Journal of Abstract Differential Equations and Applications
Volume 2, Number 1, pp. 84—-101 (2011)

SoME NONLINEAR INEQUALITIES AND APPLICATIONS

N. S. HoanG™
Department of Mathematics, University of Oklahoma,
Norman, OK 73019-3103 USA

A. G. Ramm’

Department of Mathematics, Kansas State University,
Manbhattan, KS 66506-2602 USA

(Communicated by Alain Haraux)

Abstract. Sufficient conditions are given for the relation lim,_,« y(¢) = O to hold, where y(¢)
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1 Introduction

The stability study of many evolution equations is a study of large time behavior of the
solutions to these equations. In this paper we reduce such a study to a study of the behavior
of a solution y(#) to some nonlinear inequalities. Assume that a nonnegative continuous
function y(¢) satisfies the following conditions

© 1
fo w(y(t))(1+t)adt<oo, 0<a<l, (1.1)
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and

y(t) —y(s) < f f(x,y(x))dx, 0<s<t, (1.2)

where f(x,y) is a nonnegative and locally integrable function on [0, c0) X [0, 00), 0 < w(?) is
a non-decreasing continuous function, and w(¢) = 0 implies ¢ = 0.

The question arises:

Under what condition on f(y,t) does it follow that

lim y() = 0? (1.3)

There is a very large literature on inequalities (see, e.g., [1], [2] and references therein).
The Barbalat’s lemma is an integral inequality used in applied nonlinear control (see [12]).
The inequalities, derived in this paper, are new and are useful in many applications. In
[13, p.227] inequality (1.1) is studied for w(?) = ¢t and @ = 0. In this case condition (1.1)
becomes y € L'[0,00). In [13] it is proved that (1.3) holds if y € L![0, ) and the following
two conditions hold:

y(t)—y(s) < f f(y(x))dx+f h(x)dx, foo h(x)dx < oo, (1.4)
s s 0

Here f and & are nonnegative functions, and f is continuous and non-decreasing. Proofs
of this result can be found in [13] and in [5]. Applications of this result to the stability
study of evolution equations can be found in [13] and references therein. This result is not
applicable if y(¢) = O(t%) as t — oo, where S8 € (0,1), because then y(¢) is not in L'[0, o).
Also, this result is not applicable if (1.2) holds instead of (1.4) and f depends on x.

The second nonlinear inequality we study is the following one:

§(t) < —a(f(g() +b(®), 120, (1.5)

where a,b and g are nonnegative functions on [0,c0), g € C!([0,0)), a € C([0,0)) and
be Lllnc([O, 00)). Sufficient conditions for the relation lim,_, g(#) = 0 to hold are proposed
and justified in [5], see also [7], [8], [9], and [10]. In our paper inequality (1.5) is studied
by a different method and some new sufficient conditions for (1.3) to hold are proposed and
justified.

The paper is organized as follows. In Theorems 2.1, 2.4 and 2.7 and their corollaries,
sufficient conditions for (1.3) to hold are formulated and justified. In Theorems 2.11, 2.13
and 2.14 sufficient conditions for the relation lim,_,, g(f) = 0 to hold are proposed and jus-
tified under the assumption that () is a continuous and non-decreasing function on [0, o).
In Section 3 applications of the new results to the stability study of evolution equations are
given.

2 Main results

Throughout the paper we assume that the following assumption holds.
Assumption A)



86 N. S. Hoang and A. G. Ramm

1. w(t) > 0is a locally integrable function.

2. There exists €y > 0 such that w is non-decreasing on (0, &) and

w(t) > w(ey), V> . 2.1)

3. If w(t)=0thent=0.

This assumption is standing and is not repeated.

Theorem 2.1. Let y(t) > 0 be a continuous function on [0, o),

f ) wO(B)dt < oo, (2.2)
0

and

!
Y0 —y(s) < f FEy@E,  0<s<i, 23)

where f(t,y) is a nonnegative function. Assume that f(t,y) is continuous with respect to y
and that the function G,(§) := supy,<, f(&,¢) is locally integrable on [0, ) for any fixed
v>0. Let

F(t,v) :=f sup f(£,0)dé, v,t>0. 2.4)
0

0<¢<v

If there exists a constant a > 0 such that the function F(t,a) is uniformly continuous with
respect to t on [0, 00), then
tlim y() =0. (2.5)

