinates of all nuclei and 
electrons of the molecule in the molecular centre of mass 

The product of the permutation (ijk ... mn) and the 
inversion E*. 

The operation of rotating one internal rotor through 
2n radians in a molecule with coaxial internal rotors for 
which it is necessary to use an Extended Molecular 
Symmetry Group. 

Operations of the Extended Molecular Symmetry Group 
of a linear molecule involving a change in the Euler angle 
x of the isomorphic Hamiltonian [3,6] 

3.2.5 

3.2.6 

3.2.7 

(ijk., .mn) 

E* 

(ijk.. .mn)* 

E’ 

3.3 THE MOLECULAR SYMMETRY GROUPS 

3.3.1 For a non-linear molecule with no observable tunnelling effects 
the Molecular Symmetry Group is isomorphic to the Molecular 
Point Group, and we recommend that the same symbol be used for 
it; in cases where it is necessary to distinguish the Molecular 
Symmetry Group from the Molecular Point Group we recommend 
adding (M) after the Point Group name, e.g. C2,(M) for the Molecular 
Symmetry Group of the water molecule. For linear molecules with 
no observable tunnelling effects the symbol for the Molecular 
Symmetry Group should be C,, (M) or Dmh(M) and the symbol for 
the Extended Molecular Symmetry Group should be C,, (EM) or 
&,(EM) as the Molecular Point Group is C,, or &, , respectively. 
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3.3.2 

3.3.3 

COMMISSION ON MOLECULAR STRUCTURE AND SPECTROSCOPY 

The Molecular Symmetry Group of a tunnelling molecule having 
order n. To distinguish between non-isomorphic groups having 
the same number of elements, no accepted general convention 
has yet emerged. Gn 

The m-fold Extended Molecular Symmetry Group of a 
tunnelling molecule for which the Molecular Symmetry 
group is G,,. G,(~)(EM) 

3.4 REPRESENTATIONS FOR MOLECULAR SYMMETRY GROUPS 

3.4.1 For a non-tunnelling non-linear molecule the same notation 
for the irreducible representations is to be used as in the 
isomorphic Molecular Point Group. 

3.4.2 For a tunnelling molecule the conventions of 2.3.1,2.3.2, 
2.3.4,2.3.10 and 2.3.12 of [2] apply. One-dimensional 
representations are labelled A or B, two-dimensional 
representations are labelled E following 2.3.3 (c) of [2], 
and recommendations 2.3.3 (d)-(f) of [2] also apply for the 
labelling of higher dimensioned representations. 
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Permutation and permutation-inversion symmetry notation 1655 

APPENDIX OF EXAMPLES 

1. The methane molecule 

The methane molecule is an example of a nonlinear molecule for which there is no observable tunnelling 
(i.e. no inversion splittings are seen in the spectrum). We number the protons 1 through 4 and the 
Complete Nuclear Permutation Group consists of all possible proton permutations; this group has 4!=24 
elements. The Complete Nuclear Permutation Inversion Group consists of 4!x2=48 elements (see Table I). 
Because the effects of inversion tunnelling are not observed in the spectrum, elements such as E*, (12), 
(1423), (123)* and (14)(23)* are unfeasible; there are 24 unfeasible elements. Removing these 24 
unfeasible elements from the Complete Nuclear Permutation Inversion Group gives the Molecular 
Symmetry Group of methane. This group of 24 elements is isomorphic to the Molecular Point Group Td 
and is called Td(M) (see Table 11). 

2. The ethane molecule 

The ethane molecule is an example of a molecule for which tunnelling effects are observed. We label the 
carbon nuclei 7 and 8, the three protons attached to C-7 are labelled H-1, H-2 and H-3, and the three 
protons attached to C-8 are labelled H 4 ,  H-5 and H-6. The Complete Nuclear Permutation Inversion 
Group consists of 2!x6!~2=2880 elements. The molecule has a staggered equilibrium configuration but 
the effects of torsional tunnelling are observed. Thus, while elements such as (12), (78), (14) and E* are 
unfeasible, elements such as (123) and (456) are feasible. There are 36 feasible elements and these 
constitute the Molecular Symmetry Group of ethane; the group is called G36 (see Table 111). If we wish to 
classify the rotational and torsional wavefunctions separately then it is necessary to use the Extended 
Molecular Symmetry Group G36(EM) (see Table A-25 of ref. 3). Neither G36 nor G3,(EM) is isomorphic 
to a point group. 

