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THE NONLINEAR BENDING-TORSION THEORY FOR CURVED RODS AS
I'-LIMIT OF THREE-DIMENSIONAL ELASTICITY

LUCIA SCARDIA

Abstract. The problem of the rigorous derivation of one-dimensional models for nonlinearly
elastic curved beams is studied in a variational setting. Considering different scalings of the
three-dimensional energy and passing to the limit as the diameter of the beam goes to zero,
a nonlinear model for strings and a bending-torsion theory for rods are deduced.
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1. INTRODUCTION

This paper is part of a series of recent works concerning the rigorous derivation of lower dimen-
sional models for thin domains from nonlinear three-dimensional elasticity, by means of I'— con-
vergence.

The first result in this direction is due to E. Acerbi, G. Buttazzo and D. Percivale (see [1]),
who deduced a nonlinear model for elastic strings by means of a 3D-1D dimension reduction. The
two-dimensional analogue was studied by H. Le Dret and A. Raoult in [7], where they derived
a nonlinear model for elastic membranes. The more delicate case of plates was justified more
recently by G. Friesecke, R.D. James and S. Miiller in [4] (see also [6] for a complete survey on
plate theories). The case of shells was considered in [8] and [5].

As for one-dimensional models, nonlinear theories for elastic rods have been deduced by M.G.
Mora, S. Miiller (see [9], [10]) and, independently, by O. Pantz (see [11]). In all these results, as
in [1], the beam is assumed to be straight in the unstressed configuration.

In this paper we study the case of a heterogeneous curved beam made of a hyperelastic material.
Let Q:= (0,L) x D, where L > 0 and D is a bounded domain in R?, and let h > 0. We consider
a beam, whose reference configuration is given by

Qn = {y(s) + h€va(s) + hws(s) : (5,€,€) € Q},
where 7 : (0, L) — R3 is a smooth simple curve describing the mid-fiber of the beam, and vy, 3 :
(0, L) — R3 are two smooth vectors such that (', vo,v3) provide an orthonormal frame along the
curve. In particular, the cross section of the beam is constant along v and is given by the set hD.
It is natural to parametrize §2; through the map
\Il(h) :Q_)ﬁha (‘97674-)H7(8)+hfy2(8)+hgy3(s)7
which is one-to-one for h small enough.
The starting point of our approach is the elastic energy per unit volume
- 1 _
™ () = 7/ W ((¥™) " (@), Vi(x))do
h? Jg,
of a deformation v € W1’2(§h;R3). The stored energy density W : Q x M3*3 — [0, +o00] has to
satisfy some natural conditions; i.e.,
e W is frame indifferent: W (z, RF) = W(z, F) for a.e. z € Q, every F € M?*3, and every
R € SO(3);
e W(z, F) > Cdist?(F,SO(3)) for a.e. z € Q and every F € M>*3;

o W(z,R) =0 for a.e. z € and every R € SO(3).
1
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For the complete list of assumptions on W we refer to Section 2.

The aim of this work is to study the asymptotic behaviour of different scalings of the energy 1",
as h — 0, by means of I'-convergence (see [2] for a comprehensive introduction to I'-convergence).
Heuristic arguments suggest that, as in the case of straight beams, energies of order 1 correspond
to stretching and shearing deformations, leading to a string theory, while energies of order h?
correspond to bending flexures and torsions keeping the mid-fiber unextended, leading to a rod
theory.

The main results of the paper are contained in Section 3, where we identify the I'-limit of
the sequence of functionals (I~ (h) /hz) We first show a compactness result for sequences of
deformations having equibounded energies (Theorem 3.3). More precisely, given a sequence
(ﬁ(h)) C WE2(Q,;R3) with I™(5M)/h2 < C, we prove that there exist a subsequence (not
relabelled) and some constants ¢} € R? such that

7MW oM — W 4 strongly in W2 (€ R?),
1
7 O (f)(h) o \I/(h)) — dy strongly in L?(€; R?),
1

7 O¢ (13(h) o \I/(h)) — dz strongly in L?(€; R?),

where (v, ds, d3) belongs to the class

A= {(v,d2,d3) € W>2((0, L); R*) x W"2((0, L); R*) x W'2((0,L); R?) :
(v'(s)]d2(s) | ds(s)) € SO(3) for a.e. s in (0,L)}.
The key ingredient in the proof is a geometric rigidity theorem proved by G. Friesecke, R.D. James

and S. Miiller in [4]. In Theorems 3.5 and 3.6 we show that the I-limit of the sequence (f(h)/hQ)
is given by

L
I(v,dy, ds) = %/0 Q2(s, (R"(s)R'(s) — R{ (s)Ry(s)))ds  if (v,da2,d3) € A, (1.1)
400 otherwise,

where R := (v'|da|d3), Ry := (7' |v2 | v3), and Q2 is a quadratic form arising from a minimization
procedure involving the quadratic form of linearized elasticity (see (3.19)). We point out that in
Theorems 3.5 and 3.6 we do not require any growth condition from above on the energy density W.

We notice that in the limit problem the behaviour of the rod is described by a triple (v, da, ds).
The function v represents the deformation of the mid-fiber, which satisfies |v'| = 1 a.e., because
of the constraint (v’ |dz|ds) € SO(3) a.e.. Therefore, the admissible deformations are only those
leaving the mid-fiber unextended. Moreover, the triple (v, ds, d3) provides an orthonormal frame
along the deformed curve; in particular, do and d3 belong to the normal plane to the deformed
curve and describe the rotation undergone by the cross section.

Since R = (v | da | d3) is a rotation a.e., the matrix RT R’ is skew-symmetric a.e. and its entries
are given by

(RTR')1, = —(RTR)jy =" -d}, for k=2,3, (RTR)oz3 = —(R"R)3p = ds - dj.

It is easy to see that the scalar products v’ - dj, are related to curvature and therefore, to bending
effects, while d - df is related to torsion and twist. We remark also that the energy depends explic-
itly on the reference state of the beam through the quantity RI Rj, which encodes informations
about the bending and torsion of the beam in the initial configuration.

We notice that, specifying Ry = Id in (1.1), we recover the result for straight rods obtained in
[9] and [11].

The last section of the paper is devoted to the study of lower scalings of the energy. Assuming
that the energy density W satisfies a growth condition from above, we prove the I'-convergence
of the sequence (f (h)) to a functional corresponding to a string model. Finally we show that
intermediate scalings of the energy between 1 and h2 lead to a trivial I'-limit.
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2. NOTATIONS AND FORMULATION OF THE PROBLEM

In this section we describe the geometry of the unstressed curved beam. Let v : [0, L] — R3
be a simple regular curve of class C? parametrized by the arc-length and let 7 = % be its unitary
tangent vector. We assume that there exists an orthonormal frame of class C! along the curve.
More precisely, we assume that there exists Ry € C*([0, L]; M3*3) such that Ro(s) € SO(3) for
every s € [0,L] and Ry(s)e; = 7(s) for every s € [0, L], where e;, for i = 1,2,3, denotes the
i-th vector of the canonical basis of R* and SO(3) = {R € M**3: RTR = Id, det R = 1}. We set
vi(s) := Ro(s) ey for k = 2,3.

