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DAMAGE AS THE I'-LIMIT OF MICROFRACTURES IN LINEARIZED
ELASTICITY UNDER THE NON-INTERPENETRATION CONSTRAINT

LUCIA SCARDIA

Abstract. A homogenization result is given for a material with brittle periodic
inclusions, under the requirement that the interpenetration of matter is forbidden.
According to the ratio between the softness of the inclusions and the size of the mi-
crostucture, three different limit models are deduced via I'-convergence. In particular
it is shown that in the limit the non-interpenetration constraint breaks the symmetry
between states where the material is in extension and in compression.

Keywords: brittle fracture, damage, non-interpenetration, homogenization, I'-
convergence, integral representation
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1. INTRODUCTION

The subject of this paper is a homogenization result for a composite material given by a periodic
fine mixture of an unbreakable material and a very brittle one. We consider the case in which the
unbreakable material is arranged in a connected grid (reinforced fibers), while the brittle material
forms a disconnected set of inclusions. An example of such a composite in the two-dimensional
case is illustrated in Figure 1. One of the most interesting points of our analysis is the requirement
that a non-interpenetration constraint be satisfied between the lips of the microfractures.

FicURE 1. Fine periodic mixture at scale ¢.

More precisely, let 2 C R”, with n > 2, be the region occupied by the composite material
and let € > 0 be a small parameter representing the size of the periodic mixture. Let €@ be the
periodicity cell, where @ := (0,1)™. We denote by eI C €@ the brittle inclusion in the periodicity
cell Q.

A displacement of © will be a vector valued function u € SBDy(Q2), the space of special
functions of bounded deformation satisfying homogeneous Dirichlet boundary conditions on 9f).
An admissible displacement has to fulfill also the infinitesimal non-interpenetration condition
[u] - vy, > 0 on the jump set J,,, where [u] is the jump of u and v, is the normal to the jump set (see
e.g. [12]). Physically, this constraint means that the two lips of a fracture cannot interpenetrate.
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2 LINEARIZED ELASTICITY UNDER NON-INTERPENETRATION

The energy associated to a given displacement u will be a Mumford-Shah-like functional F*
consisting of a volume term, representing the elastic energy, and a surface term, penalizing the
opening of a fracture in the material. More precisely

Fe(u) := /Q(Cc‘:u cEudr + /Ju Ja. (g, [u],zm)d’/'{"fl(z), (1.1)

where g, : R" x R® x S"~! — [0, 4+0o0] is a Q-periodic function in the first variable, defined for
yE€Q,z2€R" and v e 8" ! by

Qe ifyeland z-v >0,

) (1.2)
400 otherwise,

gag(y,z,l/) = {
and «. is a positive parameter depending on £ (see Section 3 for more details).

We remark that the density g,. prevents interpenetration of the fracture lips and ensures that
the discontinuity set of u can only be in the brittle part of the material. When u satisfies these
constraints, then the surface term in the energy reduces to a.H"~!(.J,), i.e., our model describes
a brittle fracture according to the Griffith criteria (see [12] for a similar model).

The overall properties of the composite material described by the functional F¢ can be ap-
proximated by a homogenized functional, which is given by the I'-limit of F¢ as € goes to zero.
In our case we assume that o — 0 as ¢ — 0, and we show that the limit model depends on
the behaviour of the ratio %= as ¢ goes to zero. According to this limit, three different models
are deduced via I'-convergence. They do have, however, a common feature: They describe an
unbreakable material. This means that, even if at scale € the material has periodically distributed
microscopic cracks, when ¢ goes to zero no macroscopic crack appears. This is due to the fact that
in the periodicity cell @ the brittle region eI is well separated from the boundary of @) and this
prevents small cracks from glueing together into a macroscopic fracture.

We recall that the case of generalised anti-planar shear has been treated in [21]. The case of
brittle inclusions €I C @ with vanishing distance J. from the boundary of ¢Q and a. = 1 has
been treated in the recent papers [5] and [17].

In this paper we derive three different models corresponding to the limit <= being zero (sub-
critical case), finite (critical case) or 400 (supercritical case).

In the subcritical case, a. << €, the limit functional is given, for u € H(Q;R"), by

fo(u):/ﬂfo(é'u)dx. (1.3)

The limit energy density fy is defined for £ € M"*"™ by the cell formula

fo(€) := inf {/Q(CE({:U +w): E(Ex+w)dr:w e SBDy(Q), Jy C I, [w] -1y >0 ae. on Jw},

(1.4)
where SBD4(Q) C SBD(Q) denotes the functions with periodic boundary conditions on Q). We
notice that fy is anisotropic, even assuming that C is isotropic (see Remark 5.5).

An interesting result is that, due the non-interpenetration constraint, f; fails to be a quadratic
form. Indeed, taking C to be
C=2pl+X2Id® 1d,

where A\, u > 0, (H)ijkl = 6ik:5jla and (Id ® Id)ijkl = 6ij6kl7 it turns out that fo(Id) # fo(—1Id) (see
Lemma 5.3). On the contrary, when the non-interpenetration constraint in not imposed, one can
prove in a similar way to [21] that the limit density is

fo(&) := inf { /Q(Cé’(fx +w): EExr +w)dr:w e SBD4(Q), Jy C I}, (1.5)

which is a quadratic form for every choice of the tensor C. An interpretation of the fact that
fo(Id) # fo(—Id) is the following. For £ = Id the body is subject to a boundary displacement of
pure extension in all directions. In this case, the solutions of (1.4) have discontinuities, since the
non-interpenetration constraint is compatible with the boundary conditions and it is energetically
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convenient to have a nonempty jump set. On the contrary, when £ = —Id, i.e., in a regime of
pure compression, the optimal w in (1.4) is w = 0. This happens because the minimisers of the
problem (1.5) corresponding to £ = —Id are not admissible for (1.4), since they do not satisfy the
non-interpenetration constraint. Therefore the non-interpenetration constraints acts as a selection
mechanism for the minimisers in (1.5).

Another important remark is that the limit energy describes a damaged material. Indeed, for
a large class of matrices £ € M™*™ it turns out that fo(§) S C¢ : &, and this means that the
elastic moduli of the material are reduced by homogenization. Therefore the possible presence of
microfractures at scale ¢ translates into a damage of the material at a macroscopic scale.

In the supercritical regime, o >> ¢, the limit model, for H}(Q;R™), is given by the functional

F(u) = /Q(Cé’u :Eude. (1.6)

Therefore, the (possible) presence of cracks in the approximating problems has no effect in the
limit. Indeed, in this case the e-energy highly penalises displacements having discontinuities, so
that the limit material has the same elastic properties as the original one and no damage occurs.

We want to underline that in this regime the I'-limit is the same as if the non-interpenetration
constraint were not imposed. The feature which makes this case mathematically different from
the corresponding one in [21] is the lack of a lower semicontinuity result in SBD when no a priori
bound on the L*°-norm of the displacements is given. Hence, in order to prove the I'-convergence
result for this scaling, we need a modified version of the proof of lower semicontinuity in SBD
given in [6], where the assumption of the equiboundedness of the L®-norm of the displacements
is replaced by the assumption that the measure of the jump sets of the displacements goes to zero
(see Lemma 7.2).

In the critical regime, a. = ¢, the limit functional, for u € Hg(;R"), is

fhom(u):Afhom(Eu)dm, (1.7)

where the density from is defined for £ € M"™*™ by the asymptotic cell problem

1
Ffrom(§) = . li? o inf { / CE(&x +w) : E(§x 4+ w) + H" ' (Jy) : w € SBDy((0,1)"),
t——+o00 (0,6)7 )
Jw CIN(0,1)", [w] -1y >0 H* tae. on Jw},

and the set I is the periodic set having I as periodicity cell, see (3.1). Notice that this is the
only case where the cell formula involves both volume and surface terms. This is because, when
e = ¢, the volume and the surface terms of F¢ have the same order. Moreover, the limit functional
describes a damaged material, as shown in Lemma 6.4.

