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Abstract

We develop in this paper a general econometric methodology referred to as
the Simulated Asymptotic Least Squares (SALS). It is shown that this
approach provides a unifying theory for “approximation-based” or simulation-
based inference methods and nests the Simulated Nonlinear Least Squares
(SSNLS), the Simulated Pseudo Maximum Likelihood (SPML), the Simulated
Method of Moments (SMM) in both parametric and semiparametric settings,
the Indirect Inference (11) and the Efficient Method of Moments (EMM).

We produce a new notion of Efficiency Bounds in Direction and provide a
general study of the efficiency in the SALS framework.

In the particular case of the Il and the EMM methods and when the
instrumental model is of a GMM type, we characterise a new weighting matrix
for a more efficient estimation about the structural parameters of interest 6°.
This new weighting matrix does no longer correspond, in the general case, to
the classical one as characterised by Hansen (1982). Generalized global
specification tests extending the previous existing ones are also proposed.

Keywords: Simulated Asymptotic Least Squares; Approximation-based and
Simulation-based estimation; Efficiency Bounds in Direction; GMM,; SNLS;
SPML; SMM; II; GlI; EMM.
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1 Introduction

Econometric models often lead nowadays to a complex formulation of either conditional probability dis-
tribution function (p.d.f. hereafter) of the endogenous variables given the exogenous and predetermined
ones in the fully parametric setting or more generally to a complex formulation of the so-called estimat-
ing equations in the semiparametric setting. Optimizing behavior and optimizing subroutines are such
that one cannot directly write the functional forms associated with a given parametrization.

In this context, several approaches depending on the primitive setting and circumventing such difficulties
have been introduced in the literature: the Simulated Pseudo Maximum Likelihood (SPML hereafter) by
Laroque and Salanié (1989), the Simulated Method of Moments (SMM hereafter) by McFadden (1989),
Pakes and Pollard (1989), Ingram and Lee (1991), Duffie and Singleton (1993), the Simulated Nonlinear
Least Squares (SNLS hereafter) by Laffont, Ossard and Vuong (1995) and more recently the Indirect In-
ference (II hereafter) and the Efficient Method of Moments (EMM hereafter) respectively by Gouriéroux,
Monfort and Renault (1993) and Gallant and Tauchen (1996).

However, it turns out, on the one hand, that so far no general econometric theory enabling the unification
of all the aforementioned methodologies has been proposed. On the other hand, there are now cases aris-
ing from the macroeconometric as well as the econometric literature where the sole application of such
approaches does not fully exploit the information brought about by the available estimating equations.
This occurs, for instance, when one has at his disposal overidentifying moment restrictions defining a set
of instrumental parameters in conjunction with a fully specified parametric structural model.

In this respect, we propose in this paper a general econometric theory referred to as the Simulated
Asymptotic Least Squares (SALS hereafter). It is shown that this approach provides a unifying theory
for simulation-based or more generally approximation-based inference methods and nests the SPML, the
SMM both in parametric and semiparametric settings, the II, the EMM and the SNLS approaches.

It can indeed be regarded, on the one hand, as a simulated or approximate extension of the earlier
ALS theory introduced by Gouriéroux, Monfort and Trognon (1985) to the case where the estimating
equations are intractable but can be approximated in some sense either by simulations or more generally
by approximation methods such as for instance the quadrature-based methods or Marcet parametrized
expectations type procedures.

But on the other hand, it can also be regarded as a generalization of the ALS theory to the case where
the number of estimating equations r (say) is bigger than the number of auxiliary parameters ¢ (say),
that is r > ¢. Indeed, we stress in this paper that while in Gouriéroux, Monfort and Trognon (1985) the
ALS theory is developed in the particular case where r < ¢, there are now numerous examples where
r > q. We provide here a general study dealing with both issues. In this respect we think that the (S)ALS
theory should enjoy some renewal especially in light of the now increasing literature in macroeconometrics
and more generally in econometrics often leading to restrictions or estimating equations that are poorly
handled by the common simulation-based methods.

Besides, it enables the exact and precise characterization of what is now abusively referred to as the
“matching” in the approximation methods through the use of the estimating equations. Each existing
methodology (SPML, SMM, II, EMM, SNLS) is thus characterized by particular “matching characteris-

tics” or particular estimating equations.



The paper is organized as follows. We first recall in section 2 and prove under weaker stochastic equicon-
tinuity conditions the available results from the II. In section 3, we develop the Generalized Indirect
Inference (GII) seen as a particular and introductory illustration to the SALS theory. While analyzing
the efficiency gains brought about by additional constraints (such as Euler conditions) on the instrumen-
tal criterion in the IT framework, we show that Hansen (1982) theory of efficient overidentified moments
estimation is no longer available here and characterize the new weighting matrix for performing a more
efficient indirect estimation about the structural parameters of interest. In section 4, we develop the SALS
theory and provide the general efficiency study in the SALS framework. We are thus led to introduce
a new notion of Efficiency Bounds in Direction. Section 5 proposes a battery of generalized global

specification tests extending the previous existing ones. We state some concluding remarks in section 6.



2 Asymptotic Properties of Indirect Inference

Extending Gouriéroux, Monfort and Renault (1993) and Gouriéroux and Monfort (1995b), we consider

the parametric nonlinear simultaneous equations model defined by:

(Yt Yr—1, T, ur, 0) = 0, (2.1)
p(ut,ui—1,€1,0) = 0, (2.2)

0 € © a compact subset of IRP,

where the process {y;,t € Z} corresponds to the dependent variables and {z;,t € Z} is the vector of
exogenous observable variables. The variables {u,t € Z} and {e;,t € Z} are not observed.!

{z¢,t € Z} is independent of {e;,t € Z} (and {us,t € Z}). The process {e;,t € Z} is a white noise
whose distribution G, is known.

The data consist in the observations of a stochastic process {(y;, z¢),t € Z} at dates t = 1,...,T. The
range of z; and y; are respectively X C RP®) and Y c IRPY). We denote by P, the true unknown
probability distribution (as characterized by Kolmogorov’s theorem) of {(y;, z¢),t € Z} and F, denotes
the p.d.f. of {z,,t € Z}.

Assumption (Al):

P, belongs to the family {FPy,0 € ©} of probability distributions on (X x )))Z delineated by the model
(2.1) — (2.2).

In this case there exists a true unknown value of the structural parameters 6° such that P, = Pjyo,
we assume that 0° € (2) We also denote the probability distribution function of the joint process
{(et,x4),t € Z}: m,. With a slight abuse of notations, we will also write 7, as the product of F, and Go:
7o = F, ® G,. We can then rewrite P, and Py as follows:

P, = p(ﬂ-oveo)a
Py = p(”Tan)a

for each @ € © and where p(-,-) is implicitly defined through (2.1) — (2.2).

As pointed out by Gouriéroux, Monfort and Renault (1993) the knowledge of the distribution of
{er,t € Z} is not a real assumption, in the parametric case, since {e;,t € Z} can always be consid-
ered as a function of a white noise with a known distribution function and of additional parameters
which can be incorporated into . DGP with more than one lag in y, z, u can be included in this frame-
work by increasing the dimension of the processes.

Note also, that it is not required that r and ¢ are known in a closed form. The only requirement is that,
r and ¢ are computable at each point. This, for instance, can be achieved through optimization routine
reflecting optimizing behavior.

This formulation encompasses the one proposed in Gouriéroux, Monfort and Renault (1993). This allows

indeed the treatment of a broader class of models as for instance the models stemming from the stochastic

'Note that by construction of (2.1) — (2.2) the variables {z¢,t € Z} correspond here to strictly exogenous ones. However
the case of weakly exogenous variables is not ruled out here and in that case one has to specify the conditional p.d.f. of u
given X. Throughout the paper we just maintain the weak exogeneity assumption and when it is required we will stress the
strong exogeneity assumption.



growth literature (see JBES January 1990, vol 8, n°1 for an in-depth discussion of such models).
However, this theory turns out to be relevant as soon as one has at his disposal a family of p.d.f.
{Py,0 € ©} on (X x y)z for which expectations of nonlinear functions are easily computed by sim-
ulation, by quadrature or by analytic expressions. In this respect the results proposed in this paper
straightforwardly extend to the case of quadrature computation or analytic expressions. We just focus
here on the simulation-based inference for sake of presentational convenience and consistency with the
earlier papers.

For each given value of the parameters 6, it is possible to simulate a path

{91(0,25),...,97(0,25)} conditionally on the observed path of the exogenous variables {z1,...,zr} and
for given initial conditions z, = (Yo, uo). This is done by simulating values {£1,...,ér} from G,. Then

by repeatedly solving equation (2.2) in the unknown variables @ (60, u,):

{ so(at(ovuo)?ﬂtfl(o?uo)aghe) = 07 t= ]-7 s 7T7

Uo,
we get U1 (6, uo),...,ur(f,u,). Finally by solving equation (2.1) in the unknown variables 7;(6, z):
{ Ir(gt(oa Zo), gt—l(ea Zo), T, at(ea Uo), 0) = 03 t= 13 s 7Ta
Yo,

we obtain a simulated path {71(0,2,),...,97r(0,2,)}. This implicitly assumes that, for each value of
the parameters 6, for the observed exogenous variables {z1,...,z7} and for the initial conditions z,,
equations (2.1) — (2.2) uniquely define the process {(y:, u;),t € Z}.

A direct estimation of the true unknown value of the structural parameters 6° is in practice impossible
since the conditional p.d.f of {y1,...,yr} given {z.,x1,...,zr} is computationally intractable. The idea

is then to replace the intractable log-likelihood function of the structural model:

T
Lr(0) = _log filye/y,_,»z1,0), (2.3)
t=1
by an instrumental criterion which involves a vector [ of ¢ instrumental parameters:

Qr (gT,zT,ﬁ) ;

b € B a compact set of IR?-
Assumption (A2):

1) Vo € 67/8 € 87 To hm‘QT (g;(eachz%ing) - q(eaﬁ)‘ = 07
T—+oo
2) V0 € ©,e >0,n>0, 3 f‘} (0,e,m),7°(0,e,m) such that VT > 7°(0,¢,n) :

o o (T5(0,6m) >e) <m, 3

e VBEB, 3 (’)f, 0,en OT Open set containing G with :

Sup |Qr (0.2, 20.B) — Qr (@00, 2), 240, 8)| < T (0.e.m).

5605,9,5,?7

fors=1,...,5 and z5-
2We focus here on compact sets © and 8. However, other assumptions can be formulated so as to avoid such compactness

hypotheses. See Andrews (1994) and Newey and McFadden (1994) for an in-depth discussion.

3We denote by o lim the limit in probability (with respect to m,) when T’ goes to infinity.
T—+o0




{97(0,25),...,97(0,25)} correspond to simulated paths of the dependent variable according to the model
(2.1) — (2.2) conditionally on {z,...,z7} and 2§, for s =1,...,5.
Assumption (A2.2) expresses a stochastic equicontinuity property about the instrumental criterion
Qr (QST(H, 28), o, ﬁ) computed for the simulated paths y.(0, 2%).4

Proposition 2.1 : Under assumptions (Al) — (A2), we have:

o lim Sup|Qr (y,. 21, 8) — q(6°, 8)| =0,
T—+oo BeEB

To lim Sup QT (g;(eazg)aiTaﬁ) —q (076)‘ =0
T—+oco BB

Proof : This result is obtained by simply applying Newey (1991) theorem 2.1. to the simulated paths
{y1(0,23),...,y7(0,23)}.

Assumption (A3):

q(0, ) is a non stochastic twice differentiable function not depending on the initial condition z$ and with
a unique minimum with respect to 3 for each value of § € ©. Let 3° = 5(00) and 5(0) be respectively
the minimum of ¢(6°, 8) and ¢(6, 3), that is:

p°=p(0°) = Argminq(6°,p),
BeB

B(0) = Argminq(0,0)-
peB

We also assume that V0 € ©, ((0) € B.

Let us introduce the following estimators:

/BT = A?"gmzn QT (gT7£T7IB) )
BeB

Bi(6) = Argmin Qr (0,22, 21, 8) ,

- 13~
Brs(0) = 5 PNACE
s=1

“Note that the observed path Y, can always be regarded under correct specification as a simulated one for the value
6 = 0°. Thus, it is also implicitly assumed that the instrumental criterion obeys a stochastic equicontinuity property when
computed on the observed path Yy

®Note that:
PO lim Sup QT (QT)lT)B) _q(907ﬂ) = To lim Sup QT (gT7£T7ﬂ) _Q(eo)ﬁ)‘ = 07
T—+oo BeB T—+oo BeB
Py lim Sup|Qr (g;(67Z2)7£T7ﬂ) _Q(ewg) = o lim Sup|Qr (g;(€722)7£T7/8) _Q(gaﬂ)‘ =0
T—+oco BeB T—+oco BeB




Proposition 2.2 : Under assumptions (Al) — (A3), these estimators converge to:

o lim By = B (6°) = §°,

T—+o0

mo lim B4(6) = o lim Brs(6) = B(6):
T—4o00 T—+o00

Proof : See appendiz A.1.

Assumption (A4):

Ve >0,n > 0,3 As (e,n),7° (e,1) such that VT > 7 (¢,7) :

o T, (AST (e,n) > 6) <n,

(A4) e I N;., an open set containing 0 with :
sup |30 - BrO)| < Bt (en),
beN; . e

fors=1,...,5 and z5-

Assumption (A4) expresses a stochastic equicontinuity property about B%()

Proposition 2.3 : Under assumptions (Al) — (A4), we have:

. lim Sup|5:(0) - 5(6) | =0
—+00 0€O q

Proof : This result is obtained by simply applying Newey (1991) theorem 2.1. to B%(H)

Assumption (A5): (3(-) is one-to-one.
The class of indirect estimators is thus indexed by a choice of a positive® weighting matrix Q of size ¢ x q.
For a given (2, the indirect inference estimator is defined by:
~ ~ ~ !/ ~ ~
Ors(Q) = Argmin [Br — frs(0)] @ [pr - Brs(0)] (2.6)
€

Under assumptions (A1) — (A5), O75(Q) is a consistent estimator of #°. The same kind of proof as

sketched for proposition 2.2 can be developed. We make in addition the following assumptions:

o5 (en?),

5We will refer in all the paper to a positive matrix A of size ¢ x ¢ as a symmetric matrix such that Sp (A) € (IR%)?. This,
of course, implies that A is non singular. A is referred to as a non negative matrix if Sp (A) € (R4)?.

(A6) vT




is asymptotically normally distributed with mean zero and with an asymptotic covariance matrix I, of

full rank q.
0*Qr
(A7) Jo = gl]ig 6,38ﬁ (yTazTuBo) S Of full rank q.
1 8QT ~8 o _S o 6QT - o
(48) TETOOQ?”{‘F o (107,200, 67) VT (706 8). )}:K

independent of the initial values z% and z¢, for s # £.