Proof. 1f (2.5) does not hold, then there exists an € > 0 and a sequence (t,l);’l":1 such that
0<t, /oo, y(ty) = €, VYn > 1. (2.6)
Without loss of generality we assume that
€ < min(a,2¢). 2.7

Since F(t,a) is uniformly continuous with respect to ¢, there exists ¢ > 0 such that

t+0
f sup f(&,y)dé = F(t+6,a)— F(t,a) < s, Yt >0. (2.8)
t 0<y<a 2
Let us prove that
(1) > g Vielt,—6.6],  Vnxl. (2.9)

Assume that (2.9) does not hold. Then there exist # > 0 and & € [t; — 9, ;) such that

€
yE) < 5. (2.10)
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Let
y=min{x: & < x < 7, y(x) > €. (2.11)

It follows from the continuity of y, (2.6), and (2.10) that this v exists, it satisfies the follow-
ing inequality
i—0<E<v<ty, y(v) =€, (2.12)
and
0<yx)<y(v)=€,  é<x<w. (2.13)

From (2.3), (2.10), (2.12), and (2.13) one obtains

302 [ st [ sup fixody

0<(<e

/ (2.14)

" €

Sf sup f(x,0)dx < .

tn=50<{<a 2

This contradiction proves that (2.9) holds.
From (2.7), (2.9), and Assumption A) one gets
tl‘l
f w(y(x))dx > &u(g) >0, V>l (2.15)
1a=0

This contradicts the Cauchy criterion for the convergence of the integral (2.2). Thus, (2.5)
holds.
Theorem 2.1 is proved. O

Remark 2.2. 1f F(t,a) is uniformly continuous with respect to ¢ on [0, 00), then F(z,v) is

uniformly continuous with respect to # on [0, c0) for all v € [0,a]. However, F(t,v) may be

not uniformly continuous with respect to # on [0, o) for some v > a. Here is an example:
Let

. 1 if  0<y<l1
f(x’y)'_{1+(y—1)t it y>1. (2.16)
By a simple calculation one gets
Fltu) = t if 0<u<l 2.17)
Tk @-ns i ozl '

It follows from (2.17) that F(¢,u) is uniformly continuous with respect to ¢ on [0, o) if and
only if u € [0, 1].

From Theorem 2.1 one derives the following corollary.

Corollary 2.3. Assume that y(t) > 0 be a continuous function satisfying inequality (2.2),

y(@) =y(s) < f [8(©e(y() +n(&)ld¢,  0<s<t, (2.18)

where g and h are nonnegative locally integrable functions on [0,0), ¢ > 0 is a continuous
function on [0, 0), and the functions fot g(x)dx and fot h(x)dx are uniformly continuous with
respect to t on [0, 00). Then (2.5) holds.
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Proof. Let
f(xy) = g(x)e(y) + h(x), x>0, y=0.

It follows from the uniform continuity of fot g(x)dx and fot h(x)dx and the local boundedness
of ¢(¥) that the function F(x,a), defined in (2.4), is uniformly continuous on [0, co) for any
fixed a > 0. Thus, (2.5) follows from Theorem 2.1. O

Theorem 2.4. Assume that y(t) > 0 is a continuous function on [0, ),

fo w(O)p()dt < oo, (2.19)

where ¢(t) > 0 is a continuous function on [0, 00), and there exists a constant C > 0 such

that ©
C MaXeer,- € 1P
lim (f——)=co, M :=limsup— A0 0. (2.20)

<
=00 @(2) t—c0 mmge[;_ﬁ,;] (&)

Let f(x,y) > 0 be a locally integrable function on R? satisfying condition (2.3). If there exist
constants a > 0 and 6 > 0 such that the following condition holds:

t
f sup f(x,\)dx < (t— s)Hagn[ax] w(&), O=const>0, t>s5s>1, (2.21)
s €[,

0<{<a
then (2.5) holds.
Remark 2.5. In (2.21) and below the notation s > 1 means “for all sufficiently large s > 0”.