Let D C R? be a bounded open connected set with Lipschitz boundary such that

[ ecacac=o (2.1)
D
and
[ eacac— [ cagac—o, (2.2)
D D

where (£, () stands for the coordinates of a generic point of D. Without loss of generality, we can
assume £2(D) = 1. We set Q := (0,L) x D.
The reference configuration of the thin beam is given by

Qn = {7(s) + h&wa(s) + hCws(s) : (5,€,0) € Q},
where £ is a small positive parameter. Clearly the curve vy and the set D represent the middle
fiber and the cross section of the beam, respectively. The set (), is parametrized by the map

U0 - Qs (5,6,0) = (s) + héva(s) + hCws(s),

which is one-to-one for h small enough and of class C*.
We assume that the thin beam is made of a hyperelastic material whose stored energy density
W Q x M3*3 — [0, +00] is a Carathéodory function satisfying the following hypotheses:

(i) there exists § > 0 such that the function F +— W (z, F) is of class C? on the set
{F e M*3 : dist(F, SO(3)) < 6} for a.e. z €

(ii) the second derivative 9?W/OF? is a Carathéodory function on the set
Q x {F e M**3 : dist(F, SO(3)) < 6} (2.3)

and there exists a constant C; > 0 such that

2
%TV&Z, F)[G,Gl| <L G2 for ae. 2 € O, every Fwithdist(F, SO(3)) < §

and every G € M2X3.

sym)

(iii) W is frame indifferent, i.e., W(z, RF) = W (2, F) for a.e. z € Q, every F € M3*3 and
every R € SO(3);

(iv) W(z, R) = 0 for every R € SO(3);

(v) 3 Cy > 0 independent of z such that W (z, F) > Codist?(F, SO(3)) for a.e. z € Q and
every F' € M3*3,
Notice that, since we do not require any growth condition from above, W is allowed to assume
the value +oo outside the set (2.3). Therefore our treatment covers the physically relevant case
in which W = +oo for det F < 0, W — +00 as det I — 0%.
Let © € WH2(€2;,;R3) be a deformation of Q. The elastic energy per unit volume associated

to v is defined by
- 1 _
I (3) = ﬁ/~ W ((¥™) (@), Vi(z))da. (2.4)
Qp
The main part of this work is devoted to the study of the asymptotic behaviour as h — 0 of the
sequence of functionals (") /h%. In the final part we will also discuss the scaling [ (h) /he  for

0<a<?2.
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We conclude this section by analysing some properties of the map ¥ which will be useful in
the sequel. We will use the following notation: for any function z € WH2(Q; R?) we set
1

Vhz = (832 ‘ 7 Ocz ‘ ;8@) .

We observe that V;, ¥(") can be written as the sum of the rotation Ry and a perturbation of order
h, that is,
Vel ™ (5,6,¢) = Ro(s) + h (§v4(s) + Cwa(s)) @er.
From this fact it follows that, as h — 0,
V58 (s,6,0) — Ro(s) and  det (V,¥™) — det Ry = 1 uniformly. (2.5)

This implies that for h small enough V;, (" is invertible at each point of Q. Since the inverse of
Vh\I/(h) can be written as

(V) ™ (s,£,) = BI(s) — hBE(s) [(€ (o) + Cls) © ] BE() + O (26)
with  O(h2?)/h? uniformly bounded, we have also that (Vh\I/(h))_l converges to RI uniformly.

3. DERIVATION OF THE BENDING-TORSION THEORY FOR CURVED RODS

The aim of this section is the study of the asymptotic behaviour of the sequence of functionals

1 - )/~ 1 M —1 -

ﬁl( )(0) = h4/ﬁh W((\I/( )) (z), Vo(z))dx

under the assumptions (i)-(v) of Section 2.

3.1. Compactness. We will show a compactness result for sequences of deformations having
equibounded energy (") /h%. A key ingredient in the proof is the following rigidity result, proved
by G. Friesecke, R.D. James and S. Miiller in [4].

Theorem 3.1. Let U be a bounded Lipschitz domain in R™, n > 2. Then there exists a constant
C(U) with the following property: for every u € WLH2(U;R™) there is an associated rotation
R € SO(n) such that

IVu = Rl| 12y < CU) [|dist(Vu, SO()) | 12 17y -
Remark 3.2. The constant C(U) can be chosen independent of U for a family of sets that are
Bilipschitz images of a cube (with uniform Lipschitz constants), as remarked in [5].
We introduce the class of limiting admissible deformations
A= {(v,ds,d3) € W*?((0,L);R*) x W"2((0,L); R*) x W2((0,L); R?)
(v'(s) | da2(s) | ds(s)) € SO(3) for a.e. sin (0,L)}. (3.1)
Now we are ready to state and prove the main result of this subsection.

Theorem 3.3. Let (")) be a sequence in W12 (ﬁh;Rg) such that
1 o~y -
2 IM (MY < ¢ < 4o0. (3.2)
Then there exist a triple (v,da,ds) € A, a map R € WH2((0, L); M?*3) with R(s) € SO(3)
for a.e. s €0, L], and some constants M) e R3 such that, up to subsequences,

oM oM — W) 0y strongly in WH2(Q; R?), (3.3)
% 9 (0 0 M) — dy  strongly in L*(Q; R?), (3.4)
%34 (ﬁ(h) o \I/(h)) —ds  strongly in L*(Q;R3), (3.5)

VoM o UM SR strongly in L?(Q; M>*3). (3.6)

Moreover, for a.e. s € [0, L], we have (v'(s)|da(s)|ds(s)) = R(s) Ro(s), where Ry = (1| v2|vs).



3D-1D ASYMPTOTIC ANALYSIS FOR THIN CURVED DOMAINS IN NONLINEAR ELASTICITY 5

Proof. Let (5")) be a sequence in W12(Q,; R?) satisfying (3.2). The assumption (v) on W implies
that

[ dist? (Vo™ (z), SO(3))da < C h*
Qp
for a suitable constant C. Using the change of variables U(") we have
/ dist® (Vo™ o &M, SO(3)) det (V, ™) ds dé d¢ < ch?. (3.7)
Q

From (2.5) and the estimate
dist?(F, SO(3)) > % PP =3,
we get the bound
/Q | V5™ 0 WM P dsdg d¢ < e. (3.8)

Define the sequence F") := V(") o UM from (3.8) it follows that there exists a function F €
L2(Q; M3*%3) such that, up to subsequences,

FW ~ F weakly in L2(Q; M3*3). (3.9)

Using Theorem 3.1, we will show that this convergence is in fact strong in L? and that the limit
function F is a rotation a.e. depending only on the variable along the mid-fiber and belonging
to WL2((0, L); M3*3). The idea is to divide the domain Qj in small curved cylinders, which
are images of homotetic straight cylinders through the same Bilipschitz function. Then, we can
apply the rigidity theorem to each small curved cylinder with the same constant. In this way we
construct a piecewise constant rotation, which is close to the deformation gradient V& in the
L? norm. For every small enough h > 0, let K}, € N satisfy

L
< — < 2h.
h_Kh<h

L
For every a € [0,L) N T N, define the segments
h

L
(a,a+2h) if a<L——,
Sa,Kh = Ky

(L—2h,L) otherwise.