3 85% o 8/3 o
7o lim Zor (0°) = 5 (@)
(A9)
gg,(t?o) is of full column rank p-

As usual, the indirect inference estimator §T5(Q) is computed while replacing €2 by a consistent estimator
Qr of Q but the asymptotic normal probability distribution of §T5(Q) will not depend on the choice of
this estimator. In order to minimize the asymptotic covariance matrix of §T5(Q), an optimal choice of 2

as characterized by Gouriéroux, Monfort and Renault (1993) and Gouriéroux and Monfort (1995b) is:

Q= J,8,7 1., (2.7)
where:
Jo = o lim 6;gﬁ (yT,zT,ﬁ") ;
and: (2.8)
®o = VoaTas {\/_8;?6T (yT’zT’BO) - E [fa((?ﬁT (yT’&TuBO) /ET]} =1, — K,

The corresponding asymptotic distribution of the efficient II estimator §T5(JO(I>O_1JO) = 5%5 is then:
nx _ no D
\/T(HTS 0) Tﬁm)/\/‘ (O,WS),

(2.9)

Ws = (1 + S) [%ﬁe (0°)J, @, 1, 25, (90)1






3 Generalized Indirect Inference
3.1 Indirect Inference and matching moments

The first point we want to stress here is that, in spite of Gallant and Tauchen (1996) paper title, a
new theory is needed when one is interested in an instrumental criterion which matches general moment
conditions:
Assumption (A10):

Elg(w, )] =0, (3.1)

where wy = (Y, Yi—1,Tt—1,- -+, Y1—k,Ti—k ) (for a fixed number of K lags) and §° is the true unknown
value of a vector 8 € lc’;’ a compact subset of IR? of instrumental parameters. To the best of our knowledge,
the only case considered until now in the literature is the just-identified and separable one where the

dimension of ¢ (the number of moment conditions) is exactly equal to ¢ and the instrumental model

Qr (gT,gT, B) corresponds to:

11 mZ .
QT(ET,&Taﬁ)—§ ng(wt)—ﬂ fég(wt)—ﬁ :

Indeed, the original papers by Gouriéroux, Monfort and Renault (1993) and Gallant and Tauchen (1996)
were only interested in M-estimation of the instrumental model in such a way that, first order conditions
could be interpreted as just-identifying moment conditions. But we want to argue that:

e On the one hand, it turns out that in many circumstances, one wants to use an instrumental model
(3.1) which is defined by overidentifying moment restrictions (dim(g) = r > ¢q) (See subsection 3.2).

e On the other hand, the classical Hansen’s (1982) theory of efficient overidentified GMM does no longer
apply when one is interested in indirect efficient estimation of 8° and not in direct efficient estimation of
(B°. In light of this, we will argue that this result does differ from the ones obtained by Kodde, Palm and
Pfann (1990) (See section 4: Simulated Asymptotic Least Squares, for more details).

With respect to these two arguments, we will develop in subsection 3.3 a general asymptotic theory for
this setting, which provides answers to the two following related issues:

e First, what is the optimal weighting matrix A when one considers as an instrumental criterion for

indirect inference: ,

@1 (ypn ) = L[5 gwn )| & [L S g m)] (32)
T\YpL1:P) = 5 Tt:19 W, Tt:19 W, ) :

that is an overidentifying GMM type criterion.

Of course the “optimality” of the weighting matrix refers to the asymptotic covariance matrix of the
deduced indirect estimator of 8°. Moreover, it is clear that as usual, this covariance matrix will not be
modified if A is replaced by a consistent estimator Ar.

e Second, how can we interpret this optimal choice as a selection of a just-identifying set of moment
conditions? However we will argue in subsection 3.4 that this does not prevent us from being interested

in a set of overidentifying instrumental moment conditions.

"The case of just-identifying moment conditions, whether separable or not, is extensively studied in subsection 3.4.

. . . Lo 1
8For sake of computational convenience, we have rescaled the instrumental GMM criterion by the factor 3



Finally, it is worth noticing that the theory of such “a Generalized Indirect Inference” (GII hereafter)
goes further in generalizing the Simulated Method of Moments (SMM) as proposed by McFadden (1989)
for i.i.d. environments, and by Ingram and Lee (1991) and Duffie and Singleton (1993) for a time series
environment.

While in Gouriéroux, Monfort and Renault (1993), it is shown that SMM with “separable” moment
restrictions:

g(we, B) = h(w) — B, (3.3)

is tantamount to Indirect Inference with an instrumental criterion:

T

Qr (ypozr.B) = %;Hh(wt) ~ [, (3.4
where HH is any norm on IR?, GII opens the door to simulated moment restrictions which are overiden-
tified Witfl] respect to (.

Indeed since the moment restrictions defined by (3.3) are just-identifying and separable, they can be
interpreted as first order conditions corresponding to the M-estimator defined by the criterion (3.4). But,
the general case of overidentifying instrumental moment restrictions, is not nested within the standard
Indirect Inference, based on an instrumental M-estimator. However as Gouriéroux, Monfort and Renault
(1993) we do not include within the GII framework the Simulated Method of Moments as developed in
the semiparametric setting by Pakes and Pollard (1989) (See however section 4: Simulated Asymptotic

Least Squares).

3.2 Examples

We propose in this subsection to motivate the GII approach through two examples based on Stochastic
Volatility (SV hereafter) models estimation and on Asset Pricing models estimation introducing overi-

dentifying moment restrictions as defined by (3.1).

3.2.1 Stochastic volatility models

Empirical financial studies have found strong evidence that the stock market returns present strong con-
ditional heteroskedasticity, asymmetry, leptokurtosis patterns at the high frequency data level. In order
to provide appropriate valuation of financial equities, it is essential to answer the question about the
modelling of such patterns.

In this respect, the SV model has been introduced by Clark (1973), Tauchen and Pitts (1983), Taylor
(1986-1994) among many other authors. These models appear as an alternative specification to the Au-
toregressive Conditionally Heteroskedastic (ARCH) model as introduced by Engle (1982) and Bollerslev
(1986).

The SV models turn out to be more appealing for many reasons: broad general features of the data can
be reproduced (persistent volatility, volatility clustering effect, leverage effect, asymmetries and leptokur-

tosis), less parameters have to be estimated, and SV models (3.5) are closed under temporal aggregation.

10



We focus in this subsection on SV models {y;,t € Z} defined by Meddahi and Renault (1997) as follows:

Yt = Ot-1Et,
9 (3.5)
of = wHyoig +u,

where we take for stationarity and positivity considerations on the volatility process the following as-
sumptions: 0 < v < 1 and 0 < w. The range of y; is YV C IR.
In order to complete the previous semiparametric specification (3.5), the innovation processes {¢;,t € Z}

and {1, t € Z} are assumed to share the following properties:

Elet/ Ir1] = 0, E 7/ Ir1] = 1, E €}/ I1] = 3,
Ele}/ L] =45, E/Lia]l=0, B[}/ L] =010 (3.6)

?[Etut/ It—l] = Poﬂo, E [5%%/ Itfl] =0,

[e]

where the information set I; = o (¢4, &7, v, 7 < t) is the o-field generated by (e, e,,v7, 7 < t).

Moreover, the empirical financial studies have laid the emphasis on the important asymmetric behavior of
the stock market returns. Within the framework delineated by (3.5) — (3.6), this stylized fact is explained
by the skewness of the standardized innovation process {e;,t € Z} (us # 0) and also by the so-called
leverage effect (p° < 0) (see Dridi and Renault (2000) for more details).

In order to estimate the previous SV model, one can use the following set of moment restrictions:

[e]

w
g@@:l_vw
wo2 '[702
ok
?(ygy%k):(1_70)2+7 1_7027 kEN,

02 02
o w n
E(y?):y%l( + O2>a

° (1—9) 1-v

E [y} —w® —7°y? 1/ L1—2] =0

o

However, this set of moment restrictions enables only the identification and thus the estimation of the true
unknown value (wo, 702,7702,;1?1), of the parameters of interest ; and as already pointed out by Drost and
Meddahi (1998), within the semiparametric SV specification (3.5) —(3.6) and without further assumptions
on the p.d.f. of the innovation process {v;,t € Z} one cannot identify the asymmetry parameters (p, u3).
In this context, Dridi and Renault (2000) suggest, first, to choose a specification for the p.d.f. of the
joint process {(e¢,1),t € Z} and second to perform an indirect inference on the parameters of interest

N/ ., . .
(w°,7°2,77°2, y, s, p°, 05 ) , where 65 correspond to the additional parameters introduced in the fully

9For sake of notational simplicity, we have written o} rather than log o?. However all the results extend if one considers
log o7 (to ensure the positivity of the conditional variance process).
10The symmetry assumption E [5?1/,5 / It,l] = 0 is made for sake of computational simplicity and can easily be fulfilled by
setting:
ve = pnee + &,
where the process {&,t € Z} is such that E [/ I;—1] =0 and {&,t € Z} 1L {e¢,t € Z} .
o

11



parametric SV model (deduced from the semiparametric SV model and the additional assumptions)*!.

We have, thus to specify an instrumental model based for example on an ARCH SNP expansion or
alternatively on an ARCH(q) specification introducing instrumental parameters (1. But here we also

have at our disposal a set of moment restrictions as defined by (3.1):
B (glw. ) = 0,
g(5) =(g1" ()92 ()
B=(6".6") Bo=(Bar,- .. P21),

yt2 — 21

yiy?: | — B3 — Pa3fae

y%yt{k - ﬁ%1 - ﬁ§3ﬁ22
g2 (wta BZ) = )

YRyl i — B3 — BasSas

Yt — Boa (B3, + B22)

L [y7 — Bor (1 — Ba3) — Basyi_1] ® Zy—2 |

where K is a given integer and Z;_5 € I;_» corresponds to any set of instrumental variables belonging to

I;—o and where we have also defined the one-to-one mapping;:
R x)0,1[x R — IRY x]0,1[x R,

(w777M43n2), — 62 = (/6213 v 3/6247),7

b =1
2 (3.9)
b2 =17
P23 =,
Bo4 = pia-

"'Note that Dridi and Renault (2000) have focused on robust indirect estimation of the parameters of interest
’
(wO, 'y°2,77°2, pi,pg,pc’) in the presence of misspecification both in the asymmetry parameters and in the additional as-

sumptions on the joint process {(e:,v:),t € Z}: 02 (say). Here we focus on more efficient indirect estimation in the context
of correct specification.

12



3.2.2 Asset pricing models

There is nowadays a large literature focusing on equilibrium theory based asset pricing models. This
dates back to the first work by Lucas (1978). The basic ingredients for all the various asset pricing
models start with an agent who is a utility maximizer under her budget constraint and across time. The
equilibrium path corresponding to such an economy leads to first order conditions or Euler equations,

which can generally be expressed in terms of moment conditions:

E (g2(wy, B3)) = 0, (3.10)

o

12" The moment restrictions (3.10)

where (35 corresponds in general to taste or preference parameters
provides also the pricing of any financial equity.
In the context of the estimation and implementation of a nonlinear equilibrium model of exchange rates
and interest rates at the weekly frequency, Bansal, Gallant, Hussey and Tauchen (1995) suggests making
a “complete specification of the model, including the law of motion of the latent driving processes,
so that simulated realizations can be generated given candidate parameter settings. The criterion of fit
involves comparing the time series properties of simulated versus observed realizations on exchange rates
and interest rates”.
The instrumental criterion is built upon a seminonparametric score generator while Marcet’s parametrized
expectations procedure is used for imposing the Euler constraints. They advocate this strategy rather
than focusing directly on the Euler equations as done in the usual GMM settings, because reliable data
on consumption, endowments and the money supply are not available at the weekly frequency.
Basically, we have on the one hand a fully parametric specified structural model from which it is possible
to simulate path of the endogenous variables and on the other hand an instrumental model g introducing
instrumental parameters (B; through the sub-instrumental criterion g; which corresponds here to the SNP
score generator and to which we have added the restrictions gs introducing in turns additional parameters
B2 as delineated by (3.10). So that again we can write:
E (glwn, ) = 0,
(3.11)
() = (91() 920 )"

3.3 Asymptotic theory for Generalized Indirect Inference

We have to reconsider the asymptotic theory sketched in section 2 in the case where the instrumental

criterion is of a GMM-type:

Q ) = TS ] A [E S gw ) (3.12)
T(QT,ET, )—5 T;Q wt, T T;g W, ) .

where KT is a positive r xr (r > ¢) matrix converging in 7,-probability to a positive matrix A: 7, lim KT =
T—4o00
A.

We maintain assumptions (A1) — (A9) and naturally impose here that:

123ee Kocherlakota (1996) for an extensive review of the state of the art.
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Under assumptions (A1) — (A10) we have:

AP Blg(w. )] = 0= f =" and A} [;’ﬁ,
We have now to consider matrices CDO(A) and J,(A) according to the general definitions (2.8):

P, (A) = ng" {\/_%QﬁT (?JT&T,BO) - E [\/_8;2; (yTaQT,ﬁ()) /QT] }a

(wy, ﬁo)] is of full column rank q.

and:
2

0°Qr °
Jo(8) = mo lim e (g 27, °) -

But, it is important to notice that the matrices ®,(A), Jo(A) and the binding function §(-,-) generally
depend on the weighting matrix A chosen for the instrumental GMM model (3.12). Of course, under
correct specification, the true value 5° will, not depend on A but the derivatives of the binding function
which appear in the asymptotic covariance do depend on A. Without expliciting this dependence at this
stage, we have under assumptions (A1) — (A10) and (A11):

Assumption (A11):

(A11) %Tilfglo T ; ggﬁ( B°)=E [g—%’( t,ﬂ")] :
that: , .
2,(0) = I [g%m,ﬁ )] AVar [LT tz_;gz(wt,ﬁw] A [, (3.13)
where: )
g1 (w0, 8°) = gl ) — Elo(wi, )/ 27),
and:
L8 = B B—fg(wt,ml A5 [2 5] (3.14)

The corresponding asymptotic covariance matrix of the efficient I estimator §%S(A) is then:

-1
Ws(A) = (1+ S) [8;9 (0°, A)Jo(A) Do (A) 1T, (A)gg, 0°, A)] : (3.15)

As already noticed, the accuracy of é}s(A) depends through ®,(A), J,(A) and — 0B —(0°,A) on the initial
choice A of the weighting matrix in the instrumental moment conditions (3.12). We call GII estimator
any II efficient estimator §}S(A*) associated with a weighting matrix A* such that, for any A, Wg(A) —
Ws(A*) is a non negative matrix. The main contribution of this subsection is to prove the existence of

such optimal weighting matrices A* and to characterize them. For such a characterization we have to

explicit the dependence of %(90 A) on the choice of A. Under assumptions (A1) — (A3), the binding
function is characterized by:

B(0,A) = m lim Brs(0, A),
T—4o0

B0, A) = Argmin z(0, B)' Az (6, B), (3.16)
BEB

0,5) = Blo(@(6),9)],
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where the notation z(0, 3) = E [g(w:(0), 3)] means that the value of the structural parameters governing

0
@;(0) is 0. Under assumption (A3), (6, A) is defined as the unique solution to the first order conditions:

07!
B

By differentiating (3.17) with respect to # and taking into account that:

0,3(0,A)) Az (0,5(0,A)) =0-13 (3.17)
(6.50.2)) Az (0. 506, 1)

2(0°,6°) =0,
we get:
62’ o 5o 0z o o 0z o 6/6 o
55 ﬁ)A[%,(e )+ 50 5) 50, A)] 0

We have then proved'*:

Lemma 3.1 : Under assumptions (Al) — (A5), (A7), and (A9) — (All), we have:

op
o0

1 82 82

(0°,A) = —Jo(A)™ Rl —7(0%8°)A=75(0°,5°)-

o0’

By replacing the result of lemma 3.1 into the general expression (3.15) of Wg(A), we get the asymptotic

. : A* .
covariance matrix of 0}¢(A) as:

-1

B oz, . 0z , o 107" 0z, o o
Ws() = (1+5) [89 (6°, A 5 (07, ) (0) 7 G (07, B0 55 67, )] S e
The key point is then to notice that Wg(A) can be written:
62’ o Ho _1 I —1 —= 1 Oz o po -
ws) = (1+5) [ 20,80V EX (M) (XA X (A) T XA VRS (07, )] ENCED)
T
where V = Var [L Zgz‘(wt,ﬁo)l and X (A) is a square root of ®,(A) : (P.(A) = X(A) X (A)):
o as \/thl
X(8) = Vir 22 (oo, e
(A) = Ve Ag5 (0% 57)-

Therefore for any A, Wg(A) — W§ is a non negative matrix where:

1 0%

-1
W (1+ S) [& (6°, )V 5 (6 ﬁ°>] : (3.20)

06

Moreover, the lower bound W¢ will be reached if and only if the weighting matrix A (and thus X itself)

is chosen so that the columns of V2 %(90 (°) belong to the vectorial space ImX (A) spanned by the

o0’
columns of X (A).