The fact that the critical scaling for the parameter a. is € is supported by several results in frac-
ture mechanics (see, e.g., [23]). In particular, Braides and Truskinovsky [9] have recently proved
that, starting from a purely atomistic model where ¢ is the lattice spacing and the interactions
between neighbouring atoms are described by Lennard-Jones-like potentials, the limiting contin-
uous model is given by the Mumford-Shah functional, where the measure of the discontinuity set
is weighted by the parameter ¢.

The plan of the paper is the following. In Sections 2 and 3 we define the mathematical setting
of the problem and introduce the energy functional. In Section 4 we show that the limit functional
obtained via I'-convergence admits an integral representation, while Sections 5-7 are devoted to
the description of the limit functionals in the subcritical, critical and supercritical cases.

2. PRELIMINARIES

In this section we collect some definitions and results that will be widely used throughout the
paper. In order to make precise the mathematical setting, we recall some properties of rectifiable
sets and we include a brief presentation of the spaces SBV and SBD. We refer the reader to [3]
and to [22] for further details.
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A set ' C R™ is rectifiable if there exists No C T’ with H"~!(Ng) = 0, and a sequence (M;);en
of C'-submanifolds of R™ such that
I\ No ¢ | M.
ieN
For every z € I' \ Ny we denote the normal to I' at = by vy, (x). It turns out that the normal is
well defined (up to the sign) for " l-a.e. x € T.

SBV functions. Let U C R™ be an open bounded set with Lipschitz boundary. We define
SBV (U) as the set of functions u € L'(U) such that the distributional derivative Du is a Radon
measure which, for every open set A C U, can be represented as

Du(A) = Du(A) + D'u(A) = /AVu dz —|—/S ﬁA[u](x) vo(2) dH" " (z),

where Vu is the approximate differential of u, S,, is the jump set of u (which is a rectifiable set),
vy, (x) is the normal to S, at z, and [u](x) is the jump of u at z.
For every p €]1, 4+o00[ we set

SBVP(U) ={u € SBV(U): Vu € LP(U;R™), K" *(S,) < +oo}.

If u e SBV(U) and ' C U is rectifiable and oriented by a normal vector field v, then we can
define the traces ut and u~ of u on I', which are characterized by the relations

1
lim —/ lu(y) —ut(z)|dy =0 for H" '-ae. 2 €T,
QB (z)

where BX (z) := {y € B,(z) : (y—x)-v = 0} and B,.(7) is the open ball with radius r and center z.

BD functions. Let U C R™ be an open bounded set with Lipschitz boundary. We define BD(U)
as the set of functions u € L*(U;R"™) such that the symmetric part of the distributional derivative
Du is a bounded Radon measure. We denote with Fu the symmetric part of Du, i.e.,

1
Bu:={(Eu)i}, (Bu)ij = B
We can split the symmetric gradient into its absolutely continuous, jump and Cantor parts with
respect to the Lebesgue measure, as

Eu=E% + E'u+ E°u = Eudz + FPu + Eu.

Sections of BD functions. Let U C R™ be an open bounded set with Lipschitz boundary,
u € BD(U), and let £ € S"~1. We denote by m¢ the hyperplane orthogonal to ¢ passing through
the origin and by U¢ the orthogonal projection of U on me. Let y € R™; the section of U
corresponding to y is denoted by Ug, that is, U5 ={teR:y+t& e U} We can define the
section uf : US — R as u$(t) := u(y + t &) - &, for every t € US. Then, it holds:
(i) for " '-a.e. y € U* the function u$, belongs to BV (US);
(i) (Euly +1€)E, &) = Vug(t);

(i) (€us.) = [ Vusar ), €.l = [ Vu§lan )
() (Fug.6) = [ Duiare ), (o) = [ D an )
() (B ) = [ Do ). (Bl = [ Dru|ane )

SBD(U) functions. We say that a function v € BD(U) belongs to SBD(U) if Eu is a Radon
measure that for every open set A C U can be represented as

Eudx + /J r]A[u] (2) © vy (x)dH" " (z),

Eu(A) = E“u(A) + Flu(A) = /A

where J,, is the jump set of « (which is a rectifiable set), v, (x) is the normal to J,, at x, and [u](z)
is the jump of u at z. We have that if u € SBD(U), then its sections are in SBV (U§) for every
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€ # 0 and for H" l-a.e. y € US. We set, for every p €]1, +o0],
SBD?(U) = {u € SBD(U) : Eu € LP(U; M%), H"(Ju) < +o0}.
Finally, we denote by SBDE(U) the space
SBDE(U) = {u e SBD?(U) : tr(u) = 0 on OU }.

3. FORMULATION OF THE PROBLEM

Let n > 2 and let O C R™ be a bounded open set. We assume for simplicity that 09 is C?,
although this condition may be weakened. Let £ > 0; we consider the periodic structure in R™
generated by an e-homothetic of the basic cell @ := (0,1)". For notational brevity we will use
the superscript € to denote the e-homothetic of any domain so that, in particular, Q¢ := Q.
For every 0 < o < % we denote with (), the cube concentric with () and with side 1 — 2, i.e.,
Qo =(0,1—0)". Let 0 <6 < % be fixed; we assume that every periodicity cell Q° has a brittle
inclusion of the form eI, where I C Q; is a finite union of disjoint sets given by the closure of
domains with Lipschitz boundary. To make the computations more explicit, in some of the results
presented in the paper we will choose I = Q4. We define the periodic set I generated by the
inclusion I, i.e.,

=] T+n), (3.1)

hezn

and the subsets I(g),Q(e) C €, representing the brittle inclusions in {2 and the unbreakable part
of the material, respectively, i.e.,

I(e) :==Qnel, Qe) :=Q\ I(e). (3.2)
Notice that we can split the boundary of Q(g) as 9Q(e) = I'(e) U S(e), where
T(e):=02(e)NoQ and S(e) :=9N(e)NQ. (3.3)

Let C = (Cj;x1) be the elasticity tensor, considered as a symmetric positive definite linear operator
from M7 into itself. It turns out that there exists two constants 0 < o, < ¥ such that for

any § € M7, it holds
O €7 < CE: € <O €)%, (3.4)
where £ : n = trace(én?) = >4 &ijmij and |€]? = € : ¢ is the standard Euclidean norm. Clearly,
the tensor C is symmetric with respect to any interchange of indices, that is,
Cijrt = Criij = Cjipa- (3.5)

The analysis developed in the present paper can be extended to more general measurable and
Q@-periodic functions C. Therefore, in particular, it covers the case of C being constant in I and
in @\ I, but with different constant values.

To every displacement u € SBD3(£2) we associate the energy

Fo) = [ Ceusgude+ [ go(L ) av o),
Q Ju €

where g, : R” X R" x §"~1 — [0, +00] is defined as

« ifyefandz-vzo,
9a(y, 2, v) = :
400 otherwise,
and « is a positive parameter. Owing to the Q-periodicity of g, in the first variable, the function
(5=v)
T = Gal\—H»2,V
€

is Q%-periodic. The volume term in the expression of F*¢ represents the elastic energy, while the
surface integral describes the energy needed to open a crack. More precisely, the density g, forces
the deformation u to have a jump set contained in the fragile part of the material and the lips of
the fracture to avoid interpenetration.
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We assume as in [21] that @ = «, depends on ¢ and goes to zero as ¢ — 0 and we analyse
the asymptotic behaviour of the functional F*¢ in the cases a. < ¢ (subcritical regime), a. ~ &
(critical regime), and a. > ¢ (supercritical regime).

For the purposes of our analysis, it is convenient to rewrite the functional as follows

/ CEu: Eudr + ac H™ 1 (J,) if ue SBD3(),J, C I(¢),
F(u) = & [u] - vy >0 H" lae. on J,, (3.6)
+00 otherwise in L?(£;R™).
Before treating the different cases we have just described, we state a Korn Inequality for perforated

domains, together with an extension result that will be often used in the following. For the proof
we refer to [20, Theorem 4.5, Theorem 4.2], respectively.