Now consider the cylinders C, j, :== Sq, i, X D and the subsets of Q;, defined by CN’a,h =gt (Can)-
Remark that C, p, is a Bilipschitz image of a cube of size h, that is (a,0,0)+h ((O, 2) x D), through
the map W defined as

U [0,L] x R? = R®, (5,92,y3) — 7(s) + y2 va(s) + ys v3(s).

By Theorem 3.1 we obtain that there exists a constant rotation Eé’” such that

/N | Vo™ — R de < ¢ /N dist?>(Vo™, SO(3))dz. (3.10)
Ca,n Ca,n

The subscript a in R(lh) is used to remember that the rotation depends on the cylinder émh. In
particular, since W% ((a, a—+ Kih) X D) C Cq,p, We get

|V — B2 < ¢ / dist2 (Vo | SO(3))dx. (3.11)

/ll(’L>((a,a+KLh)><D) éa,h
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Changing variables in the integral on the left-hand side, inequality (3.11) becomes

/ | V5™ 0 W™ — RI|? det (VO™ ds dé d¢
(a,a+KLh) x D

<ec /~ dist® (Vo™ SO(3))dx
Ca,,h

<c /~ W((\Il(h))_l(x),Vf)(h)(x))da:.
Ca,h
Notice that det (V&™) = h2det (V,¥™) and, since det (V,¥)) — 1 uniformly,

| V5™ 0 W™ — RUW|?ds de d¢ < % /~ W ((¥™) (@), Vi (2))dz.  (3.12)

a,h

~/(a,a+KLh) xD
Now define the map R : [0, L) — SO(3) given by
RM(s):= RM fors e [a,a + K%)’ a€0,L)N Kih N.
Summing (3.12) over a € [0, L) N Kih N leads to
/Q’V{}(h) 0w — RO 2ds dg d¢ < % /@ W (™) (@), Vot (2)) de
for a suitable constant independent of h. By (3.2) we (:btain

/ | V5™ 0 W™ — RW|ds dg d¢ < ch?. (3.13)
Q

Now, applying iteratively estimate (3.12) in neighbouring cubes, one can prove the following differ-
ence quotient estimate for R for every I’ CC [0, L] and every § € R with |§| < dist(I’,{0,L})
| RM) (s + 8) — RM(s) [*ds < ¢ (|8 ] + h)?, (3.14)
I/
with ¢ independent of I’ and § (see [9], proof of Theorem 2.1). Using the Fréchet-Kolmogorov
criterion, we deduce that, for every sequence (h;) — 0, there exists a subsequence of R"3) which
converges strongly in L2(I'; M*3) to some R € L2(I'; M3*?), with R(s) € SO(3) for a.e. s € I'.
From (3.9) and (3.13) it follows that F' = R a.c.. Moreover (2.5) and (3.7) imply the convergence
of the L? norm of F(" to the L? norm of R, hence

FM R strongly in L?(Q; M>*3).
This proves (3.6), once the regularity of the function R is shown. To this aim, divide both sides
of the inequality (3.14) by (|§] + h)? and let h — 0; then
|R(s +8) — R(s)|”
r ki
and so R € WH2(I’; M3*3). But this holds for every I’ CC [0, L] with a constant independent of

the subset I’, hence R € W12((0, L); M3*3).
Now notice that

ds<c (3.15)

Vi (5" 0 ¥™) = (V5 0 M) v, w0 = ph g, g, (3.16)
by (2.5) and (3.6) we deduce that
Vi (5" o ™) — R Ry strongly in L*(Q; M**3). (3.17)
In particular, we have
V(®™ o w™) — (RRoe1) ®e;  strongly in L?(Q; M3*3). (3.18)

By Poincaré inequality there exist some constants ¢ € R? and a function v in Wh2(Q; R?) such
that (3.3) is satisfied. Moreover (3.18) entails that the function v depends only on the variable s



3D-1D ASYMPTOTIC ANALYSIS FOR THIN CURVED DOMAINS IN NONLINEAR ELASTICITY 7

in [0, L] and satisfies v/ = R Roe;. Setting di := R Roey, for k = 2,3, we have that (v,ds,d3) € A
and (3.4), (3.5) are satisfied by (3.17). O

3.2. Bound from below. Let Q3 : Q x M3*3 — [0, +00) be twice the quadratic form of
linearized elasticity; i.e.,
oW
Qg (Z, G) = W(
for a.e. z € Qand every G € M3*3. We introduce the quadratic form Qs : [0, L] x M3 — [0, +00)
defined by

0
Q2(87P) = inf {/ Q3(S,€7<,R0(S) <P< E ) —f—g‘agd
&eW}*zﬂéBD;Rg) D ¢
ge

Remark 3.4. Tt is easy to check that the minimum in (3.19) is attained; moreover the minimizers
depend linearly on P, hence Q3 is a quadratic form of P. Notice also that if P € L?((0, L); M3*3),
then @ € L*(Q;R3) with 9:4,0.a € L*(Q;R?), and g € L*((0,L); R?) (see [10, Remarks 4.1 -
4.3]).

2, 1d)[G, G

a<d> Rg(s)) d¢ dg}. (3.19)

In the following theorem we prove a lower bound for the energies (") /h? in terms of the
functional

1t .
I(v,do, d3) = 5/0 Q2(s, (R (s)R'(s) — R (s)Ry(s)))ds if (v,d2,d3) € A, (3.20)
+00 otherwise ,
where R € W12((0, L); M®*3) denotes the matrix R := (v'|da|d3) and A is the class defined
in (3.1).

