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Abstract 

The paper investigates the role of planar datum features in tolerance analysis problems. Mating relations between datum planes are shown to 
involve translational and rotational errors, which are related to form tolerances and are usually neglected in tolerance analysis. To evaluate 
these errors, the contact between datum planes was simulated by a stochastic model, where two surface profiles are randomly generated and 
then registered to reproduce a mating condition. Concepts of fractal geometry were exploited to make the generation consistent with the 
autocorrelation properties of actual surfaces resulting from manufacturing processes. A simulation plan allowed to predict the amount of 
contact errors as a function of size, tolerance and process-related assumptions on the two features. An example of 3D tolerance chain is 
presented to demonstrate the relevance of form errors in the variation of assembly requirements. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of the 14th CIRP Conference on Computer Aided Tolerancing. 

Keywords: tolerance chain; GD&T; form tolerance; datum; fractal geometry; simulation.

1. Introduction 

In tolerance analysis, the variation on an assembly-level 
geometric requirement is calculated as a stackup of errors on 
individual parts [1]. Input data include nominal part geometry, 
assembly structure, and tolerances specified on part features. 
Charting methods are available for this task when the stackup 
can be described by an explicit equation [2]. When solving 
three-dimensional problems, however, this cannot usually be 
done and mathematical procedures have been proposed to 
estimate the statistical distribution of the requirement [3]. 
These are based on representation models such as vector loops 
[4], small displacement torsors [5-7], transform chains [8, 9], 
Jacobian torsors [10], technologically and topologically 
related surfaces [11], virtual joints [12], and T-maps [13]. 

In order to comply with the whole set of ISO/ASME 
geometric tolerances, the above methods include criteria to 
decide which types of geometric control are relevant to any 
given assembly requirement. A common rule is to neglect 
form tolerances except in special cases. This is reasonable 
when a feature is assigned orientation or location tolerances, 
thus making the contribution of each control hardly separable. 
A form tolerance, however, may be specified as the only 
control on a feature, as in the case of a plane selected as 

primary datum for a part. Neglecting the flatness tolerance on 
such a feature is equivalent to assume that planar surfaces of 
different parts come into contact through their high-point 
planes. Deviations from this condition are believed to have a 
negligible impact on tolerance analysis. 

This paper tries to further investigate the relevance of form 
tolerances and the way to consider them in tolerance analysis. 
Stochastic modeling is used to verify whether form errors 
cause significant deviations from the nominal contact relation 
between planar datums. The same methodology has been 
widely used in variational geometry methods [14], which 
analyze error stackups on random surface models (rather than 
assuming rigid transformations on nominal features). They 
allow potential advantages such as the modeling of additional 
types of errors (e.g. profile and location), the consideration of 
complex-shaped features or compliant parts, the simultaneous 
treatment of systematic and random errors, and the integration 
with inspection data for the generation of random features. 
Recent methods of this type include skin model shapes [15], 
statistical modal analysis [16], mode shapes [17], and 
morphing meshes [18]. 

In this paper, concepts of fractal geometry are used to relate 
the simulation procedure with the topography of surfaces 
obtained by different manufacturing processes. As suggested 
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in [19-22], fractal methods synthesize the autocorrelation 
properties of surfaces in a limited number of parameters, yet 
allowing the generation of complex, realistic profiles [23]. 

2. Problem definition and approach 

Any assembly requirement corresponds to a tolerance 
chain, i.e. a sequence of geometric relations between features 
of individual parts. A mathematical model of the chain is 
needed to express the requirement as a function of geometric 
attributes of the features. The following reasoning will be 
based on the transform chain model described in [24]. 

Fig. 1. Definition of contact errors: (a) planar contact; (b) nominal 
transformation; (c) flatness errors; (d) actual transformation. 

Consider a mating relation between two planes A and B 
within a tolerance chain (Fig. 1a). If a coordinate frame is 
associated to each feature, the relation is described by a 
nominal transform matrix TAB between the two frames, which 
depends on nominal part geometry (Fig. 1b). The tolerance 
chain is thus described as a product of matrices including TAB. 
It is usually assumed that the transform chain does not change 
in the presence of flatness errors on the two features. If both 
planes are datums for the respective parts, this means that the 
high-point planes of the features coincide as a result of the 
mating (Fig. 1c). However, flatness errors can cause small 
translational and rotational displacements between the two 
high-point planes, which will be referred to as contact errors 
(Fig. 1d). The actual transform thus becomes 

ABABAB DTTT ⋅=′

where the elements of the error transform matrix DTAB are 
random variables that depend on the flatness tolerances of the 
two planes. Quantifying the contact errors (i.e. estimating the 
distributions of the elements of DTAB) can help to verify 
whether they are to be neglected or can actually have an 
impact on tolerance chains in practical cases. 