Definition 3.1. Let w be an unbounded domain of R™ with a ()-periodic structure, where @ :=
(0,1)™. Assume that the cell of periodicity wN @ is a domain with a Lipschitz boundary. Given a
bounded open set 2 C R™ and a positive parameter € > 0, we set Q(e) := Q New. Moreover, we
set I'(e) := 00 New. We define the space H!(Q(g),'(e); R™) as

H*(Q(e),T(e);R™) := {v € H'(Q(e);R™) : tr(v) = 0 on T'(e)}.
Theorem 3.2. For any vector-valued function u € H(Q(),T'(g); R™) the inequality

||UH (HY(Q(e))™ < kHEUH L2(Q(e)))n*n

is valid, where k > 0 is a constant independent of u and €.

Theorem 3.3. Let Qg be a bounded domain such that Q C Qqy and dist(92,Q) > 1. Then
for every sufficiently small € there exists a linear extension operator T¢ : H*(Q(e),I'(e); R?) —
H}(Qo;R™) and three constants ko, k1, ks > 0 such that

1T ull (@) < kallullar e
||D(Tsu)||(L2(QO))n><n SkaHDuH(Lz(Q(s)))an,
||E(T€u)||(L2(QO))an Sk3|‘EUH(L2(Q(E)))n><n,

for any u e H'(Q(e),T(e); R™), where the constants ko, k1, ko do not depend on e.
Moreover, (T*u)|4 = 0 for any open set A such that A C Qo \ Q, if € is sufficiently small.

4. INTEGRAL REPRESENTATION OF THE ['-LIMIT

In this section we will prove a I'-convergence result for the functionals F¢, together with a
characterisation of the I'-limit via an integral representation. The arguments used in the proof
are independent of the rate of convergence to zero of o, with respect to €, so in this section we
do not need to treat the three cases separately. Moreover, we prove that the limit energy is finite
only on the space of H'-functions, meaning that in the limit discontinuous displacements are no
longer admissible. Nevertheless, a careful analysis of the limit energy density will show that, in
some regimes, the material is damaged (see Sections 5-7).

We first show that the functional F’ :=I' — lim inf. F¢ is finite only on Hg(£;R™).

Theorem 4.1. Let G : L2(Q;R™) — [0, +00] be the functional defined as

0 . : 1 RN
Gu) = /QA Eu: Eudr if u e Hy(C;R™), (4.1)

+o0 otherwise in L*(;R™),

where A% = (A?jkh) is the fourth order tensor with constant coefficients given by the solution of
the cell problem
Aofzgzmin{ (CE:Ewdy:w—fyeH#(Q;R”)},
Q\I
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for § e M5, Then it holds
F'(u):=T— limi(r)lf}'a(u) > G(u) for every u € L*(;R™). (4.2)
e—

Proof. Let u € L?(Q;R™) and let (u°) be a sequence converging to u strongly in L? and such that
Fe(uf) < ¢ < 400. Let us define the auxiliary functional G° : L2(€; R"™) — [0, +-00] as

/ a(f)(c&; cEvdr  ifv e HY(Q(e),T(e);R"),
Q E
+00 otherwise in L?(2;R"),

G (v) = (4.3)

where Q(¢) is defined as in (3.2), and a is a Q-periodic function given by

0 foryel,
a(y) =
1 fory e Q\ I

It is well known that the sequence (G) T'-converges (with respect to the strong topology of L?)
to the functional G defined in (4.1). For further details we refer to [13] and [20]. We are going
to prove that G° evaluated on a suitable extension of u® provides a lower bound for F¢(u®), from
which the claim follows.

As F#(uf) < +oo we have that the sequence (Euf) is equibounded in L2(2(g); M™*™). More-
over, as J,: NQ(e) = 0, by Theorem 3.2 u¢ € H(Q(g); R™. Now, let Qg D Q with dist(£2,9Q0) > 1
and let us denote with 4 € H{(p;R™) the extension of u®, whose existence is guaranteed
by Theorem 3.3. The quoted theorem also ensures that the sequence (£4°) is equibounded in
L?(Q; M™ ™). Hence, by the Korn Inequality we deduce that @° is equibounded in H{ (£0; R™).
We denote by 4 its weak limit in H'. We claim that v = @ a.e. in Q. This follows by the
Riemann-Lebesgue Lemma, as

0=Ilm [ a (g) [u® — ¢ |*dx = 19/ lu — |*dx,
e—0 Q £ Q

where ¥ > 0 is the *-weak limit of a(Z) in L>°(£2). Therefore, from the previous expression we
conclude immediately that v = @ a.e. on 2. Moreover, since by the properties of the extension
¢ € HY(Q;R™) for every Q C ' C Qp (at least for small €), then v € H}(Q;R™). Finally we
have

Fo(u®) = G (a7),
from which we deduce the bound (4.2). O

We now prove that the sequence (F¢) admits a I'-convergence subsequence. This will be done
by proving that the functionals F¢ satisfy a technical estimate (see 4.7). We first need to introduce
some definitions and results that will be used in the following. For further references see [14].

Definition 4.2. Let (G¢) : L2(€2;R™) — R be a sequence of functionals, where the space L?(Q; R")
is endowed with the distance induced by the norm. Define the functionals G’ and G” as follows:

G =T - limiélf G and G”:=T —limsupG°©.
e—

e—0

Definition 4.3. Let A(Q) denote the family of the open subsets of 2. We say that a functional
G : L?(Q;R") x A(Q) — [0, +0o0] is increasing (on A(Q)) if for every u € L%(£2;R™) the set function
G(u,-) is increasing on A(9).

Definition 4.4. Given a functional G : L?(; R") x A(Q) — [0, +00], we define its inner regular-
isation as
G_(u,A) :==sup{G(u,B) : B€ A(Q),B CC A}.
Observe that if G is increasing, then also G_ is increasing.
Definition 4.5. We say that a sequence (G¢) is I-convergent to a functional G whenever

G=(G)_=(G")_.

We have the following general compactness theorem.
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Theorem 4.6. Fvery sequence of increasing functionals has a I'-convergent subsequence.

Since for every € > 0 the functional F¢ is increasing, we deduce by Theorem 4.6 that there
exists a I'-convergent subsequence in L?. In order to pass from I'- to I'-convergence a crucial step
is to show that the functionals F*¢ satisfy the so-called fundamental estimate. The latter can be
seen as an approximated subadditivity of ¢, and it is essential in proving that the limit functional
is a measure. As a first step, we localise the sequence (F¢); that is, for every u € L?(2; R") and
for every open set A € A(£) we define

/ Céu: Eudr + a. H"H(J, N A) if u e SBD?(A),J, C I(g)N A,
Flu, A) = {74 [u] - vy >0 H" tae. on J, (4.4)
+o0 otherwise in L?(2;R™).

For a fixed u € L*(£;R"™) we can extend (F¢)(u,-) to a measure (F¢)*(u,-) on the class of Borel
sets B(Q) in the usual way:

(F*)*(u, B) :=inf {F*(u, A) : A€ A(Q),B C A}.

Next theorem provides an extension of the fundamental estimate to the space SBD?. The proof
ca be simply obtained by adapting the proof of [8, Proposition 3.1], valid for SBV functions, to
the present case.

Theorem 4.7 (Fundamental estimate in SBD?). For every nn > 0 and for every A', A” and B
€ A(Q), with A’ cC A", there exists a constant M > 0 with the following property: for every
e > 0 and for every u € SBD?*(A") such that J, C I1(e)N A" and [u] - v, >0 H" '-a.e. on J,,
and for every v € SBD?*(B) such that J, C I(e)N B and [v]-v, >0 H" '-a.e. on J,, there
ezists a function ¢ € C§°(Q) with p = 1 in a neighborhood of A, spt o C A” and 0 < ¢ <1 such
that

Flput (1— @) v, A'UB) < (14 17) F(u, A”) + (1 +5) F(u, B) + M/ lu — o,
T

where T := (A" \ A') N B.
We can finally state our I'-convergence result for a subsequence of (F¢).