13Note that it is not assumed or required that z (9,ﬁ(9, A)) =0
0Or equivalently by applying the implicit function theorem.
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Proof

i 1\ o7 )
E)WS —ws) ) (14 5) = S 125, (6, 6°)
z o} e} —= / — ~ 10z e} o}
S (O° BV EX (M) (X (M) X(A) XAV S (0°, 7).
6zl o o —,l ! — —= (92 o o

= S (0% )V [I = X (W) (X (A) X (A) T XA V2 25(0°,6°) >> 0,

W; - WS(A) =0,

0z 1 0
= =5 OB [ = X)X A X(A) XYV 5076 =0,

L 02
Ve R, ||[I - XA)(X(A)X(A) " x (@AY V2 80,(00 8)a . =0,
Vo e R, [L— X(M)(X(A)X(0) ' X(A)] V-3 gg,(eo B°)z =0,
= (1~ X)X X () XY V22, 0) =0,
— vlge, (6°,8°) € ImX (A)-
With a slight abuse of notations, we shall write this condition as:
1 0z o o 0z o o
Vg0, 67) € TmA S (67, 5°): (3.21)

Two main conclusions from (3.21) are worth noticing:
e First, as already announced, there is no reason why the optimal choice of A should be in any case
-1

° as

{Var l \/_ Z g(wy, B ] } (which in turns coincides with V=1 in the case without exogenous vari-
ables).

In other words, the efficient GMM estimator of the auxiliary parameters § does not provide
in general an optimal way to perform indirect inference about 6.

e Such an optimal indirect inference, that we have called GII, corresponds to a choice A = A* solution
0 (3.21). We are now able to prove the existence of such a solution and in turns of a GII estimator.
Indeed:

* On the one hand, the columns of V1

0z
o0’

——(0°,3°) span a subspace E, of IR" of dimension smaller than
or equal to p.

* On the other hand, the columns of 88,8’ (6°,5°) span a subspace F; of IR" of dimension equal to ¢ > p.
Therefore, there exists a (generally infinite) set of one-to-one linear operators on /R" which transform £,
in a subset of F;. Any matrix A representing the inverse of such an operator is a convenient
choice for GII. If we limit ourselves to regular matrices A, one way to represent the set of convenient

choices of A is the set of restrictions:
0z
MAV1 7 (6°,8°) =0, (3.22)
15We use the symbol >> in the following sense. Let A and B be two square matrices of same size, A >> B <= A — B
is a non negative matrix. >> corresponds to the partial order over the symmetric matrices.
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where M = I, — g—;(Oo,ﬁo) [gzﬁ 6°,°) 8; (0°,8°) gzﬁ

i
(0°, ﬁo)} . M is of rank (r — ¢), which shows that (3.22) defines (r — ¢)p independent

(0°,°) is the matrix of the orthogonal pro-

octi
jection on L?ﬁ,

linear restrictions on the coefficients of A='. We have then proved the main result of this section:

Theorem 3.1 : Under assumptions (Al) — (All), a GII estimator §}S(A*) is obtained for any choice

of a positive matriz A* of size r X r solution to:

102
o0’

Z(eaﬂ) = %9? [g(mt(e)aﬂ)] ’

MA YV =2(6°,8°) =0,

° as

V=Var [ th wy, 8 ],

(wt,ﬁf))r.

and M 1is the matriz of the orthogonal projection on [ImE PYi

The asymptotic covariance matriz of any GII estimator is:

-1
Ws(a) = (1+5) [‘22 6,5V o " ﬁ")]

3.4 Generalized Indirect Inference and just identifying instrumental model

The main goal of this subsection is to lay out the link between the previous GII theory and the actual
moments used for the so-called “matching”. More precisely, we want to answer the question: To what
extent does the GII method “optimally” use the implicit constraint E (g(wy,5°)) = 0 or equivalently
2(0°,3°) = 0 on the structural parameters 6°7 ’
We stress in the sequel that the GII theory can be reinterpreted in terms of just-identifying calibrated
moments or in other words as an indirect estimation of the true unknown value of the structural pa-
rameters 6° through a just-identifying instrumental moment type criterion. However, even though this
reinterpretation of the GII approach in terms of just-identifying instrumental moment type criterion is
appealing for understanding which actual moments are matched, how potential efficiency gains concern-
ing the indirect estimator of the structural parameters 8° are allowed through a larger explained variance
of the true unknown conditional score by the regression on g(wy, 3°), we will argue in this subsection
that it is in practice infeasible since one cannot precisely identify which subset of moments provides
(just)identification. So that one is, in general, led to use overidentifying restrictions on the instrumental
parameters £°. In this respect, the “just-identification trick” is mentioned here just for sake of interpre-
tation and understanding of the GII approach.
We focus here on an overidentifying moment type instrumental criterion (3.1) and have thus at our
disposal 7 moment conditions defining the instrumental parameters 3°:
Bly(w,, 7)) = 0,
(3.23)
dim °=q<r-

17



We assume that it is possible to disentangle the set of moment restrictions g(-, -) into a subset g1 (-, -) (say)
of just-identifying moment restrictions from those providing the overidentification of the instrumental

criterion (3.23): go(-,-) (say), and we write:

_ | 9 (wy, B)
g (we, B) = [ g2 (wy, B) ] ’

. . 3.24
dim g1 () = q, dim g2 () =7 — q, (3.24)

Blgi (wi, )] =0 = = 5°

We already know that:
e In order to perform a GII of the structural parameters 8° through an overidentifying moment type
criterion (3.23), one has to choose a weighting matrix A* according to theorem 3.1. In this case, the
optimal asymptotic covariance matrix of the optimal GII estimator 5}5 is:
-1
~ 1\ |07 0z
¥ no _ - Ye rpo o —1 Y% rpo o
Ver VT (o= 0)] = (14 3) |G o)
(3.25)

° as

1 T
V =Var [ﬁ;gf(wt,ﬁo)],

gt (wi, 8°) = g(wy, B°) — E [g(wy, B°) /2] -

e When the instrumental moment type criterion is just-identified for the parameters §, that is r = ¢,
any weighting positive matrix A is optimal since the estimation of the instrumental parameters, either
performed under the observed paths or performed under the simulated ones, simply corresponds to solving

the following system of ¢ nonlinear equations in the ¢ unknowns 3:
1 & -
=2 (@(6),8) = 0 = £ = Fr(6) (3.26)
t=1

In this case, we have for any choice of a positive weighting matrix A (for instance A = I;) that the

asymptotic covariance matrix of the GII estimator yg(A*) = (9}5 is:

o 1N\ 192 0 ovi, 2192 0 oo
o )= () e Gen]

A0.5) = Blo(@(0),5)),

and is thus minimal.

In light of the two previous remarks, we propose to replace the overidentifying instrumental model (3.23)
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by the following just-identifying one introducing a new parametrization o = (o, af?)' defined as follows:

o a=(a),ah) € Bx Ay where Ay C IR™™,

! 1 T
[T ; hlwi, O‘)] ’ (3.28)

e h(w,a) = l ha (we, 1) ] with { hy (w, 1) = g1 (wy, 1),

. 1[1 &
4 QT (gTuiTaa) = 5 T Zh(wtaa)
t=1

ha (wy, @) ha (wi, @) = g2 (wy, 1) — a:

Proposition 3.1 : Under assumptions (Al) — (A4) and (A10), the instrumental criterion (3.28):
Qr (QT,QT,Q) is just-identified for the instrumental parameters a and associated with the true unknown

value a° = (BOI,O'),.

Proof : Since dim « = dim h = r, the instrumental model is at best just-identifying. We just have

then to prove that the instrumental parameters « are actually identified.

FE [h(wt, a)] = 0,

o

( Bl )] =0,
? [h2(wt7a)] =0,

\

( E [g1(wy, en)] = 0,

E [g2(wy, a1)] —ag =0,

\
Q] = ﬁoa

ay = F [QQ(wta/ﬁo)] = 07

o

since g1 (wy, ) identifies B° by assumption (3.24) and the moment
conditions associated with gs (+,-) are null at the true value [3°-

!

= o’ = (a‘l",ag), = (50,,0’)
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We define the indirect estimator HA%S performed through the modified instrumental criterion (3.28),
Q% (gTv T, O5) :
0% = Arggn@zin [ars(0) — ar)' Qf [ars(0) — ar],
€

OéT - Argmzn QT (yTaxTa ) )
aEBX Az

&5(0) = Argmin Q7 (.00, 23), 27, )
aEBX Az

(3.29)
1 S
ars(0) = 5 >_ ar(0)
s=1
Q= Jh o, g

JI' @, are deduced from (3.13) — (3.14).

In this context, we are now able to prove the main result of this subsection:

Proposition 3.2 : Under assumptions (Al) — (All), the GII estimator §525 performed through the in-
strumental just-identifying moment criterion (3.28): Q3. (yT,:JcT, ) has the same asymptotic covariance
matriz as the one produced by the optimal GII estimator HTS(A*) performed through the instrumental
overidentifying moment criterion (3.12): Qp (yT,xT,ﬁ>. Thus we have:

-1

Var [VT (Bhs—6°)] = (1+5) [‘ZZH(@" 5°)V‘lg;,(9°,ﬂ°)] ,

Proof : We first index all the previously defined quantities either by g or by h depending on whether
they are performed respectively through the instrumental model (3.23): Qr (gT,QT,B) or through the

modified instrumental model (3.28): Q% (yT,xT, ) We have then with obvious notations and according
to the previous results that:

Var [\/T (9\%5 - 00)]

©° as

oz po1 020 !
(1+3)[89(9 VS ﬂ)] ,

-1

Var VT (Bs(4) - 0°)] = (14 5) [‘9;9 o v ﬁ°)]

We just now have to show the sufficient following conditions:

o VI=V"
oz o o 029, o .
oo W (0 Y @ ) 80, (0 Y /6 )
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1 T
e Vh=Var lﬁZhr (wy, ],

° as

w = (57.0).

hi (wy, %) = hy(wy, @°) = B [l (wy, o°) /] -
Since h(wy, o) = [ Z;E;Uz: i; ] = [g;gzz:go; ], we have h(w,a®) = g(w, 5°). Thus we have:
vh =y,
ee We start with the definition of 2"(-,-):

VO, a €O x (Bx Ay, 2'0,a)= %’[h(@tw),a)] ,

h . [ gl(,&;t(e)aal)
= VO,a €O x (BxA), 2'(0,a) = %’7 | 92(B4(0), 1) — |

0 92(

— Vh,acO®x(BxAy), 2"0,a)=FE gl(gt(e)aal)]_[ 0 ]’

— Vh,a €O x (BxAy), 2M0O,a)=290,01)— (0,0h)",

h g
— V0,a€0x (BxA), %(9, a) = ?)Z,(o a1),
9" 029 029

o (67,0%) = S (67, 08) = S (0%, )

Note that, although the two indirect estimators 5% g and é\% ¢ have the same asymptotic covariance matrix,
they do differ in general.

In light of proposition 3.2 results, one may argue that, on the one hand it seems that the implicit
constraint z(6°,3°) = 0 on the structural parameters 6° is not optimally used since the so-called “just-
identification trick” leads to an indirect estimator 5%5 of minimum variance'®. On the other hand, the
use of the modified instrumental criterion Q7 (QT’ T, a) would avoid computing the optimal weighting
matrix A*.

However we want to mitigate the two previous criticisms with three respects:

e First, the use of the modified instrumental criterion Q7 (gT, zr, a) means asymptotically that one is,
roughly speaking, minimizing the following distance criterion:

Gi(0) —as |

minH&(H) — aOH = min
0co 0co

?

ag(f) — a3 ||,

af = 0%, @1(6) = Argsol { Bl (@1(6). 1)) =0} a5 =0, Ga(0) = Bloa(1(6). @ (6))]-
a1 EB 0 0

160f course, this optimality refers to the given class of instrumental criterion deduced from E [g(w:, 3°)] = 0.
o
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ay(0) — B° a (0) — p°
<= min , &= min ,

US(C) 5[92(@(0),&1(9))] bco 5[92(@,5(0)”60)]

Q Q

The last equivalence shed some new lights on the GII approach. Indeed the GII estimator seeks to
reproduce the dimensions along the instrumental parameters §° while simultaneously imposing the ad-
ditional implicit constraint E [g2(w:(0),3°)] = 0.

In this respect, the GII appgoach can be regarded as a constrained estimation.

e Second, as already mentioned, in practice it is very unlikely that one is able to select a set of just-
identifying moment restrictions. The procedure entails then overidentifying the instrumental criterion in
order to ensure the identification of the instrumental parameters 5. In this context and according to our
results, one has to use the GII approach.

e Last but not least, we want to stress here that to the best of our knowledge, so far either in the II or
in the EMM framework, the so-called implicit constraint z(6°, 3°) = 0 on the structural parameters 6 is
never introduced nor treated in the instrumental criterion. The only treatment that can be found in this
literature is the use of “quadrature-based” methods or numerical approximations for which one scarcely
knows the statistical properties as well as the numerical performance.

This is why one of the messages of this section is that one should use these additional implicit con-
straints introducing in turn additional parameters in the instrumental criterion in order to minimize the
asymptotic covariance matrix of the II estimator'”. In order to illustrate this precise point, we show the
following results (proposition 3.3). We first introduce a set of moment restrictions defining the parameters
B7 as follows:

E[g1(wy, 37)] = 0,

o

(3.30)
dim (BY) = ¢ < dim (g1) =71
This corresponds for instance to the case of SNP score generator (q; = r1). Besides, we have at our

disposal additional moment restrictions, introducing additional parameters (:

E [92(wt7ﬁfaﬁ§)] = 03

[e]

(3.31)
dim (65) = q2, dim (g2) = 7o
We define the merged subset of moments associated with g (-,-):
loa [g(wt”@o)] = 07
(3.32)

g(a) = (gl('a')lagZ('a'),)la /3: (ﬁiaﬁé),
With a slight abuse of notations and for sake of presentational convenience, we will refer in the sequel to

(3.30), (3.31) and (3.32) as the instrumental criteria.
Assumption (A12):

'?(gl(wtaﬁl))zo = [ =01,

* BE(glw, ) =0 = p=p"

1" This should be done although when using quadrature-based methods.
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This identification assumption of the GMM criterion is however stronger than the usual global one:

E (g(wi, §)) = 0= § = 5

We have focused on such an assumption because it does correspond to the set-up of the problem we are
examining. Note also that assumption (A12) implies that r; > g1 and r9 > go.
We define the GII estimators 09 7g and 0T ¢ respectively performed through the instrumental criteria (3.30)

and (3.32). We are now able to prove the following results.

