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Many applications of Szemerédi’s Regularity Lemma for graphs are based on the following
counting result. If ¢ is an s-partite graph with partition V(%) = Ji_; Vi, |Vil = m for all
i€[s], and all pairs (V;,V;), 1 <i<j<s, are e-regular of density d, then % contains
(1 if(e))d(i)ms cliques Ky, provided € < e(d), where f(e) tends to 0 as € tends to 0.

Guided by the regularity lemma for 3-uniform hypergraphs established earlier by Frankl
and Rodl, Nagle and Rodl proved a corresponding counting lemma. Their proof is rather
technical, mostly due to the fact that the ‘quasi-random’ hypergraph arising after application
of Frankl and RodI’s regularity lemma is ‘sparse’, and consequently difficult to handle.

When the ‘quasi-random’ hypergraph is ‘dense’ Kohayakawa, Rodl and Skokan (J. Com-
bin. Theory Ser. A 97 307-352) found a simpler proof of the counting lemma. Their result
applies even to k-uniform hypergraphs for arbitrary k. While the Frankl-Rodl regularity
lemma will not render the dense case, in this paper, for k = 3, we are nevertheless able to
reduce the harder, sparse case to the dense case.

Namely, we prove that a ‘dense substructure’ randomly chosen from the ‘sparse d-regular
structure’ is J-regular as well. This allows us to count the number of cliques (and other
subhypergraphs) using the Kohayakawa—Rodl-Skokan result, and provides an alternative
proof of the counting lemma in the sparse case. Since the counting lemma in the dense case
applies to k-uniform hypergraphs for arbitrary k, there is a possibility that the approach of
this paper can be adopted to the general case as well.
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1. Introduction and the main result

For a graph ¥ = (V, E) and two disjoint nonempty sets 4, B < V, let E(4, B) denote the
set of edges {a,b} € E witha € 4 and b € B. Let d(A4, B) = |E(A, B)|/|A||B| be the density
of a pair (4, B). For a given € > 0, the pair (4, B) is e-regular if

(A, B) — d(4,B))| < e

holds whenever A’ = 4,B’ < B, and |A'| > €|A]|, |B’| > €|B].
Szemeredi’s Regularity Lemma [9] says that all graphs can be decomposed into e-
regular, ‘random-like’ pieces.

Theorem 1.1. (Szemerédi’s Regularity Lemma) For every given € > 0 and integer t, there
exist integers T = T(e,t) and N = N(e,t) such that every graph 4 = (V,E) with |V| > N
vertices admits a partition V = Ji_, Vi, such that

(1) t<s<T,

(2) [IVil = VIl <1 for all pairs (i, j),1 <i<j<s, and

(3) pairs (V;,V)) are e-regular for all but e(3) pairs (i,j), 1 <i<j<s.

A partition described in the above theorem is called an e-regular partition.

Szemerédi’s Regularity Lemma is one of the most powerful tools in extremal graph
theory. Many applications of Szemerédi’s Regularity Lemma are based on a ‘counting
lemma’, which states that the number of cliques Kj, i.e., complete subgraphs with s vertices,
in a ‘random-like’ graph is as expected. For a graph ¥, let # (%) be the set of all s-element
sets that induces a copy of K in %. The following fact is easy to prove.

Fact 1.2. (Counting Lemma) Let ¥ be an s-partite graph with a vertex partition V(%) =
Ui, Vi such that

(1) |Vil=m for all i € [s], and

(2) all pairs (V;,V;), 1 <i< j<s, are e-regular with density d.

Then % contains (1 + f(€))d2)m® cliques Ky, provided e < e(d), where f(e) — 0 as € — 0.
In other words,

1A (G)] = (1 £ f(e)d>m.

A natural question arises whether the Regularity Lemma can be generalized to
hypergraphs in a way that allows for a similar counting lemma. It turns out that this is
a difficult problem. Frankl and Rodl developed such a regularity lemma for 3-uniform
hypergraphs in [4]. In a way similar to Theorem 1.1, Frankl and Rodl’s regularity lemma
allows one to count the number of cliques K®). This was done for s = 4 in [4] and later
generalized by Nagle and Rodl [7], replacing 4 with an arbitrary integer s. The result of
[7], which extends Fact 1.2 to 3-uniform hypergraphs, replaces the concept of e-regularity
with (9,d, r)-regularity (cf. Definition 1). While the proof of Fact 1.2 is simple, the proof
of counting lemma given in [7] is surprisingly very technical.
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Since in this paper we are interested mainly in an extension of Fact 1.2 to 3-uniform
hypergraphs, we will not state the Frankl-Rodl regularity lemma here. We need, however,
their concept of regularity for 3-uniform hypergraphs (cf. [4]).

Definition 1. Let ,d be positive real numbers and r be a positive integer. Let & be a

3-partite graph and # be a 3-partite 3-uniform hypergraph with the same vertex partition.

We say that J# is (3, d, r)-regular with respect to % if the following property is satisfied.
Whenever 2y,...,2, are subgraphs of ¢ such that

U #3(2)| = 61439)l,
j=1
then
]%mUxa(z» — 1+ o) |52 (11)
j=1 j=1

Here 2#'3(%) stands for the number of triangles in a graph % and we refer the reader to
Section 2 for more notation used throughout this paper.

Remark 1. (J,d,r)-regularity implies (&', d, r’)-regularity when ' < r and ¢’ > 0.

Definition 2. Let & be an s-partite graph and # be an s-partite 3-uniform hypergraph
with the same partition |J_, V;. We say that # is (3,d,r)-regular with respect to 4 if
AH[V;UV;U Vi is (8,d,r)-regular with respect to %[V; U V; U V] for every {i, j,k} € [s]°.

Definition 3. Let ¥ be a graph and # be a 3-uniform hypergraph. We say that ¥
underlies A if all edges of # are triangles of 4, in other words, # < A 3(¥9).

We have found it convenient to work with the following alternative (but equivalent)
definition of e-regularity.

Definition 4. Let 0 <e,d <1 and (Vy, V) be a disjoint pair in a graph %. The pair
(V1, V>) is called (e, d)-regular if

AWy, Wa) = (1 £ e)d
holds for every Wy = Vi, W, < V; with |W||W,| > e|Vi||Val.

Definition 5. Let ¥ = (V,E) be an s-partite graph with partition V = (J;_; ;. Then ¥ is
called (e, d)-regular if all pairs (V;, V), 1 <i< j <s, are (e,d)-regular.

Now we are ready to state the counting lemma for 3-uniform hypergraphs.

Theorem 1.3. (Counting lemma for 3-uniform hypergraphs [7]) Let s > 3 be an integer.
For every u> 0 and ds € (0, 1] there exists 6 > 0 such that, for every d, € (0, 1], there exist
€ > 0 and integers r and mgy such that the following assertion holds.
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If % is an s-partite graph with partition V = J;_, Vi, where |Vi| =m > mq for 1 <i <s,
and A is an s-partite 3-uniform hypergraph with the same partition such that
(1) 9 is (e,dy)-regular, and
(2) 9 underlies A, and ﬂ lS (5 ds, r)-regular wzth respect to Y,
then A contains (1 + ,u)d d ' copies of K3

Note that due to the quantification of Theorem 1.3 (Vu Vd; 30 Yd, e Ir dmy Vm),
one must prove this theorem for every d,, and consequently for d, < §. In this case,
the underlying graph % is sparse, which is the main reason why all known proofs have
become very technical. Unfortunately, the situation d; < 0 cannot be avoided after the
application of the regularity lemma from [4].

If the underlying graph ¥ is dense, then it is relatively simple to count the number
of cliques. Recently, Kohayakawa, Rodl and Skokan [6] proved a counting theorem
for k-uniform hypergraphs, which for k = 3 reduces to a special case of Theorem 1.3.
Specifically, they showed that Theorem 1.3 is true when % is a complete s-partite graph
and r = 1.

Lemma 1.4. ([6]) Let s > 3 be an integer. For every u > 0 and every d € (0, 1], there exist

09 > 0 and my > 0 such that the following holds. If

(1) % is a complete s-partite graph with partition V =\J._, Vi, where |Vi| =m > mq for
1<i<s, and

(2) A is an s-partite 3-uniform hypergraph with the same partition V. = J;_, Vi and A is
(9,d, 1)-regular with respect to 4, where 6 < Jy,

then A contains (1 + p)d3)m* copies of K©.

In this paper, we show how to reduce the harder, sparse case (i.e., when d, < J) to
the dense case (when 0 < d, = 1). We prove that a ‘dense substructure’ randomly chosen
from the ‘sparse d-regular structure’ is o-regular as well. In order to state our result, we
need to describe the environment (or our ‘sparse d-regular structure’) in which we will
work.

Throughout the remaining part of this paper, we will work within the following setup.
Owing to the quantification of Theorem 1.3,

Yu Vds 36 Vdy e Ir Amy Ym = my,

we may assume the following.

Setup.
(S1)

1 1
E<<6<<;<<d2’5 and5<<d3. (12)

(S2) Let h be an integer satisfying € < 1/h < 6.
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(S3) Let V =J._, Vi be a partition of V satisfying |V;| = m for i € [s]. Suppose that
(i) 9 is an (e,dy)-regular s-partite graph with s-partition V = J._; Vi,
(ii) # is an s-partite 3-uniform hypergraph with the same partition as ¢, and
(iii) % underlies # and J is (9, ds,r)-regular with respect to 4.

We also need the following definition.

Definition 6. For 2 <t <s, we call a t-tuple of h-subsets (Li,...,L;), where L; =
Vi,...,L; < V,, complete if 9[L; U---U L] is a complete t-partite graph. For t = 1, every
h-subset L; = Vj is called complete.

The following remark estimates the number of complete s-tuples of h-subsets. Note
that it is also a generalized version of the Counting Lemma for the graph case given in
Fact 1.2.

Remark 2. For 1 <i<s, set M; = d‘;fl)hm. Then the number of complete s-tuples of
h-subsets (Ly,..., Ls) is (¢f. Fact A.7(1))

e T ()

i=1

Thus the quantity HLI(A,;I") counts asymptotically the number of complete s-tuples of
h-subsets in %. Consequently, the quantification

‘For all but f(§)[[; (A,f") complete s-tuples of h-subsets, where f(0) > 0 as d —» 0

i=1
means

‘For almost all complete s-tuples of h-subsets.’

Now we present our main result.

Theorem 1.5. (Main theorem) There exists a positive function f(5) with the property
f(6) = 0 as 6 — 0 such that the following holds.

For all but at most f(é)Hle(AZ") complete s-tuples of h-subsets (L1, L,,..., L), the in-
duced subhypergraph ' [U_ L] is (f(0),ds, 1)-regular with respect to 4[U;_,L;].

Consequently, all but at most f(é)Hle(AZ") complete s-tuples (L1, Lo,...,Ls) of h-
subsets satisfy assumptions of Lemma 1.4, and thus enable to count the number of cliques
K® in #[US_,L;]. The following result is a direct consequence of Theorem 1.5 and
Lemma 1.4.

Corollary 1.6. There exists a positive function f(9) with the property f(6) - 0 as § —» 0
such that the following holds.
For all but at most f(é)Hle(AZ‘) complete s-tuples of h-subsets (L1, L,,...,Lg), the hy-

pergraph #'[Ui_,L;] contains (1 if(é))d;i)hs copies of K.
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Applying Corollary 1.6 and a double counting argument, we can easily enumerate the
number of cliques K® in #. This gives an alternative proof of Theorem 1.3. Details are
given in Section 3.

2. Notation

[W]* denotes all k element subsets of a set W.

V(%) is the vertex set of a graph or a hypergraph .

E(%) is the edge set of a graph or a hypergraph %.

%[W] stands for the subhypergraph of % induced on a set W.

%(x) denotes the neighbourhood of a vertex x in a graph .

G(W) =\yew 9(x) is called the joint neighbourhood of a set W in a graph 4.
9(x1,...,xx) is an abbreviated form of Z({xy,...,xk}).

K; is a clique of size j in a graph.

A '3(%) denotes the set of all triangles in a graph %.

Kf) is a clique of size j in a 3-uniform hypergraph.

A j(A) denotes the set of all cliques of size j in a 3-uniform hypergraph 7.

Kfz)’z is a complete 3-partite 3-uniform hypergraph whose every partite set contains
precisely two vertices.