A way to estimate the contact errors is to simulate the 
mating relation between random surface profiles consistent 
with the flatness tolerances. To this end, a basic consideration 
is that any engineering surface is autocorrelated, i.e. the 
expected height difference of the profile in any two points 

decreases with the distance of the points. Profile height can 
thus be decomposed into sinusoidal signals, whose amplitudes 
decrease with increasing frequency. Such a profile could be 
randomly generated by an inverse Fourier transform from 
statistical assumptions on the amplitudes for given 
manufacturing processes and parameters. Unfortunately, such 
assumptions are difficult to make in general cases.

Fractal geometry helps to reduce the complexity of the 
stochastic process needed to generate the profiles. For a fractal 
signal z(x, y) in two spatial variables, the expected height 
differences Δz are related to the differences Δx and Δy in the 
abscissas by the following power law: 

10   ,    , 22 ≤≤Δ+Δ=Δ∝Δ Hyxssz H  (1)

where the parameter H is related to the degree of 
autocorrelation, e.g. H = 0 for white noise, H = 0.5 for 
Brownian motion, H = 1 for analytic surfaces. The Fourier 
analysis of such a signal reveals that the spectral density |F(f)|2

(squared modulus of the complex amplitude) decreases with 
frequency f according to a power β related to H: 
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Fig. 2. Fractal analysis of a die-cast surface: (a) profile; (b) frequency 
spectrum for a cross-section. 

This property helps to estimate H from samples of the 
signal. Many engineering surfaces have been shown to have 
fractal properties, i.e. they can be described by a single 
parameter without the need of evaluating the individual 
components of the Fourier spectrum. As an example, the 
topography of a 20 × 20 mm planar region on a die-cast part 
has been collected by an Alicona InfiniteFocus profilometer 
with a 7 μm resolution, and later subsampled on a grid of 128
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× 128 points (Fig. 2a). The Fourier analysis of profile sections 
(Fig. 2b) shows a decreasing trend of spectral density with 
frequency, with values of H between 0.35 and 0.45 (equivalent 
to β = 1.7-1.9). As a comparison, values of H between 0.5 and 
0.8 are reported in literature for machined surfaces. 

From the above considerations, the proposed approach to 
the evaluation of contact errors consists in the following steps:  

• identify the contact errors and define the elements of the 
error transform matrix associated to a mating relation; 

• find statistical distributions for the contact errors by 
simulating the mating of planes with given size, tolerances 
and fractal properties (parameter H); 

• analyze the sensitivity of the above distributions with 
respect to the properties specified for the features; 

• provide a criterion to quantify the contact errors in a 
tolerance analysis problem. 

3. Simulation of contact errors 

Consider the contact between two nominally planar 
profiles z1(x, y) and z2(x, y) with size L × L, assuming that 
both are datum features for the respective parts. Due to 
flatness errors E1 and E2 on the two features, the high-point 
planes of the two profiles do not coincide. Let the frame 
associated to each feature have the x and y axes on the high-
point plane and the z axis perpendicular to the same plane 
towards the outside (as in Fig. 1). After linearization, the 
actual transform between the two frames is given by

−
−

−
−

−

=⋅=′ −−−

1000

1

010

001

1000

0100

0010

0001

212121 zxy

x

y

δδθδθ
δθ

δθ

DTTT

where δz (small translation along z), δθx and δθy (small 
rotations about x and y) are the contact errors. To estimate 
their statistical distributions, each profile will be assumed to 
have fractal properties with given H. Instances of the profile 
can be generated by the method of successive random 
additions. An initial profile is built by applying random 
displacements along z to the vertices of the square planar area; 
height differences are extracted from a normal distribution 
with zero mean and standard deviation σ0 consistent with a 
given flatness tolerance. The profile is then recursively 
divided into equal square pieces, whose vertices are also 
randomly displaced along z. The distances are extracted from 
normal distributions whose standard deviations decrease at 
each recursion level i according to the following equation: 
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thus eventually obtaining a profile with (2n + 1) points 
along x and y. Different values of H result in profiles with 
different appearances, where the contribution of higher-
frequency components decreases with increasing H. 

The above procedure is the basis for the simulation of 
mating profiles. Two random profiles are first translated along 
z and rotated about x and y so as to minimize the average 
vertical distance to a same horizontal plane, subject to a 
constraint of zero minimum distance; this leads the high-point 
planes of the two profiles to coincide (the usual assumption in 
tolerance analysis). The distances to the common plane allow 
to evaluate the two flatness errors and can be displayed 
appropriately, e.g. by contour plots (Fig. 3). 

Fig. 3. Example of three-dimensional profiles (H = 0.6). 