Proof. Let us assume first that 0 < 0 < 1, and call this Case 1. Later we consider Case 2,
namely, the assumption 8 > 1, and reduce it to Case 1.
Assume that (2.5) does not hold. Then there exists an € > 0 and a sequence (#,);’ , such
that
0<t, /oo, ¥(t,) > €, Vn>1, (2.22)

and without loss of generality one assumes that

€ < min (ZaMC, 1%‘)9) (2.23)
Let us prove that
y(t) = (1 -0)e, Yt € [Ty, 0], Y>> 1, (2.24)
where i .
fy =t ty. (2.25)

p————— <
2aMe(ty)
Assume that (2.24) does not hold. Then there exists a sufficiently large 2 > 0 and a £ € [, ;)
such that
¥ < (-0 (2.26)
Let
y=min{x: & < x <5, y(x) > €}. 2.27)
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Then
7 < E<v<ty, (2.28)

and
0<y(x)<y(v) =F¢, E<x<v. (2.29)

It follows from (2.3), (2.21), (2.25), (2.26), (2.28), and (2.29) that

B < y(v) — (&) < ff Oy < L sup f(x,0)dx

0<<e
15
< f sup f(x,0)dx < (t; —1z)0a sup @(&) (2.30)
fn 0<(<a £€lln.ta]
€maxez, 1,1 9(E) -
2Mag(ty)

This contradiction proves (2.24). In the derivation of (2.30) we have used the following
inequality:

MaXeelfy i) $E) _ MW eelti—Cp!(13)03] @(é)
@(t7) Mg, oot (1), PE)

<2M, n>1, (2.31)

which follows from (2.20) for sufficiently large f;, and the factor 2 in (2.31) can be replaced
by any fixed factor 1+ g, where g > 0 can be arbitrarily small if #; is sufficiently large.
It follows from (2.23) and (2.24) and Assumption A) that

In
f ORI 1y = E)e((1 = 6)e) min ¢(©)
tn n=6 Stn

> w((1-6)) € Ming <<, 9(&) (2.32)
- 2aM maxz <¢<y, (&)

> w((1-0)e) >0,

€
2aM(M + q)

where ¢ > 0 is arbitrarily small for all sufficiently large n. From (2.23), (2.20), and (2.22),
one gets

. € . C
lim (zn - MM—M) > lim (t,, - Wﬂ)) - oo, (2.33)
Inequalities (2.32) and (2.33) contradict the Cauchy criterion for the convergence of
integral (2.19). Thus, (2.5) holds.
Consider Case 2, namely 6 > 1. In this case one replaces 6 by ) = %, C by C; =20C,
M by M| = M, defined in (2.20) with the C; in place of C, and, therefore, one reduces the
problem to Case 1 with 8 = % <1.
Let us give a more detailed argument. Let ¢;(7) := 26¢(¢) and C; := 260C. Then

Cy C
L _C s 234
o0 20 '= 234
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This, (2.19), (2.20) and (2.21) imply

J; w(y())e1(1)dt < oo,

max._ ¢ ¢

C et ,
lim (t— _1) = 00, limsup — 7o =M<
[—00 p1(7) t—eo Min._ ¢ @1(&)
gelr- 2511

73
f sup f(x,0)dx < (t—s)= max ¢1(€), 1> 1.
s 0<{<a 2 éelst]

Theorem 2.4 is proved.

Remark 2.6. (1) Conditions (2.20) hold if

max, -
liminfrg() >0,  limsup —tod=orl p(&)
e t—oo  MINge[(1-€)r,1] Qo(é:)

for a sufficiently small € > 0.
(i1) If y(¢) is differentiable, then (2.2) is equivalent to

V(1) < f@, (1)), t>0.

(iii)) Theorem 2.4 holds if in place of (2.21) one assumes that

sup f(t,0) < Cy(1), > 1, C = const > 0.

0<(<a

Indeed, if (2.40) hold then

f sup f(&,{)dé < f Cp(&)dé <C(1—s) gggso(f).

0<{<a
(iv) If ¢(r) is non-increasing, then the second relation in (2.20) becomes

C
ot = 25)
M :=limsup Ul
=00 @(1)

From Theorem 2.4 we derive the following theorem.

Theorem 2.7. Assume that y(t) > 0 is a continuous on [0, 00) function,

© 1
d <1
j{; w(y(t))(l+t)“ t < 00, O<a<l,

YD)~ y(s) < f fay(dx,  0<s<t,

and there exist constants a > 0 and « > 0 such that
! r—s
f sup f(X,f)dXSKa—a, k>0, t>s>1.
s 0<({<a S

Then,
tlim y(t) = 0.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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Proof. Let (1) := 77 t)‘“ a € (0,1]. Then one can easily verify that conditions (2.20) hold
with C = 1/2. Condition (2.21) also holds for this choice of ¢ and 6§ = 2x. Thus, Theorem 2.7
follows from Theorem 2.4. O

Remark 2.8. The assumption a €(0,1] in (2.42) is essential: if @ > 1, then inequality (2.20)

does not hold for ¢(r) = 7 +t)” whatever fixed C > 0 is.

