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A b s t r a c t  : T h e  th e o ry  s u p e rc o n d u c tiv ity  o f  a llo y s  w ith  m a g n e tic  im p u ritie s  is
reinvestigated w ith  the roles o f non-m agnetic potential scaitenng and spm -exchange in tc raa io n s  
betw een conduction electrons and im purities  w ith  special attention paid to the role o f potential 
scattering term  in the e lectro n -im p u rity  inlcracLion. l l i e  im p u n ty  spins are treated as classical 
vectors in a m ean-fie ld  approxim ation and the pair-breaking mechanism ui the A briko so v-G orkov  
approxim ation  fo r small but fin ite  concentration o f im purities. The theoretical results arc applied  
to  the experim ental findings on spin-fluctuation effects in some Zr-based ferrom agnetic  alloys. 
A ll results arc found to  be in good agreem ent w ith cxpcnm enis.
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1 . In troduc tion

The classical question of the behaviour of magnetic impurities in superconductors has been 
the subject of many experimental and theoretical studies for quite sometime. The theories of 
ferromagnetic superconductors have been formulated by many workers [1-3] by considering 
the interaction between the conduction electrons and magnetic impurities. The results of the 
AG theory are known to be valid for the rare-earth impurities in superconductors with weak 
electron-impurity interactions. Shiba [4] and Rusinov [5] proposed a theory of low 
concentration of uncorrelated magnetic impurities in superconductors. In this model the 
scattering of electrons by impurities is calculated exactly by treating the impurity-spins 
classically. The interaction of conduction electrons of spin <j with a magnetic impurity
atom of spin S is given by

U ikk') = V (MO 5ap -  1/2 /  IS, Oap) (1)
where cj denotes Pauli matrices, V and /  are the su-engths of the potential and spin-exchange 
interactions respectively.

In the AG theory, a weak scattering of the conduction electrons in the presence of
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magnetic impurities has been shown to destroy the Cooper-pairing and suppress 
superconductivity, and the thermodynamic properties have been found to be independent of 
the potential interaction V. The purpose of this work is mainly to discuss the effect of the 
potential scattering in addition to the electron-impurity spin-interaction on the 
superconducting properties of alloys containing ferromagnetic impurities. This is specially 
important in the discussion of anisotropy problems where the potential scattering plays an 
important role.

The present work is an analytical extension of our recent work [6] on spin-fluctuation 
effects on the superconducting properties of metallic glasses. The presence of potential 
interaction has been found to affect the superconducting gap parameter although the 
contribution is very small for dilute impurity cases. A critical concentration has also been 
obtained to define the transition of the alloys from one cooperative state to another viz. 
from superconducting to ferromagnetic state and their coexistence.

In general, the ordinary scattering of electrons by impurities does not have any effect 
on the critical temperature of the superconductor. The situation is somewhat different in the 
case of magnetic impurities. Under AG theory, the gap parameter A is assumed to be 
constant in space. This conclusion is valid at absolute zero near an impurity. At 
temperatures close to the superconducting transition temperature, the spatial part leads to 
the appearence of an additional term in the gap parameter. This can be seen from Green's 
function of a superconductor averaged over the coordinates of spin-directions of the 
impurities and their positions. We shall assume in the present work that the impurities are 
randomly distributed in the crystal and the concentration of magnetic impurities is finite but 
small in the sense that one can neglect the spin interaction between neighbouring 
impurities.

2 . Form ulation of the problem

We assume in the present model, that the impurities are randomly distributed and their 
concentration is finite but low enough so that the impurity interactions are negligible,

(2)H  = + +

where H bcs  =  ^k P ^k a C k a  -  4  C^t) +
ka k

A^
V (3)

and A = ? I <  C_ti C tt  >. 
k

Here A Is the superconducting order parameter, g the electron-phonon coupling constant, 
(Qff) is the creation (destruction) operator for an electron with momentum k and spin 

aand < > indicates thermodynamic averages. In eq. (2), the expression for and Hp are, 
respectively

JL
2N P ka Pk'p (Si. O'op) exp [i (k — k'}R,]

t,afi
(4)
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and -  Tj ' L y  ( k - k ' )  exp [i (k -  k%Ri ] C \ a  C^a
iX k -

(5)

In eq. (4) Si is the localised spin at the /-th site located at Ri and V is the potential 
scattering of the electron by the impurity.