Theorem 3.5. Let v € WH2(Q;R3) and let do,d3 € L?(;R3). Then, for every positive sequence
(hj) converging to zero and every sequence (3(1)) C W2 (Qy,;R?) such that

i) o W)y strongly in WH2(Q; R?), (3.21)
1
7 O (f}(hj) ° \Il(hj)) —dy  strongly in L*(Q;R?), (3.22)
J
1
W o¢ (@(hﬂ') o \I/(hj)) — ds  strongly in L?(;R3), (3.23)
J
it turns out that
1 _
I(v,ds,d3) < liminf — /~ W ((w")) " (@), Vo) (z)) da. (3.24)
J—00 ] th

Proof. In the following, for notational brevity, we will write simply h instead of h;. Let (ﬂ(h)) be
a sequence satisfying (3.21), (3.22) and (3.23). We can assume that

1 _
1iminfﬁ/~ W ((U®)) 7 (z), Vo) (2))dz < C < +oo,
J—00 ] Qhrj

otherwise (3.24) is trivial. Therefore, up to subsequences, (3.2) is satisfied. By Theorem 3.3 we
deduce that (v,ds,ds) € A,

FM .= v o ¥ — R strongly in L?(Q;M>*3) (3.25)
with R € W12((0,L); M?*3), R € SO(3) a.e., and
R := (1}/ ‘ dg |d3) = RRO (326)

Moreover, as in the proof of Theorem 3.3, we can construct a piecewise constant approximation
R™ :[0,L] — SO(3) such that

/ |FM — RW|*ds de d¢ < ¢ h? (3.27)
Q
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and R — R strongly in L?(I'; M?) for every I’ CC [0, L]. Define the functions G(*) : Q — M3*3

as
1 1 -1
0 o L (RN E® _ 1) = L((RIVTT, o™ (v, gL _
G -—h((R )'F Id)_h((R VTV ® (V™) 7~ 1d). (3.28)

By (3.27) they are bounded in L?(Q; M?®*3), so there exists G € L?*(Q;M®*3) such that G® —~ @
weakly in L?(€Q; M?*3). We claim that

o1 -1 . 1
hmmfhél/ﬁh W((\IJ(”)) (z),Vv(h)(x))dx > 5/QQ?,(s,g,c,G)dsdgdg. (3.29)

h—0

Performing the change of variables ¥("), we have
1 _ 1
— W((\I/(h)) 1(x),V17(h)(a;)>dx = 7/ W (s,&,¢ FM) det (V, 8 ™) ds de d¢
h4 Qn h? Jq
1
= ﬁ/ W (s, &, ¢, (RM)TFM) det (V, 0 ™) ds de d¢
Q
(3.30)
where the last equality follows from the frame indifference of W. Define the family of functions
(h) - I in Qﬂ{(saé.vg): |G(h)(57£a<)| Shi%}a
X" (s,€,0) :
0 otherwise.
From the boundedness of G in L?(Q;M>*?) we get that x) — 1 boundedly in measure, so
that
WG ~ G weakly in L?(€; M>*3). (3.31)
By expanding W around the identity, we obtain that for every (s,¢,¢) € Q and A € M3*3
1 0?°W
where 0 <t < 1 depends on the point (s,&,¢) and on A. By (3.30) and by the definition of G(")
1 - 1
= 1M (5 = 7= / W (s, & ¢ Id+hG™M) det (V, ¥ ™) ds dE d¢
Q
1
h?
L[ (W ONIEORED 0)
=5/ x SE2 (5,6, ¢, Id+ ht(h) G™) G, G™M] | det (V, U™ ds d€ d¢
Q
(3.32)

(5,6, ¢ Id+t A)[A, A]

Y

/ XMW (s,€,¢,1d +h GM) det (V, 8™M))ds d d¢
Q

where 0 < t(h) < 1 depends on (s,¢,¢) and on G™. The last integral in the previous formula
can be written as

1 Pw
5/9;5*0 (6F2 (s,6,¢,1d + ht(h) G™) [G<h>,G<h>]> det (VM) ds d¢ d¢

1 oW
= 5/9 (x“” ( g (5, 6.CId+ ht(n) GP) [GM, 67 - Qs (s,gvgvg(h))» det (V20" ds de d

+% /Q Qs(s,&.¢,x" GM) det (V, ¥ ™) ds de d¢. (3.33)

By Scorza-Dragoni theorem there exists a compact set K C €2 such that the function 9*W/0F?
restricted to K x Bs(Id) is continuous, hence uniformly continuous. Since ht(h)x G is
uniformly small for A small enough, for every ¢ > 0 we have

1/X<h> <8QW (s,6,¢,1d + ht(h) GM) [GM,GM] - Q3(s,, ¢, G<h>)> det (VM) ds de d¢

> ,g/ XM GW|? det (V4w M) dsdé d¢ > —Ce
K
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for h small enough. As for the second integral in (3.33), by (2.5) and (3.30) we get
1i£njgf%/gc33(s,g,g,x<h> G™) det (V¥ M)ds d¢ d¢ > %/{2Q3(3,5,C,G)ds ded¢  (3.34)
since ()3 is a nonnegative quadratic form. Combining (3.32), (3.33) and (3.34) we have

liminf% I (M) /Q3 $,6,¢,Q)dsded¢ — Ce

h—0

and, since ¢ is arbitrary, (3.29) is proved. It remains to identify G.

Fix (503C0) € D; let o = 50(507&)) > 0 be such that 3250(50,4-0) C D and let Uy := (O,L) X
Bsy(€0,C0). Fix t € R — {0}, |[t| < do. For every (s,£,¢) € Uy we can define the difference
quotients of the functions G™ with respect to the variables ¢ and ¢ along the direction 7, given
by

HM (5,€,0) = % (6" (5,6 4,0 = GW(s,6,0)) (),

K560 = 1 (GW(5,6,C+1) ~ G9(5,6,0) 7(5),

and the corresponding difference quotients of the limit function G

Hils,6,0) = 1 (Ols,641,0) —C(s,6,0) 7(s),

(Gls. 6.+ = Gls.6,0) 7(s).

1
Kt(57 ga C) = E
) — R boundedly in measure, we have

Since G™ — G in L?(Q;M3*3) and R
H™ — H, weakly in L2(Uy; R?) and

RMHEM ~RH, weakly in L2(Uy;R?). (3.35)

In terms of F(®) the left-hand side of (3.35) reads as
ROV (5,6,0) = o (FO 5,6 41,0) = F(s,6,0)) (s). (3.36)

Now recall that, if we set v(") := (") o (") we have
volt) = FW ), (3.37)

in particular, taking the first column of the two matrices, we obtain

FM(s,€,0)7(s) = 00" (5,€,¢) = hF™(5,€,0) (§va(s) + Cva(s)).
By the last equality and (3.36) we get

ROH (5,6,0) = 1= (0501 (5,€ +,0) = 0,00 (5,€,0))
(€0 F® (5,64,0) ~ € F0(s,£,0)) vh(s)
— 2 (CFM(s,6 4,0 = CFU(5,6,0)) vh(s). (3.38)