Proposition 3.3 : Under assumptions (Al) — (A12), the GII estimator é%*s s always of smaller asymp-

totic covariance matriz than the one obtained for the GII estimator g%ls* and we have:

8Z1 °
891 891 (0 /81)

° as

o, (75) [, (5] "+ (1+2) [

8Z2

— ] o] azl [e] 1
(V22—Vz1vn 1Vz1) {89’ (0°,8°) — Voy Vi 57 (6°, ﬁl)]} ,
(3.33)
where: , oo oo ,
2(0,/8) = (Z1172’2,) (97/6) = -gl [gl (wt(e)wgl) » 92 (wt(9)7/81752)] )
V= ng“as [\/_th wy, 8 ] ,
(3.34)
g:(wtwgo) = g(wtaﬂo) - -? [g('wt,ﬂo)/&T] )
Viin  Via . . .
V:l%l %2],dZij:TiXTj, 27]21727 %j,:%Zu Zuj:172'
Moreover the two asymptotic covariance matrices are equal if and only if:
822 o o 8Z1 °

Proof : See appendiz A.2.

In other words, as soon as (3.35) is not fulfilled, one should perform a GII estimation é\%*s on the criterion
(3.32), whether using quadrature-based methods for imposing the implicit constraint on the structural

parameters or not.
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4 Simulated Asymptotic Least Squares

The main goal of this section is to develop a theory referred to as the Simulated Asymptotic Least
Squares (SALS hereafter) corresponding both to a generalization and to a simulated version of the earlier
Asymptotic Least Squares as proposed by Gouriéroux, Monfort and Trognon (1985).

We first lay out the links between the GII approach and the EMM methodology and show how this can
be interpreted in terms of Minimum Distance estimation using a set of particular “estimating equations”.
This does correspond to the spirit of the ALS methodology and allows an interpretation of the GII ap-
proach. We then recall the main available results from the ALS procedure and extend it to the Simulated
Asymptotic Least Squares.

Both Indirect Inference and Efficient Method of Moments as respectively proposed by Gouriéroux, Mon-
fort and Renault (1993) and Gallant and Tauchen (1996) are nested within the SALS which can be
regarded as the natural generalization of the EMM. Moreover the SALS encompasses the SMM approach
as developed by McFadden (1989), Ingram and Lee (1991) and Duffie and Singleton (1993), but also the
SMM as proposed by Pakes and Pollard (1989) in the semiparametric setting, the Simulated Pseudo Max-
imum Likelihood as developed by Laroque and Salanié (1989) and the SNLS as introduced by Laffont,
Ossard and Vuong (1995) and the GII.

4.1 Generalized Indirect Inference and Efficient Method of Moments

In this subsection we reinterpret the GII approach in terms of the EMM methodology and thus charac-
terize the exact “moment matching” which is performed through GII. We have at our disposal a set of a

priori overidentifying moment restrictions:

Eg(w, B°)] =0, (4.1)

[e]

and we associate to (4.1) the natural extremum estimator Qp (QT’ Ty, ﬁ):

(po0.8) = 1|25 gtun] Ar [25°
QT gTaszg _2 thlg(wt,/g) T thlg(,wt,ﬁ) )

with m lim A = A, (4.2)
T—+o00

and BT = Argmin Qr (QT,ET, 5) :
peB

The GII approach leads to define the IT estimator g}s = Opg(A*) (see theorem 3.1):

-1

Var [\/T (5;5 —00)] = <1+ %) [88—“:(00,6")1/1%(026") ,

z(@,ﬁ) = g [g(wt(e)vﬁ)] ’ (43)
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A natural question is then: Can we build an equivalent indirect estimator in terms of the asymptotic
covariance matrix through an EMM-type estimator?

In order to do so, we introduce the score associated with the instrumental criterion (4.2):

oQr dqg' - [1 &
6—,6 (gTw&TﬂB) = Z 6,6 (wta ) AT ftz:;g(wtwg) ) (44)
and we define the EMM-type estimator 5T5 (X,A):
= _ , 8QT 3QT
Ors (2,A) = Arggggm lS Z ), B ] [S Z ﬁT)] , (4.5)

and where By is defined by (4.2).

Proposition 4.1 : Under assumptions (A1) — (A11), the GII estimator Opg (A*) and the EMM-type one
Ors (X°,A*) where X° = @, (A*)f1 are asymptotically equivalent.

Proof : The proof is obtained by applying Gouriérour and Monfort (1995b) proposition 4.3 to the

extremum criterion (4.2).

Proposition 4.1 enables us to exactly characterize the moment matching. Indeed in light of this result,
the GII estimator corresponds asymptotically to a Minimum Distance estimator minimizing the following

asymptotic criterion:

02! ’
min 0 A z(0,5°| , 4.6
ap 0.5 (1.6
or equivalently 675 (A*) should solve:
02" [~ * o x_(n * o) __
a5 (Brs(0),6°) A%z (Ors(0%), 5°) = 0 (4.7)
If we introduce the function H*" (6, ) as follows:
A* 8Z, %
we can define the estimating equations:
HA* (07 /80) = 07
19
= L0007 = "
816 ) z ) -

In other words, the exact matching corresponds to (4.9) rather than to (4.1). This is the reason why one
may argue that the GII estimator is not fully exploiting the constraint (4.1).2°

However, the use of a Minimum Distance estimator 0 deduced from estimating equations H*" (#,3°) =0
corresponds precisely to the estimation principle developed within the ALS theory. In this respect, the
main purpose of the following subsection is to recall the results available for the latter methodology and

to extend them to the simulation-based case.

18Note that the asymptotic properties of gTs (2, A) are not modified if we replace ¥ by a consistent estimator.

19Note that the estimating equations do depend on A and this explains why our results differ from the ones obtained by
Kodde, Palm and Pfann (1990) in the common ALS literature.

20See next subsection for alternative procedures.
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4.2 Simulated Asymptotic Least Squares

We first start with the ALS as proposed by Gouriéroux, Monfort and Trognon (1985) and extend them
to the SALS approach.

4.2.1 Asymptotic Least Squares theory

We first consider T vectors yi, ..., yr whose size is n. These vectors can be seen as the first 7' terms of
an infinite sequence {y,t € Z} whose probability distribution P, belongs to some given family P.
We assume that there exists a vector of parameters (3 (P), called the auxiliary (or the instrumental)
parameters, defined for any P € P whose values belong to B C IR? a compact set, and for which a
consistent asymptotically normal estimator BT is available; therefore we have:
Assumption (A13):

vT (BT - B°) % N (0,9°), (4.10)

—+00

where 3° = 3 (P,) is the true unknown value of (3, and €2° is some symmetric positive matrix. Besides
we have at our disposal a set of r “estimating equations” also referred to as the null hypothesis H,:
Assumption (A14):

H(6°,5°) =0,

0° € (2) C IR? a compact subset, 3° € l%,
(4.11)
and we assume: H (6,0°) =0 =0 = 0°,

and H(-,-) is continuously differentiable on OxB-

0 is referred to as the structural parameters or the parameters of interest. 6° is the true unknown value
of these parameters of interest.

In this framework, one may consider two statistical problems:

e How to test the null hypothesis H,.

e How to estimate @ under H,2!.

The problem of the estimation of & under H, has been treated by Gouriéroux, Monfort and Trognon
(1985):

~ ~ I ~ ~
Op = Argmin H (9, ﬁT) SrH (9, ﬁT) : (4.12)
fcO
where 7, lim f]T = Y is an r X r positive matrixZ2.
T—+o00 R N
Under assumptions (A13) — (A15), it is shown that 7, lim Oy = 6°, 67 is asymptotically normal and the
T—+o00

2n fact the third problem is the estimation of 3° under H,.
22For sake of computational consistency we have decided to refer to the m,-probability without any loss of generality.
1
Moreover the assumption of definiteness can be relaxed and in that case the identification assumption is : £2 H (6,3°) =
0=10=0"
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optimal choice ¥* of X is:

-1

e |PH go g0y e OH (4o go
x _laﬁ,(e,ﬁ)ﬁ i (H,B)l ;
(4.13)
N oH' OH -
ng“as [\/T (0} - 9°>] = [W (6°,5°) E*W (0°,6°)

~

T = §T (X*) corresponds to the optimal ALS estimators and the regularity conditions that are required
are:

Assumptions (A15):

HI
. 880 (6°,8°) is of full rank p,?
HI
. 885 (0°,5°) is of rank r.
H' H'
Note that since the sizes of 50 (0°,5°) and 88—5 (0°,3°) are respectively p x r and ¢ x r, assump-

tion (A15) implies that p < r <gq.
In order to test the null hypothesis H,, in Monfort and Rabemananjara (1990) it is shown that under
H, and assumptions (A13) — (A15) and additional regularity conditions the statistic &p:

ér = Tin H @ BT)' SrH (0. pr), (4.14)

where 7, lim &7 = ¥* is asymptotically distributed as a chi-square with (r — p) degrees of freedom and
T—+o00
the critical region associated with the asymptotic level « is defined by:

Wo = {&r>xd alr—p)}- (4.15)

4.2.2 Simulated Asymptotic Least Squares

The main goal of this subsubsection is to extend the previous ALS principles to a simulation-based
inference referred to as the Simulated Asymptotic Least Squares (SALS). We want to stress here that the
ALS approach or more precisely the extended SALS one should enjoy some renewal especially in light of
the now increasing literature in macroeconometrics and more generally in econometrics often leading to
restrictions or “estimating equations” of the type (4.11) which are however intractable or for which it is
cumbersome to derive an analytical expression but it is still possible and easy to “approximate” them in
some sense through the use of simulations (including Marcet parametrized type expectations procedures)
or quadrature-based methods.

We first maintain assumptions (A13) — (A15)?*, however since in now most cases H (6, 3) is not known in
a closed form (see subsection 3.2 for examples), we will assume that there exists a simulator Hyg (6, )
such that:

. . 10H o o .
23In the case where X is not definite, we assume that o 20 (6°,8°) is of column rank p.

?4See however the forthcoming remark concerning assumption (A15).
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Assumption (A16):

To
— 0,

e V0, 5€ 0 x B,
" |u(T,8) |3 —+oo

|Ers (0.8) — H (6, 8)

e Hpg(-,-) is continuously differentiable (a.s.),

o Ve >0,7>0, 3AS (e,1),75 (e,1) such that VT > 75 (e,n) :
(A16) 25

* T, (A% (e,m) > 6) <,

* V0,0e0© xB, 3 (9[95: e,y QN open set containing (0,8) with :
Sup HHTS (53 BS - HTS (H’B)HT < AIS"’ (6777) :

a’ﬁeogﬂ,sm

The subscript 1" refers to the T' length data the econometrician has at her disposal and the subscript S
refers indifferently to the number of replications in the case of simulations or to the number of grid points
used in the case of quadrature-based methods. g (-,-) is a non decreasing function in both arguments
on ]Ri. This notation allows us indeed to encompass the SNLS, Indirect Inference, EMM, GII, SMM
methods for which S is fixed and T goes to infinity ; but also the SPML where both S and T goes
to infinity at some proper rate. The only thing that really matters is the existence of a simulator as
defined by (A16) and which, as shown in proposition 4.2, converges uniformly with respect to 0,3 in
To-probability to H (0, 3).

Proposition 4.2 : Under assumptions (A16) and the compactness of © x B, the simulator Hrg (0,05)
converges uniformly with respect to 0, in m,-probability to H (0, 3), that is:

Sup | Hrs (6,8) - H(6,8)| ——0-
0,6€0xB T IW(T,S9)|I3—+o0

Proof : The proof of proposition 4.2 is obtained by simply applying Newey (1991) theorem 2.1. to the

vectorial criterion Hrg (0, ).

For most of the examples?® given in this paper assumption (A16) can be replaced by the stronger ones
(A1) and (AL7): there exists a function Hr (QT,QT,B) such that for s=1,...,S:

25 As already pointed out by Pakes and Pollard (1989), assumption (A16b) is restrictive especially when it has been reported
that for several simulators the assumption of continuity itself is not fulfilled. However the same kind of technics and weaker
assumptions on the simulator can be formulated so as to avoid such a drawback. What is then required is that the limit
H(#,3) is continuously differentiable. The extension of the SALS theory relaxing assumption (A16b) is being processed.

26Gee proposition 5.2 for examples corresponding strictly to assumption (A16).
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Assumption (A17):

To
— 0,
r T—+oo

e V0,3 €0 x B,

|ﬁT (@;(O,zi),zpﬂ) —H(6,5)

o Hp (QST(O, z5), o, ﬁ) is continuously differentiable (a.s.),
o Ve >0,17>0, 3A5(e,1),7 (e,n) such that VT > 75 (e,n) :
(A17)
¥ Mo (A% (e,n) > 6) <,

* V0,6€O©xB, 3055, an open set containing (0,3) with :
Sup |[Hr (§5.0,23), 27, B) — Hr (§5.(0,23), 27, 8) | < &% (e,m)-

a’ﬁeog,ﬁ,sm

In this case we will have:

Vs=1,...,5, Sup
0,3cOxB

[ (530, 20). 2. 8) = H (0,8)] | "0,

for S fixed and g,.(¢, 23) corresponds to a simulated path of the endogenous variables according to (A1)
conditionally on the observed path of the exogenous variables z; and 23 some initial conditions.

Note however that (A16) corresponds to the semiparametric setting whereas (A17) corresponds to the
fully parametric one. For sake of simplicity, we will focus on assumptions (A1) and (A17) rather than on
(A16), however the results extend straightforwardly. We define the SALS estimator f7.5(X) as follows:

!/
0. . 1 SAgS ~s s ) o 1 SAg ~s s )
HTS(Z) = Arage’rg’zn [g ;HT (QT(Oazo)agTa BT)] ET lg SZ:;HT (gT(eazo)azTaﬂT)] ) (416)

where B is defined according to (4.10), 7, lim S = 3 an r x r positive matrix.2’

T——+o0
Note that the SALS estimator 075(X) does not in general collapse to a SMM one since H (0, 3) can

differ from a set of moment conditions for instance through the use of a general extremum instrumental
criterion in the Indirect Inference framework. We are now able to derive the consistency of the SALS

estimator.

Proposition 4.3 : Under assumptions (A1), (A13) — (A14) and (A17), the SALS estimator Opg(X) is
consistent to 0° when T goes to infinity, that is: m, lim O;g(X) = 6°.

T——+o0
Proof : See appendiz A.3.
We assume in addition that:
Assumption (A18):
- . D
(AIS) \/THT (ETagTaﬁ ) m N (Oan) )

27 Again, in the case where ¥ is singular, we assume rather that S5 H 6,8°)=0=0=06°.
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where I, is of full rank r.
Assumption (A19):

. mlim 2 (A7 (500, 20), 20, 8°)] = o (6°,6%)
(A19) Torio0 09 LT \IrVs 2l I o=0> 00 = 77’
~ ’
o T, lim —— OHr (y ,&T,ﬂo) OH (0°,8°) -
T—+o0 8ﬂ T 8'6

Assumption (A20):

e lim Cov{\/TItNIT (gsT(oo,zg),QT, ) \/_HT( (6°, z)lTaﬁo)}

T—400 ©

K.,

(A20)
e lim Cov {\/TﬁT (g;(0°,zg),gT,ﬂ°) oH = (6°,8°)VT (BT - ﬁo)} = Lo,

T—+00 © 86
S

independent of the initial values z* and z¢, for s # ¢ and 5.(0°, z3) corresponds to a simulated path of
the endogenous variables conditionally on the observed path of the exogenous variables and for the initial
conditions zS. Note that in the more general case L, # L, and L, # 0 (see for instance the Indirect
Inference where L, = L, # 0).