H(x) ={e\ {x} :e € E(H), x € e} is the link of a vertex x in a 3-uniform hypergraph #.
H (W) = (N\yew #(x) is called the joint link of a set W in a 3-uniform hypergraph .
H(x1,...,X;) is an abbreviated form of #({xy,...,Xx}).

H(f)=1{e\f:e€ EH), f e} is the link of a 2-subset f € [V(#)]? in a 3-uniform
hypergraph .

H(F) = ﬂfey A (f) is the link of a family & < [V(#)]? in a 3-uniform hypergraph .

For three numbers a, b and 6 > 0, b = a + 6 means that b € (a — J,a + 9).

3. Proof of Theorem 1.3

At this point, we prove Theorem 1.3 by applying Corollary 1.6 and a double counting
argument. We will frequently use some easy facts regarding e-regularity of graphs. These
facts are summarized in Appendix A as Facts A.1-A.10.

Let %5, denote the set of all complete ¢-tuples of h-sets in ¥, that is,

%1i(9) = {complete (Ly,..., L) € [1]" x --- x [V,]"}.



Counting Small Cliques in 3-uniform Hypergraphs 377

Definition 7. We say that an s-tuple (ay,...,a5) € Vi X -+ X V; is complete if the induced
subgraph ¢[{ai,...,as}] of ¢ is a complete graph.

Now we shall outline the proof of Theorem 1.3. We first apply Corollary 1.6 to estimate
A=A (AL U UL,
@

where ). stands for the summation over all s-tuples (Li,...,Ls) € €s(%). This is
done in Claim 3.1. Then, for a fixed complete s-tuple (ag,...,a5)€V) X -+ x Vi, we
estimate the number of s-tuples (L, ..., Ls) € €s(¥) such that (ai,...,a;) € L x -+ X L
(¢f. Claim 3.2). Since this quantity is essentially the same (say, equal to B) for almost all
(ag,...,a5) € Vi x -+ - x Vi, we can conclude that the number of copies ofo) is about 4/B.

Claim 3.1.

SO AL U UL = (£ h@)ds D hom f(hy,
{6)

where h(d) is a positive function with the property h(6) — 0 as 6 — O.

Proof of Claim 3.1. Corollary 1.6, Remark 2, and 1/m < ¢ < 1/h < 6 imply that

DA (AL U U L))
(/

(s ey T (B m o (dy
s (0 () o] (47

i=1 i=1
o (5 (3)7s. hs s
> (1= h(o)ds " dy e m f(h1, (3.1)

where f(0) is the function from Corollary 1.6 and h(d) is a positive function with the
property that h(6) — 0 as 6 — 0. Corollary 1.6 and Fact A.7(3) also imply that

S 1A (AL U U L))
-

e (i—1h s (i—1)h
< gonbio eI (%) e (%)
i=1 i=1
s\ 10 (3 s b s
< (1+ h(8)d2" d wm’ /(n) (3.2)
since € K 0 <K ds. O

Let (aj,...,as) € Vi x -+ x Vi be a complete s-tuple. Now we estimate the number of
s-tuples (Ly,...,Ls) € €ns(%) for which (ay,...,as) € Ly X -+ X L.

Claim 3.2. All but at most €8 m* complete s-tuples (ay,...,a5) € Vi x -+ x Vy satisfy
W(L1,...,Ly) € €ns(9) : (a1,...,a5) € Ly X -+ X Lgj]
= (142 a0 (= 1)1, (33)
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Proof of Claim 3.2. Let (aj,...,a5) € Vi X -+ x Vs be a complete s-tuple. We need to
estimate the number of complete s-tuples (By,..., By) of (h — 1)-subsets B; = Vy,...,B; =
Vs such that

Bi € [%(ay,....a;) \ {a;})]"!

for every i € [s].
By Fact A.3 and e < d> < 1, for each i € [s], all but at most 2(s — 1)e'/2m*~! < el/4m~!
(s — 1)-element sets {aj,...,as} \ {a;} satisfy

% ({ar,...,a} \ {ah)l = (1+€74) a5 m, (3.4)
Since the right-hand side of (3.4) is at least €!/*m, by Fact A.1, all but at most s x m x
e/ m =1 < e'Bm® s-tuples (ay, ..., a,) satisfy that the graph

¥

U Y({ay,...,as} \ {ai})] is (e'/%, d,)-regular. (3.5)

i=1

Consequently, by Fact A.7(1), we have
|{(L15"'9LS) € (gh,s(g) : (ala"'aaS) € Ll XX LS}‘

_ (1 + 61/2s+2) f[ (d(2h—1)(i—1)(1 i€1/4)s_1d%_lm>

. h—1
i=1

= (1)l D s — 1)1y 0
Now we use double counting and Claims 3.1 and 3.2 to finish the proof.

Proof of Theorem 1.3. In Claim 3.1, we proved that the summation of the number
of chques 1n Jf [L1U -ULg] over all complete s-tuples of h-subsets (Li,...,Ls) is
(14 h(o)ds 2 hom!s /().

In Claim 3.2, we proved that for all but at most e'/*m* complete s-tuples (ay,...,a;) €
Vi x -+ x V, the number of complete s-tuples of h-subsets (Ly,..., L) such that a; € L;
is (1 + 1/2”‘)61(’1 DG 0=0s s((h = 1)1,

Combining these two claims and the fact that € < J,d>, d3, we obtain

(1 + h@)dy *d e 1S s

| A (A)| < +e€

) (1—61/2’”)d‘! 0 /(= 1)1y
< (14 2h(S)d d me,

and

(1= h(S)ds Pd > hom '”/(h!)-* —eSme (")’
(1+ 1/2‘*3)01“1 T /(= 1)1y

> (1 — 2h(3))dsd m

IKs(A)| =

This completes the proof. O]
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4. Proof of Theorem 1.5

It follows from Section 3 that the main task is to prove Theorem 1.5. In order to do so, we
apply an equivalent condition for (d,d, 1)-regularity of 3-uniform hypergraphs when the
underlying graph is complete. The corresponding equivalence was proved by Kohayakawa,
R6dl and Skokan in [6]. Before stating this result, we introduce a definition.

Definition 8. Let 57 be a 3-partite 3-uniform hypergraph with partition U = U; U U, U
Us. We define the density den(#) of 5 by

| o

den(# ) = —————,
R AT

where || is the number of edges in #). We also denote by com(#;) the number of

copies of Kfz),z in .

Now we are ready to state the result from [6].

Lemma 4.1. Let %y be a complete 3-partite graph and 5 be a 3-partite 3-uniform hyper-
graph with the same partition U = Uy UU,UU;, where |Uj|=n for 1<i<3. If
den(#) = d, then the following properties are equivalent:

(1) #y is (0,d, 1)-regular,

(2) com(H#) = (1 +6")d*n®/8.

The equivalence of properties (1) and (2) is understood in the following sense. For two
properties P = P(6) and P’ = P'(¢'), ‘P = P” means that for every ¢’ > 0 thereisa é > 0
so that any 3-uniform hypergraph ) satisfying P(6) must also satisfy P’(d’), provided
n > Moy(d').

By Lemma 4.1, to prove Theorem 1.5, it is sufficient to show the following theorem.

Theorem 4.2. There exists a positive function f(0) with the property f(0) — 0 as 6 —» 0
such that the following statement holds.

For all but at most f(é)Hf=1(AZf) s-tuples (L1, Lo, ..., L) € €35(9), the induced subhy-
pergraph J[U;_,L;] satisfies these two properties:
(P1) den(#[L; UL;UL])= (1= f(5))ds for every {i,j,k} € [s]3, and
(P2) com(#'[L; UL; U L) = (1 £ f(5))d3h®/8 for every {i, j,k} € [s]°.

In order to prove this theorem, for t = 3,4,...,s, we will introduce statements Den,(ppp)
regarding the ‘density’ of subhypergraphs of # and statements Com,(ppp) regarding the
number of copies of Kyz)z in subhypergraphs of . These statements will be proved
by induction on ¢. Deny(ppp) and Com,(ppp) will then imply conditions (P;) and (P;) of
Theorem 4.2.
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We start with some definitions. Set

M, = dh(p%)
M* — (1+ 1/4)h(p 1M,,,
( 1/4)11(17 1Mp~

Definition 9. For 1 <t <s, we call a complete t-tuple (see Definition 7) of h-subsets
(Ly,...,L;) good if

My, <|%(Ly U UL) N Vi <

; (4.1)

p+1

forevery l<p<tand p+1<i<s

Remark 3. All but ¢!/2" H;zl(’\z") complete t-tuples of h-subsets (Li,...,L;) are good
(cf Fact A7(2)).

Let t, 3 <t<s, be given and let (Ly,...,L;) be a good t-tuple of h-subsets. For a
triple (Lpl,Lpzprz) 1 < p1 < p2 < p3 < t, we define the following edge-extension property
EEP(p1, p2,p3) and Cs-extension property C4EP(py, p2,p3) regarding the density of
subhypergraphs of # and the number of copies of Kfz),z in subhypergraphs of 7,
respectively.

EEP,(p1, p2, p3).  All but at most §'/4h? edges e = {x,y} in 9[L,, U L,,] satisfy
1#(e) N Ly, | = (1 + 46)dsh.

Observe that a triple (Lp,,Lp,,Ly), where 1< p; <p,<p3 <t having property
EEP,(pi, p2, p3) implies that the induced subhypergraph #[L, UL, UL,] has density
about d;. The second property regards the number of copies of Kfz)’z in the hypergraph
H[L, UL, UL,].

CAEP, (p1, p2, p3).  All but at most 8'/4" h*/4 four-cycles Cy in %[L,, U L,,] satisfy
A#(Ca) N Ly, | = (14 8V4)ddh.

Here, we view C4 as a set of four 2-subsets. Notice that a four-cycle Cy in ¥[L,, U L,,]
together with any two vertices in #(Cs) N L, form a Kfz),z in #'[L, UL, UL,]. Thus
the property C4EP,(pi, p», p3) implies that the induced subhypergraph s#[L,, U L,, U L,,]
has the ‘right’ number of copies of ng

Now we are ready to state Den,(ppp) and Com,(ppp).

Den,(ppp). All but at most 51/4" H;J:l(M") good t-tuples of h-subsets (Li, ..., L,) satisfy
the following condition:

(*) all triples (Lp,, Lp,, Ly,), 1 <p1 <py<ps <t have the edge-extension property
EEPt(p19p25p3)'
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Com, (ppp). All but at most oL/ H;=1(AZ") good t-tuples of h-subsets (Ly, ..., L,) satisfy
the following condition:

(*) all triples (L, Lp,,Lp), 1 <pi <pr<p3<t have the Cy-extension property
C4EPT(p1ap23p3)'

We note that Deng(ppp) and Fact A.7(2) imply that for almost all complete s-tuples of
h-subsets (Li,...,Ly), all triple systems #'[L, UL, UL,], where 1 < p; <p, <p3 <s,
have density (1 &+ 6')d;, where 6’ — 0 as 6 — 0. Therefore Den(ppp) and Fact A.7(2)
imply property (P;) of Theorem 4.2. Similarly, property (P,) of Theorem 4.2 follows from
Comy(ppp) and Fact A.7(2).

Hence, our goal is to prove Deng(ppp) and Comg(ppp). The proofs of these two statements
are very similar. In this paper, we present only the proof of Comy(ppp). It can be easily
modified to prove Deny(ppp). Details of proving Deny(ppp) are given in [8] and we omit
them here.

We will prove Com,(ppp) for 3 < t < s by induction on t. Our induction scheme is quite
complex and we need several other auxiliary statements defined in the following section.

5. Induction scheme

While proving Com,(ppp), our assumption will reflect the situation when a ‘typical’ good

t-tuple of h-subsets (Ly, Ly, ..., L;) is chosen. Recall that 4 U[_1 L,) is the neighbourhood
of the set U 1 Ly in the graph 9. Clearly, g(U < Vi1 U~ U V. We will consider
the graph 9] Up= L,u9( Up= ] and the hypergraph H[ Up=1 L, Ug(U;=1 L,)]. For

every t +1 < f <s, set
Wi =4(L U UL)N V.
Note that

Moy < W] < MY

We regard sets L, Ly, ..., L; as the ‘past’ and sets Wt(jq, W[(frz, ., W as the ‘future’. There

are four possible types of triple systems in the hypergraph #[ Up_1 L,u U‘}_t 41 W;t)].