Corollary 2.9. Let y(t) > 0 be a continuous function on [0, 00) and

f " w(y(®)e(t)dt < oo, (2.46)
0

where ¢(t) > 0 is a continuous function on [0,0). Assume that there exists a constant C >0
such that

C MaXee— € ) (&)
lim (f-—)=co, M :=limsup — 2 < oo, (2.47)
=00 @(1) t—00 mlnfe[;_%,t] (&)
t
y(t)—y(s) < f h(&)dé, 0<s<t, (2.48)
N
where h(t) is a nonnegative and locally integrable function on [0, o), and
h(t
A :=limsup Q < o0 (2.49)
1—c0 (1)
Then,
tlim () =0. (2.50)
Proof. Let
f@,y) :=h(), >0, y>0. (2.51)

Let us check that condition (2.21) holds for this f(¢,y) and a = 2A. From (2.51) one gets
f(5,y) <2A¢(1), 1> 1, Yy > 0. (2.52)

This implies

f max f(£.0)dé < f t 2A0(E)dE <2A(t—s) sup @(€),  t>s> 1. (2.53)
s £e(s,t)

This and Theorem 2.4 imply (2.50). O

Corollary 2.10. Let y(¢) > 0 be a continuous function on [0, 00),

f w(y(t )) t)a di<oco, O<a<l, (2.54)

and

y(@®) =y(s) < ft h(€)dé, 0<s<t, (2.55)
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where h(t) is a nonnegative and locally integrable function on [0, o). If

A = limsup h(£)t* < oo, (2.56)
—o0
then
tlim y() =0. 2.57)
Proof. Let () = s, @ € (0,1]. Then conditions (2.47) hold with C = 3 and M = 1, and
condition (2.49) also holds. Thus, (2.57) follows from Corollary 2.9. O

Let us study inequality (1.5) and justify sufficient conditions for relation (1.3) to hold.
Since inequality (1.5) is a special case of inequality (1.2), some of the results below are
obtained by applying results proved earlier for inequality (1.2).

Theorem 2.11. Assume that g > 0 is a continuously differentiable function on [0, o),
80 < —a() f(g(1) + b(0), (2.58)
where f(t) is a nonnegative continuous function on [0,00), f(0) =0, f(t) > 0 for t > 0, and

m(e) = ir>1ff(x) >0, Ve > 0. (2.59)

If a(t) > 0, b(t) = 0 are continuous on [0, co) functions, and

foo a(s)ds = oo, lim @ =0, (2.60)
0 t—00 a(f)
then
tlim g =0. (2.61)
Proof. Let
¢
s:=s8(1) := f a(é)dé. (2.62)
0

It follows from (2.60) that the map ¢ — s maps [0, c0) onto [0,c0). Let #(s) be the inverse
map and define w(s) = g(#(s)). Then (2.58) takes the form

w(s) £ —f(w)+B(s), w(0) = go, (2.63)
where p b(1(s))
, _dw 3 S . B
w' = I B(s) = a0’ }glgoﬁ(s) =0. (2.64)

Assume that (2.61) does not hold. Then there exist € > 0 and (s,);7 ;) such that
0<s, /oo, w(sy,) > €, Yn. (2.65)

From the last relation in (2.64) it follows that there exists 7 > 0 such that

B(s) < @ Vs>T. (2.66)
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Since s, " oo, there exists N > 0 such that s, > T, Yn > N. Thus,

W (sn) < —fW(sp)) +B(sn) < —m(€) + ? <0, Yn>N. (2.67)

Since w(s) is continuously differentiable on the interval (s,—1,s,) and w’(s,) <0, Yn > N,
there are two possibilities:

Case 1: w'(s) <0,n> N, for all s € (s5,,_1, Sn).

Case 2: there exists a point #, € (s,-1, S,) such that w'(s) <0, Vs € (¢,,s,) and w'(z,) =0
where n > N.