Theorem 4.8. Let € be a sequence converging to zero. Then there exists a subsequence (o(g))
and a functional F° : L2(Q;R™) x A(Q) — [0, +00] such that, for every A € A(),

Fo(,A) =T — nn(l)fff(f)(.,A)

in the strong L*-topology. Moreover, for every u € L2(S;R™), the set function F°(u,-) is the
restriction to A(QY) of a Borel measure on Q.

Proof. Since for every € > 0 the functional F* is increasing, we deduce by Theorem 4.6 that there
exists a subsequence (o(g)) and a functional F° : L?(Q;R"™) x A(Q2) — [0, +00] such that Fo =
T(L?) — lim._o F°). We put a superscipt o in order to underline that the limit functional may
depend on the subsequence. Now we define the nonnegative increasing functional K : L?(Q;R") x
A(Q) — [0, +0o0] as

K(u, A) = /A|5u|2d1: if us € H'(A;R™),
+00 otherwise.

Clearly, K is a measure with respect to A. Moreover, by (3.4) we have that 0 < () < ¢, K for
every € > 0 and by Theorem 4.7 the fundamental estimate holds uniformly for the subsequence
(.7-"’(5)). Therefore, we can proceed as in [14, Proposition 18.6] and we obtain that

F7(u, A) = (F7) (u, A) = (F7)" (u, A)
for every u € L?(Q;R") and for every A € A(Q) such that K (u, A) < +oc.
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Fix A € A(Q2). We observe that from Theorem 4.1 we have the bound F'(-, A) > 9,,G(-, A),

where we have localised the functional G defined in (4.1) as in (4.4). Notice that, by definition,
‘7:0('3"4) = (‘TJ)/("A) 2 '7:/(7‘4)

Hence we deduce that F7(-,A) > 9,,G(-,A). This entails in particular that the I'-limit of
FoE) (., A) is finite only on H'(A;R"), which is the same domain where K(-, A) is finite, and
is given by F7(-, A). This proves the stated convergence for the subsequence (.7-' "(5)).

Finally, F¢(u,-) is the restriction to A(Q2) of a Borel measure on 2. Then, by Theorem 4.7 and
[14, Theorem 18.5] we have that for every u € L?({; R™) the set function F(u, -) is the restriction
to A(€2) of a Borel measure on €. O

We now show general properties for the I'-limit of F*¢, even if, so far, we have only proved
the convergence of a subsequence. The fact that the whole sequence (F¢) converges will follow
from the characterization of the I'-limit, which will depend only on the symmetric gradient of
the deformation and not on the subsequence o(g). This will be done separately for the different
regimes in Theorems 5.1, 6.2, 7.5, respectively. In the remaining part of this section we therefore
assume that the whole sequence (F¢) I'-converges to a functional that we call F, and we omit the
superscript o.

Lemma 4.9. The restriction of the functional F : L?(Q;R™) x A(Q) — [0, +o0] to HE(2;R™) x
A(Q) satisfies the following properties: for every u,v € H}(;R™) and for every A € A(Q)
a) F is local, i.e., F(u, A) = F(v, A) whenever ujs = vj4;
the set function F(u,-) is the restriction to A(Q2) of a Borel measure on §);
F(-, A) is sequentially weakly lower semicontinuous on Hg(€;R™);
for every a € R™ we have F(u, A) = F(u + a, A);
F satisfies the bound

0< Flu, A) < 19M/ Eul2da.

A

Next theorem shows that the functional F admits an integral representation.

Theorem 4.10. There exists a unique quasi-convexr function f : M"™ "™ — [0,4o00[ with the
following properties:

(i) 0< f(&) < OmlE® for every & € M™";
(ii) F(u,A) = / f(Vu)dz  for every A € A(Q) and for every u € H'(A;R™).
A
Proof. Notice that the functional F satisfies all the assumptions of [14, Theorem 20.1], so by
Lemma 4.9 the Carathéodory function f: Q x M"*"™ — R defined as

e FE Bo®)

provides the integral representation
Flu,A) = / f(z, Vu)dz
A
for every A € A(Q) and for every u € L?(Q;R") such that uj4 € H'(A;R™). Moreover the same
theorem ensures that for a.e. x € Q the function f(x,-) is quasi-convex on M™*" and that

0 < f(z,8) <Oy|€]* for a.e. x € R™and for every & € M™*",

The fact that f is independent of the first variable can be proved in the usual way (see for instance
[21, Theorem 5.9]). O

In the next sections we will use a slightly different notation for the I'-limit of the sequence (F*).
More precisely, it will be denoted by F° in the subcritical case, by F™°™ in the critical regime,
and by F°° in the supercritical case.
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5. SUBCRITICAL REGIME: VERY BRITTLE INCLUSIONS

In this section we shall analyse the subcritical case, where the fragility coefficient of the brittle
inclusions in the material is much smaller than the size ¢ of the periodic structure, i.e., %= — 0.

5.1. Cell formula. We localise the sequence (F¢) given in (3.6) as in (4.4). Theorem 4.10 ensures
that it admits a I'-convergence subsequence to a limit functional F°. We shall prove that the limit
density can be characterized in terms of an asymptotic cell problem and that it is independent of
the subsequence. More precisely, the limit energy density is the function fy : M™*™ — [0, +00)
defined as follows:

fo() == inf{/@(&‘)({x—t—w) E(x+w)dr:w e SBD;&(Q),JIU C I, [w] vy >0 ae. on Ju,}.

(5.1)

Next theorem shows that the I'-limit of the sequence (F¢) can be expressed in terms of the

homogenization formula (5.1). The proof is a simple adaptation of the proof of [21][Theorem 5.11]
and therefore will be omitted.

Theorem 5.1. The density f of the limit functional F (see Theorem 4.10) coincides with the
function fy defined by the cell formula (5.1), i.e., for every § € M"*™

f(&) = fo(8).

Remark 5.2. The previous theorem implies in particular that in the subcritical regime the whole
sequence (F¢) I-converges, since the formula for the limit energy density does not depend on the
subsequence. Moreover, from the cell formula we deduce that the limit density function depends
only on the symmetric part of its argument.

When the elasticity tensor C is isotropic and I = Q5 := [§,1 —]", 0 < § < %, we can give a
more explicit description of the density fo, as shown in the following lemma.

Lemma 5.3. Let C be of the special form C = 2ul+ A1d ® Id, pu,A > 0, and let fy be the
corresponding limit density defined as in (5.1). Then it turns out that fo(Id) # fo(—1Id).

Proof. By the assumption on C we have that, for every w € SBD?(Q)
Céu=2pEw+ NEw : Id) Id =2 pEw + N(divw) Id € Mg 7.
First step: fo(Id) S 2pun+ An?.
First of all, we can notice that fo(Id) can be rewritten as
fo(Id) := inf {/ Céw: Ewdzr :w—x € SBD%(Q), Juw C Qs, [w] - 1 > 0 H* '-a.e. on Jw}~
Q

(5.2)
For i = 1,...,n, let us denote with {0Q" s5,0Q" s} the opposite hyperfaces of Qs which are

orthogonal to the vector e;. More precisely,

0Qs = {zr €0Qs :x-e; 2 0}.
We claim that the function w defined as
z  ifreQ)\Qs,
w(z) =
0 if z € Qs,

is a competitor for the minimisation problem in (5.2). Indeed, w —z € SBD3(Q) C SBD;&(Q)

and J, C 0Qs. It remains to check the non-interpenetration condition for almost every = € J,,.
Notice that if 2 € J, N 9Q’ 5 for some i, then

z€9Q’ 5

On the other hand, if # € J,, N Q" 5 for some 4, then

[W](Z)  v() =% -€e; > min (z-¢;) > 0.