‘fff° type: ,%”[W;f) U Wf(-i) U Wf(-;)], where t+1 < f1 < fa < f3 <, that is, hypergraphs
induced on the union of three sets from the future.

‘pff> type: H[L, U Wj(»f) U Wf(-?], where 1 <p<tandt+1<f) <fy<s, that is, hyper-
graphs induced on the union of three sets one of which is from the past and two are
from the future.

‘ppf’ type: H'[L, UL, U W}[] where 1 < p; <p, <tand t+ 1< f <s, that is, hyper-
graphs induced on the union of three sets two of which are from the past and one is
from the future.

‘ppp’ type: H[L, UL, UL,], where 1 < p; <p, < p3 <t, that is, hypergraphs induced
on the union of three sets from the past.

For the ‘/ff” type triple systems, we are interested in their regularity. For the remaining
three types of triple systems, we are interested in the number of copies of Kfz)g in them. To
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deal with this situation we are going to use assertion Com,(ppp) together with assertions
Reg,(fff), Com,(pff), Com,(ppf) formulated below.
For 2 < p <t, we set

r=r
2rp1d3" ‘e n 130 1/2x40-1
I e if 2d5" <6 ds,
Fp—1 otherwise.

Now we formulate Reg,(f/ff).

Reg, (fff). All but e!/24x4”" H;=1(AZ”) good t-tuples of h-subsets (Ly,...,L,) satisfy the

following conditions:

(1) the induced subgraph ¢[%(L,; U---U L,)] is (¢'/?,d,)-regular,

(2) the induced subhypergraph A#[%(L;U---UL,)] is (6'/%,ds,r;)-regular with respect
to G[G(Ly U~ U Ly)].

Before stating Com,(pff') we need one related definition. For a givent,1 <t <s—2,and
a triple (L, W;f), W}z)), where 1 < p<tandt+1<f; <fy<s, we define the following
C4-extension property.

C4EP,(p, f1,f2). All but at most 6V/4"diM?,, /4 four-cycles C4 in g[W}f) U W};)] satisfy

|#(Ca) N Lyl = (1+6"%)d3h. (5.1)

Note that a triple (L,, Wf(f), W};)) possessing property C4EP,(p, f1, f») implies that the

induced subhypergraph J#[L, U W;f) U W}?] has the ‘right’ number of copies of ng
Now we are ready to state Comy(pff).

Com, (pff). All but at most 5'/4" H;ZI(AZ”) good t-tuples of h-subsets (Ly,..., L;) satisfy
the following condition:

(*) all triples (L, Wf(f), Wf(-;)), where 1<p<t and t+1<f; <fr<s, possess
C4EP:(p, f1. f2).

Similarly, we introduce assertion Comy(ppf’). First, for a given t, 2 <t <s—1, and a
triple (Lp,, Lp,, Wf(-z)), where 1 < p; <py<tand t+ 1< f <s, we define the following
Cy-extension property.

C4EP,(p1, p2, f).  All but at most 64" h>M?,, /4 four-cycles Cy in %[L,, U W;t)] satisfy

| #(Ca) N\ Ly, | = (1 +6Y¥)dih. (5.2)
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Reg, (ff/). Comy(pff) ——— Coma(ppf) — o Coms(ppp)

(@), (iii)

(i), (iv) (vi) (viii)

Reg, (ff]), Comy(pff) — 2 Coms(ppf) ——ts Comy(ppp)

(i), (iv) (vi) (viii)

(i), (iv) (vi) (viii)

(vi) (viii)

Reg, ;(fff), Com_3(pff) ——— Comy_>(pp/) ——— Com,_(ppp)

(iv) (vi) (viii)
(vi) (vii)
Com,_,(pff) — Comy_(ppf) —— Com,(ppp)
Figure 5.1.

Observe that a triple (L, Ly,, W}Z)) having property C4EP,(py, p2, f) implies that the
induced subhypergraph #’[L, UL, U W}t)] has the ‘right’ number of copies of K?z)z
Then, we state Com,(ppf’) as follows.

Com, (ppf). All but at most 5'/4" H;ZI(AZ”) good t-tuples of h-subsets (L1, ..., L) satisfy
the following condition:

(*) all triples (Lp,,L,,, W;’)), where 1 < p; <p, <tand t+ 1< f <s, possess property
C4EP,(p1, p2, f).

In sections to come, we are going to prove the following statements.

(i) Statement Reg,(fff) is true.

(ii) Implication Reg,(fff) = Reg, (fff) is true for every ¢ € [s —4].
(iii) Statement Comy;(pff) is true.
(iv) Implication Reg,(fff) A Com,(pff) = Com,,(pff) is true for every t € [s — 3].
(v) Implication Comy(pff’) = Comy(ppf) is true.
(vi) Implication Com,(pff) A Com;(ppf) = Com(ppf) is true for every ¢ € [s — 2]\ {1}.
(vii) Implication Com;(ppf) = Coms(ppp) is true.
i)

Implication Com,(ppf) A Com,(ppp) = Com,,{(ppp) is true for every t € [s — 1]\
{1,2}.
From (i)—(viii), one may deduce by induction (see Figure 5.1) that Com,(ppp) holds for
every t, 3 <t <s.

Statement (i) is verified in the next section and Section 7 contains the proof of (ii).
Section 8 shows (iii) and the proof of (iv) is given in Section 9. Implications (v) and (vi)
are deduced in Section 10 and implications (vii) and (viii) in Section 11.



384 Y. Peng, V. Rodl and J. Skokan

6. Proof of Reg; (fff)

The proof is based on Claim 6.1 and Claim 6.2 which concern conditions (1) and (2) in
Reg; (f/f), respectively.

Claim 6.1. %[9%(L,)] is (€'/?, dy)-regular for all good h-subsets L, < V.

Proof of Claim 6.1. Let L; = V; be a good h-subset. By (4.1) and (1 — /4)'dhm > €'/*m
(recall that e < d», 1/h), Fact A.1 implies that %[Wf(ll) U W}zl)] is (€'/2,d,)-regular for every
fufu2<fi<fr<s 0

The proof of Reg,(fff) will be completed by proving the following claim.

Claim 6.2. Fix any {f1,f2,f3}, where 2 < f1 < f2 < f3 < s. Then, all but at most 261/12(',:’)
good h-subsets L; Vi are such that %[W}ll) U W}zl) U W}Bl)] is (04, ds, r1)-regular with
respect to @[W}ll) U W}zl) U WE)].

Indeed, combining Claims 6.1 and 6.2, we obtain that all but 2(*7")e!/12(") < !/24("")
good h-subsets L; < V; satisfy conditions (1) and (2) in Reg, (fff).

Proof of Claim 6.2. We prove this claim by contradiction. Fix any fi, f», f3, where
2 < fi < f2 < f3 <s. Suppose that there exist e'/12(7}) good h-subsets L' = V; satisfying
the following condition:

(*) there exist subgraphs 2i,..., 2 of ¥[4(L)N (Vy, UVy, UVy,)] such that

(Qlt) = 51/4|f3(g[g(l‘1) N (Vfl U sz U Vf})]) 5

(6.1)

but

51/4 d3

Jors(2

t=1

‘%mU%3 (6.2)

We will derive a contradiction by applying the fact that # is (9, ds,r)-regular with
respect to ¢. We distinguish two cases.

Case 1. Suppose that 2d3"/81/2dy > 1. Then we consider a good h-subset L = V; for which
(*) holds. In other words, there exist ry subgraphs 24,...,2,, of 4[9(L) N (Vy, U V5, U V)]
such that

U #3(20| = 8V41A5(419(L) 0 (Vy, UV, UV, (6.3)

t=1

but

> (1406'%)ds (6.4)

t=1
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In order to apply the (9, ds, r)-regularity of # (note that r{ = r in this case), we are going
to prove that

> 5|f3(g[Vfl U sz U st])" (6.5)

Owing to (4.1), the (e'/2,dy)-regularity of %[%(L)N (Vs UV, UVy,)], Fact A9, and
2d3"/812d; > 1, we have
A 35(GIGL) (Vs UV, UV 2 (1= €2) (1= 26"2)d3 (dhm(1 — €/4)")

> %51/%13 x (1—e4) "™ g3n?. (6.6)

Combining the above inequality with (6.3) and (1.2), we obtain

7320 =6 x (1 + ) + de/d3)d3m’
t=1

Fact A.9 implies that
A5GV, UV, UVEDE< (14 €)° + de/d3) d3m?

and therefore

= 0| 3(G[Vy, UV, UV

Since A is (9, d3,r)-regular with respect to 4 and r; = r in this case, we have

‘,%’ N U A 3(2 14 0)ds (6.7)

U A '3(2,)

t=1

This is a contradiction to (6.4) since § < 1.

Case 2. Suppose that 2d3"/5'/2d; < 1. Observe that in this case inequality (6.6) and
consequently inequality (6.5) cannot be guaranteed. To overcome this problem, we will
use the existence of subgraphs 2i,..., 2L (cf. (*)) for a family of " =r/ry h-subsets L'
satisfying condition (*) and prove an inequality similar to (6.5) (cf. inequality (6.9) below).
Then we apply the (0, ds, r)-regularity of .

We define an auxiliary graph 2 with V(2) = [V;]" and

E(2)={{L,L'}:19(LUL)NVy| # (1 £€"*)d3"m for some f € {2,...,s}}.

By Fact A.6, all but at most €'/4(})* pairs (L, L), where L and L’ are h-subsets of Vi,
satisfy

19(LUL)N V| = (1 £/ d3'm

for every 2 < f <'s. Consequently, |E(2)| < e!/4(})%.

We are going to apply Fact A.10 to the graph & with parameters n = ('), 0 = €'/%, ¢ =
e'/12 and t = (1/dy)*". Set W = {L : L satisfies condition (*)} and observe that |W| > cn
by the assumption.

1/4
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Using Fact A.10, we obtain the existence of " = u(1 / d2)3h <t subsets L' € W, where
=0612d3/2 ,such that for 2< f <sand 1 <i<j<#”
|9(L'uL)nVy| = (1+ 61/4)d§hm. (6.8)

Note that " > 1 since 2d3"/5'/%d; < 1.
In order to apply the (0, ds, r)-regularity of # (note that r; x ¥’ =r), we are going to
prove that

i=1t=1

2 01 A 3GV, UV, UV (6.9)

We apply the inclusion—exclusion principle and obtain

-3 |Ums@)]- ¥

i=1 "t=1 1<i<j<r”

oy

i=1t=1

(6.10)

Ux@ (2) mU%@ (2))

t=1

Now we estimate both sums on the right-hand side of (6.10). Owing to (4.1), the (¢!/2,d,)-
regularity of ¥[%(L") N (Vy, U Vs, U Vy,)], and Fact A9, we have

|GG OV, UV, UV = (1 —€/2) (1 =263 (1 — /%) dim)?
> (1— 61/4)3h+4d;h+3m3.