We are now able to derive the asymptotic distribution of the SALS estimator 075 (3).

Proposition 4.4 : Under assumptions (Al), (A13) — (A14) and (A17) — (A20), the SALS estimator

ng(Z) 18 asymptotically normal and its asymptotic covariance matriz is given by:

VT (brs(2) - 0°) —2— N (0,Ws(2)),

T—+o00
aH’ o OH o no 718‘H, o no Y oOH o no
ws(e) = |5 . 250 0| S s ) .
OH' o por OH (o o] |
1 oOH o o oaH’ o o
B.(8) = 5 (I — )+ Koot Lot L+ 90 (0%, 59 02500 (0%, ):

Proof : See appendiz A.4.1.

As usual there is an optimal choice ¥* of the weighting matrix ¥ in order to derive the more accurate
SALS estimator §}S = Opg(Z¥).

Proposition 4.5 : Under assumptions (Al), (A13) — (A15) and (A17) — (A20), the optimal SALS
estimator é}s = Ops(*) is obtained when ¥ = $* = 50(5)71 and its asymptotic covariance matriz W§

18 given by:
-1

OH' ~ -10H .5 - (4.18)

W5 = Ws(3) = | S (67,67) 8a(5) ' S5

Proof : See appendiz A.4.2.

31



It is worth noticing that it is implicitly assumed that ®,(S) is invertible rather than
OH OH' OH'

Brd (0°,5°) QO% (0°,5°). In other words, we no longer require assumption (A15b) namely ¥l (0°,6°)
is of full rank . As a consequence, it is no longer required that r < ¢ and this corresponds in our opinion
to a new useful result extending Gouriéroux, Monfort and Trognon (1985) for which » < ¢®®. This latter
requirement is in some sense very ad hoc since one cannot really understand (besides the mathematical
restrictions) why the implicit constraint on the structural parameters 0°: H (6°,3°) = 0 should be such
that the auxiliary parameter vector 3° is of higher dimension than the restrictions H (-,-) of which num-
ber is r.

Moreover, the case where r > ¢ is now widespread in the macroeconometric literature for instance it
corresponds to the SALS estimator that can be deduced from Euler Equations of the type (3.1).

These are the reasons why we advocate the following strategy in order to circumvent the problem of
non-invertibility of ®,(S).

e First, in the simulated ALS framework and in the case where (50(5') is invertible, the above theory
can be applied without having to perform any transformation. However in the case wheEe (fo(S ) is not

invertible, we suggest to modify the simulator INITS(H, () and to use a deduced simulator INITS(H, B,e, N):

Hrs(0,8,2,\) = Hrs(0, 8) + Aers (0, ),

such that &1.5(0,8) L Hrs (0, 6), ‘3—2’ 0>, )T (Br - 8°) 2 (4.19)

j?v[TS(e, B, e, \) satisfies assumption (A16) and X is any given scalar.

In this context, it is easy to see that the transformed asymptotic covariance CI)O(S, €, ) associated with
the deduced simulator ItNITS(O, B,e,A) (and thus with the deduced SALS) is given by:

Bo(S,e,A) = Bo(S) + A2To(S, €),
. (4.20)
U, (S,e) = ng"as [\/TgTS (Qoaﬁo)] ;

S

We now use the fact that the equation:

121 1\ =2
and takes the form E\Ilo(e) + <1 - —> U, (g) under the more restrictive assumptions (A1) and (A17)3°.

det {@O(S, . A)} — det [50(3) +AT(S, g)] ~0,

in A € R" admits a maximum of r solutions (polynomial equation of maximum order r) or is equal to the
polynom 0. In the case where &30(5 ) is singular, A = 0 is one of those solutions. Moreover the polynom

in A% is not reduced to the polynom 0 otherwise it would imply that Tr [@O(S) + )\230(5, )| = 03!, so

that since ®,(S) and EJO(S, £) are non negative matrices, we would have ®,(S) = \iO(S, e) = 0 which

is ruled out here. As a consequence, since there is a maximum of r solutions, it is possible to build a

28We are going to make this statement clearer since so far we still have the requirement that ®, (S) is invertible. We show
indeed that it is possible to modify the simulator such that this condition is fulfilled without any efficiency loss or more
precisely with an efficiency loss that can be made as small as desired.

29This assumption is done for sake of simplicity but can be relaxed.

30Gee appendix A.4.1.

31Gince it corresponds to the factor appearing for the monom of order r — 1.
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sequence {A,,n € IN} such that ET An = 0 and ®,(S, e, \,) is non singular.
n o

Thus we are led to the first case where (fo(S, €, \n) is non singular and the SALS theory can be applied

with a loss of efficiency that can be made as small as desired since Erf An = 0. We make this statement
n o

clearer in the sequel (see theorems 4.1 — 4.2).
The principle, which underlies this modified simulator is that we have introduced some extra random-

ness which can be made as small as desired Br+n An = 0 and such that the deduced SALS criterion or

estimating equations lead to desirable or smooth properties such as the invertibility of (fo(S, £, An).32
e Second, we want to stress here that the aforementioned principle still holds when one is performing ALS

estimation. Indeed, Gouriéroux, Monfort and Trognon (1985) has proposed an efficient ALS only in the

OH
case where — (6°,3°) is of full rank r (and thus r < q), we suggest here and although H (-,-) is known

g
in a closed form to use modified estimating equations H(-,-) (that is an SALS estimator) introducing

some extra randomness vanishing at the limit and such that the modified asymptotic covariance matrix
= OH OH'
®,(S, e, \,) is non singular and close to ®, = a7 (0°,6°) Q° e (0°,5°).

We now state and prove one of the main mathematical result of this paper enabling a rigorous mathe-

matical statement of the previous intuitive strategy.

Theorem 4.1 : Let A (r xp), ¥ (r xr), ® (r x r) be three matrices such that r > p, ® and X are
symmetric non negative, we do not impose any invertibility assumption on either ® or on X except that

rank (Z%A) =p. Then the following program:

Inf {W(4,0,)=[A'S4] ' As0enA[AnA] '], (4.21)
ves, (IR)

where Sy (IR) is the set of symmetric non negative matrices (and we have imposed rank (Z%A> =p)is
such that:
I. In the case where @ is singular, 4.21 does not admit in general a unique minimal element. Thus
4.21 s written with an abuse of notations and has no unique solution in the “Zorn” sense. However,
we have the following properties. For all ¥ symmetric, non negative and non null matriz:
(i) there exists a symmetric non negative matric B* (A, ®, V) such that for all X €
Sy (IR) and rank (E%A) =p:

W (A, ®,%) >> B*(A,9,7)-

(i) ¥V e >0, 3 ® (®,W,¢), by (D, W, ) two positive matrices such that:
~ ~ ~1
£ D(0,0,e) = [8(2,0,0)]
« Hé(@,\y,s)—@H <e,
T

* HB*(A,@,\I;)—W(A,é(@,ql,g),i(q),qf,e))u <e,
"

where ||-||,. is any norm on M, (IR) the space of square matrices of size r x r.

We will refer to B* (A, ®, V) as the lower efficiency bound in the direction of ¥ and associated with

32Note that 50(5,5, Ar) can be made as close as desired to 60(5) but we have &, (S,e,An) >> 60(5).
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given (estimating equations) A, ®. The word direction has to be taken here stricto sensu. Indeed, we
focus here on o (®, W, e) which are convex combinations of ® and V. However extensions of this theorem

r(r+1)

to the case where the direction is not the straight line (in the dimension) are straightforward

and the same kind of proofs are available. In those cases, one is implicitly specifying a particular way of

+1) L . .
M dimension is a priori possible. We have

reaching the target ®: any curvilinear direction in the
decided here to start with the most natural one: the straight line.

Of course, we have that for any Vi and V¥s non negative (symmetric) matrices that B* (A, ®,WUy)
and B* (A, ®,Ty) are either not comparable or equal. We cannot have indeed B* (A, ®,¥_;) <<
B*(A,®,9;),i = 1 or 2, and where << is here taken strictly. Moreover, if there exist Ay > 0 and

Ao > 0 such that \\Vy << U1 << AWy, then B* (A,(I),\Ifl) = B* (A, D, \112).

II. In the case where ® is invertible, the infinimum is unique and reached as follows:

Inf {W(4,9,5)=w (48 ")=[ae"14] (4.22)
ses, (IR)

In other words, theorem 4.1 extends the latter results to the case where ® is non invertible.

The proof proceeds in three steps:

1) We first show that for any symmetric non negative and non null » x r matrix U, there exists a
decreasing sequence {\,,n € IN} with RETOO An = 0 and such that @ (®,W, ;) =@+ A,V is invertible,
decreasing in n with respect to the order >> and has a limit when n goes to infinity that we denote

~ - -1
B (A4,2,0) = lm W (A48 (@ v, [8@ 0] ).
2) Second we show that, V ¥ € S, (R) (rank (E%A) =p), Yn € IN:

W (A,ci (®,T, \,) ,z:) >> W <A, 3 (®,0,\,), [ci (D, Q,An)]1> :

3) Third, we prove that:
lim W (A,(T)(@,\IJ,AR),E) =W (4,2,%),

n——+00
~ ~ -1
and since we know that B* (A, ®,¥) = Br+n w (A,CD(CD,\IJ,AR), [(I> (<I>,\I/,)\n)] >, we conclude by

analyzing the spectra that, V ¥ € S, (IR) and rank (Z%A> = p, V ¥ symmetric, non null and non

negative r X r matrix:

W (A,®,%) >> B*(4,9,7),
33
~ ~ -1
lim W <A,<I>(@,\I/,>\n), [cp (<1>,\11,,\n)] ) = B*(A,9,7)-

n—-+00

Of course, in the case where 7 = p and thus A is invertible, we have:

VU € S, (R), B*(A,® 0)=DB"(A,d) =A""04" .

Proof : 1) Let U be any non null non negative matriz of size r xr. We define o (@, U, \) =P+ AV and

we restrict X > 0 without any loss of generality. Taking into consideration that the equation in A > 0 :

33The proof of II is provided in appendix A.4.2.
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det ( (®,V A)) = det (® + A\V) = 0 has a mazimum of r solutions and that the polynom det ( + A¥) is

not reduced to 0 (since Tr (Cf) (@, ¥, A)) =Tr(®+AV)=Tr(®)+ AXTr (V) > AXTr (V) >0 for A >0),

we have that there exists a sequence {A,,n € IN} such that ll)r_il_l An = 0, {An,n € IN} is a decreasing
n oo

sequence and ¥ n € IN, d (®, ¥, \,) is non singular. Indeed take any sequence {un,n € IN} such that

ET pn =0 and {un,n € IN} is a decreasing sequence, then take a suitable subsequence A, = Poy(n) such
n

that V' n € IN, A\, # A\f i =1,...,r, where X} are the solutions to the equation det (® + AV) = 0. In so

doing, you will only have to avoid a mazximum of r points. Moreover:

o B(D,W,N11) — B (D,T,X) = (A1 — An) ¥ <<0,n € I,
and where the inequality is a strict one.

e W(AB@UN),F @A) ) = [4F@w,0,) 4]

Since ® (B, T, A\py1) << (B, T, \,) (with a strict inequality), we have:
~1 -1
W (A, ® (2,9, 0, 11), (2,0, 11) ) << W (4,8(2,9,1,),&(S,¥,1,) ) ,n € IN-

We thus define, applying lemma 4.13* to the ordered chain
{W (A (B, T, \,),® (P, T, \,) 1) ,n € ]N}, the minimal element B* (A, ®,¥):

* = In -1
B* (A,®,0) _T{EI{V{ (A(I)((I)\IJA) d (P, T, \y) )}

:ngrwa(A B (P, 0, 7,), 8 (2,0,0,)" )
2) The proof of ¥V X € S, (IR) (rank (Z%A> =p), Vn € IN:
W(A,ci(cp,q/,xn),z) >>W<A O (0,1, \,), [ (@, T, \ )] 1),

corresponds to the application of the result proved in appendiz A.4.2. and where:

D, (S) — &(®,%,)\,), ne,
8H’ [e] o] !
90 (9 7/8 ) — A7

by — 3,

and the arrow means “is replaced by”.

3)

HW (4,8 (®,,1,),3) = W (4,0,%)
.

|farsa)t ars (& (@, 9,0,) - @] £A[a'2A] !

= |[a2a) t aswna [A’EA]”HT An

r

34This lemma states that any decreasing sequence of non negative symmetric matrices with respect to the partial order
<< has a unique limit which is a symmetric non negative matrix. See appendix A.4.3. for the proofs.
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=0,

T

e lim HW (4,8 (@, ,\),3) - W (4,2,5)

n—-+00

=0,

r

e RETOOHW(A,ci(q),qf,xn),<T>(<1>,\1/,,\n)‘1)—B* (A,®,0)

o VX €S, (R), rank (Z%A) =p,
W (A, (2,7,\,),5) >> W (4,8 (2,7,),), (@, \I/,An)_l) :

We deduce that W(A,&)(@,\I/,)\H),Z) — W(A,é(@,\lf,)\n),5(@,\11,)\“)71) is a mon negalive ma-
triz for all n € IN and converging to W (A, ®,%) — B* (A, ®, V) when n goes to infinity. We
define 7(A,0,5,¥) = W (4,0,%) = B*(4,0,0) and 7, (4,9,5,¥) = W (4,8(®,¥,1,),%) —
W(A,i(@,q;,,\n),é(@,m,xn)‘l).

Tn (s °) 18 a symmetric, non negative matriz for all n € IN, 7(-,-,-,-) is a symmetric matriz
and we also have that nEIJPooTn (A, 2,2, 0) = 7(A,®,%,¥). Therefore nETooSp [Tn (A4, D, 2, ¥)] =
Splr (A, @,2,V)]. We know that Sp[r, (A, ®,2,V)] € (Ry) /{0,...,0} = Sp[r(4,®,%,¥)] €
(IRy)" ; or in other words that T (A, ®,3,¥) >> 0.

The proofs of the efficiency bounds properties, namely that they do not depend on the chosen se-
quence {Ap,n € IN} and that if there exist Ay > 0, Ao > 0 such that M ¥y << ¥} << VU=
B* (A, ®,0,) = B* (A, ®,U5), are given in appendiz A.4.4.

This corresponds to the results announced in theorem 4.1. The principal difficulties come here from the
fact, that we have an order >> over the square symmetric matrices set, which is not total, therefore and
as usual the Zorn lemma does not ensure the existence of the infinimum (4.21), that the passage at the
infinity limit is thus no longer straightforward and that @ is singular. We have decided to take the point
® as the heliocenter and then build ordered chains which here correspond to the radiuses (®, ¥). This
circumvents the problem of unordered space with respect to >>. Then along those radiuses, we have
defined the efficiency bounds in the direction of U: B* (A, ®, ¥). It is important to realize that a priori
B* (A, ®,7) does depend on the “walk” from ¥ to ® (linear, curvilinear,...)