[w](#) - v () = & - (—€i) > —129%);5(33 ~e;) > 0.
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Therefore w is a competitor in (5.2), and we obtain by comparison that
foId) < / CéEw: Ewdr = LM(Q\ Qs)(2pun + In?) S 2un + In’.
Q

Second step: fo(—Id) =2pun + An?.

In order to prove this relation it is more convenient to use the characterization of the density
fo in the form (5.1). We are going to prove that w = 0 is a minimiser of (5.1), for £ = —Id. To
this aim, let v € SBD%(Q) be such that J, C Q5 and [v] - v, > 0 H" !~ a.e. on J,. For >0 we
define the function

1
I(n):= 3 / CE(—x +nv) : E(—x + nv)d.
Q

We claim that p

——1(n) >0 (5.3)

dn |n=0
for every admissible v. By convexity, (5.3) is a necessary and sufficient condition for the minimality
of w=0in (5.1), for £ = —Id. We notice that condition (5.3) is equivalent to

/Q(2u +n)Id: Evdx <0 (5.4)

for every admissible v. Let now v be an admissible competitor in the minimisation problem.
Integrating by parts and using the periodicity assumption on v, we have

/ 2u+In)Id: Evdr = —(2u + An) Z/ [03] vy, dH™ L. (5.5)
Q i=1 Ju

As v satisfies the non-interpenetration condition

n

Z[u](x) V,(2) >0 for H" 'ae. x € J,,
i=1
and is arbitrary, from (5.5) follows (5.4), and the claim. O

Remark 5.4. As immediate corollary from the previous lemma we deduce that, in general, the
limit density fp is not a quadratic form.

Remark 5.5 (Anisotropy of the limit energy). We are going to show that the limit energy is not
isotropic, in the case of an isotropic elasticity tensor C. Therefore the isotropy of the elastic energy
is not preserved by homogenization. We recall that for the energy density fy being isotropic means
that, for every & € M"™*"

fo(&) = fo(ER) for every R € SO(n). (5.6)

We will prove that, for the choice £ = —Id, there exists a rotation Ry € SO(n) such that the
equality (5.6) is violated, i.e., such that

fo(=1d) # fo(—Ro). (5.7)

A fundamental step in this direction is the explicit expression of fy(—Id) provided by Lemma 5.3.
We will prove (5.7) by showing that fo(—Ro) S C(—Rp) : (—Ro) = fo(—Id).

Let € € M?yx,,? be a diagonal matrix. We denote with (v1,...,1,) its eigenvalues. We will prove
that the minimality of w =0 in (5.1) forces 11 = --- = v, < 0.

Let v € SBD%(Q) such that J, C Qs and [v] - v, > 0 H" '~ a.e. on J,, and let n > 0. We
define

I(n) = ;/Q(CE(&E—an) :E(Ex+nv)de.

Let us suppose that w = 0 is a minimiser in (5.1). Since the functional in (5.1) is convex, the
minimality of w = 0 is equivalent to

(CZ?I@))M:O—;(; [ e no) o) 20 (58)

[n=0
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for every admissible v, which is in turn equivalent to
/ C¢:Evdx >0 (5.9)
Q

for every admissible v. Integrating by parts, the left hand side in the previous expression becomes

Cé:Evdxr = — Y C8&)ii [vil vy, d n—1,
/Qs vde Z/h( €)s; [vj] v,

1,j=1

Therefore, as (C&);; = (2uv; + XY p_; vk)dij, (5.4) reduces to

- Z/ (2uv; + )\Z Vi) [v3] o, dH™ 1 >0 (5.10)
=17 k=1

for every admissible v. As v satisfies the non-interpenetration condition
n
Z[Uz](ﬂﬁ) vy (1) >0 for H" 'ae. z € J,, (5.11)

i=1

and is arbitrary, we conclude that the quantities (2uv; + AD>_;_, vi) are forced to be equal for
every i and negative. This clearly implies that alle the eigenvalues v; of £ are equal and negative,
i.e., £ is a negative multiple of the identity.

Therefore, choosing Ry to be a diagonal matrix with eigenvalues v; = +1 (with at least a
positive eigenvalue) and det Ry = 1, (5.7) follows.

Remark 5.6. Another important consequence of Lemma 5.3 is that the limit functional Fy
describes a material where damage occurs. Indeed, at least in the isotropic case and for I = Qy,
we proved that fo(Id) S 2pun+ An? = CId : Id. More in general, similar computations show
that fo(§) S C¢& : & for all the tensors ¢ with the property that there exists a constant ce =
(c1,...,¢,) € R™ such that

max x)-e;) <c¢; < min x)-e;) foreveryi=1,... n. 5.12
z€aQt 4 ((5 ) l) ! Qi ; ((§ ) Z) Y ( )

6. CRITICAL REGIME: . = €.

In this section we shall analyse the case in which the fragility coefficient of the inclusions in the
material . is of the same order of the size € of the periodic structure. We can assume, without
loss of generality, that a. = . The energy of the material is thus given by

/ Céu:Eudr+eH " 1(J,)  ifue SBDE(Q),J, CI(e),
=7 [u] - v, > 0 H* la.e. on J,,
+00 otherwise in L?(Q;R").

F*(u)

6.1. Homogenization formula. We localise the sequence (F¢) as in (4.4). Theorem 4.10 ensures
that it admits a I-convergence subsequence to a limit functional F"°™. We shall prove that the
limit density can be characterized in terms of an asymptotic cell problem and that it is independent
of the subsequence. More precisely, the limit energy density is the function frem : M™*™ — [0, +00)
defined as

Trhom(€) := lim 1 inf { / CE(lzx+w): E(x+w)dx + H”_l(Jw) :
0,t)™

t——+oo t"
w € SBDE((0,t)"), Ju C In(0,8)" [w]- vy >0 H" '-ae. on Jw},

(6.1)
where I is defined as in (3.1). We state rigorously this results in the next two theorems, whose
proofs follow easily from the proofs of [21][Theorem 5.10, Theorem 5.11], respectively.
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Theorem 6.1. The function fhom in (6.1) is well defined, that is the function
1
g(t) :_tninf{/ CE(Ex+w): E(Ex+w)de +H" 1 (Jy) :
(0,8)m

w € SBD((0,6)™), J., C IN0,8)" [w]-ve >0H" -ae on Jw},

admits a limit as t — +oo.

Theorem 6.2. The density f of the limit functional F"°™ (see Theorem 4.10) coincides with the
function from defined by the cell formula (6.1), i.e., for every & € M™*"

J(&) = from(8)-

Remark 6.3. Notice that from this theorem we deduce that also in the critical case the whole
sequence (F¢) I-converges, since the formula for the limit energy density does not depend on the
subsequence. Moreover, we deduce that the limit density function depends only on the symmetric
part of its argument.

Next lemma shows that the limit functional in the critical regime describes a damaged material.
We restrict our attention to the isotropic case, i.e., C = 2ul+ A Id ® Id with u, A > 0 and to

Lemma 6.4. There exists & € M"™*"™ such that from(§) S CE: &.

Proof. Let us rewrite the limit energy density in the following way:

t——+o0

1
From(§) := Mmoo inf{ Céw : Ewdz +H" ! (Jy) : w — &z € SBD%((0,1)"), 62)
©.0)" - _
Juw C Qs, [w] - vy > 0 H" !-a.e. on Jw},

for every & € M™*™. Let & € M™*™ and assume that there exists a constant ¢¢ = (¢1,...,¢,) € R”
with the property (5.12) as in Lemma 5.3. Let us restrict our attention to the case when in (6.2)
t € N. The general case can be deduced in the same way. Then, it is easy to check that the
function we defined as

Ex ifxe@)\Qs,
we () = ,
ce if x € Qs,

and extended by periodicity in (0,¢)™ is a competitor in (6.2). Therefore, for the class of matrices
¢ defined by the condition (5.12) we have

from (&) < lim 1{ /(0 . Céwe : Ewedx + H"_l(Jwé)} < L™(Qs)CE : €+ P(Qs, Q).