H—\»—lu—\

For the first term we have

E+t
% 0, (U(h)(s,f 4 1,0) — v (s, ¢, g)) - % as(/g 9ev™ (5,9, ¢) dﬁ)

t
—as<1/ 1a§v<h>(s,g+ﬁ,g)dﬂ>,
tJo h

% 0, (v(h)(s, £+1,0) —vM (s, ¢, g)) — dy(s) = B, (R(s) 1a(s))  weakly in W—12(Up; R®). (3.39)

so by (3.23) and (3.26)
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By (3.25) the second term in (3.38) converges to
* (€40 R(s) ~ €R(s)) vh(s) = Rls) vh(s)  strongly in L(U; ) (3.40)
and the last term to
% (gﬁ(s) - gﬁ(s)) Vi(s) =0 strongly in L(Up; R?). (3.41)
Putting together (3.39), (3.40), (3.41) and (3.35)
R(s) Hi(s.£.¢) = 0,(R(s) va(s)) — R(s) vh(s) ae. in Up

and so )

Hy(5,6,¢) = (R(s))T R (s) va(s) ae. in Up. (3.42)
Repeating the same argument for Kt(h) we get

Ki(s,€,¢) = (R(s))T R (s) vs(s) ae. in Up. (3.43)

From the last two equalities we deduce that the functions H; and K; depend only on the variable
s. Moreover, letting ¢ go to 0 both in (3.42) and in (3.43), we get that the gradient of G 7 w.r.to
the variables (£, ) depends only on s, i.e.,

v 5()( (s,£,¢) (s )) (E(s))Tﬁl(s) (va(s) |vs(s)) a.e. in Uy. (3.44)

Being this equality valid in Uy = (0, L) x Bs, (&0, o), for an arbitrary (€0, (o) € D, we can conclude
that it holds a.e. in the whole €. Since D is connected, we obtain that for a.e. (s,¢,() € Q

G(s,6,¢)7(s) = (R(s))" R (5) (§wals) + Cws(s)) + g(s)
with ¢ : [0, L] — R3. Remark that from the previous formula g € L?((0, L) R3).
It remains to identify the components G(s,&, () v2(s) and G(s,&, () v3(s). By (3.37) we have

3.
GO Omals) = 5 ((ROE)TFO (5,60 ) —uzs)

hHR™M (5))T 00 ™ (5,€,0) — va(s

S =S e
A~

and

(RO (5)TF®) (s, ) va(s) = va(s))

PR ()T 0 (5,6,C) — vas) ),

M(s,&, Q) vs(s) =

S =S
N N

so0, if we define

(h(RO)Tu ) (s5,,€) — € va(s) = Cvals))

:*M—‘

o™ (s,€,¢) :=

it turns out that
dea™ (s5,6,¢) = GM(s,6,0)va(s) and deaM(s,&,¢) = G (s,&,¢) v3(s). (3.45)
Applying the Poincaré inequality to the functions a(® for fixed s we obtain that for a.e. s € [0, L]

/ | ™ (s,€,¢) — i (s) | d§d§<c/ (\85a<h>(5,g,g)\2+ Iﬁga(h)(s,g,CMQ) de d¢,
where aé )(s) =/p aM(s,€,¢) dé d¢. Integrating over [0, L], we have

||04(h) —Qp )||L2(Q s¢ (Hafa(h)Hi?(Q) + HaCO‘(h)Hi?(Q)) ’

Since the right-hand side is bounded by (3.45), there exists a function o € L?(Q;R3) such that,
up to subsequences,

oM — aéh) — a weakly in L?(; R3).
Moreover, from (3.45) we conclude that

Oea(s,€,¢) = G(s,&,()va(s) and  Jcals, &) = G(s,€,¢) vs(s), (3.46)
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therefore d¢cv, Occv € L?(; R3). Now, define the functions a(s, &, () := R (s) a(s, &, ¢) and §(s) =
RE(s) g(s). Thanks to these definitions and to (3.26), G can be written as

G =<(RROT)T<RROT)/RO< 2 ) +g‘a§a

¢

aga> Ry

:RO<(RTR'+(R3”)’RO)< 2 ) +§1’8§d
¢

:RO<<RTR’—RE§R6)< 2 ) +g
¢

where the last equality follows from the identity (Rg )/RO + RYR) = 0. Combining (3.29) and
(3.47), we obtain

a<a> R}

Dedr

a<d> RY, (3.47)

0
1 - 1
lihmjgfﬁj(h)(ﬁ(h)) > 5/QQ3 $,&,¢, Ro(s) (P(s)( g > +g‘a§d 6<ol> Rg(s)>dsd§d§,

with P(s) := RT(s)R'(s) — R} (s)R}(s). By the definition of the quadratic form Qs in (3.19) we
clearly have [, Qs(s,&,¢, G)dEdC > Qa(s, P(s)), and so

L
limjgf%ﬁ w((v™) " (2), Vo® (2))da > %/0 Q2(s, (RT(s)R'(s) — R} (s)Ry(s)) ) ds.

Qp,

O

3.3. Bound from above. In this subsection we show that the lower bound proved in Theorem 3.5
is optimal.

Theorem 3.6. For every sequence of positive (hj) converging to 0 and for every (v,ds,ds) € A
there exists a sequence (6(hj)) cwh? (QhJ;RS) such that

) o whi) — 4 strongly in Wh2(Q; R?), (3.48)
1
W O (011 0 W)Y — dy  strongly in L?(;R?), (3.49)
J
1
W o¢ (ﬁ(hf) o ‘Il(hj)) — d3  strongly in L*(;R?), (3.50)
J
and
1 _
I(v,da,d3) = lim 7/~ W ((w")) " (@), Vo) (z)) de, (3.51)
J—0 7 th

where the class A and the functional I are defined in (3.1) and (3.20), respectively.

Proof. Let (v,ds,d3) € A. Assume in addition that v € C?([0, L]; R?) and da,ds € C*([0, L]; R3).
Consider the functions v : Q@ — R? defined by

v (s,€,¢) == v(s) + h€da(s) + hCds(s) + hq(s) + h? B(s, £, Q),

with ¢ € C'([0,L];R?) and 8 € C*(Q;R?). We define (™ := (M o (\I/(h))_l; these functions
clearly satisty (3.48). Moreover, since

Vi (5" 0 ¥M) = Vo™ = (' |da |ds) + h (€dy + Cdy + ¢’ | 9B 9cB) + h20sB@er,  (3.52)
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also (3.49) and (3.50) follow easily. In order to prove (3.51), we first observe that, performing the
change of variables (s £ () = (\Il(h))fl(x) we obtain

%ﬂh)( (h)) /W 5,6,¢, VoM o M) det (v, 8™ ds d¢ d¢

= /W (5,6, Vi (8™ 0 WM (V,0™) 71 det (V, 0 M) dsde d¢,  (3.53)
where the last equality is justified observing that
Vi (1M 0 ¥ = (Ve o ¥ (v, T™).