Moreover, we also want to stress that:

e On the one hand, the proof sketched above straightforwardly extend when rather than focusing on
®(®, W, \,) of the form ® + A\, ¥, one uses general forms @, (®) such that ngrfoo ®, (®) = @ and
{(fn (®),n € lN} is non singular. In this case, what is required is that the chain {(fn (®), n€e ]N} is
ordered with respect to >>.

e On the other hand, one may wrongly think that theorem 4.1 is solely due to the particular functional
form of W (A, ®,%). However, it turns out that this functional form plays a subordinate role in the proof
and what really matters is that: W (A, -, ) is continuous with respect to ® and W (A, ®, ®~!) respects
the order >> whenever ® is non singular: ®; >> &y —= W (A,<I>1, @1*1> >>W (A, <I>2,<I>271>.

In light of the two previous remarks, we are now able to state the following generalization of theorem 4.1.

Theorem 4.2 : The following program:

Inf {W(®,%)}, (4.23)
zes, (IR)
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where S, (IR) is the set of symmetric non negative matrices and W (®,%) is a non negative matriz such
that:

e VOe S (R), 3B(®)/ V€S, (R), W(P,%) >> B(®)=W (2,6 (®71)),
where € is some known function, £ : S} (IR) — Sy (IR), S} (IR) is the set of

r
symmetric, positive matrices,
o W (%) is continuous in ® for all ¥ € S, (IR),

o W (®,&(®7Y)) is compatible with the order >>, that is: ®1 >> ®g =

W (®1,¢ (@171)) >> W (82,6 (9:71)),
s such that:

I. In the case where ® is singular, 4.23 does not admit in general a unique minimal element. How-
ever, we have the following properties:

(i) For all ordered and decreasing chain {én,n € ﬂV} (with respect to the partial order >>) and such
that lim ®, = ®, there exists a symmetric non negative matriz B* (@)% such that for all ¥ € S, (IR):

n—-+o0o

W (®,%) >> B* (9)-

(ii) V e >0, 3 no, Sy a positive matriz such that for all n > ne:

* H&)n - Q)H <€,
r

« HE* (@) - W (&)n,g (6;1))

where ||-||,. is any norm on M, (IR) the space of square matrices of size r x r.

<eg,
r

II. In the case where @ is invertible, the infinimum is unique and reached as follows:
Inf {W(®,%)} =W (2,¢(e7")) =B (@) (4.24)
zes, (IR)

In other words, theorem 4.2 extends the latter results to the case where ® is non invertible.

Proof
1) Since {CT)n,nE]N} 15 a decreasing ordered chain, we have <T>n+1 << <T>n,n € IN. Moreover

W (®,£ (D)) is compatible with the order. This implies that {W (én,é’ (5;1)) ,n € lN} is a decreasing
ordered chain. By lemma 4.1., there exists therefore a non negative matriz B* (®) such that:

% _ n Nn, NT—LI ’
B @)= tng (i (e (357)))

= lim W (&)n,g (ci,;l)) :

n—-+0oo

2)VS € S, (R), W (én,z) >> W (én,g (é;l)) :
3) VX e S, (R), W(-,X) is continuous = lim W (&)n, E) =W (2,%).

n—-+0o0o

35Therefore a priori depending on the sequence itself or in other words on the way one reaches the target ®.
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To summarize, we have:

=0,

T

e lim Hw(én,z)—W(@,z)

n—-+o0o

o lim HW (n,¢ (,1)) - B* (@)

n—-+0o0o

=0,

o VEES (R), W (8,.5) >> W (3.6 (3,1))-

We define 7 (3,%) = W (®,%) — B* (®) and 7, (,5) = W (&)n, 2) —W (&)n,g (ci,;l)).

Tn (5%, °) 18 a symmetric, non negative matriz for all n € IN, 7(-,-,-,-) is a symmetric matriz and we
also have that lim |7, (®,%) — 7 (®,%)||, = 0. Therefore lim Sp[r, (®,%)] = Sp[7 (P,%)]. We know
n——+0o n—-+00

that Sp 1, (®,%)] € (R4+)" /{0,...,0} = Sp[7 (®,X)] € (R+)" ; or in other words that T (®,%) >> 0.

Endowed with theorems 4.1 — 4.2, we are now able to rigorously state the remarks stressed below propo-

sition 4.5.

Theorem 4.3 : We consider the SALS estimator Oy (€, \,) deduced from the modified simulator (4.19):

ok

~ !
rs(&,An) = Argmin {HTS (O,ﬁT,s, )\nﬂ X7
0cO

ﬁTS (O,BT,E, )\n):| , (4.25)

* -1

where m, lim f]% =% =&, (S,e,\n)
T—+o00

sequence converging to 0. B

Then under assumptions (A1), (A13), (A14), (A15a) and that the modified simulator Hyg (6,8, ¢, )

is such that for all {\,,n € IN}, (A17), (A19a) are fulfilled and the earlier assumptions (A18), (A19b),

(A20) on the initial simulator Hrs (0, 5) are fulfilled, the SALS estimator O (€, \n) is consistent, and

{\/T (5;5 (6, ) — 9(’” is

~ = -1
= {@o (S) + A2, (S, 6):| and {An,n € IN} is a decreasing

asymptotically normal. Moreover its asymptotic covariance matriz Var
° as

decreasing with n and we have:

1m1vm~[«?(iSQAM—ﬁﬁ]:B*Gﬁfwamyédsyidsﬁo- (4.26)

n—+oo ©° gs 891

*

In other words, the SALS estimator 054 (¢, \,) can be made as close as desired to the efficiency bound
in the direction of U, (S, ).

Proof
1) The consistency and the \/T—asymptotic normality follow from the _application of proposition 4.4 to
the modified simulator Hrpg (0,08,e,\n) and thus to the modified SALS §T5 (e, An).

or

80/ (007/80)7 @ =

2) The efficiency property follows from the application of theorem 4.1 and where A =
D, (S), U =Us(S,e).

It is clear that the choice of a particular T, (S,e) leads to a particular efficiency bound

H ~ = =
B* (% (0°,8°),2,(5), ¥, (S, 5)), the one corresponding to the direction ¥, (S,¢). In the case where
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the efficiency bound varies with the direction or with the type of direction itself (straight line versus
curvilinear), we already know that the different efficiency bounds are not comparable. Therefore one is

implicitly specifying a particular loss function.

As already announced the SALS estimation nests several other estimation methods and this result is

stated in proposition 4.6.

Proposition 4.6 : The II, the EMM, the GII, the SMM, the SNLS and the SPML estimators are

particular SALS estimators respectively associated with the following estimating equations:
o HM(9,8°) = 5(0) — 3°, and where ,5(9) and (3° are defined by (A3),

HEMM (9 3°) = %«7 [sn (8°)], sn(B°) is the seminonparametric score generator,

o HEI (9 5°) = [(0,A*) — 5°, where B(0,A*) and B° are defined by (3.16) and (3.1),

o HIMM (9 3°) = F[g(wy,0)], where E [g(wy,0)] is computed through a simulator
.ﬁTS(', -) obeying to assumption (A16),

o HSNLS(9) = E[bY —my(0)], where by is the winning bid and mg(0) the associated

moments for the given distribution Fy of the private values,

o HSPML (g g°) = %«7 [5(5°)], 3(B°) is the score associated with the exponential

p.d.f. family. B° correspond to nuisance parameters and again the simulator
Hys(-,-) corresponds to assumption (A16)-

Moreover the indirect and the GII estimators are respectively asymptotically equivalent to the following

SALS estimators associated with the following estimating equations:

dq

o HI(9,8) = 93 (0,8°), and where q(-,-) is defined by (A2),
o HOU(0,0) = HY (0,5 = 55 0.0°) N2 (0,07, 2(0,6) s defined by (316),

and where the natural estimator for the auziliary parameters BT 15 the one provided by the direct es-
timation of the instrumental criterion defined respectively for the Indirect Inference, the EMM, the GII
and the SPML approaches.

Proof : The proofs of these results are straightforward and omitted here, it is indeed just a question of
replacement of each expression by each particular form and of usual asymptotic expansions (see however

the proof of proposition 5.2).

In other words, either SPML, SMM, SNLS, Indirect Inference, EMM or GII estimation just correspond to
a particular selection of “estimating equations” which are not tractable and thus replaced by simulation-

based approximation.
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5 Specification Tests

As for the Indirect Inference and the EMM, we propose a generalized global specification test. We define
the statistic fSALS as follows:

13~ SN KU R _
figﬂéLS =T mun [g Z Hp (QST(an(f)a&TaﬂT)] E% lg Z Hr (g;(ea Z§)7£T7ﬁT)] ) (51)
s=1

fcO 1

where By is defined according to (4.10), o lim &% = &% = &DO(S)_I.

T—+o00
Proposition 5.1 : Under the assumption that the structural model (2.1) — (2.2) is well-specified and
assumptions (A1), (A13) — (A15) and (A17) — (A20), the statistic 5475 is asymptotically distributed as
a chi-square with (r —p) degrees of freedom x*(r — p).

Therefore the test of asymptotic level « is associated with the critical region:

WAt = {e85"° > x3_o(r —p)}- (5.2)
Proof : See appendiz A.5.

In the case of the GII approach, we advocate the following testing strategy. A specification test for the
structural model (2.1) — (2.2) when the instrumental model is of a GMM type is based on a two-steps
procedure.

First, in our general setting, we have to test the overidentifying moment restrictions:
?[g(wtaﬁo)] = 07 (53)

that is the existence of a unique 3° such that these restrictions are fulfilled. This implicitly assumes that
one is performing an overidentified estimation for the parameters §° that is » > ¢. Following Hansen

(1982) overidentifying test we define the statistic &1 by:

! T
fT = Tmm [ Zg wy, 5 ] Ar [% Zg(wtuﬁ)] ) (5.4)

t=1
-1
where A7 is a consistent estimator of A = {Var [ \/_ Z g(wy, B ] } . Indeed, the overidentifying

° as
test has to be performed with an optimal estimator BT of ﬁo. Under assumptions 3.1 — 3.6 of Hansen
(1982), the statistic £ converges in distribution to a chi-square distributed random variable with (r — q)

degrees of freedom: x2(r — ¢). The test of asymptotic level « is associated with the critical region:

o =10 > xialr— )} (5.5)

Second, after having tested the overidentifying restrictions, a specification test for the structural model
(2.1) — (2.2) may be based on the optimal value of the objective function used in the second step of the

indirect estimation method. Indeed we have:
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Proposition 5.2 : Under the null hypothesis that the structural model (2.1) — (2.2) is well specified and
assumptions (Al) — (A11), the statistics:

| LXS:XTla—g,(”(o)ﬁ)K* 1 iz (~S(9)ﬁ)'W
2 S . TS == 96 L T AT\/TSs:u:lg wy(\0), br B
R 1 &g EAT L osT ’ (5.6)
\ [T—Sgga_(w?(O)aﬁT)A*T\/TS;;g(wi(e),ﬁT)] J
( 1 I 69' N~ 1 S T N ~ ’ W
[T > 28 (wt,ﬁT) A% 75 Y9 (wf(e),ﬁT)]
3 S ) t=1 /TS S
TS T - , (5.7)
1 69’ ~ ~, 1 .
\ lf;a_(wt,ﬁT)ATﬁS;;g(wt(e),ﬁT)] J
( 1 S 1 T 9d' N R ~ ) T ) A ;.
[EZ [(Tza—g (wf(9),ﬁT)> AT <—T Zg(wf(e), T)) ]
4 S . s=1 t=1 9 — -
érs = T 5 pp S . 68)
ll > [(lia_g (mﬂo»@)) vt (L ot (@(g)ﬁT)m
\ SS:I Tt:l 816 \/thl /

are asymptotically equivalent and distributed as chi-squares with (q — p) degrees of freedom x*(q — p),

where 7, lim S = By = &, (A*) ! as defined by (3.13) and m, lim A% = A* .
T—+00 T—+00

Therefore the tests of asymptotic level a are associated with the critical regions W, i = 2,3, 4:

Wgc = {f’%s > X%—a(q _p)}7 L= 23 374 (59)
Proof : These results correspond just to an application of proposition 5.1, see however appendiz A.6.

Note however, that under the joint null hypothesis that (2.1) — (2.2) is well specified and (3.1) holds,
the result of proposition 5.2 is available whatever choice of A. But the power of the test against local
alternatives does depend on this choice and is still an issue. In this respect, the test statistic f% g 1=2,3,4
should be jointly performed with the test statistic £%. This test can be seen as a generalized global
specification test as proposed by Gallant and Tauchen (1996) to the case of overidentifying moment type
instrumental criterion. This test can also be regarded as a particular generalized global specification test
as developed for the SALS estimator.
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6 Concluding Remarks

The main messages of this paper are twofold:

e The SMM, SPML, SNLS, Indirect Inference and EMM are particular cases of the SALS approach and
therefore to each simulation-based estimation correspond particular estimating equations.

e The SALS approach enables the treatment of new problems arising from the macroeconometric and
econometric literature which cannot be properly handled within the common simulation-based methods.
For instance, substantial efficiency gains are achieved when one introduces constraints (overidentifying
moment conditions) on the instrumental model. The weighting matrix does no longer correspond to the
classical GMM one.
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Appendices

A.1. Proof of proposition 2.2:

Since the observed endogenous variables y,, can always be regarded as a simulated path of the en-
dogenous variables at the value & = 6° and because of the exogeneity assumption on {z;,t € Z}, it
suffices to prove that 35(0) converges to 3(6).