T t—+oo t

Then, in order to prove the theorem it is sufficient to choose a matrix & € M"™*"™ satisfying the
property (5.12) and such that

LM(Qs)CE: €+ P(Q5,Q) 2 CE: €.

In particular £ = kId with k >> 1 provides a possible choice. O

7. SUPERCRITICAL REGIME: STIFFER INCLUSIONS

In this section we shall analyse the supercritical case, where the fragility coefficient o, of the
inclusions in the material is bigger than the size € of the periodic structure.

Before studying this case, we state a technical lemma which will be used in the following. For
the proof we refer to [21].

Lemma 7.1. Let ap, : 2 — Ry be a sequence of measurable functions such that
ap — a 1N measure.
Then, for every v € L?(;R™) and for every sequence (vy,) C L?(;R™) such that
v, = v weakly in L*(Q;R™),
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it turns out that
/a|v|2dx§1iminf/ anp|vp)?d.
Q h—+co Jq

In the following we present a proper modification of the argument used in [2] and in [6] to prove
compactness and lower semicontinuity in SBD. We refer also to [10, Lemma 5.1] for a similar
result.

Lemma 7.2. Let U C R" be an open set, let w € L?(U;R™) and let (wy,) be a sequence converging
to w strongly in L*. Assume that ||Ewn]| L2 pnxny < ¢ and that H" " (Jy,) — 0 as h — +oo.
Then w € HY(U;R™) and

Ewy, — Ew  weakly in L*(U;M™ ™).
Proof. We can assume up to a subsequence that
e 1
HY () < 5
First step: w € HY(U;R™).
Let £ € S~ !, y € TI¢ and let us define for every h € N the sections (wh)g(t) =wp(y+tE)-& It
is well known that (wy,)$ € SBV?(US) for H" !-almost every y € II¢. Moreover, since wy, — w
strongly in L?, it follows that, up to subsequences,

(wh)g — wfj strongly in L? (Ug) for H" l-a.e. y e IIS.

Let us denote with Ny the set such that (wy)$ € SBV?(US) and (wy)$, — w§ strongly in L? for
every y € II° \ N1. As we already noticed, H"1(N;) = 0. Let us define the set E}, as
By = Ju,-
Jjzh

From the inequality H"*(Ju,) < 77, it turns out that H"~'(Ej) — 0 as h — +oc. Hence for
every ¥ > 0 there exists h(¢) such that H"~!(E,(9)) < ¥. Clearly, Ju, C Eyg) for every h > h(9).

Let us denote with (Eh(ﬁ))5 the projection of the set Ej gy on IT¢. From the definition it follows
that (wy)§ € H'(US) for every y € (II°\ (Ej(9))¢) \ N1 and for h > h(¢9). Moreover, the H' norm
of (wp,) is equibounded. Indeed, using Fubini’s Theorem we can write

. — . — 13 n—
/U|5whg §|2dx_/U\th§ g|2dgc_/Hg [/gV(wh)det] dH" ! (y), (7.1)

Uy

and, as £ € S”~!, we have
/ |Ewp€ - €2 dx < / |Ewp, |*de, (7.2)
U U

where the right-hand side is equibounded by assumption. Hence from (7.1) we obtain

/Hg [/Ug IV(wh)§|2dt} dH" ! (y) < c. (7.3)

Now, let wy,) be a subsequence (depending on y) of wy, such that

A €12 . . €12
lim inf o8 [V (wn)g|” dt = L o8 [V (wi(y) )y | dt. (7.4)
The bound (7.3) guarantees that there exists a function v such that, up to a further subsequence
Wji(y) C Wy(y), We have

(wj(y))g — v weakly in H' (U?f), (7.5)

for H™~!-almost every y € II¢ \ (Ej9))¢. Since for H"!-almost every y € IT® the whole sequence
(wh)g converges to wg strongly in L2, (7.5) implies that

(wj(y))g — wg weakly in H' (Uyg) (7.6)
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By the lower semicontinuity in H' and by (7.4) we obtain the inequality

/Ug |V(w$)|*dt < liminf |V(wj(y))§|2dt:1}3minf . |V (wn)§|? dt, (7.7)

€ i(y)—+oe Jus —-o0

valid for H"~!-almost every y € (II* \ (Ej(y))*). Integrating (7.7) with respect to y and using the
Fatou Lemma we get

/ [/ |V(w§)|2dt} dH" 1 (y) < liminf/ U |V(wh)§|2dt} dH"(y).
e\ (Ep(9))* U; h—+o00 I8\ (Ep(9))* U;

(7.8)
Hence, by (7.3) we obtain

/ [ R i) < (79)
I8\ (Ep(9))¢ Us

where the constant c is independent of ¥. Using the estimate (7.9), that w € L?(U;R"), and that
w§ € H! (U§) for H"~!-almost every y € II¢ \ (Ej,(y))®, we conclude that w € H'(U;R"). Indeed,
let us define the sets E, and Ej as

Fy :=MpER, and Ey:= li}rlnEh,

where the convergence in the definition of Ej is almost everywhere with respect to the Hausdorff
measure. From ’H”fl(Eh) < % and Ep1 C Ej, it turns out that

H" Y Ex) =0=H""1(Ep).
Now, since I1¢\ (E, )¢ is contained in I1¢ \ (E})¢ for h large enough, we have that w € H' (Uf) for
H" L-almost every y € TI¢ \ (Ew)¢. Hence, as H" 1 (E4) = 0, we conclude that for H"~!-almost

every y € II¢ the section wg € H! (U§) On the other hand, using the Monotone Convergence
Theorem in (7.9), we have

lim / V(w$ Zdt}dH”‘l y :/ [/ V(w$ th}d’H”‘l y) <ec
i Hs\(EW[ v D= [ o L 170 0

(7.10)
Again, the fact that H"~!(Ey) = 0 implies that

/HE [/U& V(wi)zdt} dH" M (y) < c. (711)

At this point we can apply [3, Proposition 3.105] to conclude that

V(wy) = Difw(y +t§) - ] = Dwg - € = Bwg - € € L*(U),
and this holds for every £. Using the identity
1
SlEw(E+n) - (E+n) — Bwg- & — Ewn-n] V&,
we conclude that Fw € L?*(U;M"™*"). Therefore, since w € L*(U;R"), the Korn Inequality
ensures that w € H*(U;R").

Second step: convergence of the symmetric gradient. Let us define, for a given scalar function
v € L?(U), the functional

EwE-n=

Lg(wh,v) = /e |V(wh)§ —w(t,y)|* dt.
U

Y

Using (7.2) and the fact that v € L?(U), we obtain the bound

/ Lg(wh,v)dH"_l(y) < / |Ewp€ - € —vPdz < c.
11¢ U
Now, let wy,) be a subsequence (depending on y) of wy, such that

lim inf L¢ = 1 L ) 7.12
liminf Lj (wp,0) = | lim L (wy), v) (7.12)
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The bound (7.3) guarantees that, up to a further subsequence w;(,) C wy(y),

(wj(y))g — wg weakly in H* (Uyé)

for H™~1-almost every y € I1¢ \ (Eh(ﬂ))£7 and in particular
V(wjy))§ —v = Vuws —v  weakly in L*(US).
Hence, by the lower semicontinuity of the functional Lfl and by (7.12), we obtain

L(w,v) < liminf L(w(,),v) = lminf L (wp,v).