=

We apply this to (6.1) and obtain

N

> x SVA (1 — e A, (6.11)

Furthermore, by (6.8), the (61/2, d>)-regularity of 4[%(L' U L/)], and Fact A.9, we have

U A 5( U #'5(2])
t=1

((1+€2)° + 462/ B3)d3 (1 + /) dm)°,

and consequently

> Uz@ mU;{Q (2])

1<i<j<r =1

Combining (6.11), (6.12,) and (6.10) yields

1
(g) X 20 m} = (S (6.12)

"

U (2

i=1t=1

Since " = u(1/d>)*", p = 6'2d3/2, and (1.2), we get

U2

i=1t=1

3h+4
7‘ % 51/4( 61/4) dgh+3m3 o (r”)zdgh+3m3.

w(1/ds ) 51/4<1 _ 61/4)3’1+4d%h+3m3 _ Mz(l/d2)6hdgh+3m3

S((1+e€) + de/d3)d3m’
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The last inequality follows from e < 1/h,d>,0 and 6 < 1. Fact A.9 implies that
| A 3(G[Vs, U Vs, UVE]D < &3m*((1 + €)® + 4e/d3); therefore,

U U H'3(2
i=1t=1
Since A is (0,ds,r)-regular with respect to ¢, we have

) = 5|f3(g[vf1 ) sz U sz])|

‘meUx@ (21 +6)d3UU1f (2 1+5d3z U% (6.13)
i=11t=1 i=1t=1 i=1 't=1
It also follows from (6.11), (6.12), ¢ < 1/h and 6 < 1 that
Zl<i<j<r” ll]=1 ‘%/.3 ("Q;) N U'tl=1 '%/3 ('Q{)’ < g51/4d3. (614)

s UL #3(2))] 3
Now we will obtain a lower bound on | N Ule Ui, #°3(2))| and derive a contradiction
0 (6.13). Applying (6.2) and the inclusion—exclusion principle, we get

‘JfﬂLrJUfa > (1464 d3Z U%s
i=1t=1 i=1 't=1
p>

1<i<j<r”

1 1
ol Jas(2) nJas(2])
t=1 t=1
Since |# NUL, #3(2) UL, #3(2) < |UL, A NUL, #3(2]), by applying
(6.14), we have

Jors(2,

t=1

%000%3(2)’2(1 51/4) Z

i=1t=1 i=1

This contradicts (6.13) because 6 < 1.
Similarly, we can prove that at most €'/12(}) good h-subsets L; < V; satisfy (6.1) and

U732

t=1

‘Jf nlJ#s2)| < (1—6"*)ds

Therefore, we proved that for any fixed 2 < f1 < f> < f3 <s, all but 2¢"/12(7) good
h-subsets Ly = V; are such that #[9(Li) N (Vy, U Vy, U Vy,)] is (814, d5,r1)-regular with
respect to 4[%(L1) N (Vy, U Vg, U Vy,)]. This completes the proof. ]

7. Proof of Reg,(fff) = Reg,,;(fff)

Before proving implication (ii), we introduce one additional definition.

Definition 10. For a good t-tuple of h-subsets (L,..., L), we say that an h-subset L;; <
WJrl is good for (Ly,...,L;) (sometimes we simply say L., is good) if
1)
t+2 |Wf[+ | M;:.z

forevery f,t+2 < f <s.
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Remark 4. A (t + 1)-tuple of h-subsets (Li,...,L;+1) is good if and only if (Ly,...,L;) is
good and L,y is good for (Ly,...,L,).

The proof of implication (ii) is a consequence of the following lemma.

Lemma 7.1. If (Ly,...,L;) is a good t-tuple of h-subsets satisfying conditions (1) and (2)
in Reg,(fff'), then all but at most 61/24X2(M’+‘) good h-subsets L.y < W( 1 are such that
(Lt,..., Lit1) satisfies conditions (1) and (2) in Reg,,((fff).

Sketch of proof. Since a good t-tuple of h-subsets (Li,...,L;) satisfies conditions (1)
and (2) in Reg,(fff), we know that the (s — t)-partite graph 4[%(L1 UL, U---UL,)] is
(€'/2,d5)-regular and the (s — t)-partite 3-uniform hypergraph #[%(L; UL, U---U L,)] is
(6Y*, ds, r,)-regular. This enables us to select L, in a similar situation as for L. Replacing
e by €2, 5 by /4", m by Myy1(1 +€/4)" and r by r,, we can prove Lemma 7.1 in the
same way as we proved Reg; (fff). L]

Now we prove implication Reg,(fff) = Reg,,(fff) by applying Lemma 7.1.

Proof. Let (Ly,...,Ls1) be a good (t + 1)-tuple of h-subsets which does not satisfy
conditions (1) and (2) in Reg,_(fff). We distinguish two cases.

Case 1. (Ly,...,L;) satisfies conditions (1) and (2) in Reg,(fff), but L.y is such that
(L1,..., Liy1) violates either condition (1) or (2) in Reg,(fff). By Lemma 7.1, there are
at most 61/24X2(M]’}' ) choices for such L.

From Fact A.7(3) we know that there are at most (1 + 261/2’“)]_[;:1(1‘:") good t-tuples

(Ly,...,L;). Consequently, the number of (¢t + 1)-tuples (Li,...,L;+1) as described above

is at most
t t+1
1+ 2¢ 1/2’“ H ( ) el/24x2 (ML) < 2e 1/24><2H <M+> (7.1)
p=1 h p=1
since € < 1.
Case 2. (Ly,..., L) violates either condition (1) or (2) in Reg,(fff). By Reg,(fff), there
are at most e!/244” H;=1(AZ”) such good t-tuples. For each such (Ly,..., L,), there are at
most (Mf“) choices for L,y. Therefore, the number of (¢t + 1)-tuples (Ly, ..., L) in this
case is at most
T (M M, M
1/24%41~ p HL) o o1/24x4 r Y 79
‘ ﬂ(k)x<h) ‘ H(h) 72

Combining (7.2) and (7.1), we obtain that all but at most

t+1 t+1
- M+ ‘ M
(61/24><4 ! +2€1/24><2) H ( hp) < el/24x4 H ( hp)

p=1 p=1
good (t+ 1)-tuples of h-subsets (Li,...,L.y1) satisfy both conditions ((1) and (2)) in
Reg, . (/1) [
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8. Proof of Com;y (pff)
The proof of Com;(pff’) will be completed by proving the following claim.

Claim 8.1. Let f1, f2, where 2 < f1 < f2 <'s, be fixed. Then all but at most 51/46(';:) good
h-subsets Ly < Vy satisfy the following: (5.1) holds for all but at most 51/46d‘2‘h+4m4/4f0ur-
cycles Cy in %[W}ll) U W;zl)].

Indeed, Claim 8.1 implies that all but at most (*;')3"/4'(") < '/4'(") good h-subsets
L, satisfy condition (*) in Comy(pff): for all but at most 6'/%d3"**m*/4 four-cycles C, in
it

| #(Ca) N Li| = (1+6Y*)d4h

holds for every f1, f2, 2 < f2> < f> <.

To prove Claim 8.1, we define an auxiliary bipartite graph I' = (U; U U, E), where U,
consists of all good h-subsets L; = V; and U, consists of all four-cycles C4 in 4[V;, U V5, ].
We join Ly € U; and C4 € U, by an edge if and only if C4 € %[%4(L)] and (5.1) holds. Note
that (1 — 61/4)(’2) <UL < (%) (¢f. Fact Al5) and |U,| = (1 & €/8)d4m® /4 (cf. Fact A).

Then, Claim 8.1 translates into showing that

degr(L1) > |{Cs: Coe g[W D UW ]} — 5V ¥ ad+4mt /4

for all but at most 64 (") sets L; € Uy.
By (4.1), the (¢!/2, d)-regularity of %[W;ll) U W;zl)], Fact A.8, and € < 1, we have

{Cs:Caeg[WPUWDTY < (1+€77)ddm /4,
Consequently, the proof of Claim 8.1 follows from the following claim.

Claim 8.2. In the graph T, all but at most 51/46(',':) sets Ly in U satisfy

degr(Li) > (1+ €Y% — 54 dd+4m* /4. (8.1)

Since the proof of this claim requires additional claims and lemmas, we put it as a
separate subsection.

8.1. Proof of Claim 8.2
We will state and prove three auxiliary statements first, then return to Claim 8.2.

Claim 8.3. For every fi, f2, 2< f1 < fa <s, all but at most €'/8d3m* four-cycles Cy4 =
ey W XL AXL Y LY X)) in @[V, U VE] satisfy

(1— ) dim < |%(x, X, y,y) N Vil < (1 + V) ddm. (8.2)



390 Y. Peng, V. Rodl and J. Skokan

Proof.  Fix arbitrary f1, f, so that 2 < f; < f, < s. It follows from Fact A.4 that all but
at most 4e'/2m? pairs {x,x'} € [V},]* satisfy

(1= dm < 1%(x,xX) N V1| < (14 €2 Bm. (8.3)

Consider a pair {x,x'} € [V},]* satisfying (8.3). Since d3(1 —€'/2)? > /4, 4[%(x,x') N
(ViU Vy,)] is (€'/%,dy)-regular by Fact A.1. Consequently, Fact A.4 implies that all but at
most 4!/ x (1 + €'/2)*dim? < 6€'/*dim? pairs of vertices y, )’ € %(x,x') NV, satisfy

1%(x, X, p,y )N Vi = (1 & 61/4)2d§|(5(x, x') N V). (8.4)

Combining (8.3) and (8.4), we obtain that all but at most 4€'/?m? x (7)+ () x
6el/4dim? < e/8d3m* four-cycles Cq = {{x,y}, {y, X'}, {x,y'},{)y',x}} satisfy (8.2). O

Lemma 8.4. For every fi, fa, 2< fi < f2 <s, all but at most 6'*"dim*/4 four-cycles
Co = {{x, v}, (0, X1 {XL Y 5L, X} in GV, U Vy,] satisfy both (8.2) and

A (Ca) N V| = (14 82)ddddm. (8.5)

Recall that € < d,0 < d3 (c¢f. (1.2)). The fact that ¢ < d, allows to prove Claim 8.3 in
a standard way. The proof of Lemma 8.4 is, however, more complicated. This is because
d, the density of the graph ¢, can be smaller than § which measures the regularity of 5.
The proof of this lemma is given in Section 8.2.

The following claim is a consequence of Lemma 8.4.

Claim 8.5. In the graph T, all but at most 51/2]()d‘2‘m4/4four-cycles Cy4 in U, satisfy

1/210 54 —el/4 Y4
degr(Cy) > (1 —2¢7" °“)<(1 fh) d2m> L (rz) (8.6)

Proof of Claim 8.5. Recall that in I', U; = [V;]" and U, consists of all copies of C4 in
%[V}, U V). By Lemma 8.4, all but at most 61/2"d$m* /4 four-cycles C4 € U, satisfy both
(8.2) and (8.5). We will show that (8.6) holds for each such Cs = {{x,y}, {y,x'}, {x’,y'},
V. x}}.

Set Mc, = 9(x,x",y,y' )N Vi and N¢, = #(Cs) N V;. Note that N¢, = Mc,. In view of
the definition of T', to prove (8.6), we need to estimate the number of L € U; for which
IN¢, N L| — d4h| < 8'/4d%h holds. To accomplish this, we use Chernoff’s inequality for
the hypergeometric distribution [5].

Let L be a random h-subset of M¢, and X = [N¢, N L| = |#(C4) N L|. Then X has the
hypergeometric distribution with parameters |Mc,|, h, and |N¢,|.

Observe that [Mc,| = (1 4 €'/4)*dim (cf. (8.2)), [N¢,| = (1 + 62" )didim (cf. (8.5)), and
E(X) = [N¢,|h/|Mc¢,| = (1 4 26'/2" )d4h. Applymg Chernoff’s inequality, we get

P(IX — dh| > 6% d4h) < P(1X — B(X)| > 6/*E(X)/4) <2707 4 (87)
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By the definition of I, C4 and L are adjacent in I if and only if |X — d%h| < 614 dh.
Hence, (8.7) and Fact A.5 imply that

degr(Cy4) > (1 — 2e_61/210d§h) (WZC‘*') —e (’2’)

4
> (1= 2¢7""dthy ((1 —e'f) dé’") el (’”) 0

h h

Now we are ready to prove Claim 8.2.

Proof of Claim 8.2. We first use Claim 8.5 to find a lower bound on the number of
edges e(I') of I'. Then, assuming Claim 8.2 is false, we derive an upper bound on e(T).
Comparing these two bounds will yield a contradiction.

By Claim 8.5, we have

e(T) > (1 —e"/® — 52" dim* /4

_g1/210 1— e/ addm m
> ((1_2e 512 dgh)(( h) 2 )_61/4<h)>

>(1—28"2") (’Z) &+ m /4, (8.8)

The last inequality follows from e < &, d» and the fact that 2e=0""" h < §1/2° /2 when
h>1/6.

Now suppose that Claim 8.2 is not true, i.e., there exist more than 6!/ 46(’,’:) sets Ly € Uj
such that

degr(Li) < (1+ €Y% —5V4)d¥+4m* /4. (8.9)

We are going to derive a contradiction to (8.8).
By (4.1), the (¢!/2, d,)-regularity of 4[%(L;)], and Fact A.8, we know that

degr(L1) < (14 €)™ (1 4 €72 a4 m? /4, (8.10)
for every L € U;. Combining (8.9) and (8.10) yields

el) < o\/% (’Z) X (14 €2 — sV @it /4

(1— s (’,’1’) X (14 (14 V)it 4

(S2) .
< (1 512 /2) <7;:) d§h+4m4/4.
This contradicts (8.8) since 6 < 1. L]

8.2. Proof of Lemma 8.4
In order to verify Lemma 8.4, we need to show that all but at most 6'/2"d4m* /4 four-cycles
satisfy both (8.2) and (8.5). In Claim 8.3, we proved that (8.2) holds for all but at most
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e'/4d3m* four-cycles. Therefore, it suffices to show that (8.5) is true for all but at most
(1/2)5'2" @4m* /4 four-cycles Cq in G[V}, U Vy,].