We have thanks to proposition 2.1:

Voe®, Vs=1,...,85,

. lim Sup|Qr (3.0, 23), 21, 8) — 4 (6, 8)| = 0,
T—+o00 geB

— V€O, Vs=1,...,5 Ve >0, Vn>0, 3Ty, / VT >Ty.,, VBEB:

|

— V€O, Vs=1,...,5 Ve>0,Vn>0, ITy,., /YT >Ty.,:

Qr (206,29, 22.6) a(0.9)] <3| > 13,

() 2 |0 (6.51(0)) < Qr (530,22), 20 B50)) + 5] > 1- 5,

(i) 7o [Qr (530,28),21,0)) < 4 (6.50)) + 3] > 1- 5,

We also have:

v >0, Qr (53(60,2), 21, B7(0)) < Qr (750, 22),20.B©)) + 3.
since 35.(6) corresponds to the Argmin of (2.5). We now define the probability ¥:

U { [q (0.8+9)) < Qr (70, 22), 21, 51 (0)) + g} and

Qr (20,2020, 50)) < (0.50)) + 2] ana

Q1 (530.22), 20 5i0)) < Qr (T30, 21, 5(6)) +
v=n{[0(0.5:0) < Qr (5.0.22).2r.50) + 1]

T { {QT (g;(o,zg),mﬁ(e)) <q (9,5(9)) n Q] } B
o { {q (0.810)) < Qr (7.0, 23), 21, 51 (0)) + Q} o

Q1 (530.22),20.50) <4 (6.50) + 3]}
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T >, { [q (975%(9)) <Qr (g;(@, zﬁ),ipﬁ%(@)) + g} } +

To { |:QT (g;‘(evzg)agTaB(e)) <gq (075(0)) + g] } -1
Using (7) and (i7) we deduce that:
VoeO, Vs=1,..., S, Ve>0, V>0, 3Ty, /[ VT > Thep:

3] &
v (1-% 1—S)—1=1-¢
>( 2>+< 2) ¢

{a(6.5:0) < @r (360,50 5:0)) + 3] and
Qr (20,2020, 50)) < (0,50)) + 2] amd
Q1 (530,22), 20 55(0)) < @r (206,29, 20.5(0)) + 7| |

— {[a(6.8:0) <a(6,59)) +n]}
so that:

mo {[a(0:8:0)) < a (0,80)) +n]} >0 >1-¢,

In other words we have:

VoeO, Vs=1,..., S, Ve>0, V>0, ITy., /[VT >Tph.,:

o {[a(0,30)) <q(0,80)) +n]} >p>1-e

Let now Ny be any open subset of B containing 5(6) (we have assumed that 3(0) € ;3) B NN is
a compact set. We define 3*(6) by:

B*(0) = Argmin q (0, ) -
BEBNNE

We have: VO€ O, ¢ (0,5*(9)) >q (075(0)) )

since () is the unique minimizer of ¢(6,-) and §*() € BN N§. (B(6) € Ny). Let us define
n*(0) =q (0, B*(O)) —q (0, 5(9)) > 0. For this particular value of  we have:
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Vo€ O, Vs=1,...,8, Ve >0, Iy, / VT > Ty :
o {[a (6, 8+0)) < q (6,80)) +7°(®)]} >1-¢,
— W9eO,Vs=1,...,5, Ve >0, ITy. / VT > Ty, :
me{la (6.5:0)) <a(6.5°0))]} > 1=
since 7*(0) = ¢ (9, 3 (9)) g (9, B(e)) >0,
— W9eO,Vs=1,...,5, Ve >0, ITy. / VT > Ty, :
o {BH(0) ¢ BANG} > 1 ¢,

since E*(Q) = Argminq (6, 0),
BEBNN
and 17*(0) = ¢ (0,3*(9)) — ¢ (6,8(6)) > 0-
Or in other words, with a probability approaching 1, 35(0) & BN N§ <= (5(6) € Ny for each Ny open
subset of B containing 3(6). We have thus with probability aproaching 1 35.(0) € Ny i.e.:

Voe®O, Vs=1,...,5,:
e
Bro) = Bo)

A.2. Proof of proposition 3.3:
We have:

AN 1 07 o o 10z, .
var (VIOL)] (14g) = S5 @n e v 0, 0),

I ! 1 82’, o o — a o o

We first use the following matrix lemma:

Lemma: Let VH (7“1 X 7‘1), V12 (7‘1 X 7‘2), V21 (7‘2 X 7‘1), V22 (7‘2 X 7“2), X1 (p1 X 7“1), X2 (p1 X 7“2),

Y1 (r1 X p2), and Ys (r9 X p2), then:

/ -1
X1, Vit Vig i | _ —1 —1 1y, 171 -1
[ Y ] lvzl " ] [YZ ] = X\ Vi ik (X = X0V Wi [Vae = Vau Vi Vae| Ve = Ve Vi '] -

Proof:

Indeed the block-inverse formula gives:

—1
Vit Via
Va1 Voo

o1



with: . . .
(VY =V b+ Vi Was (Vo Va Vi 7,

(V12 = Vi Wi (V1)a,
(Va1 = —(V D) Vo Vi1 71,

1
(V1)gg = (V22 - Vz1VﬁlV12)
So that:

- —1
Vit Via Yy
X, X -
(X1 2)_V21 V22] <Y2>

Vil — Vit Wia (Vg (YQ - V21V11_1Y1)
(X1,X2) )
(V=) (Y2 - V'21V1171Y1)

=XVt (X2 - XiVi V12) V=1, (Y2 - V'21V1171Y1) ;

1
=X Vi1 'Y + (XZ - X1V11_1V12) (V22 - V21V11_1V12) (YQ - V21V11_1Y1) :
We apply the latter lemma to:

821,
06

8Z2’

X, = (Ho,ﬂf), Xo = 90 (00,B0)7 V= Vglras [ th ,wta ] Y1 = X{a Y, = Xé

Noticing also that Vi = Vj;, we thus obtain the result. Since V{; = Vi;, V{, = Vo and
-1
(Vgg — Vgan_lVlg) >> ( (inverse of a positive matrix), we have:

[Vgras (\/Tg%*s)} - (1 + %) — {ng"as (\/Té\g}s)] o <1 + %) =

0 10 ! 15) 10
[823 (0°,8°) = Va1 Vi~ 82 (6°, ﬁl)] (V22 - V21V1171V2’1) L?Z? (0°,8°) = Vo Vi~ 82 (0°,87)] =
0 0 1
where: ¥ = A3 [823 (6°,8°) — Var Vi1 32 (9°,ﬁf)] , A= (V22 - V21V11_1V2'1)
(o] [e] 8'2 ! o] o] —
5 2 (o, ) = o 057 Vir e

A.3. Proof of proposition 4.3:
We have thanks to assumption (A17):

52



Vs=1,...,5, molim Sup

T—+000,3cOxB r

where: f[}(ﬁ,ﬁ) = ﬁT (g;(ea zg)a&Taﬁ) )

S

LS i360,8) - H(®. ﬁ)H —0,

= V S fixed, w,lim Sup 5
s=1

T—+000,cOxB

We define:
- 13 - TS
s=1 s=1

q(0,8) = H(9, 8)'SH(9, B),

Qrs(0,8) — a(0,8)] = 0,

We have (obvious): 7, lim Sup
T—+000,3cOxB

= Ve>0,Vp>0, 3T}, /VT >T!,, V0,3€ O xB:
~ £
m. |[@rs (0.0) 4 0.8) < ] > 1- %,

— Ve>0,Vp>0, 31}, /YT >T!, :

(4) o [q (gTS(Z)ng) < Qrs (HATS(E),BT) + g] >1-—

ot ™

(4) 7o [@Ts (9°,BT) <q (eoﬁT) + g} >1- %,

We also have: Vi > 0, Qrg (ng(Z),BT> < Qrg (00, BT) + g, since ng(Z) corresponds to the unique
minimum of QTS (-, BT)
We now define the probability W:

U =m, { [q (gTS(E)a BT) < Qrs (5T5(2)73T> + g] and

[QTS (90,3T> <q (90, BT) + g} and [QTS @TS(Z),BT) < Qrs (9°,BT) + g} } ;

T =, { [q (gTS(E)a BT) < Qrs @TS(E)’BT> * g] } *
(el <o) 1)
{0 (rs9.50) < Qs (Brs(2).50) + ] o [Qrs (0°50) < (030) + 3]

v > { [q (§TS(E)7BT) <Qrs (gTS(E)’BT) * %] } "

To { {QTS (§TS(Z)7BT) <q (9°,BT) + %] } —1
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Using (z) and (i¢) we deduce that:

2
Ve >0, V>0, 3T, / VT > T x1/><1—§>+(1—§>—1:1—€6

{ [q (§Ts(2),BT) < Qrs (gTS(E)aBT) + g} and [QTS (HO’BT) <4 (HO’BT) + g}

and {@TS (gTs(E)a ET) < Qrs (HO,BT) + ﬁ] } :

6
— (a2
so that:

(o) <ol ) 2o

In other words we have:

NP AL 2
Ve >0, Vn >0, 312, /VT > T, m { [q (0T5(2),5T) <q (0 ,ﬁT) 2]} > >1-

Let é\@(T)S(Z) be any subsequence of Org(Z) converging in mo-probability to 05(%) when T' goes to
infinity (¢(+) is an increasing function from IV onto INV). We are going to show that 6, (%) = 6° and since
© is compact this ends the proof of proposition 4.3.

Indeed since ¢(-) is increasing and 7' and ¢(T') belong to IN, we have VI' € IN, ¢(T') > T (proved by

induction) and:

Ve >0, Vp>0, 3T}, /YT > T}, :

o { {q (Porrs (D). Bomy) < a (6% Bocry) + 727} } 15

Since H(-,-) is assumed to be continuous, ¢(-,-) is also continuous. Moreover since
(%(T)S(E),BW(T)) ﬁ( (2 )BC’) and( (T)S(E),B°) ﬁ (0*( )ﬂ"),we have:

Ve >0, Vn >0, 312, / VT > T7, :

* { Uq (Bonrs(®). Bom) —a (05().6°) | < g]} >1-3
o e { o (onst, ) —a (. 0°) < ]} > 15

We define the probability @ as follows:
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2
Ve >0, Vn > 0, aTgn/VTzTgn:q»(1—§>+<1—5>—1:1——5-

Moreover:

~

{ Uq (ecp(T)S(E)a B@(T)> —q (9;‘;(2),50)

— { Uq (é:p(T)S(E)a B@(T)) -9 (é\W(T)S(E)’ ﬁo)

So that we have:

Ve >0, Vn >0, IT2, [ VT > T2, : m { “q (éw(T)S(z:),Bw(T,) B (@p(T)S(g),ﬁo)

~ o ~ ~ 2e
= Ve >0, Vn >0, E|T62,77 /NT > T52,77 T T, { {q (aap(T)S(E)aﬁ ) <q (Hw(T)S(Z),ﬁw(T)) + g} } >1—-—-
By using exactly the same kind of arguments, we also have:

OA ] o] E
Ve >0, Vn > 0, EITgn/VTZTgn:WOHq(H,ﬁw(T))<q(0,ﬁ)+g”>l_g.

We now define T}, , = maz (Tgm) and we have: Ve >0, Vn >0, 3T, , / VT > T, :

i=1,2,3.
N —~ RPN 2¢e
o { q (%(T)s(z),@p(T)) <q (9 aﬂw(T)) + g}} >1-—,

e { :q (%(T)S(E),BC’) <q (@(T)S(E),me) 4 g] } S1— %7

o {0 Run) <o+ 1)1 L

= Ve>0, V>0, Iy [ VT > Ty mo{[q (Opms(®),8°) <q(6°8) +n]} >1-e
Let now Ny be any open subset of © containing 6° (we have assumed that 6° € (2)) O NN is a

compact set and we have ¢ (6°,3°) = 0. We define 6* by: 0* = Argminq(0,3°) -
0€ONNE,

We have: ¢ (0*,3°) > 0 since #° is the unique minimizer of ¢ (-, 3°) and 6* € © N N,. (6° € Nyo). Let
=q

us define 7*(0) (0*,3°) > 0. For this particular value of  we have:
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Ve >0, I / VT > T : mo { g (Opmys (D), 8°) < ¢ (65,87} > 1-¢,
= Ve>0, I VT > T mo {,0)s(5) € ONNG ) > 1—¢,

since  6* = Argminq (0, 5°),
0€ONNg,

Or in other words, with a probability approaching 1, 6, o(1)s(X) € ONNG = 0, p(1)S 5(X) € Nyo for each
Nyo open subset of © containing 6°. We have thus with probability approaching 1, 6, o(1)s(2) € Ngo ie.:

a<p(T)S(E) Tjoo 0°, that is: 05,(3) = 6°-

A.4.1. Proof of proposition 4.4:

We start with the first order conditions associated with the minimization program (4.16):

0 [HTS (9 ﬁT)] ~ SrVTHrs (gTS(E)aET) =0

90 0=075(%)
Expanding the latter expression around the point (6°, 3°) we have:
0H' ° O 0H o po o o OH o o ) o
o (0°.6°) % [\FHTS(H )+ g OBV (Brs() = 0°) + 525 (67,6 VT (Br = 6 )] + 0r, (1) = 0.
—1
~ OH' oOH OH'
VT [Brs(8) ~0°] = [ ) S (°.0°)| T (67, 57) D
~ oH
Vs (67, + 5 (0% )T (B = 5°) + 0, (1)
[\/T}NITS (0°,6°) + g—g (0°, ﬁo)\/T(BT —ﬁo)] is under assumptions (A13) — (A16), (A18) — (A20)

asymptotically normal with an asymptotic zero mean and an asymptotic covariance matrix given by

®,(S) and:
Ws(z)zl )20 ﬁ°>] S (0.) 28.(5)8 0y

In the semiparametric setting (A16), we have:

OH' oH 1"
0,5 S (0%, )

OH' OH L oH' - OH

|

Bu(S) = Var, [VETrs(6°0°) + 55 (0°0°) VT (5 - °) .

OH'

o} e} /
8ﬁ (0 316 )+£0+£oa

=Var [VTHrs (0°,6°)] + g—g (6°,6°) °

H ~
where L, = hrf Cov {\/_HTS (0°,5°), % (0°,8°) VT (,BT — ﬁo) } This general formula collapses in
T—400 ©
the fully parametric case (Al), (A17) to
S
HTS 90 O = Z ( )7£T7IBO) ’

Var,, [VTirs 0°.5°)] = g Var, lZf A (i 0°,20), wT,ﬁ)],

=5 {Sng“ . [\/TFI% (gs (0°,2%) ,QT,ﬁoﬂ +5(S — l)Coovas [\/Tﬁ% (QST (6°,22) ,QT,BO) ,
VT HE (~€ (0 zo) ,xTHBO)H = %[O + <1 - é) K., s#4-

o6



S
Lo= lim Cov {% Z \/Tﬁ% (g; (6°,2%) ,iTa,@O) ,a—H (6°,5°) VT (BT - 50)} ;
s=1

T 400 © ap

= tim oo {VTHE (3.0°,22) . 6°) 5o 07 ) VT (B — ) } = Lo

T—+o00 © ’ 86’

OH _ _ oH

~ 1 1
Therefore ®,(S) = <1, + (1 - —> Ko+ Lo+ L, + (0°,5°).

S S

D(5) =Var [\/Tﬁm (6°,8°) + VT Aers (6°,°) + g—g (6°,8°)VT (Br — ﬁ)} :

= Var (VT Hys (0°,6°)] + X'Var [VTers (0°,6°)] + g—;{ (6°,5°) Q° 68%

(903/60) + EO + ‘Cga

since &7 (0,8) L Hrs(0,0), g—g (6°,8°)VT (,@T - ,80), therefore: %O(S) = 3,(5) + AQ\TJO(S, £), with
\TIO(S, g) = ng“as [\/ngS (90,50)}.

In the parametric case, we have: EJO(S, ) = %\ii (e) + <1 — %) \f/z(a), with \ii (e) =
Var [VT&; (6°, )] and To(e) = Cov [VT&; (0°,8°) ,VTEL (0°,8°)] s # ¢

A.4.2. Proof of proposition 4.5:

We first prove that:

—oH'
a0

o o Py OH o o
(9 7ﬁ )E@O(S)EW (9 7ﬁ )X

oH' . 9H . ]!
00 (0 7ﬁ)q)o(‘9) —(9 316 )] )

0o’
, -1
861;’ (0°,5°) @0(8)_18—H (0°, ﬁo)] , we thus prove the result of propo-

aH’ o) o) aH o) o)
oH' . oH . |

and then since Wy (&30(5)_1) = [ 90

sition 4.5.

We first define: _
A=Xd,(9)%,

10H
B:A2W(07ﬁ)a

oH' .~ _OH  _

We know that:
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I, —B(B'B)™' B >>0,

— Al>>A"2B(B'B)”'B'A",

— 415> P ) [8;; 0.5 A% (a°,ﬁ°)] SO ),

= 2E(S) B - () [8;;' 0, 5) 5o ()2 00y (9°,ﬁ°)1 h a;;' (0°,6°) >> 0,

— 2 e e {2—160(8)12‘1 -9 ) [8;,{ (0°,0°) 9. ()8 000 (0°, ) R
o (0°,ﬁ°)} R0 (0, 67) >> .