Keeping then fixed the lower profile z1, the upper profile z2

is translated and rotated so as to minimize the average vertical 
distance between the two profiles (or, equivalently, the 
vertical distance between the centers of mass of the two 
profiles), subject to a constraint of zero minimum distance; 
this requires a new rigid transform given by the three contact 
errors δz, δθx e δθy (Fig. 4a). This is equivalent to letting the 
two profiles touch at three actual contact points, as clearly 
visible in the display of the final gap z2 - z1 (Fig. 4b). 

 The distributions of the three random variables are 
estimated by repeating the procedure for a large number of 
instances of the two profiles. A few properties can be easily 
predicted: δz takes only negative values because the upper 
profile moves down approaching the lower one; δθx and δθy

are expected to have zero mean and equal standard deviations 
due to symmetry (Fig. 5). 

4. Analysis of influence factors 

The simulation procedure can help to observe how the 
distributions of contact errors depend on design specifications. 
Four factors are expected to influence the interaction between 
the profiles of mating planes. The parameter H represents the 
topographic properties of features resulting from a given 
manufacturing process, while the size L and the flatness 
tolerances T1 and T2 determine the dimensions of the profiles. 
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Fig. 4. Contact errors on three-dimensional profiles: (a) displacement map of 
the upper profile; (b) resulting gap. 

Fig. 5. Distributions of contact errors (L = 100 mm, H = 0.6, 
T1 = T2 = 0.2 mm, 10,000 runs). 

Two initial considerations help to predict the influence of 
the above factors. First, if one of the tolerances were equal to 
zero, the corresponding profile would coincide with its high-
point plane; therefore, the other profile could not change its 
position further as a result of the contact. It is thus expected 
that the contact errors increase with the minimum Tmin of the 
two tolerances. Secondly, the rotational errors are expected to 
be inversely proportional to the size L of the features for given 
tolerances. As a result, the following dimensionless variables 
are defined for the contact errors: 
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A 24 full factorial plan of these three responses has been 
conducted with the levels listed in Tab. 1 and 200 simulation 
runs for each treatment. A preliminary analysis of the results 

confirms that δz′ has a skewed distribution of negative values, 
while δθx′ and δθy′ have symmetric distributions with means 
close to zero and nearly equal standard deviations (although 
they fail the appropriate statistical tests on the whole sample). 
The results have been further analyzed to evaluate the effects 
of the factors on the sample mean of δz′ and on the sample 
standard deviations of δθx′ and δθy′. 

Tab. 1. Factorial plan of simulations. 

Factor Levels 

H 0.4, 0.8 

L (mm) 50, 100 

T1 (mm) 0.2, 0.4 

T2 (mm) 0.2, 0.4 

As regards the individual effects, it results that L does 
neither significantly influence the parameters of δz′ (e.g. for 
the mean: t-test with p = 0.42, Levene’s test with p = 0.66), 
nor the standard deviations of δθx′ and δθy′ (F-tests with p = 
0.27 and 0.94). This suggests that the effect of feature size is 
completely accounted for by the definition of the two 
dimensionless angular errors in (3). 

Differently, H has significant effects on the mean and the 
standard deviation of δz′ (t-test and Levene’s test with p ≈ 0) 
as well as on the standard deviations of δθx′ and δθy′ (both F-
tests with p ≈ 0). Contact errors are thus likely to depend on 
the manufacturing processes of the mating parts. 

The analysis also shows an interaction between T1 and T2, 
as larger errors arise when the two features have different 
tolerances. This suggests that, beside the effect of Tmin already 
considered in the dimensionless variables, an additional 
influence factor |T2 - T1| is to be considered. Actually, the 
difference of the two tolerances significantly influences the 
mean and the standard deviation of δz′ (t-test and Levene’s 
test with p ≈ 0) as well as the standard deviations of δθx′ and 
δθy′ (both F-tests with p ≈ 0). The main statistics of the three 
error components as a function of the two influence factors 
(Tab. 2) show that |T2 - T1| has a weaker effect than H. 

Tab. 2. Statistics of the contact errors from the simulation plan. 

H 
|T1 - T2| 
(mm) 

δz′, 
mean 

δθx′, 
st. dev. 

δθy′, 
st. dev. 

0.8 0 -0.132 0.171 0.171 

 0.2 -0.169 0.213 0.221 

0.4 0 -0.261 0.267 0.276 

 0.2 -0.334 0.358 0.391 

5. Application to tolerance analysis 

The results of the simulation plan lead to a first-
approximation criterion for the random generation of contact 
errors within a tolerance analysis model. The three error 
components can be extracted from normal distributions with 
the following parameters (mean and standard deviation): 

3  ,  : minmin TkkTz =−= σμδ  (4)
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LTkyx min  ,0  : , == σμδθδθ  (5)

where k is a dimensionless constant. As an improvement to 
the usual practice of neglecting contact errors (k = 0), suitable 
values can be selected for k according to the results in Tab. 2. 
Specifically, k = 0.15 would be appropriate for surfaces with 
equal tolerances obtained by accurate machining (H ≈ 0.8). 
For non-machined surfaces (e.g. die cast as in the previous 
example, H ≈ 0.4) with highly different tolerances, k = 0.30 
could be a better choice. Intermediate values of the constant 
could be selected in different cases. 

