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Problem of the Anp system with the Hulthen Potential
and the Faddeev equations: |
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Making use of the Faddeev equations, the problem of ope lambda
hyperon and two nucleon three body system is worked out with the
interactions botwoen eauch pair of particles dotermined by the local
Hulthon Potontial. The potentials between the pairsa of particles
are takon to be s-wave charge symmetric. The Hilbert-Schmidt
separable oxpansion of the two body t-matrix projects the Faddeev
equations in a sot of one dimensional coupled intogral equations.
With thix approach we have calculated the values of the binding
energy of tho A hyperon in /3 for different sets of the low-enorgy
A-N parametors.

1. INTRODUOTION

The non-relativistic threo-body problem is widely invostigated with the applica-
tion of Faddeev's (1961a, 1961h, 1963) sot of intogral equations, which have
uniquo mathematical solution. Lovelace (1964) reformulated these equations
in such a way that they lead more directly to the t-matrix of the three body
system. A practical solution is usually obtained for separable two particle
potentials only.

In this paper we have made a study of the Anp three body iso-spin zero system
in doublet and quartet spin states when the two-particle forces are determined
from the local Hulthen potential. A separable form of the two particle ¢-matrix
and consequently of the interactions is most desirable in the three-body theory,
hecause it roducos two continuous integration variables to one. The problem
is thus to have some sort of an optimal soparable representation for the local
potential under consideration and to use it in the Faddeev equations. Recently
some of the methods have beon suggested by Gillespie (1967) and Efimov (1964)
in which the two-body ¢-matrix is expanded in separable form. The method
based on the Hilbert-Schmidt theorem (1931) wherein the expansion of the kernol
of the Lippmann-Schwinger equation in terms of its eigen functions is used was
developed by Weinberg (1963, 1964) to eliminate the divergence of the Born
series of the two-body i-matrix,
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Tho problem of the Anp systom was investigated in the frame work of the
Faddeov formalism and the binding cnergy calculations of AH® were carried
out by Hetherington et al (1965), Schick et al (1967), Roy Choudhury et al (1973),
but the two-body potentials used were the non-local soparable potentials of
Yamaguchi form. Our rosults for the binding energy of AH® with two body
local Hulthen potential aro compared in Section 4 with thoe results of Hetherington
et al (1965) and Roy Choudhury et ol (1973) who made use of the non-local

separable potontial of Yamaguchi type.

Each of the threo particles in the hypertriton is a spin § fermion and the
two-hody potentials between the pairs of the particles are taken to be s-wave
spin dependont.  So the spin of the three particle Anp svstem is either } or 3/2.
We nogleet the neutron-proton mass difference and treat the N-N and A-N
potentials to be charge symmotric. Tn the caloulations only three two-body
states have beon considered. They are the N-N in triplot spin state and the
A-N in singlot and triplet spin states. The nucleons are labelled 1 and 3, the
lambda particle is numbered 2, the nucleons from the two dimensional repro-
sentation of SU(2) and A helongs to the singlet representation.

2. T'wo Bopy {-MATRIX WITH HULTHEN POTENTIALS

The two-body potentials in all the threo channels are chosen to be of Hulthen
type which in the configuration space are of the form

V(r) = —Vyexp(r/R—1)-1, ... (b

where the parameters V, and R are difforent for N-N triplet, .\-N singlet and
A-=N triplot interactions. In the momentum space the Fourier transform of
V(r) reads as

Vik—k') = J oxp (i(k—k').r)V(r)d®r, e (2

Its Ith partial wave projection is
1
Vitk, k') = _[1 du V{(k2-F k"2 — 2Kk x)} | Py(2). e (3)

This appears in tho kernal of the general Lippmann-Schwinger oquation for the
two body ¢-matrix off the energy shell

92

— Q2 P Jloo 4L k, q;— "
"(L’ ¢ '_ﬂ) = Vitk b "“,,2{) ((q2_+_Q§)§g) Vi(g, ¥')qtdg. e 4)

whero pis the reduced mass of the two interacting particles and as the two-body
cnergy is always negative in our analysis wo have defined it to be —(@%/2p).
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The relation of the partial on shell £-matrix to the corresponding phase shifts

is the following one
2
~&y (k, k;‘;l) ——,lr sin 8,(k) exp (idy(k)). e (5)