To this end, we construct a bipartite graph %y = (Uy U Wy, E), where Uy =V, Wy
consists of all four-cycles C4 in 4[V;, U V], and x € Uy and C4 € Wy are adjacent in %
if and only if C4 < H#(x).

Observe that |[Wy| = (1 + €'/%)d4m* /4 (cf. Fact A.8). In order to prove Lemma 8.4, it is
sufficient to show that all but at most (1/2)8"/2"d4m*/4 four-cycles C4 € W, satisfy

degy, (Cs) = (1 + 02" )diddm.

To prove this, we will apply the following three lemmas.

Lemma 8.6. In the graph %y, all but at most 6'/*m vertices x € Uy satisfy
degy, (x) = (14 8"%)didd|wyl. (8.11)

Lemma 8.7. In the graph %o, all but at most 8'/*'m? pairs {x,x'} € [Uo)? satisfy

degyy, (x,x') = (1 4+ 6V d3d3|Wy). (8.12)

The proofs of these two lemmas are given in Sections 8.3 and 8.4. In addition to these
two lemmas, we will also use the following result, which is a modification of an earlier
result of Duke, Lefmann and Rodl [3].

Lemma 8.8. Let d, d be constants, 0 <9, d < 1, and let B = (UU W ,E) be a bipartite
graph with |U| > 1/(d?3). Denote by @ the collection of all pairs {x,x'} € [U)? for which
either (i) or (ii) below fails:
(i) degy(x), degy(x') > (1 —0)d|W|,
(ii) degy(x,x') < (1+8)d*|W]|.
If 12| < 6|U* and

> degy(x.x) < SdPUPIWI, (8.13)

{(xx'}e2
then % is (&', d)-regular, where &' = (115)'/5.
Although Lemma 8.8 resembles Proposition 2.5 in [3], this proposition cannot be

applied to our situation because it is designed for the case when d is larger than d. In our
situation, we consider graph %, and set

5 =5"" and d = did?.

Let 2, be the collection of all pairs {x,x'} € [Up]? for which either (i) or (ii) fails (replace
2 by %y, and W by Wy). By Lemma 8.6 and Lemma 8.7,

1Zo| < (8Y4 + 62 )Ym? < 8V m? < Sm?. (8.14)

Here, owing to (1.2), we cannot rule out the situation when & >d. The purpose of
Lemma 8.8 is to be applied to this situation.
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The proof of this lemma is a modification of the earlier proof of Duke, Lefmann and
Ro6d0’s result (or an earlier similar result given in [1]) and it is given in Appendix B.

Proof of Lemma 8.4. We are going to apply Lemmas 8.6, 8.7, and 8.8 to the bipartite
graph 2, constructed at the beginning of this section. Let d,d and Z, be defined as above.
We know that |Z| < dm? (see (8.14)). We will verify that

D degy(x,x') < 37| Uol* | Wol
{x,X'}€2
holds. Call a pair {x,x'} € [Uy)? good if
1%9(x,x) N Vsl = (1% 61/2)2d%m > e/*m
for f € {f1,f2}. Let Z8°° be the set of all good pairs in Zy and Z§* = Z, \ P2,
By Fact A4, all but at most 4e'/?m?> < €!/4m? pairs {x,x'} € [Up]* are good, that is,
|26 < ' m?. (8.15)
For {x,x'} € 78, since |%(x,x') N V;| = €'/*m for f € {f1, £}, the graph %[%(x,x") N
Vi, UVl is (€'/2,d)-regular (cf. Fact A.1). Consequently (cf. Fact A.8), the number of
four-cycles in the graph 4[%(x,x") N (Vy, U Vy,)] is less than
(L+ €3 dPm* /4 < (1 + €/54)d3| Wy
Since J#(x,x")[Vy, U Vy,] is a subgraph of 4[%(x,x") N (Vy, U Vy,)] and degy, (x,x') is the
number of four-cycles in the graph J#(x,x")[Vy, U Vy,], we obtain that for {x,x'} € 9§°°d,
degy, (x,x') < (14 €"/%)d3|Wy|. (8.16)
Combining the fact that degy (x,x') < [W| for {x,x'} € and, (8.15), (8.14), and (8.16),
we have
Z degy, (x,x') = Z degy, (x,x") + Z deg, (x,x")
{xx'}eDg {xx'}eDg {x,x'}eDg™

< eAm? x [ Wol + 8" m? x (14 €'/54)d Wy

,(S2

(S1 ) ~
< ddPmP W)

Thus, we have verified that %, satisfies the assumptions of Lemma 8.8. Applying
this lemma to the graph %, we obtain that % is (&', d)-regular, where &' = (115)!/5 =
(116Y/2)/5 and d = d}d?. By Fact A.2, all but at most

(81)
25"\ Wol < 2(116Y2) x (14 €/3)ddm* /4 < (1/2)6"2" dim* /4
four-cycles C4 in 4[Vy, U V,] satisfy
degy,(Ca) = (1 £8")dm = (1 +6"2")d3dim.

This completes the proof of Lemma 8.4. L]
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8.3. Proof of Lemma 8.7
We start with some definitions and notation.

Definition 11. Let 0 < ¢6’,d < 1 be constants and let /' be a positive integer. A bipartite
graph 4 = (U U W ,E) is called (6',d, ')-regular if, whenever sets Uj, U,,..., U, = U and
Wy, W, ...,W. < W are taken such that

r

U(Ui x Wi)

i=1

> 0'|U x W|,

then

‘93 N U(U,» x W;)
i=1

= (1 £ 0)dU||W|.

Definition 12. Let & = (U, E) be a t-partite graph with partition U = | J;_, U;. Z is called
(0',d,r")-regular if all pairs (U;, U;), 1 < i< j<sare (§,d,r')-regular.

We are going to use the following two lemmas, of which the first was proved by
Dementieva, Haxell, Nagle, and Rodl (¢f. Lemma 5.1 with the choice of constants given
by (13)—(15) in [2]).

Lemma 8.9. (see [2]) All but at most 5'/*'m? pairs {x,x'} € [V1]? satisfy the following
properties:
(1) forany 2 < f <s,

%(x,x) N Vi = (1 + €%’ dm; (8.17)
2) AH(x,x')is (51/24,d2d2,r’)-regular. Here, the vertex set of graph #(x,x') is %(x,x') and
¥’ is an integer satisfying € < 1/ < d,.

Lemma 8.10. Let {x,x'} be a pair satisfying (8.17). If #(x,x') is 6V dyd?, ¥ )-regular,
then A (x,x")[Vy, U Vy,] contains (1 + 51/27)d§d§\W0| Sfour-cycles for every 2 < f1 < f <s.

We postpone the proof of Lemma 8.10 until we have finished the proof of Lemma 8.7.

Proof of Lemma 8.7. Owing to the definition of the graph %, degy, (x,x’) equals the
number of four-cycles in #(x,x')[Vs, U V). By Lemma 8.9, #(x,x') is (6'/%,dyd3,r')-
regular for all but at most 6/2'm? pairs {x,x'} € [V;]*

Furthermore, by Lemma 8.10, the (8'/%, dyd2, r')-regularity of #(x,x’) ensures the
existence of (1 + 6'/2")d3d§|Wy| four-cycles in #(x,x')[V;, U V},]. Consequently,

degy, (x,x) = (1 + 3"/2)dSdS| Wy, .

Now what is left is to prove Lemma 8.10. In order to do so, we will need the following
two facts.
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Fact 8.11. Let {x,x'} be a pair satisfying (8.17). Then all but at most 8e'/*dim?* pairs
)} € [9(x,x) N V] satisfy

G19(x. %) 0 (Vi U V)00 y)] = (14 €74) ddm. (8.18)

Proof. Let {x,x'} be a pair satisfying (8.17). Again, by the (e'/?, d,)-regularity of
G[%9(x,x") N (Vy, U Vy,)] and Fact A4, all but at most

4V 41%(x, X ) N Vy, P < 44 (1+ €72) dim) < 8el/dim?
pairs {y,)'} € [9(x,x') N V},]? satisfy

%1506, %) N (Vy, UVI00) = (1 £/ 2 B19(x,x) V= (1 £V dim. o

Fact 8.12. Let {x,X'} be a pair satisfying (8.17). If #(x,x') is (6", dyd3,r')-regular, then
all but at most 5% dim? pairs {y,y'} € [%(x,x') N V},]? satisfy

(6, X)[Vy, UV, 3 = (146" dddim. (8.19)

Proof. We call a vertex y € 9(x,x") N V¢, good if it satisfies
(%, X) V5, U VR0 = (1467 d3d3m. (8.20)

Since #(x,x') is (3'/%', dyd2, r')-regular, and consequently (61/%*, d,d2)-regular, by Fact A.2,
at most 20'/2|%(x,x') N Vy,| < 20V (1 + €722 d3m < 46'/% &m (cf. (8.17)) vertices y in
%(x,x") N Vy, are not good.

For a good vertex y in 4(x,x") N Vy,, a vertex y' € 9(x,x") N Vy, is called a bad friend
of y if (8.19) fails.

We are going to show that there are less than 2¢!/ 2 @m good vertices, each having at
least 26!/ d3m bad friends. Then at most

(451/24d§m + 261/24d§m) x (1+ 61/2)2d§m + (14 61/2)2d§m X 251/25d%m < 51/26d3m2

pairs {y,y’} fail to satisfy (8.19) since € < d»,0 and 6 < 1.

Suppose to the contrary that there are at least 2¢!/ 24d§m good vertices, each having at
least 26'/2 d3m bad friends.

Let C~ be the set of all good vertices y, each having 6'/2 d3m bad friends y’ with the
property that the right-hand side of (8.19) is small, that is,

(%, X) Vi, U VR )] < (1= 8V dddim. (8.21)

Similarly, we define the set C* of all good vertices y, each having 8'/% d2m bad friends y’
for which the right-hand side of (8.19) is big. Without loss of generality, we may assume
|C™| > e/ d2m.

This will yield a contradiction to our assumption that #(x,x') is ('/%, dyd3, r')-regular.
We distinguish two cases.
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Case 1. Suppose that d; > d36'%, Take a good vertex y € C~ and let U be the set of
32 d3m bad friends of y satisfying (8.21). Then,

Ul = 8" d3m. (8.22)
Let W = ' (x,x")[V§, U V5,1(y). From (8.20), we know that
(W= (1+"*)d3d3m. (8.23)
Combining (8.22), (8.23), d, > d35"/%, and ¢ < & < d3, we obtain
U] = 6% (14 2) dim® = Y219 (x, ') 0 V|19 (x, ') 0 V|

because |%(x,x') N Vs, |, |%(x,xX)NVp,| < (1+€? d3m (¢f. (8.17)). Since A(x,X) is
(617", dyd2, r')-regular, we have

| #(x, xHNUUW]| = (1 -0V a3 U W = 6V (1 — 26" ) dSdim?. (8.24)

On the other hand, since the degree of each vertex y' € U in #(x,x')[UU W] is
bounded by (8.21), we get

| #(x, x')[UUW]| < |U|(1 =82 )dddbm = V7 (1 — 61/ ) dSim’.
This, however, contradicts (8.24) because of the fact that 26!/ < §1/%°.

Case 2. Suppose that dy < d20'/%. In order to apply the (3%, dyd3, r')-regularity of
H(x,x"), we need to find sets Uy,..., Uy < 9(x, X" )N Vs, and Wy,..., W < G(x,X') NV,
for some r” < 1’ such that

Ui x Wi)‘ > 62 %(x, X) NV ||%(x, X)) N V. (8.25)
i=1

For y; € C7, set W; = A (x,x)[Vy, U Vy,](yi). From (8.20), we know that
(Wil = (1£6"%)d3d3m. (8.26)
Let U; be the set of 61/2°d2m bad friends of y; satisfying (8.21). Then
\Ui| = 6" dm. (8.27)

Now we apply Fact A.10 to choose yy, ys,..., y» € C, and then use the inclusion—exclusion
principle to derive (8.25).