Then, by the definition of o),

%ﬂ ) (5M) /W L6,¢ (Vao™) (W, 8M) 71 det (V, 0™ ds dg dC. (3.54)

Using (2.6) and (3.52) we get
Vo™ (V0 = RRT + h(¢dy + Cdy + ¢ | 9:8|0c8) RY
—hRRE[(Evh + Cvh) ®@ei] RE + O(R?),

where R = (v'|da|d3) and O(h?)/h? is uniformly bounded. Now consider the rotation R(s) =
R(s) RY(s). Then

B Vo™ (V@)™ = [d+h R (Edh+ Cdytq | 0eB|0c8) RE— h [(€ vh+C vh)es] RE+0(h2).
If we define the functions
M (s,€,¢) == (R Vo™ (v, wM) ™ —Id),

it turns out that

B® = (R RT)(6d + (s +q' | 08| B)RE — [(€v4+ Cvh) @ e1] RY + O(h)

0 0
(o)1)
¢ ¢

0
Ry ((RTR’ — R{Rg) < ¢ ) +RTq| RT0: ‘ RT8<ﬁ> Ry +0O(h)

¢
=: Gyp+O(h) (3.55)

RI +0(h)

0¢f3 ’ 8<ﬁ> RY —

where O(h) / h is uniformly bounded. By frame indifference and the definition of B("), we have

W (s,£,¢, Vo™ (T 00) ) = W (s,6.C R Vo™ (v, 0 ™))

ﬁ

1
=3 W(s,& ¢, Id+hB™).

Using (3.55) and the expansion of W around the identity, we obtain

1 - 1
ﬁ W(57 Ea C7 vhv(h) (vh\Il(h)) 1) - 5 Q3(Sa €7 C? Gq,ﬁ) a.e..
Moreover, the assumption (ii) gives the uniform bound
1
h?
so, by the dominated convergence theorem and by (3.54) we conclude that

1 - N 1
hm/ﬂhw((\p(h)) l(x),Vv(h)(l’))dIZ §/S2Q3(5,§,C,Gqﬂ)d5d§dg. (3.56)

h—0 h4

This holds for every ¢ € C1([0, L]; R3) and for every 3 € C1(;R?).

h2

W (5,66, Vo (V28 ®) ™) < £ 1[Gy + C e LH(Q),
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Consider now the general case. Let (v,da,d3) € A, and let a(s,-) € WH2(D;R3), g(s) be a
solution to the minimum problem (3.19) for P = RT R’ — R R{,. By Remark 3.4, & € L*({;R3)
with 9¢&, 9ca € L*(Q;R?) and g € L*((0, L); R?). In order to conclude the proof it is enough to
construct a sequence of smooth deformations converging to (v, dz, d3), on which the energy I /h?
converges to the right-hand side of (3.56) with ¢ and 3 replaced by RT§ and R @, respectively.
This can be done by repeating the same construction as in [9]. O

Remark 3.7 (Homogeneous rods). If the rod is made of a homogeneous material, i.e., W(z, F) =
W(F), for a.e. z in  and every F' € M>*3, then the limiting energy density Qs is given by the
simpler formula

0
Qals, P) = deWIing;W) { /D @ (RO(S> (P ( g ) ’agd

In other words the optimal choice for ¢ in (3.19) is § = 0.
In order to show this, let & € W12(D;R3) and let § € R3. We introduce the function

a(s,&,¢) = &(s,f,()—ﬁ/Dagddde—C/DagddgdC. (3.58)

0 0
Ry (P( 5>+g‘85d 6¢&>R0T:Ro (P( ¢ ) '6565 agoz)Rg’
¢ ¢

+ Ro (g‘/l)agddgdg’/l)a@dgdg) RT
=G+ 7

By expanding the quadratic form @3, we have

/ Qa(G)de d¢ = / Q3(G)de dc + / Qs(2)de d¢ > / Qs(G)de de, (3.59)
D D D D

where we used (2.2), the fact that d¢& and O.& have zero average on D and the non negativity of
(3. From this inequality the thesis follows immediately.

Notice that, due to the nontrivial geometry of the body, the limit energy depends on the position
over the curve «y even for a homogeneous material.

a<d> Rg(s)) d¢ dg}. (3.57)

Then,

Remark 3.8 (Homogeneous and isotropic rods). Assume the density W is homogeneous and
isotropic, that is,
W(F)=W(FR) forevery R e SO(3).
Then the quadratic form Qg3 is given by
2

T
Gre + A (trG)?

Q3(G) = 2#‘

and so, formula (3.57) reduces to

0
QuP) = _ it { /DQs <P< g > ‘8504

for some constants A\, u € R. It is easy to show that for all G € M3*3 and R € SO(3)
1 p(BA+2p)
=5 = (pla +pis) + 5 i,

Qs(RG R") = Q3(@),
agd> dgdg}
27 A+ 27

where the last equality follows from [9, Remark 3.5]. This means that in the case of a homogeneous
and isotropic material the quadratic form @ is exactly the same as in the case of a straight rod
treated in [9].

I
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Remark 3.9 (Homogeneous rods with a circular cross section). Assume that the cross section D is
a circle of radius ﬁ centred at the origin. In this case, the quadratic form @2 can be computed

w) Rz<s>>

by a pointwise minimization. More precisely, for every s and for every P,

Pb1s3
v> Rg(s)) + Qs (Ro(s) ( D23
0

The proof is completely analogous to [9, Remark 3.6].

u v

1 P12
Q2(s, P) = Eﬂnﬁj Q3 (Ro(s) ( 0

' —p23

4. LOWER SCALINGS OF THE ENERGY

The content of this section is the study of the asymptotic behaviour of the functionals 1(%) /h®
for 0 < a < 2, as h — 0. In addition to conditions (i)-(v) of Section 2 we assume also that
W(z,F) = W(z, F) for every z = (21, 22, 23) € R and every F' € M3*3, and that

(vi) 3C3 > 0 independent of z; such that W(z;, F) < Csdist*(F, SO(3)) for a.e. 2
and every F' € M®*3,

It is convenient to write the functionals 1) as integrals over the fixed domain Q = (\Il(h))fl (Qh)
Changing variables as in (3.53) and setting v := 9 o U(®) we have

1) = [ W (s, (900) (Ta0®) ) dot (V) ds d d = T o).
Q

We extend the functional to the space L?(Q;R3), setting
7(h) : 1,2(0). 3
J(h)(v) _ J (U) lf NS W .<Q,R ),
+00 otherwise in L?(Q; R3).

The aim of this section is to determine the T-limit of J() /h® for 0 < o < 2, as h — 0, with
respect to the strong topology of L2.

4.1. Derivation of the nonlinear theory for curved strings. For this first part we specify
a = 0, so we are interested in the asymptotic behaviour of the functionals representing the energy
per unit volume associated to a deformation of the reference configuration.