— i 3)as) L i) >> 2 | 2 e ) v (5920 (9°,ﬂ°)]_1 P

- laag’ (9°,5°)60(S)71%(0°,ﬁ°) R << P_18£’ (0°,ﬁ°)2§0(8)2%(0°,ﬁ°)P—1.

A.4.3. Proof of Lemma 4.1:

Lemma 4.1:
Let {W,,n € IN} a decreasing sequence of non negative (symmetric) matrices with respect to the partial
order << over the square symmetric matrices set of order r, then there exists a unique symmetric non

negative matriz W* such that lim W, = W*.36
n—+oo

Proof : Indeed, since {W,,n € IN} is decreasing with respect to <<, we have:

vn E ﬂv, W’I’L << WO7
— VYnelN, Sp(W,) < Sp(W.,),

— vnew’ “Wn“lé “WOHla

where [|[W]|; = Sup |\
i=1,...,r

We now consider M = {W € M, (R) /||Wy]|; < [|[Ws]||;} and where M, (IR) is the vectorial space of
symmetric matrices. M is a compact subspace of M, (IR) and {W,,n € IN} € M. Then, we just need
to show that card{V (W,)} < 1.

Let ¢1 and @9 two increasing functions from IN onto IN, lim ¢1(n) = lim ¢3(n) = +oo and such
n——+00 n——+00

36The norm is any norm on IR~ 2  since in finite dimension, all norms are equivalent. We will focus here on Wi, =

.....
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that there exist W<;1 and W;Q such that:

lim W, ) = |47

n—+o00 e
lim W, =W,

We show that W7 = W7, and this ends the proof of lemma 4.1.

Ve >0, 3no/ ¥ n>no, H -w |, <e

HW

We have W7 << W, (), @ = 1,2 for n € IN, since S’p{W%(n)}, 1 = 1,2 is a decreasing subsequence

Wil <e
1

of Ry". Let now for each n € IN there exists n’ € IN/ ¢i(n’) > p2(n) (since ¢;(n) is increasing and
lim ¢(n) = +00). Since {Wy,n € IN} is decreasing with respect to <<, we have W, ) << W, ).

n—-+0o0o

We also know that W7 << W, (), therefore:
= W}, << Wy,m), forné€ N,

= W, << W2,
again this is just a consequence of the limit of the spectra of W, ) — W .

Using exactly the same tricks and because of the symmetry in the proofs, we also have:

W, << Wz,

® *
= W‘Pl _Ww'

A.4.4. Proof of the efficiency bounds properties:

e We now show that the efficiency bound in the direction of ¥ does not depend on the sequence
{An,n € IN}. Let {\,,n€ IN} and {pu,,n € IN} two decreasing sequences such that lim X\, =

n—-+00

Br+n pn = 0. We denote B* (A, ®, ¥, \) and B* (A, P, ¥, ) the two associated efficiency bounds and
we show that B* (4, ®, ¥, \) = B* (A, D, ¥, u).
Indeed: .

B*(4,0,T,)) = lim W (4,8 (,7,),),8(D,T,\,) ),

n—-+00

B*(A,®,¥,p) = lim W(A (@, V un)@(@,‘l’aun)fl)»

n—-+o0o

-1 -1

W (A, ®(@,7,\), (<1>\11,\)1):[A'<T>(<I>,\11,An) Al

W (A,ci(cp,xy,un),ci(q),xlf,un)’l) = (4% (cp,xlf,un)’lA]_l-

Vn € N3 p(n) € N/ jipgn) < An. Therefore ¥ n € IN, & (®,0, i) << & (8,0, 1),
~ ~ -1 —1
:>‘v’n€ﬂV,W(A,@((I),\I/,uw(n)),@(@,\Il,uw(n)) ><<W(A 3 (D, T, \,),d (@, T, \,) )
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We thus obtain at the limit or equivalently by analyzing the spectra that:

lim W(A (@, 1y )),é(@,\y,uw(n))_l> << lim W (4,8(,W,1,), P (2,¥,),) 1),

n—-+o0o n—-+o0o
— B*(A,®,T, ) << B*(A,®,T, ) -

Symmetrically it is easy to prove that: B* (A, ®, U, \) << B* (A, ®, U, u) and therefore B* (A, ®, ¥, 1) =
B* (A,®,T,\).

e We now show that B* (A, ®,\V) = B* (A, ®, V) for all A > 0. Indeed endowed with the previous no-
tations we have B* (A, ®, A\V) = B* (A, ®, U, ), with u, = A\, therefore the result is straightforward.
e Let now ¥; and ¥y two non negative (symmetric) matrices. Suppose that B* (A, ®,¥;) <<
B* (A, ®,U5) and where the inequality is a strict one. Then V A > 0,4 > 0 B* (A, ®,\¥;) <<
B* (A, ®, u¥9) since B* (A, ®,\¥) = B* (A, ®, V). This implies that:

dne/VYn>ne YA>0,u>0,
W (A, B (0,001, A), & (B, 001, An) ) << W (4,8 (@, 00, 0n) , & (@, 502, 0) ) -

It is crucial to note that this is only true because B* (A, ®,¥;) << B* (A, ®, Uy) with a strict inequality.

Therefore:

~ _ — ~ _ —1
Fn0/ V> n0, YA>0,u>0, [AT(9,AT),),) IA] < [A® (@, 505, 2n) 1A] ,

— Tn,/Vn>n., VA>0,u>0, ®(@AU,\,) << P (D, 1T, \n),
= dn/Vn>ny, VA>0,u>0, A\ << puWs,

= VA>0,u>0, AU << pWs,

= vy =0,

which is ruled out here.

Therefore we cannot have B* (A, ®,¥_;) << B*(A,®,V;), i« = 1, or 2, and where the inequality is
strict. Consequently for all ¥; and ¥y non negative matrices either B* (A, ®,¥;) = B* (A, ®,¥s) or
B* (A, ®,¥;) and B* (A, ®, Us) are not comparable.

We now assume that there exist Ay > 0 and Ag > 0 such that \; Uy << Uy << A\oWy then B* (A4, P, V) =

B* (A, ®,¥s). Indeed:
MUy << Uy,

— B*(A,®,\T,) << B* (A,®,T),

— B*(A,0,0,) << B*(A,®, 1)
For exactly the same arguments, we have B* (4, ®, V) << B* (A, ®, V) and therefore B* (A, ®, V) =
B* (A, ®,Ts).

A.5. Proof of proposition 5.1:

/

¢SALS _ l \/_ZHT (~s (@54Ls”, 5)’£T’BT)] l Z\/_HT (~s (@54L5" 5)’£T’BT)]’
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where 7, lim &%, = (T)O(S)_l.
T%+oo

- Z \/_HT (~s (HSALS . 20), ET’BT) _

:—Z\/_HT( (6, z)xT,ﬂ)—i-%(Ho BT (97615 —0°) +

OH N
a7 O IWVT (Br =) +or, (1)

1 > 7 ~5 o _s o OH o po 8H, o o\ A -10H o no -
:gszlﬁHT(gT(e7zo)7§T7ﬁ)_W(eaﬁ)[80 (0,6)@0(8) 89, (9 ﬁ)] x
OH' ~ OH .

o (0°:5°) [ ZJUh((0z>wﬂ)+&ﬂWB%ﬁ%w—w)+

OH N

a7 O IVT (Br =) +or, (1)

oH . [ew' _ -~ oH . 17'oH' . -
= {Ir 60/ (9 /8 ) l 90 (9 7/8 )q)o(S) W(e 7/6 )] 00 (0 7/6 )(I)O(S) }X
VTH 0 O g 6T (Br — 5° 1
Sz 0 (B0 2,0, 57) + 5 (67,80 VT (Br = %) | + or, (1)
We denote
~ _; 0 =

Arg = (S Z[SZ\/_HT( (0°, z)xT,ﬁ)—i-a—g{(Ho ﬁo)ﬁ(ﬁT—ﬁo)]. We have

A\TS L) N(O, Ir)'
T—~+o00

Szfﬁﬂ(&mwﬁm@)

LOH H' - H !
_8.5) 0 9 10

{Ir—éo(S) e (0°,5°) l 9 (6°,5°) @(S) T (6°, ﬁ")] %

[NIES

OH'
06

l\/h—\

(6°,8°) Do (S)

}AT5+0%(U
We denote:

—1
oH' = .~ -
(07, 57) 84(8)

[NIES

Q = 60(5)

) ) LT, )
W(eaﬁ)lae (0 7ﬁ)q)o(S) W(e 316 )]

-10H

Q is the orthogonal projector on the orthogonal space spanned by the columns of &)O(S ) ? 20

(6°,6°).

Thus we have:
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goars = |3, (S)% (I, — Q) Apg Icio(S)_lcT) (S)% (I — Q) Ars + ox, (1),

= Ay (I — Q) Ars + or, (1),

this proves the result of proposition 5.1.
A.6. Proof of proposition 5.2:

We start with the statistics 5%5, 1=2,3,4:

o f%s = 1 A\%SiTA\%Sv L= 23 374

A2
ATS

S T oy’ s T
= 5 2 X g (0750, 5r) Ko 35 (9100850, 51)

s=1t=1
A3 —lia—gl(w B (63
s =T 25 ts T) T\/—SZZQ( ) ﬁT)

s=1t=1

%SzéiK zggﬁ(wmm)) ( Zg( (1), ﬁﬂ)]

t=1

The expansion of AZTS, i = 2,3,4 around the point (6°,3°) gives:

10 [ .
TS 39 g (@f(e),ﬂ")] VT (0s —0°) +
. s %:15;1 0—0°
T—Szza 7 (Wi (0°) ﬁo)ﬁ(ﬂT—ﬁ )}—i—o (1), 1=2,3,4
s=1t=1
o A= 550 { ZZQ )+ (0%, ) VT (85— 0°) +
8ﬁ s 1t=1 o

8—H(e°,ﬁ°>ﬁ(ﬂT—ﬂ)}+ozo(1), =234

Besides we have: ,

~ LT 1
Br = Argmin [f g (wt,ﬁ)] A7 [T g (wt,ﬁ)] :

pes t=1 t=1
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The first order conditions are:

1 & dg' 1 & .
Z 95 (we, Br) K3 3o g (we Br) =0,

t=1

or equivalently:
liagl(w ﬁ)A Zg(w ﬁ) 0-
Tt:1 8/8 ty MT T\/— ty MT

Expanding the latter expression around the point 8°, we have:

09" | a5 - '
lo; _6,96 (wtaﬁ )- A ﬁ [;g(wta Z::a—g wta (ﬁT_ﬁ) +07To (1) :07
5 2 )| AL S g ) +
C _8,6 ty ] \/thlg ty
-89, o- * ag a o
|5 o8| A" B [ 0008 | VT (Br = ) + 0n. (0 =0
~ a7 0z oy 1 &
\/T(ﬁT—ﬁ)z—la—ﬁw VNG5 (0 ﬁ)] 95 0PI 5 20 (w7 + o, (1),
\/_ ) o\ __ A* 7182, 0°. 3°) A* 1 a o
o VT (Br = 07) = =0 (W) 55 (67, °) 7T 29 we ) Fon (1)
Using the same kind of expansions we have:
P! o o * laz o 4
.\/T(ﬂ%(e)—ﬂ):—Jo(A) 86 Z °) + or, (1),
and thus:
- %'
o VT (Brs () = 7) = =0 (") 55 (07, 6°) A e S0 (09, 6) + on, (1),
s=1t=1
this implies that:
P o * 3z o Qo 1
o VT (Brs (07) = ) = —Jo (A)7 50 (67, B°) A" e

S T
> g (@7 (6°),6°) — g (we, 5°)] + or, (1) -

s=1t=1
Moreover we have that for 1 = 2,3, 4:
—1
o op op op ~ ~ .
X3 o] [e] * * o] * [e] * * o] 7
\/T(HTS_O) laa (0°, A7) Q 69/(9aA) W(eaA)Qﬁ(ﬁTs(a)—ﬁT)vl-Owo(l)a
with:

OF = J, (A*) @, (A*) 7T, (A%),

0B
o0

16,2 o . 0z

Indeed it is easy to show that the three estimators are asymptotically equivalent and that their asymptotic

(6°, A7) = —Jo (A7)~ (6°,5°) -

expansion corresponds to the latter one. Here we have privileged the GII expression which is actually

the common one by virtue of asymptotic equivalence.
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Plugging the different relations into the expression of VT (65 — 6° , ©=2,3,4, we obtain:
TS

~ 97 0z a7 0z !
VT (05 —0°) =~ [@ (0, %) N 7 (0%, 5°) @ (A7) 55 (0%, 6°) A 5 (0°, ﬁ°>] x
82’ o * 0z o ;o * _182 o ;o * 1 > ~35 (O o o
G BN G 67 () G 07 A e S5 0 5 (). ) g )
+ot (1), i=2,3,4
We can now write the expression of ﬁiTS, 1=2,3,4:
YR o 8_Z, o * 0z o Qo a_zl o * 0z o 0 x\—1
ATS_{LI 8,6 (9 ﬁ)A ael(eaﬁ)lae (0 B)A 8/8 (eaﬁ)q)o(A)
0z ' o po 0z o Qo - 0z ' o Qo 0z o o x\—1
8/8 (0 ﬁ )A 80, (0 ﬁ )] 80 (9 /6 )A 8,6 (0 ﬁ )@O (A ) }
O (o, 50) AL 53 0 @ 0°). ) — g BN+ (1), = 2,34
8/8 \/TS P t ) ) To ) )y Ty
1 * % o * 75 6_2 o * 0z o Qo 0z o * Oz o po
ATS_(EO(A) {Iq @ (A) 8ﬁ (0 /B)A 80!(07B)[80 (0 IB)A 6,6 (ev/B)X
* 162’ o * 0z o o 0z o * 0z o o * 7% * *%
¢o (A ) 8ﬁ (0 /8 )A 80, (0 7/8 )] %(0 IB )A 6,6 (0 7/8 )QO (A ) }QO (A ) X
07 .
55 (00 ZZ B°) = g (wi, )]+ 0, (1), i=2,3,4
s 1t=1

We denote by P the orthogonal projector on the orthogonal space spanned by the columns of

* 7—82 o * 0z o Qo : Al A .
D, (A") 2 5B (0°,6°) A % (6°,5°). We can rewrite A%, i =2,3,4:
Apg = @, (A")? PO, (A") 72 0 (6°,5) A" — ES ET lg (@7 (6°), 5°) — g (wr, B°)] + op, (1)
= &, 2 o 2= ) — w ) — g (wy, O, .
s o9 VTS =0 o :

. 1 ~r —~ .
55"’5' = —IAZTSq)O (A*)_IAZTS + 077/ro (1) ) 1= 27 3347

I+ g
ths = {0 S @ ), ) - s}
L+ g s=Li=1
B, (A*) "3 Pd, (A*)Ed, (A*)~1d, (A*)% PD, (M) % x
07 1 S
{0 e 35l 07)) g o o (1), 6= 2.0
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o = ClhgPPCrg +0b (1), i=2,3,4,
TS S To

with:
1 107

Crs =

14+ —= s=1t=1

and Crg % N (0,1,), this ends the proof of proposition 5.2.
—+00
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