Integrating the previous expression with respect to y leads to

/ Lg(w,v) dH" (y) < lim inf Lg(wh, v)dH" " (y).
IIE\ (En(9))* h=oo Jne\ (B, )

As w € HY(U;R™) we can pass to the limit as ¥ — 0 in the previous expression and we get

/ |Ewé - € —v|?dx < liminf/ |Ewp€ - € —v|da. (7.13)
U h=too Jy
Since (7.13) holds true for every v € L*(U) we have that, for every £ € S"~ 1

Ewpé - & — Ewé - ¢ weakly in L*(U). (7.14)

Now we consider a basis {&1,...,&,} of R™ such that & + &; € S"~! for every i # j, and specify
£=¢+ & in (7.14). Then we have

Ewy, — Ew  weakly in L*(U; M"™*"),
and this concludes the proof. O

In the next two lemmas we state some I'-convergence results that will be used in the proof of
the main result of this section.

Lemma 7.3. Let us fir 0 < 6 < § < % so that I C Qs CC Q. For every h € N, let Gh :
L?(Qg;R™) — [0, 400] be the functional defined as

Céw: Ewdr +H" ' (Jy) ifw e SBD*Qj5), Ju C I, H" (Jy) < 75,
G"(w) = s [w] -1y >0 H" ! -a.e. on Jy,

+o0 otherwise in L*(Qg;R™).
Then the sequence (G") T-converges with respect to the strong topology of L* to the functional
G : L*(Q5;R™) — [0, +o0] given by

Céw : Ewd if w e HY(Q5;R™),
G(w) == { /s
+oo otherwise in L*(Qz; R™).

Proof. The proof of the liminf inequality follows by applying the previous lemma with U = Qj;
and using the lower semicontinuity of the functionals, while the existence of the recovery sequence
is immediate. (]

Lemma 7.4. Let (¢p), ¢ € HY?(0Q5;R™) be such that o, — ¢ strongly in H'/?(0Qz; R™). For
every h € N, let ggh 1 L2(Qg;R™) — [0, +-00] be the functionals defined by

/ Céw: Ewdr + M"Y (Jy) if we SBD2(Q5), Juw C Qs, H' 1 (Ju) < L,
ggh (w) = @ (W] - vy >0 H tea.e. on Jy, tr(w) = ¢

“+oo otherwise in L*(Qg; R™).
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Then the sequence (ggh) T-converges with respect to the strong topology of L? to the functional
G, : L*(Q5;R™) — [0, +00] given by

Céw : Ewdx if we HY(Qz;R™), tr(w) = ¢ on 0Qs5,
ggo(w) = QE
+o0 otherwise in L*(Qg; R™).

Proof. First step: proof of compactness and liminf. Let (wp,), w € L?(Q5;R™) be such that w;, — w

strongly in L? and G", (wy) < ¢ < +00. From the equality G”, (wy) = G"(wp) and Lemma 7.3 we
have that w € H(Qg; R™); moreover

. . h . . h
lim inf G, (wn) = limnf G" (wy) > G(w).

It remains to show that tr(w) = ¢ on 0Q5. From the bound g’;h (wp) < c it follows that the
sequence (wy,) is equibounded in H'(Qj \ Qs5;R™), and hence
wp, = w  weakly in H'(Q5 \ Qs; R™).
The compactness of the trace operator gives
on = (wn)jaq; — Wyaq; strongly in L?(0Qs; R™).

On the other hand, by assumption, ¢; — ¢ strongly in H1/2(8Q5;R"). Therefore, wjpg; =
tr(w) = .

Second step: limsup. Let w € H'(Q5; R™) be such that wiaQ; = - Let us consider the sequence
(vn) € H'(Qs;R™) such that (vy)jag, = @n — ; it turns out that v, — 0 strongly in H'. We

claim that wy := vy + w is a recovery sequence. Indeed, (wh)|aQ5 = ¢y and wp, — w strongly
in H', hence Ewy, — Ew strongly in L2. Since the functional gj},h gives a norm equivalent to the
standard L2-norm, we have the desired convergence. U

Finally we are ready to state and prove the convergence result for the functional F¢ in (3.6),
in the supercritical regime 2= — oo. We define the functional > : L*(Q; R™) — [0, +00] as

/ CEu: Eudx in H}(Q;R™),

Q

+o0 otherwise in L?(2;R™).

Next theorem shows that F°° is the I'-limit of the sequence (F¢) in the case a. > ¢.

Fo(u) =

Theorem 7.5 (I'-convergence). (i) Let u € L*(Q;R™) and let (u®) be a sequence converging to u
strongly in L? and having equibounded energy (.7-'8 (u‘g)) Then v € H}(Q;R™) and

limi(r)lf}'s(us) > F°(u). (7.16)

(ii) For every u € H}(Q;R™) there exists a sequence (uf) such that u® — u in L?(Q;R"™) and
lir%fs(ua) = F*(u). (7.17)
£—

Proof. Notice that (ii) trivially follows by taking u® = u for every € > 0, so that only (i) needs a
proof.
(i) Let us write the domain  as union of cubes of side e:

Q= < U €(Q+h)> na.
hezn

We denote by {Q7}k=1,....N(e)+N,(c) an enumeration of the family of cubes e(Q + h) intersecting
Q, sothat Q5 C Qfor ke {1,...,N(e)}, and Q5 NN # 0 for k € {N(e) +1,...,N(¢) + N.(e)}.
In the same way we can define the sets {1} }x—1,... ~N(c)+n,(c)- Notice that N(e) is of order 1/e",
while N,(g) is of order 1/e"~ 1.

We now classify the cubes Q%, with k =1,..., N(¢), according to the measure of the jump set
that they contain. More precisely, let 8 > 0 be a parameter that will be specified later; we say
that a cube ()5, is bad whenever H”fl(Jua N Qi) > Bem 1, and good otherwise. Then, if Ny(¢)
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denotes the number of bad cubes, we can assume without loss of generality that Qf is bad for
ke {l,...,Np(e)} and good for k € {Ny(e) +1,...,N(e)}.
First step: energy estimate on bad cubes. Let Qg, G° and (4°) be defined as in Theorem 4.1.
Then
Ny (e)
Fe(u) > G5(af) > > / CEWF : Enfd.
k=1 Y Qi\I}

We also notice that, from the energy bound relative to the sequence (uf), since in particular
a:H" 1 (Jue) < ¢, it follows that Ny(e) < ¢/(aee™1).

Second step: energy estimate on good cubes. Let us fix k € {Ny(e) +1,...,N ()} and let us
consider the localisation of the functional F*, relative to the set @7, i.e.,

Fe(uf,Qf) = / Céu® : Eufdr + o H" ' (Jue N Q5). (7.18)
@k

Define the function v® in the unit cube Qj as u®(ey) =: /azev®(y). In terms of v°, the energy

(7.18) can be written as

Fe (ue, Qi) = aszs”_l{ CEV® : Evidx +H" 1 (e N Qk)}, (7.19)
Qk

with H"~1(J,e N Q) < B. Therefore, by means of a change of variables we reduced to the study
of a Mumford-Shah like functional over a fixed domain, with some constraints on the jump set.
From now on we will omit the subscript k. Let 5,5 be such that I CC Q5 CC Q5 CC Q.

We are going to replace the function v with a new function ¢ solving a suitable minimisation
problem in the inner square Q5 and agreeing with v¢ in @ \ Qj.

As first step we find local minimisers of the Mumford-Shah functional in Q5 under the previously
introduced constraints for the jump set, where, according to the definition given in [15], local
minimality is intended with respect to all perturbations with compact support. More precisely,
we analyse the following problem:

(LMin) locmin {/ Céw: Ewdx +H" (Jy): w e SBD*Q;),Jw C I, H" 1 (Jy) < B,
Qs

[w] - vy >0 H" 'a.e. on Jw}.