We claim that Case 2 cannot happen if n > N is sufficiently large, namely so large that
B(t,) < m(e). Indeed, if Case 2 holds for such n, then

w(t,) =0, w(t,) > w(s,) > €. (2.68)
This and (2.63) imply
0 = w'(tn) < =f(W(tn) +B(ta) < —m(e€) + (1), (2.69)

i.e., 0 <m(e) < B(t,). This contradicts the assumption lim,_,., 5(¢) = O because if 7 is suffi-
ciently large then ¢, is so large that 3(¢,) < m(e).
Since Case 2 cannot happen for all sufficiently large n, there exists Ny > O sufficiently
large so that
w'(s) <0, Vs € (Sp-1,Sn), n> Nj. (2.70)

This and (2.67) imply
w(t) <0, Vi > sy,. (2.71)

Therefore w(f) decays monotonically for all sufficiently large ¢. Since w(¢) > 0, one con-
cludes that the following limit W > 0 exists and is finite

tll)r?o w(t) =W < co. (2.72)
This and (2.63) imply
1igr_lilp w'(5) < lim [—f(w(®) +B(D)] < —m(W). (2.73)
If W #0, then m(W) > 0 and
lilt*n supw’(t) < —m(W) < 0. (2.74)

Thus, w'(t) < —m(W) < 0 for all ¢ sufficiently large. This is impossible since w(z) > 0, V.
This contradiction implies that W = 0, so (2.61) holds.
Theorem 2.11 is proved. O

Remark 2.12. Theorem 2.11 is proved in [5] under the assumption that f € Lip;,.[0, c0) and
f(0)=0, fw)>0 for u>0, f(u=c>0 for ux>1, (2.75)

where ¢ = const. The assumption f € Lip;,[0,00) was used in [5] in order to prove the
global existence of g(¢). In this paper we assume the global existence of g(¢), and give a
new simple proof of Theorem 2.11.
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Theorem 2.13. Assume that g > 0 is a C'([0, 00))—function,

g < —a)f(g®)+b®),  g0)=go, (2.76)

where f(t) > 0 is a non-decreasing function on [0,00), f(0)=0, f(£)>0ift> 0. If a(t) > 0,
b(t) > 0 are continuous on [0, o) functions, and

foo a(s)ds = oo, fooﬁ(s)ds < 09, B() = @, Q.77
0 0 a(r)
then

tlim g =0. (2.78)

Proof. Let s be defined in (2.62) and w(s) = g(#(s)). From (2.63) one gets

w(t) — w(0) + f t Fw(s))ds < f I,B(s)dss f wﬂ(s)ds<oo, Vi > 0. (2.79)
0 0 0

This and the assumption that w > 0 imply

f ) fw(s))ds < 0. (2.80)
0

From (2.63) one obtains
w(s) < B(s), Vs >0. (2.81)

Since fooo B(s)ds < oo, the function ¥ (r) := fOI,B(s)ds < oo is uniformly continuous with re-
spect to ¢ on [0, c0). This, relation (2.80), inequality (2.81), and Theorem 2.1 imply

lim w(s) = 0. (2.82)

This and the relation w(s) = g(#(s)) imply (2.78).
Theorem 2.13 is proved. O

Theorem 2.14. Assume that g > 0 is a C'([0,0)) function,

g1 < —an)f(g(0) +b(),  g(0) = go, (2.83)

where f(t) > 0 is a non-decreasing continuous function on [0,00), f(0) =0, f(t)>0ift>0,
a(t) > 0 and b(t) > 0 are continuous functions on [0,0), and there exists a constant C >0
such that

C max, [t_ﬁ,]a(f)
lim (t— —) = o0, lim sup — Ol < oo. (2.84)
=00 a(?) t—co Milgg, £ a(é)
If
b(t ©
K :=limsup Q < 00, f b(s)ds < oo, (2.85)
f—oo a(t) 0
then

tlim g®=0. (2.86)
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Proof. From (2.83) one gets for all ¢ > 0 the following inequalities

! ! 00
g(t)—g(0) +f a(s)f(g(s)ds < f b(s)ds < f b(s)ds < oo. (2.87)
0 0 0
Thus .
f a(s)f(g(s))ds < co. (2.88)
0
This relation, (2.85), (2.84), and Corollary 2.9 imply (2.86). Theorem 2.14 is proved. O

Remark 2.15. If a(t) = O(M%)y), vy € [0,1), then conditions (2.84) hold for any C > 0. If
a(t) = 0(&) then conditions (2.84) hold if C > 0 is sufficiently small.