Fulde in 1965 [7] showed that both the potential scattering and the spin-exchange 
scattering terms [eqs. (4) and (5)] reduce the superconducting transition temperature and also 
the gap parameters. Actually, the exchange scattering terms has the pair-breaking effect 
whereas the potential scattering term acts to smoothen the gap anisotropy [8].

We proceed in the manner similar to Balseiro andFalicov [9] and treat the spins S, to 
be classical vectors. It is well-known at present f4] that at finite concentration of impurity, 
localised excited states, appearing due to the interaction of conduction electrons with 
localised spins, form impurity-band and the energy of localised excited* states are affected by 
the potential scattering. One of the important consequences of the interaction between 
localised spins and conduction electrons is that it causes an indirect interaction between the 
spins [10] which tends to form a magnetically ordered state. This changes the structure of 
the BCS energy gap equation. We discuss the effect of potential scattering in the process of 
growth of impurity band and hence on the observable quantities like the variations of 
superconducting gap parameters, the critical temperatures etc. and apply the theory to the 
experimental results on Ni, Co and Fe-doped Zr amporphous superconducting compounds.

The Green’s function of our impurity problem is a 4x4 matrix Green's function given 
by (£) = G“* (£) + (£) X ik,p) Gj, (£) (6)
where G“*(£) = [

E -  €o A 
+ £

P

s r  0 - u  { k . p )  1
= I u (k,p) 0 J’

and
r  0) r  w^k.p ^k.p
r  (2) r^k,p Gk,p j

(7)

(8)

(9)

In eq. (8), the interaction term V{k,p) is given by

V (k,p)  = -  ^  I  (S . <7) exp [/ ( i - p ) . / ? . ] +  ^  I  F (*. p )x

X exp [/ (^ -  p ) . £  1 ] (10)

and in eq. (9) G^p (E) are the Fourier transforms of

C^O)(0 = « C ^ p i  I c V  »

(0 = «  Cp^ 1 CpT » (Hb)
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The Fourier transforms of the above Green's functions are
A

G (£) = ^ p-p^  ̂ E -  e. G (£) -  Gp-p  ̂ '  £  -  e„ ‘•A’

G (2) (£) = -  - i —  + — ^  C (•> (£) + (2)
p  p  '' '  E -  Cp E +  Cp P - P  ^ '  £  + £p *•/?

G (£) = 7T-^—  C (£) + C (£)
p , p   ̂ '  E +  S p  p - p   ̂ '  £  + £p *•/’

G (')(£ ) - - ^ A ^ G W ( £ )  
P - P  E -  k,p  ̂ '

■y (4 )  
P./> (£) = -

E -  Eo E -  Ep P - P -  -

The above eqs. (12a-12d) are the coupled Green's function equations which may be 
solved to obtain the Green's funefor required for the superconducting gap parameter and 
transition temperature.

3 . The gap param eter and transition tem perature

The response of the localised excited stales and the slates due to potential scattering to the 
energy of the bound state within the BCS gap may be studied from the poles of the impure 
Green's function which is obtained by solving eqs. (12a) and (12b) for C (£) as

(11c)

(lid )

(12a)

(12b)

(12c)

(12d)

C (£) = -  —1— 5------T- -  - 2 2P 'f^  [E^-E^p-A^] [£^-e^^

where U {Of) = -  Y  S, + CV (0).

MJ\Q)

P.P
2£„G (0)4

.2 ,2 + ,|;.2 J l .2 ,24 ] [£ -  e . -  4  ] (13)

(14)

C is the concentration of the impurity given by C = ^ ; /V, is the number of impurity

atoms distributed randomly at the lattice sites and N  is the total number of atoms. For 
random distribution of spins and the position of impurities, the growth of the impurity 
band and the critical temperature are studied and the necessary informations are obtained 
from the Green's function (13) averaged over (he random spatial distribution and orientation 
of spins. For averaging over the position of impurity and over the impurity spins, we 
follow the techniques of Abrikosov e ia l[ \ l]  and Balseiro and Falicov [9].

The averaged Green's function is therefore

^  4  <G^(0)> 2g„<t/ (0)>4
p-p^  ̂ ~ [E^-^p-A^]  [ E^- e^p- A^f  [£^ -  ê p -  A^f  ’ ^

It may be noted that for classical spins along the z-dircction the <St> appearing in eq. (IS) 
through G(0) may be equated to the magnetisation M. The quantity (\/2)IS, gives the 
maximum relative displacement of up spin band with respect to the down spin band which



is a measure of the ferromagnetic driving force. It gives a very important quantity under AG 
theory represented by

(1/Tag) = (l/2)«Po(/5,)^. (16)

The eq. (16) is the strength of the spin-flip scattering in terms of the density of conduction 
states per spin Po and is responsible for pair-breaking [12]. Although the effect of the 
electron scattering by impurity spin on the order parameter will be more pronounced near 
the absolute zero, it is exp>ected to be significant near the transition temperature because 
of the interaction of electrons with localised phonons. The superconducting gap parameter 
in terms of the Greenes function may be written as [13].