First, we define an auxiliary graph 2 with vertex set V(Z)=%(x,x')NVy, and
edge set E(2) = {{3.y'} 1 19[%9(x,x") N (Vy, UV)I(y,Y)| # (1 £ €/*)*d4m}. We note that
V(2)| = (1 + €'/?)*d3m. Since the graph 4[%(x,x') N (Vy, U Vy,)] is (€'/2,dy)-regular, by
Fact 8.11, we also have

|E(2)| < 166"4V(2)%.

Second, we set ¢ = 16e'/4, u = d26'*, ¢ = €'/*'/2, and t = 1/d,. We apply Fact A.10
to the graph & and find " = pu/d, vertices yy,...,y» € W satisfying

%[9(x,x') " (Vs U Vi)l = (1 £ %) ddm.
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This immediately implies
Wi Wl < (144 dim (8.28)
for 1 <i< j<r”. Subsequently, by (8.27) and (8.28),
(U; x Wiy 0 (U; x W)l < 8% (14 /4) dsm?. (8.29)

Now we are going to estimate | Uzzll U; x W;|. By the inclusion—exclusion principle, (8.26),
(8.27), (8.29), and " = d35'/* /d,, we obtain that

UUiXWi‘ = Z‘UiXWi|_ Z (Ui x W) n(U; x W)

1<i<j<r”

> 70V (1 -0V ) d3d3m? — (’;) 31 (14 €'/4) dsm?

> 51/24(1—|—e'/2)4d§m2
17) .
> V7Gx, x) N V|| 9(x,x) N V. (8.30)

=3

(

Since #(x,x') is (6'/*,dyd3, ')-regular, we have

’yf(x,x’)mU(U,- x W)l = (1 -6 drd3 Jw: x Wi)’. (8.31)
i=1

i=1

Now we are going to use our assumption on vertices in C~ to get a contradiction to
(8.31). By the inclusion—exclusion principle, (8.26), (8.27), (8.29), and ¢,0 < 1, we also
note that

\U, Ui x W\ 51— Yicicjcr (Ui x W) N (Uj x Wj)|
Sl Ui x Wil i Ui x Wy
(;;’)(1 +el/4)451/25d§m2

11— r//51/25(1 _ 51/24)d§d§m2 (8.32)

2 e
>1— 287,
3

For every vertex y; € C, recall that W, is the set of all neighbours of y; in #(x, x")[Vy, U
V] and U; is the set of all bad friends of y; satisfying (8.21). Thus, the degree of each
vertex y' € U; in #(x,x')[U; U W;] is bounded by (8.21), and therefore

| (x, X)[U; x Wil| < |Ui| (1 = 6" dddim.
Combining the above inequality and (8.26) yields

, (1—6"")dod}
| A (x,x)[U; x Wi]| < W\Ui X Wil.
Consequently,

1—51/2° drd2
‘%’(x,x) i x W)’ 51/24 SE:W x Wi.
i=1
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Applying (8.32) with the above inequality, we have

H(x,X)NU, (U x W) 1—5812)d2d
| — U 1 | < ( 5 ) 22 31 5 < (1 _51/24)d§d3
| Uiz (Ui x W) (1=02)(1—361%)
since 0 < 1. This, however, contradicts (8.31). ]

Proof of Lemma 8.10. Let {x,x'} be a pair satisfying (8.17), that is,
9(x,x) N Vy] = (1 + %)’ d3m

holds for any f, 2 < f < s, and suppose #(x,x’) is (51/24,d2d§, r')-regular. By Fact 8.12,
we know that

(1) all but at most 6"/% d4m? pairs {y,y'} € [%(x,x') N V},]* satisfy (8.19), that is,

2 J fi

(e X)V5, U V)0, 3)] = (167 ) d3ddm.
Applying Fact 8.11, we obtain
(2) all but at most 8¢/4d3m? pairs {y,y'} € [%(x,x') N Vy,]* satisfy (8.18), that is,
2 J fi
4
19[%(x,x") 0 (Vy, UV ) = (1 £ €*) d3m.

Combining (1), (2), and (8.17), we obtain that for every such pair {x,x'} € [V;]?, the
number of copies of C4 in #(x,x')[Vy, U Vy,] is bounded from above by

(1+ €2y dim s ga| (U + 612 did3m
2 : 2
(14 eV dim

+ (01 — 861/4)d3m2( 5

) + 8e/4dim? x m?

(S1)
< (1+0Y¥)dldim* /4.

Similarly, by (1) and (8.17), we obtain the following lower bound on the number of
copies of C4 in J(x,X")[Vy, U Vy,]:

|:<(1 - 61;2)2(1%}’”) . 51/26dg’n2:| ((1 — 51/; )d;d%m) (;) (1 o 5]/27)d;2d3‘m4/4' D

8.4. Proof of Lemma 8.6
The proof of Lemma 8.6 is very similar to that of Lemma 8.7. We are going to use the
following two results.

Lemma 8.13. (see [2]) All but 5'/*m vertices x € Vi satisfy the following properties:
(1) for any 2 < f <s,

[9(x) N Vi| = (1 £ €)dam; (8.33)
(2) H(x) is (6% drds, r)-regular. Here, the vertex set of the graph J(x) is %(x).
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Lemma 8.14. Let x € V| be a vertex satisfying (8.33). If #(x) is (64, dds,r)-regular,
then A#(x)[Vy, U Vy,] contains (14 6"/ )d3d3|Wol four-cycles for every 2 < fi < fa <.

The proof of Lemma 8.13 is given in [2] and Lemma 8.14 can be proved along the lines
of the proof of Lemma 8.10. We omit details here.

Proof of Lemma 8.6. Owing to the definition of the graph %o, degy (x) equals the
number of four-cycles in #(x)[V;, U V},]. By Lemma 8.13, #(x) is (6'/%, dyds, r)-regular
for all but at most 6'/4m? vertices x € V;. Furthermore, by Lemma 8.14, the (6'/4, d»ds, r)-
regularity of #/(x) ensures the existence of (1 + 6'/2)did}|Wy| four-cycles in #(x)[Vy, U
V1. Consequently,

degy, (x) = (148" didd|Wy). u

9. Proof of Reg,(fff) A Com,(pff) = Com,1 (pff)

In order to prove this implication, we need to consider two types of triple systems:
Type 1: #[L;11 U W;fH) U W}?’”], where t +2 < f1 < f2 <s, and
Type 2: A [L, U W}fH) U W;;H)], where l <p<tandt+2<fi <fr<s.

We prove two auxiliary lemmas (one for each type of triple systems), which are then
used to prove implication (iv).

9.1. A lemma for Type 1 triple systems

Lemma 9.1. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying conditions (1) and (2)
in Reg,(fff). Then all but at most 51/4t+7(Mg+') good h-subsets L1 < Wt(jr)l are such that
(Ly,...,Leyy) satisfies the following condition:

(¢) all triples (L4, W}H'l), W;;H)), where t+2 < f1 < fy<s, possess property

1

CAEP,((t + 1,11, f2).

Sketch of proof. Since a good t-tuple of h-subsets (L,..., L) satisfies conditions (1) and
(2) in Reg,(fff), the graph %[%(L; U L, U--- U L,)] is (¢'/?,d;)-regular and the 3-uniform
hypergraph #[%(Ly UL, U+ UL,)] is (6%, ds, r,)-regular. Hence, we are choosing L,
in a similar situation as for L.

Consequently, the proof of Lemma 9.1 is the same as the proof of Com;(pff). The only
modification is to replace e by €!/2, § by 6'/%, m by (1 + /)M, ,;, and r by r,. O

9.2. A lemma for Type 2 triple systems

Lemma 9.2. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying condition (*) in

Com,(pff). Then all but at most 8"*" (M) good h-subsets Lisi = W, are such that

(L1,...,Ley1) satisfies the following condition:

(o) all triples (Lp, W}fH), Wf(-;“)), where 1 < p <t and t+2 < fi < fy <s have property
C4EP 11(p, f1. f2)-
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Figure 9.1. Different types of triple systems considered
Proof. We will complete our proof by proving the following claim.

Claim 9.3. For any fixed triple of integers (p,f1,f2), where 1 <p<tand t+2<f1 <

f2 <s, all but at most 51/4'+6(M;1“) good h-subsets L;y1 < Wz(-t+)1 are such that the triple

(Lp, WD W) has property CAEP (. f1. f2).

Indeed, Claim 9.3 implies that all but at most s* x o1/4™ (M) < 5147 (M) good

h-subsets L;11 < Wt(i)l satisfy condition (¢) given in Lemma 9.2. L]

Proof of Claim 9.3. Fix any triple of integers (p, f1,f2), where 1 <p <t and t+2 <
f1 < f>» <s. We find it convenient to reformulate Claim 9.3 as an equivalent statement
(Claim 9.4) and prove it instead. Before stating this claim, we need a definition related to

the relevant property C4EP, ((p, f1, f2).

Definition 13. We call a four-cycle C4 in ¥ [W}f) U W}i)] bad if
|#(Cy) N Ly| — d3h) > 6% dih.
Remark 5. In other words, a four-cycle Cy4 is bad if (5.1) is not satisfied (cf. the definition

of C4EP,(p, f1,f2)). Consequently, a triple (L,, Wf(-fH), Wf(éﬂ)) does not have property
C4EP,,(p. f1.f2) if and only if 4[W{"" U W "] contains more than &'+ diM} ,/4

bad four-cycles Cj.
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To reformulate Claim 9.3, we construct an auxiliary bipartite graph I' = (U U W, E).
The set U consists of all bad four-cycles in g[W}f) U W}?], the set W consists of all
good h-subsets L, < Wh’q, and C4 € U and L,y € W are adjacent in I' if and only if
V(C4) = 9(L;41) (this is equivalent to V(Cy) < W () Wf”rl)).

In view of Remark 5, we can reformulate Cldln’l 9.3 as follows.

Claim 94. The graph I' contains at most 51/4r+6(M,;+1) vertices in W with degree at least
SV BME, /4

Proof of Claim 9.4. We first estimate e(I") and then apply a double counting argument
to bound the number of vertices in W with ‘big’ degree.
We observe that I' satisfies the following conditions:

(a) [U] <8 aiM}, /4;
(b) for all but at most 8¢'/4(M; | )* < !/18d4 M}, | /4 four-cycles C4 € U,

1 4 el/4 ‘M
degr(Cy) < <( ‘ ;l ‘“>,

(c) for any C4 € U,

+
degr(Cy) < (M;jl).

Indeed, Com,(pff) implies (a) The (€'/2,dy)-regularity of 4[%(L;U---U L,)] and Fact
A.4 imply (b). Since |[W),| < M\, we have (c).
By (a), (b) and (c), we infer that

1/4\4 74
e(r) < 51/41+5 1d4Mt+1 ((1 +e€ /2 d M;:_1> n 1/161d4Mr+1 (M5_1>

SO s 1 A M,y
< 20147 d“M,H( 2 h” )

Therefore, by a double counting argument, the number of vertices in W with degree at
least 8'/4 d§M2, /4 = 514" a4 M, | /4 is not more than

r+51 d Ml
204 L ad Mt (BN (S<1>51/4t+6 (M,H).

Sl/atel d4h+4 M?H = h

This completes the proof of Claims 9.4 and 9.3. Ll

9.3. Proof of Reg, (fff) N Com,(pff) = Com,+1(pff)
Let (Ly,...,Ls1) be a good (¢t + 1)-tuple of h-subsets not satisfying condition (*) in
Com,(pff). We distinguish two cases.
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Case 1. A good t-tuple (Ly,...,L,) violates either condition (1) or (2) in Reg,(fff) or
(*) in Com,(pff). Since we assume that Reg,(fff) and Com,(pff) are true, the number of
(t + 1)-tuples (Ly,..., Lsy1) of this kind is at most

t + t+1 +

25147 (MP) X <Mf+‘) < 26147 (MP) 9.1

z£[1 h h I]);[l h ©-1)

Case 2. A good t-tuple (Ly,..., L) satisfies conditions (1), (2) in Reg,(fff) and (*) in

Comy(pff), but L, is selected in such a way that (¢ + 1)-tuple (Ly,...,L.1) violates

condition (*) in Com,,{(pff). In particular, this means that L,;; does not satisfy condition
(¢) in either Lemma 9.1 or Lemma 9.2.