The criterion is intentionally simple and has two main 
shortcomings. First, the costant k is only qualitatively related 
to the the influence factors highlighted in the simulation. 
Secondly, a normal distribution is assumed for the 
translational error δz instead of skewed distributions (e.g. 
exponential) suggested in literature for zero-limited  geometric 
errors [25]; in a tolerance analysis problem with many random 
variables, this choice should not involve significant distortions 
due to the central limit theorem. 

As an application example, consider a simple assembly 
where the clearance X between two pins connected to a plate 
is to be accurately controlled (Fig. 6a). Geometric tolerances 
according to ISO standards are specified on the two parts (Fig. 
6b, showing only dimensions relevant to the problem). 

Fig. 6. Example: (a) assembly; (b) toleranced parts. 

The distribution of the requirement X is estimated by the 
transform chain method. Frames with equal orientation are 
associated to all the assembly features and to two opposed 
points with distance X (Fig. 7a). Some frames have also 
translated and/or rotated configurations due to the geometric 
errors allowed by the tolerances. Considering all the frames in 
the correct order (Fig. 7b), the chain of frames associated to X
is described by the following matrix product: 

8877766565

554434332221181

         DTTDTTDTT

DTTDTTTDTTDTT

⋅⋅⋅⋅⋅⋅
⋅⋅⋅⋅⋅⋅⋅⋅=

−−−−

−−−−−−  (6)

 whose element corresponding to the translation along y
(second row, fourth column) gives X. 

Fig. 7. Tolerance analysis model: (a) frames associated to the features; 
(b) transform chain. 

In the common approach, the matrices are evaluated 
without considering the contact errors as detailed in Appendix 
A. The proposed criterion completes the matrices DT3-4 and 
DT5-6 with additional error components according to equations 
(4-5), where Tmin is the flatness tolerance on the primary 
datum of the pin (0.05 mm) and L is the nominal diameter of 
the pin (20 mm). Assuming k = 0.15 and performing a Monte 
Carlo simulation with 10,000 runs yields the distribution of X
(Fig. 8a). The comparison with the distribution found without 
the contact errors (k = 0) shows a clear increase of the ±3σ
tolerance on the requirement (Fig. 8b). 

Fig. 8. Distribution of the assembly requirement: (a) with contact errors; 
(b) without contact errors. 

6. Conclusions 

Form errors are usually neglected in tolerance analysis. The 
paper has proposed a criterion to estimate their effects when a 
tolerance chain includes mating datum planes. In these cases, 
translational and rotational error components can be randomly 
generated from normal distributions with appropriate 
parameters. These are suggested according to the results of a 
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simulation plan which evaluates the effects of design 
specifications on the contact errors. 

The application example shows that the effects of form 
errors may actually be relevant in special cases. These include 
tolerance chains with contacts between small-sized datum 
planes obtained by manufacturing processes with limited 
accuracy and possibly different for the mating features. 

The limitations of the proposed criterion include the lack of 
experimental validation, the selection of a single type of 
stochastic model of surface profiles, and the reference to a 
single tolerance analysis method. It also neglects some 
secondary effects which might further increase the contact 
errors, such as the deformations due to contact stresses. Future 
studies will try to address these issues. 

Appendix A. Tolerance analysis model  

The matrices in (5) have the following structures: 
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In the nominal transforms Ti-j, the rotation sub-matrices are 
identities because all the frames have the same orientation 
(Fig. 9a), while the translation vectors depend on the nominal 
dimensions of part features (Tab. A.1). In the error transforms 
DTi-j, selected elements are normally distributed with zero 
means and standard deviations depending on the tolerances 
(Tab. A.2), while the remaining elements equal zero. 

Tab. A.1. Translation vectors of nominal transforms. 

Matrix px py pz

T1-2 0 -20 / 2 -60 / 2 

T2-3 0 0 -60 / 2 

T3-4 0 0 0 

T4-5 0 21 0 

T5-6 0 0 0 

T6-7 0 0 60 / 2 

T7-8 0 -20 / 2 60 / 2 

Tab. A.2. Standard deviations of nonzero elements of error transforms. 

Matrices Elements Standard deviation 

DT1 , DT8 δy 0.025 / 6 

DT2 , DT7

δx, δy 

δθx, δθy

0.025 / 6 

0.025 / 60 

DT3-4  δx, δy (0.05 + 0.05) / 6 

DT5  δy 0.05 / 6 
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