3 Applications

Let H be a real Hilbert space. Consider the following problem
iw=A(t,u)+ f(1), @) =ug; [ €C([0,00); H), (3.1
where ug € H, A(t,u) : [0,00) X H — H is continuous with respect to ¢ and u. Assume that

A(t,0) =0, Yt >0, (3.2)
(A(t,u)—A(t,v),u—v) < —y(@®)|lu—v||lw(lu-vl), u,veH, 3.3)

where y(f) > 0 for all # > 0 is a continuous function and w(?) > 0 is continuous and strictly
increasing function on [0, ), w(0) = 0. Here, (:,-) denotes the inner product in H and ||- ||
denotes the norm in H.

The above assumptions are standing and are not repeated. Assumption (3.3) means that
A is a dissipative operator. Existence of the solution to problem (3.1) with such operators
was discussed in the literature (see, e.g., [4], [5], and [11]).

Let

B@® = lf @Il

Consider the following three assumptions:

e Assumption B)

f ) y(0)dt = o, lim pO _ 0. (3.4
0 t—00 'y([)
o Assumption C)
f y(0)dt = oo, @dz < 0. (3.5)
0 o Y
e Assumption D)
= ” 00 1 @ 0
y(t) = 0((1 e ), fo B(t)dt < oo, llrtl’_lillp 70 < o0, 3.6)

where a = const € (0, 1].
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Remark 3.1. Assumption (3.2) is not an essential restriction: if it does not hold, define
f@) = f(®)+ At,0), and A((t,u) := A(t,u) — A(¢,0). Then A;(¢,u) satisfies assumptions
(3.2) and (3.3) and fi(¢) plays the role of f(¢).

Lemma 3.2. If assumptions (3.2)—(3.3) hold, then there exists a unique global solution u(t)
to (3.1).

Proof. Let us first prove the uniqueness of solution to (3.1).
Assume that u and v are two solutions to (3.1). Then one gets

iw—v=A(tu)—A(,v), t>0. 3.7

Multiply (3.7) by u—v and use (3.3) to obtain

Ed_t“u_v” ={A(t,u) —A(t,v),u—v) <0. (3.8)

Integrating (3.8) one gets
1
E(Ilu(t) —v(®)|* = ||u(0) - v(0)||2) <0, vVt >0. (3.9

This implies u(¢) = v(f), Yt > 0, since u(0) = v(0).

Let us prove the local existence of a solution to (3.1).

In this proof an argument similar to the one in [3] or [5] is used. Let u, (), called Peano’s
approximation of u, solve the following equation

u, (1) = ug +f [A(s, uy (s — %)) + f(s)lds, t>0, (3.10)
0

and u,,(t) = uy, VYt <O.
Fix some positive numbers r > 0 and #; > 0. Let

B(uo, r) :={u : |lu—uoll < r},

and

c:= sup (A wll + I f @) < oo. (3.11)
(t,u)€[0,t,1XB(ug,r)

Let
T := min(¢q, I) >0, T) :=sup{t > 0: |lu,(&) —uoll < r, V€ € (0,1]}. (3.12)
c

Let us prove that 7, > T';. Arguing by contradiction, we assume that 7> < T1. Then it
follows from (3.10), (3.11), and (3.12) that

! 1
llun () = uol| < fo (A s, un(s - DI+ I/ ()ds

Tr+(
< fo sup (G + I1F$)I)ds (3.13)

(t,u)€[0,1 1XB(ug,r)
<c(T2+9)
<cT{<r, 0<t<Tr+¢,
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where { = min(%,T 1 —T») > 0. This contradicts the definition of 7. Thus, 7> > T and,
therefore,
|t (8) —uol| < r, Ve [0,T]. (3.14)

Define
Wam = Un (1) — up(2), &mn = Wnn (D)1l t>0. (3.15)

From (3.10) one obtains
1 1
&mn()&mn(t) =(A(t, u,(t - Z)) —A(t, up (1 - Z))’ un (1) = (1))

1 1 1 1
=(A(t,up(t = =) = Alt, up(t = =), up(t = =) = (1 = —))
n m n m

| | | (3.16)
+ (At un(t — =) = At (t = =), un () — un(t = —))
n m n
1 1 1
+ (A up(t — =) = At (= =), (1 — —) — u (1))
n m m
From (3.16), (3.11), and (3.3), one obtains
—igﬁm(t) 5402(l+l), m,n>0, t€[0,Ty]. (3.17)
2dt n o m

Integrating (3.17), using the relation g,,,(0) = 0, and taking the limit as m,n — oo one obtains
1 1

0< lim g2 ()< lim t4c*(=+—)=0,  Vre[0,Ty]. (3.18)
n,m— oo n,m—oo n m

It follows from (3.18) and the Cauchy criterion for convergence of a sequence that the
following limit exists
u(t) := lim u,(1), 0<t<T. (3.19)
n—oo

Passing to the limit n — oo in equation (3.10) and using the continuity of A(¢,«) on [0, c0) X H

and (3.19) one concludes that u(r) solves the equation

u(t) = ug +f [A(s,u(s)) + f(s)lds, Yte[0,Tq]. (3.20)
0

Thus, the local existence of the solution u(f) to equation (3.1) is proved.