3. The carbon dioxide molecule 

The carbon dioxide molecule is an example of a linear molecule. Labelling the oxygen nuclei 1 and 2 the 
Complete Nuclear Permutation Inversion Group is the group of four elements {E,  (12), E*, (12)*}. These 
are all feasible elements and thus the Molecular Symmetry Group also consists of these four elements (see 
Table IV). This group is not isomorphic to the Molecular Point Group Dmh. If we wish to classify the 
rotational and vibronic wavefunction separately, it is necessary to use the Extended Molecular Symmetry 
Group &(EM) which is isomorphic to the Molecular Point Group D,h (see Table V). In the group 

D,h(EM) the operation (12); has the same effect on the vibronic variables as the point group operation i, 
and the operation (1 2);+& has the same effect as the point group operation S",'". 
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TABLE I. The character table of the group G48, the Complete Nuclear Permutation Inversion Group 
for methane (CH4). 

E (123) (14)(23) (1423)* (23)* E* (123)* (14)(23)* (1423) (23) 
1 8 3 6 6 1 8 3 6 6 

A1+: 1 1 1 1 1 1 1 1 1 1 

A;: 1 1 1 -1 -1 1 1 1 -1 -1 

E': 2 -1 2 0 0 2 -1 2 0 0 

F,': 3 0 -1 1 -1 3 0 -1 1 -1 

F;: 3 0 -1 -1 1 3 0 -1 -1 1 

A1-r 1 1 1 1 1 -1 -1 -1 -1 -1 

A2-1 1 1 1 -1 -1 -1 -1 -1 1 1 

E-:  2 -1 2 0 0 -2 1 -2 0 0 

Fl-: 3 0 -1 1 -1 -3 0 1 -1 1 

F2-z 3 0 -1 -1 1 -3 0 1 1 -1 

TABLE 11. The character table of Td(M), the Molecular Symmetry Group for methane (CH4). 

A, : 1 1 1 1 1 

A2 : 1 1 1 -1 -1 

E: 2 -1 2 0 0 

F,: 3 0 -1 1 -1 

F2 3 0 -1 -1 1 
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TABLE 111. The character table of G3,, the Molecular Symmetry Group for ethane (c2H6). 
E (123)(456) (14)(26)(35)(78)* (123)(465) (132) (142635)(78)* (14)(25)(36)(78) (142536)(78) (23)(56)* 
1 2  3 2 4 6 3 6 9 

Al: 1 1 
A,: 1 1 
A3: 1 1 
Ad: 1 1 
El: 2 2 
E,: 2 2 
E3: 2 -1 
E,: 2 -1 
G: 4 -2 

1 
1 

-1 
-1 

2 
-2 

0 
0 
0 

1 1 
1 1 
1 1 
1 1 

-1 -1 
-1 -1 

2 -1 
2 -1 

-2 1 

1 
1 

-1 
-1 
-1 

1 
0 
0 
0 

1 1 
-1 -1 

1 1 
-1 -1 

0 0 
0 0 
2 -1 

-2 1 
0 0 

1 
-1 

-1 
1 
0 
0 
0 
0 
0 

TABLE IV. The character table Of &h(M), the Molecular Symmetry Group for carbon dioxide (C02). 

(+S)  cg+: 1 1 1 1 

(-a) Zg-: 1 -1 -1 1 

(+a) c:: 1 -1 1 -1 

(-s) xu-: 1 1 -1 -1 

TABLE V. The character table of &,(EM), the Extended Molecular Symmetry Group for 

carbon dioxide (COz). 

(+s) cg+: 
(-a) Zg-: 

(+a) xu+: 
(-s) xu-: 

ng: 
nu: 
Ag: 

Au: 

1 1 

1 1 

1 1 
1 1 
2 2COS(&) 

2 2COS(&) 
2 2COS(2&) 

2 2COS(2&) 
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... 1 

... -1 

... 1 

... -1 

... 0 

... 0 

... 0 

... 0 

... 

1 1 

1 1 

-1 -1 
-1 -1 

2 2COS(&) 

-2 -2COS(&) 
2 2COS(2&) 

-2 -2COS(2&) 

... 1 

.*. -1 

... -1 

... 1 

... 0 

... 0 

... 0 

... 0 

... 