4  = S  <C^-Pl > = ^  (E)- (17)
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P   ̂ -  P

Using eq. (15) the above equation may be solved and written as,

1 = -- i S [E" - In, k
f lV \0)7772 15 .2i2[E -  E p -  A ]

A, k
rrl  .2.2\E -  e p -  A ]

For A - ^ 0  and T —>Tc the eq. (18) becomes [14]

1 = “f V  ^  C‘ iOUc.

f  2e,U (0) de.

(18)

(19)

(2/1 + l)jff where E = i(Op -  p—— .

The second and third integrals in eq. (19) may be solved by using the Riemann-Zeta 
function CĈ ) [1] transition temperature may thus be written as

where 5 = \  CO) )  • ^«-p = Po« •
In order to determine the behaviour of the gap parameter with increasing concentration of 
ferromagnetic impurity, we evaluate eq. (18) for temperature T near the transition 
temperature T̂ . by expanding in powers of (A/Tc) to obtain

6A(4)



736 S K  R oy, A K  M ondal and N  MeslUni

1/2
(21)

Eq. (21) when compared with the gap parameter ^(0) at 7  = 0 leads to

Also when 7  ^  0. the above eq. (22) in terms of the gap parameter Aoo of the pure material 
may be written as

, r i  -  TiTc ii/2A J A (P ) = ^---  J .

where 7? = l - ( 7 / 2 ) C ( 3 ) ( ^  y .

(23)

The critical concentration at which the transition from superconducting to ferromagnetic 
phase takes place is obtained from the critical value Ucr (0) by putting 4  -> 0 in the limit 
T —>Tc for ordinary material in eq. (21) which in turn yeilds

(/„ (0 )  = 0 .517, (24)

In the above equation (/„(0) contains two terms A,,(0) = -  (1/2) CS, and B,r(0) = CV (0), 
which determine the contributions due to spin-dependent and spin-independent scattering to 
the critical temperatures and gap parameters respectively.

4 .  D iscu ss io n

We have reinvestigated the theory of the influence of both the spin-spin scattering and the 
anisotropic potential scattering from impurities, in ferromagnetic superconducting qlloys, in 
a generalised mean-field approximation with spin as a classical vector. The purpose of the 
present work is mainly to study the effect of potential scattering on the superconducting 
properties of ferromagnetic alloys. The pair-breaking mechanism due. to spin-spin 
interaction has been ueated in the AG fashion. The potential scattering of impurities 
resulting from the localised modes have been found to enhance the gap parameter through 
the variation of 4(r) in space. As such, the local variation of the gap parameter may be 
neglected when we calculate the quantities which strongly reflect local properties about the 
paramagnetic impurity, but the neglect of such variation may not be allowed when we 
calculate thermodynamical properties with paramagentic impurities. It is well-known that 
around the classical spin in a superconductor, there exists a localised excited state which 
appears due to s-d interaction and breaks the time-reversal symmetry of electrons. At finite 
concentration, localised excited states around classical spins form impurity bands which 
grows with increase of impurity concentration and destroys ttie superconducting property. It 
is also interesting to consider the. case for the spin-independent scattering (potential 
scattering) along with the spin-dependent scattering to examine the thermodynamic 
properties of superconducting alloys. We have explicitly derived the analytical expression of 
the superconducting properties of ferromagnetic alloys for classical spins. The nature of



variations of the gap parameters (ri/Tp) for the pure and impure superconductors, have been 
shown in Figure 1 for different arbitrary values of spin-spin and potential scattering terms.
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"■ 1. Variations of wiih T/Tc for puie and impure supeiConducion.
(•) (4/r£)forA = 0 , B=0  
(a) (d/T^)forA = 2(K),B = 0 
M (AO;)forA = 2(K),B = 0.2(K)

It has been found that the potential scattering term enhances the gap parameter on one hand 
(although very little), the spin-dependent scattering term lowers it on the other. The 
presence of localised modes causes the softening of the frequency of the impurity modes,, 
thereby, favouring the superconducting phase, whereas for finite concentration of impurity, 
the spin-scattering term favours the ferromagnetic phase. A critical concentration may be 
obtained from eq. (24) which defines the u-ansformation from superconducting to 
ferromagnetic phase and also their coexistence. Eq. (24) may be applied to the observed 
variation of Tc for an alloy system at different concentration and for the alloy which 
corresponds to the minimum value of T,. (at which /1-variation has suddenly dropped) one 
may determine the critical concentration of impurity at which the ferromagnetic transition 
takes place.