Let us denote by Mg the class of solutions of (LMin). For a given & € Mg, let us consider the
function v solving

divCév =0 in Q5,
(Eul) . . Qs
=90 in Qs \ Q3.
We want to prove that for every n > 0 there exists 3 > 0 such that for every v € Mg and for
the corresponding v we have

(S

CEv: Evdx < (1+1n) CEb: Evdux. (7.20)
Qs Qs

We will prove (7.20) by contradiction. Suppose, for contradiction, that there exists n > 0 such
that for every # > 0 we can find ¥ € Mg and a corresponding ¢ for which

CEv: Evdx > (1+ 1) CEv: Evdu. (7.21)
Qs Qs

In particular, for § = h—lz, (7.21) implies that for every h > 0 there exist ¥ and ¥ defined as
above for which

/ CEDy : Edpdx > (1+17) / CEy : Evpda. (7.22)
QA o

) QJ
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Since Q; = (Q; \ Q5) UQj5, we can split the previous integrals and, using the fact that o, = 0y, in
Q; \ Q5, we obtain from (7.22)

CEvy, : EVpdr > (1 + 77) CEy, : EVpdr + 77/ C&vy, : Evpda. (723)
Q5 Qs Q;5\Q5
Since the problem defining o, is linear, we can normalize the left-hand side of (7.23), so that
1= CEvy, : EDpdx > (1 + ’17) CEvy, : Evpdx + 77/ CEvy, : Evpda. (7.24)
Q5 Qs Q;\Q5

This means in particular that
1
/ |Ebp|2da < p < 400. (7.25)

5
Without loss of generality we can assume that fQ»\I Opdx = 0; therefore, since J;, C I, (7.25) and
&
the Korn Inequality imply that ||on||m1(g,\7) < ¢ Hence, there exists 0 € H'(Qz \ I; R™) such
that 9, — © weakly in H' and, in particular, strongly in L2, in Qs \ 1.
Now we claim that, for every B CC Q; \ I, we have the following convergence result:

Eiy, — Eb  strongly in L?(B; M- (7.26)
Indeed, the local minimality of ¥y, in @3 implies that
CEbp : Epdr =0 for every ¢ € Hy(Qz \ I;R™). (7.27)
Qs\I
Then, choosing as test function ¢ = v (0}, — 0), with ¢ € C§(Q; \ I), we obtain
Y CEDy, : Ebpdx = YCED, : Evdr — / CEBp, : ((on — 0)V)da.
Qs \I Qs\I Qs\I

Since v, — 0 weakly in Hl(QS \ I; R™), if we let h — 400 in the previous equation we get

lim W CEDy, : Edpdx = P CED : Ev dx. (7.28)

h—4o0 Qs \I Qs \I
Finally, (7.28) together with the weak convergence of the sequence @, in H'(Q;\ I; R™) imply that
Edy, converges strongly to £9 with respect to the norm induced on L? by the tensor C introduced
in (3.4) and (3.5). The equivalence of this norm to the standard L? norm gives (7.26).
By the strong convergence of 9y, to © in L?, (7.26) and the Korn Inequality, we deduce
op, — 0 strongly in H'(B;R").

This entails the convergence of the traces of ¢y, on 0Q5, that is,

on = (Bn)jog; — # 1= (8)j9q; strongly in H'/?(9Q5;R™). (7.29)
At this point, let us consider the following problems:
divCéw =0 in Q; divCéw =0 in Q5
(Eul),, ivCEw in Q; (Eul), ivCEw in Q;
w = on 0Q);, w= on 0Q)5.

Clearly, oy, is the solution to (Eul),, for every h. Let us call ¥ the solution to (Eul),. From (7.29)

it turns out that o, — ¥ strongly in H'(Q5;R™), hence,
1= lim CEy, : Evpdx = CEv: Evdx. (7.30)
h=to0 J@; Qs
We notice that the functions 9y, are absolute minimisers for the functional ggh defined in (7.15),
by definition of local minimality. Therefore Lemma 7.4 ensures the L? convergence of (9y) to the

only minimiser of the functional G, that is exactly v, and the convergence of the energies. Now,
if we let h — 400 in (7.24) we obtain

1= CED:Evdx > (1+7) CE&v : Evdx,
Qs Qs
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which gives a contradiction, therefore (7.20) is proved.

Let n > 0 be fixed and let § > 0 be such that the property (7.20) is satisfied. We are going to
define a function ©° by means of a minimisation problem similar to (LMin). More precisely, for
every € > 0 we consider the problem

(Min)® min{ ; Céw: Ewdr +H" ' (Jy) :w € SBD*(Qy), Jw C I, H" 1(J,) < B,
’ [w] - vy > 0 H" t-a.e. on J,, w = v°on 8@5}.

For a minimiser ©¢ in (Min)®, let us consider the corresponding ©° defined by (Eul), with ¢ replaced
by ©°. As before

CE® : Ev°dx < (1 + 1) CEH° : Ev°du. (7.31)

Qs Qs

We extend the functions 9° and ©° to the whole cube @ setting ¢ = 0 = v® in @ \ @, where
v® is the function in (7.19). This procedure can be repeated for every k € {Ny(¢) +1,...,N(¢)}
and leads to the definition of functions (0f) and (0f) for k € {Ny(e) +1,...,N(e)}. Hence, for
ke {Ny(e)+1,....,N(e)}

CEVE : Evidr + H" M Je NQ;) > | CEL : Evfdr + H™ (Joe N Q)
Qk Qk
n - -
>(1—- —— CEV; : Ev5da. 7.32
(1-125) [ coien (732
Now, for k € {Ny(e) +1,...,N(e)}, we define @, as @5 (cy) := y/aeze U5 (y). By (7.19) and (7.32)
we obtain
Céu : Eudr + o H" ' (Jue NQS) > (1 - S/ Cé&ag, : £ ujdx. (7.33)
Q: 1 + 7] Q:
k k
Third step: estimate on boundary cubes. Let Qy D Q be such that dist(Q2,0Qp) > 1. To
simplify the notation we define the set Bg(e) and By (e) of boundary cubes and boundary inclusions,
respectively, as follows:

N(e)+Nr(e) N(e)+Nr(e)
Boe)= U @i Bi= {J It
k=N(e)+1 k=N(e)+1

We extend the sequence (u®) to Qo simply setting u® = 0 in Qg \ . Notice that, since by
assumption tr(u®) = 0 on 9f2, this trivial extension does not introduce any additional jump set.
Let (4°) the sequence defined in Theorem 4.1. Then we have

Fe(uf, Bg(e)) = F(u, (0 \ Q) UBg(e)) > / C&a : Eutda. (7.34)
(Q0\Q)U(Bq ()\Bi(e))
Fourth step: final estimate. Let us define the new sequence w® € SBD3 () as
a5, in Q5, for ke {1,...,Ny(e)},
w® =< uf in Q5, for k€ {Ny(e)+1,...,N(e)},
e in (Q\ Q) U Bg(e).
Notice that w® € H}(Q0;R™) and that w® € Hi(Q';R™) for every Q C ' C Qo.
Define also the function a® : Qy — R as
Nb((:‘)

() = 0 in ( U 1;5) U By(e),

k=1
1 otherwise in Q.
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From what we proved in the previous steps we can write

Fe(u®, Q) = F=(u®, Q) > (1 - 77) / a®(z) CEw® : Ew'dux. (7.35)
L+n) Ja,
It remains to apply Lemma 7.1 to (7.35). First of all we show the convergence of a®. We have
Nb(E) e
/ 0 —1de=£"( { U 1) UBI©) | = (Vi) + Na(e)e£" (D) < e =
Q k=1 €

hence a® — 1 strongly in L!'(Qg). Once we prove that w® — u weakly in H'(Qo;R"™) and that
U € HYQ;R™), as u =0 in Qg \ €, it turns out that

lim inf F© (u®) > <177>/ (CSu:Sudm—( n)/@é’u:é’udm,
e—0 1+7] Qo 1+T] Q

and the thesis follows letting 7 converge to zero.

Fifth step: convergence of w®. First of all it is clear that the sequence (w®) C H*(£p; R™) converges
weakly in H', as [|Ew®||(12(q))nx» < ¢. Let us denote by w its weak limit; the fact that u = v
a.e. on () follows from a similar argument to the one used in the proof of Lemma 4.1. Moreover,
since w® € H(QV;R") for every Q C ' C Qq, then u € HE(Q;R™). O
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