Let us prove the global existence of u(t).

Assume that u(#) does not exist globally. Let [0, 7] be the maximal existence interval of
u(t). Then, 0 < T < co. By similar arguments as in the proof of Theorem (3.3) (see (3.32)
below) one gets

d
2Ol = =yOw(llu@ +If O < lf Ol 0<1<T.
This implies
T
@Il < lu(O)]| +f0 If@lld,  0<t<T.

Thus
lu(?)|| = g(¢) < ¢ = const < oo, Yte[0,T). (3.21)
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Let us prove the existence of the finite limit

1i1}1 u(t) = ur. (3.22)
—

Let z;,(t) ;= u(t+ h) —u(t),0 <t <t+h < T. From (3.1) one gets
zp(t) = A(t+ hyu(t+h)) — A(t,u() + f(t+h)— f(©). (3.23)

Multiply (3.23) by z;(#) and get

1d
EEIIZN)II2 < =y(lzaOIDllznOllw|zaOID + lznOIIILf (2 + h) = fOIl- (3.24)

This implies
d
@l <lf@+m=fOl.  0<r<t+h<T. (3.25)

Integrating (3.25) one gets

llza Il < lzn (O] + fo I1f(x+h) = f(0)lldx

<llenO)ll+ T max (lf(z+h) = fOI.

(3.26)

Since limy,—, 1 |[u(h) — u(0)|| = 0 and limy—, o maxg<;<7—7 || f(t + h) — f(2)|| = 0, one concludes
that
I%ir%llu(Hh)—u(t)ll =0, (3.27)

and this relation holds uniformly with respect to 7 and ¢+ A such that < ¢+ h < T. Relation
(3.27) and the Cauchy criterion for convergence imply the existence of the finite limit in
(3.22).

Consider the following Cauchy problem

i=A(tu)+ (1), u(T)=ur. (3.28)

By the arguments similar to the given above one derives that there exists a unique solution
u(t) to (3.28) on [T, T + 6], where § > 0 is a sufficiently small number. From the continuity
of f(¢) and u(?) in t and A(¢,u) in both ¢ and u one gets

lim a(¢) = lim A(t,u) + f(t) = lim A(t,u) + f(¢) = lim a(?), (3.29)
t—T_ t—T_ t—=T, t—>T,

and the above limits are finite. Thus, the solution to (3.1) can be extended to the interval
[0, T +6]. This contradicts the definition of 7. Thus, 7" = oo i.e., u(f) exists globally.
Lemma 3.2 is proved. O

The main result of this Section is the following theorem.

Theorem 3.3. Let assumptions (3.2) and (3.3) hold. If u(t) is the solution to problem (3.1)
and at least one of the assumptions B), C), or D) holds, then

tlim |lu(2)|| = 0. (3.30)



Some Nonlinear Inequalities and Applications 99

Proof. The global existence of u(¢) follows from Lemma 3.2 under the assumptions of this
lemma, or from the results in [4] and [11].

Let us prove relation (3.30).

Multiplying (3.1) by u, one obtains

1d
EEIIM(I)II2 = (A w), u) + (f(2),u) < —y@llullw([lul]) + [ F @]l (3.31)

Since u(t) is continuously differentiable, so is |[u(?)|| at the points ¢ at which ||u(?)|| > 0. At
these points inequality (3.31) implies

d
Ol < =y (lu®I) + 1Ol 120. (3.32)

If |lu(r)|| = 0 on an open interval (a,b) C [0, o), then %Ilu(t)ll =0 on (a,b), and inequality
(3.32) holds trivially, because w(0) = 0 and ||f(®)|| > 0. If |lu(s)|| = O at an isolated point
s > 0, then the right-sided derivative of ||u(?)|| at the point s exists, and

lu(ts+oll _ d
— =l7ul.