By Fact A.7(3), Lemma 9.1, and Lemma 9.2, the number of (¢ 4 1)-tuples (Ly, ..., Ly1)

in this case is at most

t + t+1 +
(1 + 261/2r+1) H (]\ZP> % 251/4r+7 <lel+]) < 351/4r+7 H (Aflp ) (92)

p=1 p=1

since € < 1. Combining (9.1) and (9.2), we obtain that all but at most

t+1 N\ (S t+1
1/41+7 1/41+7 Mp ( 1/4t+8 Mp
(2647 +36 )H<h><5 H<h>

p=1 p=1
good (¢ + 1)-tuples of h-subsets (Lj,..., L) satisfy condition (*) in Com,(pff). U]

10. Proof of Comy(pff) = Comy(ppf) and Com,(pff) N Com,(ppf) = Com,,;(ppf)

For the first implication, we need to consider Type 3 triple systems. For the second
implication, we need to consider Type 3 and Type 4 triple systems:

Type 3: #[L, U L1 U W}ZH)], where l <p<tandt+2<f <s;

Type 4: #[L, UL, U Wf(-H'])], where l <py<p<tandt+2<f <s.

For each type of triple systems, we prove an auxiliary lemma, which is later used in proofs
of both implications.

10.1. A lemma for Type 3 triple systems

Lemma 10.1. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying condition (*) given in
Com,(pff). Then all but '™ (1) good h-subsets Liyi = WY, are such that (Li,..., Lis1)
satisfies the following condition:

(0) all triples (L, L[+1,W}t+”), where 1 <p<t and t+2<f <s, have property
C4EP[+1(p:t+ laf)

Proof. We complete our proof by proving the following claim.

Claim 10.2. For any fixed triple of integers (p,t + 1,f), where l <p<tandt+2 < f <s,

all but at most 8"/*™(M+1) good h-subsets Liy1 = W\, are such that the triple (Lp, Lys1,

i+
W}ZH)) has property CAEP,(p,t + 1, f).
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Indeed, Claim 10.2 implies that all but at most s? x 8/47 (M) < 5147 (Mar) (recall
that 6 < 1) good h-subsets L,y < W}_Ql satisfy condition (¢) given in Lemma 10.1. [

Proof of Claim 10.2. We fix any triple of integers (p,t+ 1,f), where 1 < p <t and
t+2 < f <s Now we reformulate Claim 10.2 as an equivalent statement (Claim 10.3)
and then we prove this new statement. We start with a definition related to the relevant
property C4EP,((p,t + 1, f).

Definition 14. We call a four-cycle C4 in 4 [Wt(fr)1 U W;t)] bad if

|#(Ca) N Ly| — d2h| > 6Y/¥ dih.

Remark 6. By Definition 14, a triple (L, L+, W;z“)) lacks property C4EP,.((p,t + 1, f)
if and only if the graph %L, U W;Z“)] contains more than 6'/4™* Lh2 M2, , bad four-cycles
Cs.

In order to reformulate Claim 10.2, we construct an auxiliary bipartite graph I' =
(UU W ,E), where U consists of all bad four-cycles Cy4 in g[Wt(jr)l U Wf(-t)], and W consists
of all good h-subsets L, = Wz(j})r We join C4 € U and L. € W by an edge in T if and
only if V(Cs) < Ly U W

It follows from Remark 6 that we can reformulate Claim 10.2 in the following way.

Claim 10.3. In the graph T, all but at most 51/4t+6(M;1“) vertices in W have degree at least
146
SUAT M2, /4.

Proof of Claim 10.3. We first estimate ¢(I") and then apply a double counting argument
to bound the number of vertices in W with ‘big’ degree.
We observe that I' has the following properties:
() [U] <37 dsM}, /4
(b) for all but 4e'/4(M; | )* < €!/18d4M}, | /4 four-cycles C4 € U,
(I+ 61/4)2d§M:;1>

>

<
degr(C4) < ( L

(c) for any C4 € U,
M
deer(Co < ().

Statement Com,(p/f’) implies (a). The (e'/2, d»)-regularity of ¥[W "

Y Wf(r)] and Fact A4
imply that, for all but 4e'/4(M;"|)* pairs {x,x'} € [W}t)]zj

|{§(x, XN Wz(-t-)1| = (1 T 61/4)2d§M;1’

and this implies (b). Since |W",| < M}

1> we have (c).
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By properties (a), (b) and (c), we infer that

U2 2 M +
e(T) < 51/4I+*1d4Mt+1((1 +e ) d; z+1) 4 el/16 d4M,+1<M’+1)

h—2 h—2
s BM,y
251/4 d4Mt+1( ;l_tz )

since € < 1/h,dy, 0.
Therefore, by a double counting argument, the number of vertices in W with degree at
least 04" 12 M2, = oY+ Ln2d3" M2, is not more than

14451 g4 a4 (d3M,
261 gdME (5 _ 14 <Mt+1>
< .

: ~1 i
51/4 +6 h2d21Mt2+1 h

This completes the proof of Claims 10.2 and 10.3. L]

10.2. A lemma for Type 4 triple systems

Lemma 104. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying condition (*) in
Com,(ppf). Then all but at most 8"*7"(M+1) good h-subsets Ly = W), are such that
(Li,..., L) satisfies the following condition:

(o) all triples (Lp,, Ly, W(Hl)), where 1 < py <p; <tandt+2<f <s, possess property
C4EPH~1(p19p2, f)

Proof. We will complete our proof by proving the following claim.

Claim 10.5. For any fixed triple of integers (p1,p2,f), where 1 < py <py <tand t+2 <
f<s all but at most 347 (M) good h-subsets Ly = W\, are such that the triple
(Lpy> Lyy, WS™Y) has property C4EP1(py, pa, f).

Indeed, Claim 10.5 implies that all but at most s> x §1/47 (M) < G4 (Mer) (recall
that 6 < 1) good h-subsets L.y < W+1 satisfy condition (¢) given in Lemma 10.4. O]

Proof of Claim 10.5. Fix any triple (p1,ps, f), where 1 <py<p,<tand t+2<f <s.
Similarly to Claim 10.2, we prove an equivalent statement (Claim 10.6) to Claim 10.5. We
first introduce a definition related to the property C4EP..1(p1, p2, f).

Definition 15. We call a four-cycle C4 in 4[L,, U W}t)] bad if
| A#(Ca) N Ly, | — dih| > 6% dih.

Remark 7. By Definition 15, a triple (L,,, L,,, W}ZH)) lacks property C4EP, . 1(p1, p2, f) if

and only if the graph %[L,, U W;[H ] contains more than 8'/4"h>M? , /4 bad four-cycles
Cs.

As before, we construct an auxiliary bipartite graph I' = (U U W,E) such that U
consists of all bad four-cycles C4 in %[L,, U W}t)], W consists of all good h-subsets
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L < Wt+1, and C4 € U and L,y € W are adjacent in I' if and only if V(Cs) = 9(L;41).
This is equivalent to saying that V(C4) = L, U W}[H).
In view of Remark 7, we can reformulate Claim 10.5 as follows.

Claim 10.6. In the graph T, there are at most 8'/*™ (M) vertices in W with degree at
least ' R*M?,, /4.

Proof of Claim 10.6. We first estimate ¢(I") and then apply a double counting argument
to bound the number of vertices in W with ‘big’ degrees.
We note that I has the following properties:
(a) |U| < oV*"n2M2,,/4;
(b) for all but at most 4e'/4(M;’;,)*h? four-cycles C4 € U,

(14 1Y M
< t+1
degr(co < (17N,

(c) for every C4 € U,

M+
degr(C4) < ( ;l“)-

Property (a) follows from Com,(ppf). The (e'/2,d,)-regularity of 4(L; U---U L;) and
Fact A.4 imply that for all but at most 4e'/4(M,)? pairs {x,x'} € [W}”]z,

[90) W] < (1 B

M+

and this implies (b). Since |W, +]| R

By (a), (b) and (c), we claim that

s 1 1+ e/ d3M, M,
e(r) 51/4 5 thH_l(( +e€ lzd H—l) +4 1/4(M:H)2h2( ]:H)

I g lth,2+1 (d%]\g’“).

Therefore, by a double counting argument, the number of vertices in W with degree at
least 6V4 W2 M?,,/4 = V¥ B2 d3"M?, | /4 is not more than

1445172002 (d3Mis
5 / h M ( h l) < 51/4z+6 (Mz+1>

61
S1/4 = Ip2 th M2, h

This completes the proof of Claims 10.6 and 10.5. U]

we have (c).

10.3. Proof of Com; (pff) = Com;(ppf)
Since Comy(ppf’) is vacuously satisfied, Com;(pff) = Com,(ppf) follows from the proof
of Com,(pff) A Com,(ppf) = Com,,{(ppf).

10.4. Proof of Com,(pff) A Com,(ppf) = Com,1(ppf)
The proof of this implication follows from Lemma 10.1 and Lemma 10.4.
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Proof. If a good (¢ 4 1)-tuple of h-subsets (Li, ..., L;+1) does not satisfy condition (*) in
Com,{(ppf), then there are two possible cases.

Case 1. A good t-tuple (Ly, ..., L;) violates condition (*) in either Com,(pff’) or Com,(ppf’).
Since we assume that Comy(pff) and Com,(ppf) are true, the number of (¢ 4 1)-tuples
(Li,..., L) of this kind is at most

¢ n t+1 n
2547 (M") X <Mf+1) <2847 (Mp ) 10.1
}:[1 h h };Il h (10.1)
Case 2. A good t-tuple (L, ..., L) satisfies condition (*) in both Com,(pff’) and Com,(ppf),
but L,y is such that (¢t + 1)-tuple (Ly,..., L.y1) violates condition (*) in Com,{(ppf). This
is indeed equivalent to that L,.; does not satisfy condition (¢) in either Lemma 10.1 or
Lemma 10.4.
By Fact A.7(3), Lemma 10.1, and Lemma 10.4, the number of good (¢ + 1)-tuples
(Li,...,Ls1) in this case is at most

t

" M w1 (M M
(1+2¢2 )H(h") x 251/4 ( ;l ><351/4 11 hf’ . (10.2)

p=1 p=1
Combining (10.1) and (10.2), we obtain that all but at most

t+1 +\ (S1).(52) o1
‘1/4I+7 1/4l+7 M 4 ]/4z+8 P
(26147 435 )H(,;’) < 0 H(h>

p=1 p=1
good (t + 1)-tuples of h-subsets (Ly,..., L;+1) satisfy condition (*) in Com,+{(ppf). [

11. Proof of Com;(ppf) = Coms(ppp) and Com,(ppf) A Com,(ppp) = Com,,1(ppp)

In the proof of these two implications, we need to consider only one type of triple systems:
Type 5: #[L, UL, UL1], where 1 < p; <py <t

The core of the proof of both implications lies in the following lemma.

Lemma 11.1. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying condition (*) in
Com(ppf’). Then all but at most 51/4'”(M;j‘) good h-subsets L;y1 = Wz(fr)l are such that
(L1,...,Ly1) satisfies the following condition:

(¢) (Lp,>Lp,, Liy1) possess the property CAEP, ((p1,p2,t+ 1) for every 1 <p;y <p, < t.
Proof. The proof will be completed by proving the following claim.

Claim 11.2. For any fixed triple of integers (p1,pa2,t+ 1), where 1 < p; < pr <t, all but
at most Y47 (M) good h-subsets Lyy1 = W, are such that the triple (Ly,, Ly,, Li+1) has

t+
the property CA4EP1(p1,pa,t + 1).

Indeed, Claim 11.2 implies that all but at most s> x §1/4™* (M) < §1/4% (M) good

h-subsets L;11 < W}Ql satisfy condition (¢) in Lemma 11.1. O]
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Proof of Claim 11.2. Fix any triple of integers (p1, p2,t + 1), where 1 < p; < p, <t. We
reformulate Claim 11.2 as an equivalent statement (Claim 11.3) and then we prove this
new claim. We start with a definition related to the property C4EP,.(p1,p2,t + 1).