Theorem 4.1 (Compactness). For every sequence (v™) in L*(Q;R?) such that
JH (v(h)) <c< 40 (4.1)

there exist a function v € WY2((0,L); R3) and some constants ¢c®) € R3 such that, up to subse-
quences,
v — W~y weakly in WH2(Q;R?).

Proof. Let (v")) be a sequence in L?(; R?) satisfying (4.1). From the definition of the functional
we have immediately that v € Wh2(Q; R?). The assumptions on W and the uniform bound-
edness of (Vh\I'(h))_l and of det (V, U(") give the boundedness in L?(€; M3*?) of (V,v(") and
hence of (Vv(h)). Therefore, using the Poincaré inequality

10 = | agqupsy < NIVO®] o

(4R3) Q;MB3*3)7

where ¢ € R3 is the mean value of v(") over €, it turns out that the sequence v —¢(" is bounded
in W12(Q;R3); hence there exists a function v € W2(Q; R?) such that, up to subsequences,

v — M~y weakly in WH2(Q; R?).
Moreover since (Vj,v") is bounded in L?(€2; M3*3), we have
dev™ — 0 and ™ — 0 strongly in L3(Q; R?).

Therefore the limit function v depends only on the first variable. O
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Theorem 4.2 (I'-convergence). Let I be the functional defined as

I} = /OL Wit (s,0/(s))ds i v € WY2((0, L); R?), @)
+o0 otherwise in L?(Q;R3),
where Wi* is given by the conver envelope of the function Wy : [0, L] x R?* — R defined as
Wo(s, z) = inf {W (s, (2 |y2 | y3) R} (5)) : ya.ys € R?}.
Then

I — lim J® =1,
h—0

i.e., the following conditions are satisfied:
(i) (liminf inequality) for every v € L2(;R®) and every sequence (vM) C L2(Q;R®) such that
v — v strongly in L?(;R3), it turns out that

< limi (R) (4 (M. )
I(v) < llﬁnjgf] (v'"™); (4.3)
(ii) (limsup inequality) for every v € L*(Q;R3) there exists a sequence (vM) C L2(Q;R3) converg-
ing strongly to v in L?(S;R?) such that

lim sup J () (v(h)) < I(v). (4.4)
h—0

Remark 4.3. Notice that, if A := (z|y2|y3) R, then AT = z and Avy =y, for k = 2,3. In other
words, in the definition of Wy, the minimization is done with respect to the normal components
of the matrix in the argument of W, keeping equal to z the tangential component.

Remark 4.4. Observe that conditions (iv) and (v) imply that for a.e. s € [0, L],
Wi*(s,z) =0 ifand only if |z| <1, (4.5)
(see [1]).
Proof. (of Theorem 4.2) (i) Let v and v™ be as in the statement. We can assume that
liminf J® (u) < oo,

otherwise (4.3) is trivial. Therefore, up to subsequences, (4.1) is satisfied. From Theorem 4.1 we
deduce that v € W12((0, L); R?) and that the convergence is indeed weak in W12(Q; R3).
Now define the function Wy : [0, L] x R?® — R as

Wo(s, z) = inf {W (s, (2 |y2 | y3)R{ (5)) : ya2,y3 € R*}.

Due to the coercivity assumptions this function is finite.
Notice that, since Ry RY = Id, we can write

W (s, Vo™ (V) ™) = W (5, V0™ (v, 94) T RoRE)
and using the explicit expression of (Vh\I/UL))fl given in (2.6), i.e.,

(Va®™) ™ (5,€,) = RE (s) = h R () [(€vh(s) + Cw4(s)) @ ex] BE (5) + O(h?),

we have
Vo™ (VM) Roey — o' weakly in L2(Q;R?). (4.6)
So, from the definition of W)
JW (v > / Wo (s, Vo™ (Va0 ™) ™ Roey ) det (V0 M) ds dé d¢
Q
>

[ W (5, T (a0 Roen) det (V40 d d .
Q
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Now we pass to the liminf in both sides of the previous inequality, using the uniform convergence
of the determinant remarked in , and we get

lim inf JM (v > lim inf / Wi (s, (Vo™ (V,8M) 7 Ry)er) det (V0 ™M) ds de d¢

lim inf / W™ (s, (Vao™ (v, 8M) " Ro)ey) ds de dC.

Since the functional

/ (s,u)dsd€éd¢

is convex, it is sequentially weakly lower semicontinuous in L?(Q; R?); so, by (4.6) we can conclude
that

L
lim inf JM (1)) > / Wi*(s,9/(s)) ds. (4.7)
- 0

(ii) Let v be a function in W12((0, L); R3), otherwise the bound in (4.4) is trivial. Let wo, w3 €
W12((0, L); R3) be arbitrary functions and consider the functions v(® : Q — R3 defined by

M (s,€,¢) = v(s) + h§wa(s) + hCws(s).
Clearly, as VoW = v’ @ e1 + h (§w}h + Cwh | wa | w3), we have that
o™ — v strongly in WH2(€; R?). (4.8)
Now we want to study the behaviour of the sequence

JM (v = / W (s, (Vo) (V,8M) ) det (v, 0M) ds dé d¢
Q

when h — 0. Notice that the scaled gradient of v(*) satisfies
Vo™ = (v |wy |ws) + h (Ewy + Cwh) @ er — (V| wy |w3) ae.. (4.9)

So, by (2.5) and (vi), using the dominated convergence theorem we get

lim ™ (v() = lim Qw(s,(asv“‘) | wy | ws) (Vi U™) ™1) det (V5 ¥M) dis dg d¢

L
_ / W (s, (v |wa | ws) RT) ds
0

Up to now we have shown that for every choice of wo, w3z € W12((0, L); R?), there exists a sequence
(v™) such that (4.8) is satisfied and

L
lim J" (v(M)) = / W (s, (v |wa | ws) RY )ds
0

h—0

Therefore,

I —limsup J® (v) := inf {lim sup J ) (u(h)) :u™ — v strongly in Lz(Q;RB)}
h—0 h—0

L
< inf {/ W (s, (v w2 |ws) RY) ds : wa, w3 € W1’2((0,L);R3)}
0

L
= inf {/0 W (s, (v |wa |ws) RY) ds : wa, w3 € L2((0,L);]R3)} . (4.10)

where the last equality is a consequence of the dominated convergence theorem and of the density
of W2((0,L); R?) in L2((0,L); R3).
By the measurable selection lemma (see for example [3]) applied to the Carathéodory function

g: [OaL] X Rg X R?) - R, (Say27y3) = 9(5>y27y3) = W(S, (’U,(S) |y2 | yg)R,(J;(S))
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we obtain the existence of two measurable functions w3, w : [0, L] — R? satisfying

W (s, (v'(s) | wh(s) | w§(s)) R () = o W (s, (v'(5) | y2 | y3) R (5)) = Wo(s,/(s)).