ditllu(t)ll = Tl_iglo
and inequality (3.32) holds for this derivative. In what follows we understand by %Ilu(r)ll the
right-sided derivative at the points s at which |lu(s)|| = 0. The left-sided derivative of ||u(?)||
also exists at such points, and is equal to —II%u(s)ll, but we will not need this left-sided
derivative.
Let g(¢) := ||u(?)|| and B(¢) := || f(#)||. From (3.32) one gets

g0 < —y(Nw(g®) +p(n),  t=0. (3.33)

Let a(?) :=y(¢) and b(¢) := B(¢).
If Assumption B) holds, then (3.30) follows from this assumption and Theorem 2.11.
If Assumption C) holds, then (3.30) follows from this assumption and Theorem 2.13.
If Assumption D) holds, then (3.30) follows from this assumption and Theorem 2.14.
Thus, (3.30) holds.
Theorem 3.3 is proved. O

Example.

Let D c R? be a bounded domain with a smooth boundary, H = L*(D), |If ()|l is the
norm of f in H, f(¢) is a locally bounded function of ¢ with values in H. Let H’, £ = 1,2,
be the usual Sobolev spaces. By the Sobolev embedding theorem, the embedding operator
from H'(D) into LS(D) is bounded, so if u € H' (D), then u® € H. Consider problem (3.1)
with y() = (1+1)7%, a = const € (0, 1], || f(®)|| = O(ﬁ), k>1,and A(t,u) :=y(t)L, Ly :=
Lu—u?, where L is a second order negative-definite selfadjoint Dirichlet elliptic operator in
D, e.g., L=A, where A is the Dirichlet Laplacian in D. Then

c

BO=1lf@OI < RN k>1, (3.34)

conditions (3.2) and (3.3) are satisfied for u,v € D(A) = D(A(t,u)), where D(A) is the domain
of definition of the operator A, and D(A) = D(L) = D(Ly), L1(u) := Au— W, namely, D(A) =
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H*(D)N H}(D) c C(D), where C(D) is the space of continuous in D functions with the sup
norm, and the inclusion holds by the Sobolev embedding theorem. The function w(r) in
(3.3) in this example is w(r) = cr, where ¢ > 0 is a constant. This follows from the known
inequality

—(Lu,u) = |[Vul* > c(D)lull?, (3.35)

valid for u € D(A), c¢(D) = const does not depend on u € H& (D). In this example the operator
A is not continuous in H, but the global solution to problem (3.1) exists and is unique (see,
e.g., [4], [11], and [13]). One checks that Assumption D) is satisfied, and concludes using
Theorem 2.14 that (3.30) holds for the solution to (3.1) in this example.

Theorem 2.14 can be applied regardless of the method by which the global existence of
the unique solution to problem (3.1) is established and inequality (3.32) is derived for this
solution.

Let (:,-) denote the inner product and || - || denote the norm in L*(D). Then the usual
ellipticity constant c; = y(f)c(D) in the inequality

cillull® < —y(t){Lu, u) (3.36)

tends to zero as t — oo, so one deals with a degenerate elliptic operator as ¢t — oo in problem
(3.1) in this example.

One can extend the result in this example to much more general nonlinearities. For
instance, if A(t,u) = y(t)[Lu — h(u)], where uh(u) > O for all u € R, and # satisfies a local
Lipschitz condition, then one can derive an a priori bound for the solution u(¢) of (3.1)
sup, llu(?)|| < ¢, and prove the global existence and uniqueness of the solution u(z) to prob-
lem (3.1) using, for instance, the method from [6]. The assumption uh(u) >0 for all u e R
makes it possible to consider nonlinearities /4(x) with an arbitrary large speed of growth at
infinity. Let us outline the derivation of the above bound. Multiplying equation (3.1) by
u, taking real part, using the estimate (Lu,u) < —c|lul]?, the assumption uh(u) > 0, denoting
g:= ||lu||?, and using the relation 2Re(i, u) = g, one gets the following inequality

g<-2cyg+2Ifllg"?,  g(0) = lluol. (3.37)

For simplicity and without loss of generality assume that #y = 0. Then it is not difficult to
derive the following estimate:

t 1
llu()l| < f £ (s)lle™ kY@ gy, (3.38)
0

Using the assumptions
IfON<ecA+n* k>1, yO)=1+0">0,0<a<l,

one obtains from this inequality the following estimate:

suplu(@)|| < ¢ f (1+5) *ds< <. (3.39)
=0 0 k-1
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