The present theory was applied to make the numerical evaluation of the spin- 
fluctuation terms and electron-phonon parameters in case of some Zr-based amorphous 
glasses. Treating the miao-cryslals of these glasses as ordered, which form the part of our 
earlier work [6] we discuss the idea of spin-fluctuation along with the contribution due to 
localised modes. Although the application of the present theory to the cases of amorphous 
alloys is a crude one, the results are surprisingly very close to the experimental values of 
Zr-based glasses. The reason for this is probably because of the fact that the theory may be 
applied to such systems when the impurity concentrations is not very high. To have a 
qualitative comparison of the theoretical results obtained with the experimental values we 
select some typical results of amorphous Zr [15-17].



i) Debye temperature do = 110 K

ii) Transition temperature = 3.88 K and

iii) the Pseudo-potential = 0.17.

Now, we use them to evaluate electron-phonon coupling constant which is k , -p  = 0.96. 
We then compare eq. (20) with the lenormaliscd equation for 7  ̂[IS, 18] to obtain

Kn + 1]
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^sf ~ ^€p + 2] (25)
'■tp ' '"'*p

It may be noted that eq. (25) consists of the Pseudo potential ix (A^+ //)/(! + A,/) and 
electron-phonon parameter X,p A«p/(1 + A,/) normalised by considering the spin 
fluctuation part X,f, and indicates that increases with increasing S (drop in transition 
temperature eq. (20)) i e. increase in the concentration of ferromagnetic impurity increases 
the spin fluctuation part of the electron-phonon parameter and lowers the transition 
temperature. Results obtained from our theoretical calculations for parameters S and hence 
for A  ̂are given in Table 1 along with the values of X,p. From eq. (24) for UcA^) = i4e,.(0) -  
Bcr(0) and from the critical values of /4„(0) obtained by Balseiro and Falicov [9], one may

T a b ic  ] .  C om parison o f 7*,., A , _ ̂  and ( w ith  the experim ental values leponcd by A ltoun ian  el 
a / [15]

System Tc
(K )

0i>
(K )

5
(iheo)

P
(expl)

f
(ihco)

^  /  
(expi)

Pc.27Zr.73 1.3 177.5 2 .4 6 1.071 0 .9 5 0 0 .2 93 0 .3 1 7

Fc 2gZr72 0 .6 180.0 3 .2 5 1.073 0 .9 13 0 .3 5 5 0 .3 5 8

Pc.20Zr.80 3.3 160.0 1.42 1,068 0 .981 0.181 0 .221

Co 33Zr^ 3 .0 192.5 1.71 1.089 0 .9 4 2 0 .2 1 6 0 .2 3 5

C0.35Zr.65 2 .7 6 197.5 1.81 1.069 0 .9 5 2 0 .2 28 0 .2 5 5

Co.4o?-r6o 2 .0 5 2 1 0 .0 2 .17 1 .070 0 .9 8 2 0.261 0.311

Ni.24Zr.76 3 .5 9 170.0 1.40 1.071 0 .9 4 7 0 .1 77 0 .201

Ni.33Zr.67 2 .8 9 192.5 1.75 1.070 0 .8 9 3 0.221 0 .2 1 4

Ni.4oZr.6o 2 .3 5 2 1 0 .0 2 ,05 1.073 0 .8 6 7 0 .2 53 0 .2 2 8

make an estimate of ficr(0) which gives the measure of potential scattering term. This is 
minimum at the critical value of /4cX0). The spin independent potential scattering term is 
therefore appearing as the additive term to the single particle energy thereby changing the 
single particle energy in the Hamiltonian of the system. It is interesting to note that the 
theoretical values of are in good agreement with experimental results, particularly for 
low impurity concentration, which signify the validity of the model used. It may therefore, 
be concluded that the localised excited states appear even in the presence of potential 
scattering, however small it may be, with a consequent enhancement of gap parameter.
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