Moreover, from the coerciveness of W it follows that w9, w9 belong indeed to L?((0, L); R?) and so
they are in competition for the infimum in (4.10). Hence, for every v € W12((0, L); R?) we have

T — limsup J® (v / Wo(s,v'(s))ds =: J(v).
h—0

Now define the functional

_ [ Jv) if ve WRA((0, L);R?),
J(v) = { +o0o  otherwise in L?(2;R3?); (4.11)
clearly it turns out that
T —limsup J® (v) < J(v) for every v € L?(Q; R?). (4.12)
h—0

As the lower semicontinuous envelope of .J with respect to the strong topology of L?(2; R?) is given
by the functional I (see [2] and [7, Lemma 5]), the thesis follows immediately from (4.12). O

4.2. Intermediate scaling. In this subsection we show that scalings of the energy of order h®,
with a € (0,2), lead to a trivial I'-limit.

Theorem 4.5 (Compactness and I'- convergence). Let Wy be the class of functions defined as
Wi = {v e WH2((0, L);R?) : [o/(s)| < la.e.}. (4.13)

For every sequence (v(h)) in L2(;R3) such that

1

7o JM (v(h)) <c¢ < +oo (4.14)
there exist a function v € Wy and some constants ¢™ € R such that, up to subsequences,

oM — M~y weakly in WH2(Q;R?).

Moreover,

1 h 0 in Wl,
I — lim — J® = (4.15)
h—0 ho +o00 otherwise in L?({; R?).

Proof. Let (v™) be such that (4.14) is satisfied. Then
J* (v(h)) < ch®. (4.16)

By Theorem 4.1 this implies that there exist v € W2((0, L); R?) and some constants ¢ € R
such that the sequence v(") — ¢(® converges to v weakly in W12(€; R3). Moreover by Theorem
4.2 and by (4.16)

0 = liminf J(h) (h) / Wy (s))ds,

h—0
and this gives the additional condition that [v'(s)] < 1 for almost every s € [0, L], thanks to
Remark 4.4. Therefore v € W;.
Let us prove (4.15). The liminf inequality follows directly from the fact that the energy density
W is nonnegative and from the compactness. As for the limsup inequality we first notice that we
can restrict our analysis to functions v € W, being the other case trivial. Since |v'(s)| < 1 for
a.e. s € [0, L], there exist two measurable functions da,ds : [0, L] — R? such that

(v'(s)|da2(s) | ds(s)) € Co(SO(3)) for a.e. s € [0, L],

where Co(SO(3)) denotes the convex hull of SO(3). As first step, we assume in addition that
(v' | da|ds) is a piecewise constant rotation; for simplicity we can limit ourselves to the case

Ry if s €0, sq],
(v'(s) [ d2(s) | ds(s)) = { R: if s i Lo OL[]
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with Ry, Ry € SO(3). Now, let w(h) be a sequence converging to zero, as h — 0, and let P be

a smooth function P : [0,1] — SO(3), such that P(0) = R; and P(1) = Rs. Now consider a
reparametrization of P, denoted by P and given by

P #(5)

Define the sequence v(" : Q@ — R3 as

S
R1< h& ) on s € [0, so[x D,
h¢
s 0
M (5,6,0) = / (P™)(@)es do+P<h><s>< hé ) +bMon [s9,50 +w(h)] x D,
S0 hC
S
R2< h¢ ) +d on |so+w(h),L] x D,
h¢

where the constants b and d™ are chosen in order to make v(® continuous. It turns out that
the scaled gradient has the following expression:

Ry on [0, s0[xD,
0
Vo™ = P () + <(P(h))/(s)< hé )) ®e; on [sg,s0+w(h)| x D, (4.17)
h¢
Ry on }So —|—w(h),L] X D;

moreover V,v(" — (v'|dy | d3) strongly in L?(€2;R3). In order to evaluate the functional on this
sequence we use the fact that, by (v) and (2.5),

hia JM (p)) < h% / dist? (Vo™ (V,9M) 71 S0(3)) ds d dC. (4.18)
Q

From (4.17) the integral on the right-hand side of the previous expression can be written as

/ /dlst Ry (VAU ™)' SO(3)) ds dé d¢ + /dist2(R2 (VAU ™)™ SO(3)) ds dé d¢

so+w(h)

sotw(h)
+ / / dist? (Vo™ (V4,0 ™)1 SO(3)) ds dé dC. (4.19)
D

The first two terms in (4.19) give a contribution of order h? since, by (2.6), for i = 1,2,

dist® (R, (V0 ™) ™' S0(3)) < h2 dist? (R, RY [(¢vh + (vh) @ e1] R, SO(3))
< Ch*dist?([(Evh + Cvh) @ e1], SO(3)),

so they can be neglected in the computation of the limit of (4.18). The only term we have to
analyse is the last integral in (4.19). Set

o ()

-1

Using again (2.6) we have that

dist? (Vo™ (V4,0 ™) 71 90(3)) < dist? (AP (V4,0 ™)1 90(3)) < Ch% (€2 + ¢2) | (PP |

)
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so we get the following estimate:

so+w(h) 1 sotw(h) 702
/ / dist? (Vo™ (V™) 7 SO(3)) ds d¢ d¢ < C h? / | (P™) [ ds
S0 D

S0

Y

Notice that, if we choose w(h) ~ h?, with 0 < 8 < 2 — q, also this term can be neglected in (4.18),
hence )
}1112%) e JM (v(h)) =0
and this concludes the proof in the case (v’ |dz|d3) is a piecewise constant rotation.
Consider now the general case. Since (v'|ds|ds) € Co(SO(3)) a.e., there exists a sequence
of piecewise constant rotations R; : [0,L] — SO(3) such that R; — (v'|d2|d3) strongly in
L%((0, L); M3*3). For each element R; of the sequence we can repeat the same construction done

() (h)

in the previous case and find a sequence v;* whose scaled gradients Vjv;™" converge to R; as

h — 0 and such that for every j

.1 (h) -1
}lllir%)h—a/QW(s,thj (VoMY ™) det (V¥ ™) ds d¢ d¢ = 0. (4.20)

Now we can choose, for every j, an element of the sequence vj(-h), say ’Uj(-hj), in such a way that

< ! (4.21)

(hj) .
thjvj R, L2(QM3X3)

and
1 | - 1
,Ta/ W (s, Vi, vl (V5 009) 1) det (V5,0 9)) ds de d¢ < - (4.22)
j Jo

These estimates show that the sequence vj(-hj) converges to (v’ | dy | d3) strongly in L2((0, L); M3*3)

and that

1 _
lim ,Ta/ W (s, Vo) (V, D)1 det (V), U9)) ds de d¢ = 0. (4.23)
j—oo hi Jo
This concludes the proof. O
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