Definition 16. We call a four-cycle C4 in %[L,, U W(l 1] bad if

| #(Ca) N Ly, | — d3h) > 6% d3h.

Remark 8. By Definition 16, a triple (L,,, Ly,, L;+1) lacks property C4EP,{(p1,p2,t + 1)
if and only if the graph %[L,, U L;;] contains more than 6'/4"*h*/4 bad four-cycles C,.

As before, we construct an auxiliary bipartite graph I' = (U U W, E), where U consists of
all bad four-cycles C4 in ¥[L,, U WI(QI] and W consists of all good h-subsets L, = Wt(jrl
We join C4 € U and L,y; € W by an edge in I' if and only if V(C4) = Ly, U Li4.

In view of Remark 8, Claim 11.2 can be reformulated as follows.

Claim 11.3. In the graph T, the number of vertices in W with degree at least 61/41+6h4/4
is not more than 51/4'+6(le1+' ).

Proof of Claim 11.3. We first estimate the number of edges e¢(I') of I" and then use a
double counting argument to bound the number of vertices in W with ‘big’ degree.
First we note that I' has the following properties:

(a) |U| <8 h*M?,, /4, and
(b) for every four-cycle C4 € U,

M+
degr(Cq) < (h t*é)-

Statement Com,(ppf’) implies (a). Since |W(Z | < M;fH, we have (b).
By (a) and (b), we claim that

t+: 1+ M
e(T) < < o4 5h2Mr+1< z+1>/4 251/4 5h2Mr+1< z+1>/4

Therefore, by a double counting argument, the number of vertices in W with degree at
least /4" h*/4 is not more than

251/47 M (MM) < gl (Mr+1>

1A Ly h
The last inequality follows from the fact that 1/m < e < 1/h and 6 < 1. This completes
the proof of Claims 11.3 and 11.2. O

11.1. Sketch of proof of Com;(ppf) = Com;s(ppp)

In this case, statement Comy(ppp) is vacuously satisfied. Hence, the proof of this
implication follows from the proof of Com,(ppf) A Com,(ppp) = Com,.{(ppp), which is
based on Lemma 11.1.
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11.2. Proof of Com,(ppf) N Com,(ppp) = Com,,;(ppp)
Now we prove the implication Com,(ppf’) A Com,(ppp) = Com,(ppp) for 3 <t <s—1
by applying Lemma 11.1 (indeed, we also prove it for t = 2).

Proof. If a good (t 4 1)-tuples of h-subsets (L,..., L;+1) does not satisfy condition (*) in
Com,{(ppp), then one of the following two cases occurs.

Case 1. A good ¢-tuple (Ly,..., L;) violates condition (*) in either Com,(ppf’) or Com,(ppp).
By Com,(ppf) and Com,(ppp), the number of (Ly,...,L,y;) of this kind is at most

t t+1 n
25147 (M”> x (Mf“) < 25147 (MP>. 1.1
() = () <2 1 (' i
Case 2. A good t-tuple (Ly,...,L;) satisfies condition (*) in both Com,(ppf) and
Com,(ppp), but L, is such that (Ly,...,L.y1) violates condition (*) in Com,r{(ppp).
This is equivalent to saying that L,;; does not satisfy condition (¢) in Lemma 11.1.
By Fact A.7(3) and Lemma 11.1, the number of (¢t + 1)-tuples (L4,..., L;+1) in this case
is at most

t

o M cr (Mot GD s 50 (M
1/2t+ S 1/4+ t+1 1/41+
(1+2¢" )H(h’”)xa/ ( i > < 268V H(;f)- (11.2)

p=1 p=1
Combining (11.1) and (11.2), we obtain that all but at most

t+1 +\ (S1),(S2) t+1 M
1/4r+7 1/4r+7 M > 1/4r+8 p
(26747 + 26 )H(,j) < 0 H(h>

p=1 p=1

good (t + 1)-tuples of h-subsets (L, ..., L;1) satisfy condition (*) in Com,{(ppp). ]

Appendix A. Some facts related to the regularity of graphs

In this appendix, we state a few facts which are related to the regularity of graphs. The
proofs are given in [§].

For a graph 9 = (V,E) and a subset V' of V, recall that Z[V'] denotes the subgraph
of & induced on V.

Fact A.1. Let Z be an (e,d)-regular s-partite graph with partition | J;_, U;, and let W; be
a subset of U; with |Wi| > e'/*|Uj| for all i € [s]. Then 2[U_,W}] is (e'/?,d)-regular.

Fact A2. Let 0 <e€,d <1 and suppose that @ = (Uy U Uy, E) is an (e, d)-regular bipartite
graph. Then all but at most 2¢€|Uy| vertices x € Uy satisfy

(I =e)d|Us| < [2(x)] < (1 4 €)d|Us|.
This fact can be further extended in the following two ways.

Fact A.3. Suppose (1 —e'/2)4s=Vg4s=1) > ¢ Let 9 be an (e,d)-regular s-partite graph
with partition \Ji_; U;. Then for any integer q with 1< q<s—1, all but at most
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2q€'2|Us| - - |Uy41| q-tuples of vertices (aa, ..., a441) € Uz X == X Ugy1, satisfy
(1=€"2)1al U] < |1Z(as,....ag41) N ULl < (1 +€'2)1al|U; . (A1)
Fact Ad4. Let q be a positive integer such that (1 —e'/2)*a4=Dg*a=D) > ¢ Let @ be an

(e,d)-regular s-partite graph with partition \ J._,; U;. Then, all but at most 2q(s — De'/?|U, |4
gq-subsets {xi,...,x,} € [U1]4 satisfy

(1—€e")1a1U;| < |D(x1,...,x0) N U < (1+€72)a9U5,
for all je[s—1].

Applying the above fact to the graph ¢ from Setup, we have the following consequences.
Fact A5, All but at most €'/*("}) h-subsets Ly < Vi are good.

Fact A.6. All but at most €/*('})? pairs (L,L') of h-subsets L, L'of V; satisfy
9(LUL)N V)| = (1£e*)dd'm (A2)
forall2 <j<s

Fact A.7. Let s and n be positive integers. Then, for every d, 0 < d < 1, there exists €y =
€o(d) such that for every € < €, every (e,d)-regular s-partite graph with partition | J;_; U,
where |Uq| = -+ = |U,| = n, satisfies the following property.

For every t € [s] and q € [n], the following conditions hold.
(1) The number of complete t-tuples of q-subsets (By,...,B;) is

/2 ﬁ(dqpl )

(2) All but at most el/2 H;Zl(dq(pgl)”) complete t-tuples of q-subsets (By,..., B;) are good.
(3) The number of good t-tuples of q-subsets (By,...,B;) is

t
+2 1/21+1 H (dq(P 1 )
p=1

Fact A.8. For d > 0, there exist ¢y = €y(d) and ny = ny(ep), such that for every € < €gy, any
(e,d)-regular bipartite graph % = (U U Uy, E) with |Ui|, |Us| > ny contains (1 + €'/%)d*
[UiI*|Us* /4 copies of Cs.

The next fact counts the number of triangles K3 in a 3-partite regular graph. It is an
explicit version of Fact 1.2 for the case s = 3.

Fact A9. ([4]) Let d, € be positive real numbers such that €'/* < d*(1 — €)?. Then, the num-
ber of triangles K3 in an arbitrary (e,d)-regular 3-partite graph < with partition
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U, U U, U Us is given by
(1 =2e)(1 — e’ @|UL||Us||Us| < |#'3(2)] < (1 + €)’d® + 4€) |Uy || U] | Us|. (A.3)

The next fact guarantees that an independent set of certain size can be found in every
big subset inside a graph with small density.

Fact A.10. Let U be a set of size n and & be an arbitrary graph with vertex set U and
|2| < on®. Then, for every subset W < U with at least cn vertices and a positive integer t
such that

201 < 2, (A4)

there exists an independent set {xi,...,x;} = W in the graph 9.

Appendix B. Proof of Lemma 8.8

Proof. Recall that 6’ = (115)"/° and set A=1—d. Let U = {x1,x3,...,%x,} and W =
{y1,2,...,yw} and define a u x w matrix M for the pair (U, W) with rows indexed by the
elements of U and columns by the elements of W as follows.

For each x; € U and y; € W the entry m(x;,y;) in the row of x; and column of y; is
given by

if (x;,y) € E,

lf (Xi,yj) ¢ E.

Let U < U and W’ < W be two subsets with |U’||W'| = ¢'|U||W| (note that this implies
that |U’| > ¢’|U| and |W'| > 6'|W]). Our goal is to show that

A
m(xiayj) = {_d

AU, W'y = (1+3)d.

Let E’ be the subset of E consisting of all edges of # joining a vertex from U’ to
a vertex from W'. By reordering, we may assume that U’ = {x1,xs,...,x,} and W' =
{y1,92,---, yw}. Let M’ be the v’ x w’ submatrix of M associated with U’ and W’. That is,

M = (m(xi, yj)i<i<w i< j<w-

The sum of all of the entries of M’ is equal to A times the number of edges in E’ minus d
times the number of non-edges in E’.

> m(xiy) = AE|—d(u'w —|E|) = [E| — du'w'. (B.1)
i=1 j=1

For x; € U’, let X; be the corresponding row vector of M and let >Z; be the corresponding
row vector of M'. Then, by the Cauchy-Schwartz inequality,

uow 2 w v 2
(Z 2 m(x,»,yj)> Wy (Z m(xf,y») =

i=1 j=1 j=1 \ i=1

u

9/
i

i=1

2
, (B.2)
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where for vectors X and y the expression X -y means the usual scalar product and
[X|? = X - X. Clearly

u 2 u 2
> x| < ‘ > (B.3)
i=1 i=1
Therefore, by (B.1), (B.2), and (B.3), we have
u' 2
(1E'—duw')* <w'| 3% (B.4)
i=1
In what follows, we will find an upper bound for
u' 2 u' s
S| =D fml+2 > %
i=1 i=1 1<i<j<u
For each x; € U we have
H 2 2 _ 12 . 2 _ . 2 2
le = A7 degy(x;) + d°(w — degy(x;)) < max{d°w, "w} < w,
and hence
u 0 ,
ZHXIH <u'w. (B.5)
i=1

For x; # x; € U, we obtain

XiXj= 22 deggz(xi, xj) — Ad(deggz(x;) — degyz(xi, X)) — Ad(deg,(x;) — deggz(xi, X))
+ d*(w — degy(x;) — deg,(x)) + degy(xi, X))
= (A% +22d + d*) degy(xi, x;) — (Ad + d*)(degy(x;) + degy(x;))) + d*w. (B.6)

Since 4 + d = 1, the right-hand side of (B.6) simplifies to
Xi - Xj = degy(x;, x;) — d(degy(x;) + degy(x;)) + d*w. (B.7)
If {x;,x;} € 2, then omitting the negative terms in the equation above yields
Xi - Xj < degy(xi, x;) + dw. (B.8)

If {xix;} ¢ 2, then degy(x;) > (1— d)dw, degy(x;) > (1 —38)dw, and degy(x;,x;) <
(1 + 0)d*w. Consequently, for such a pair {x;, x;} we get

XiX; < (14 8)dPw —2d(1 — §)dw + d*w < 35d°w. (B.9)
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Since || < 6u? and 3, e, degy(x;, x;) < dd*u?w, we have

2 ) XeN=2 ) NX+2 Y NN

1<i<j<u {xixj}e2 {xi,x;j}¢2
(B.8),(B.9) -
< 20 ) (degy(xixj) + dPw) + 2u? x 35d°w
{xi.xj}e2
< 106w’ d*w. (B.10)

Combining (B.5) and (B.10) yields

'

D%

i=1

2
<u'w+ 106d%w.

Hence equation (B.4) becomes
(|E'| — du'w')> < w'(u'w + 100t w).

Therefore,

|E'| ‘ ( w 105d2u2w)1/2
—d| < _— .

u'w’

u/wl u/ZW/
Since v’ > 6'u and w’ > 6'w, we have

B 1 1054*\ "2
uw' - < 5'214 5/3 :

Recall that u = |U| > 1/(d*5) and 6’ = (115)'/%, therefore
E' 11542\ /2

‘, |,—d‘<< 53d> < ¥
u'w o’

d(U", W') = (10",

Hence, we have proved that

which completes the proof of Lemma 8.8. O]
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