As we are investigating the hound state problem of tho thpee particles. the
total enorgy E in the c.m.s. of tho threo particles iz negative. Thus the two-
body sub-gystem can have only negative onergy. Further, suffix I will be sup-
prossed because we have takon into account only s-wave two b’bdy interaction.
As done by Kharchenko & Petrov (1969) following the Hilbort-Schmidt method
(1931) the two-body t-matrix can be oxpanded in the following sefies in separable
form

(kb &) = — £ T gulk, Qe 6
s s 2/() n:I ,,In_l(Q)_l gn( ’Q)gn( ’ Q) eer ( )

The separable expansion of the two-body f-matrix is very useful for tho
threo-body calculations in Faddeev's formalism. Taking more number of terms
in the series (eqn. 6), the nmunber of coupled integral equations for three-body
f-matrix gots increased which makes the numerical computations more cumber-
some. Details relatod to eq. (6) appear in the Appendix. The convergence
of expansion (6) is discussed in detail by Kharchenko of al (1969).

Tho Hulthen potential parameters » and R for A-N singlet and triplet channels
are evaluated from the respeetivo scattering length and effective range by making
use of the following relations of Kharchenko ¢ al. (1969)

)
|
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3 3 ., ndn2-X) J

For lambda-nucleon scattering low-energy parametors a and r in singlet
and triplet spin statos, a number of sets are available in the literature on tho basis
of theoretical and experimental investigations. For our analysis of hyportriton
problem, the sets of Hotherington et al (1965), Alexander et al (1966, 1967, 1968),
Herndon, ef al (1967), Beck ef al (1965), Fast et al (1969), Diotrich et al (1964),
Sechi-Zorn et al (1968), de Swart ¢f al (1962) we have picked up. and the corres-
ponding Hulthen potential paramoters obtained by us are given in table 3.
For wix sots of lambda-nucloon scattering lengths and cffective ranges the
convergence of sories (7) is shown in table 1 and table 2. Table 1 illustrate
the convergence of the series R/a and table 2 that of r/R upto six terms. How
the sories for r/a converges with n and how it depends on the variation of X(vR?)
tan he seen in figure 1,
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Fig. 1. 7/a is plotied against X(vR?) for the Hulthen potential.
on the corresponding curves indicate tho number of terms taken in eq. (7) to

evaluate r/a. Two barriers T and S shown n the figure are for Herndon and
Tang's Triplet and Singlet A-N low cnergy parametiers for Set 1.

The numbers marked

3. THREE Bopy EQUATIONS AND METHOD ¥OR CALCULATING BA

In the set of three-body coupled integral equations we discuss in this section,
the off-shell two body ¢-matrix appoears in the kernel. Even if we put the two-
body f-matrix in one term separable form we face three coupled intogral equa-
tions. The number of coupled integral equations multiply further if we take
into account more number of terms in tho separable expansion (6) of the two
body f-matrix. Presontly, we aro doing the three-body calculations with only
the first term of eq. (6). The s-wave set of intogral oquations for the Anp
three particle scattering matrix obhtained from the Faddevev type multiple

scattoring analysis by Schick ef al (1967) is as follows

Rap(g,9') = K.p(q, 7')-+ .E i'; K (g, BT k)R, g(k, ¢')(2m)-2k2d k, .. (8)
with
O A A T pee, . )
(a,gB“—anA,,ﬂ)(ae,C,”—%—C,BAG,) Aup—ap
+,____________.b!3_..________.___ lo Bust-bep
(balA aﬁ"aaﬂBzB)(baﬁoaﬂ +czﬂBuB) B«ﬁ"'baﬂ

+ o o,
(aap Caﬁ + ccﬂA a&)(batoaﬁ + ccﬁ'B 4B)

Caﬂ —Cap

s G222

e (9)
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where,
"
2 @ 2 2 . — , Mg
Ayp=4¢ +(M—)Q+ﬂ '“an—2qq]",,:
’ ’ md . I
Buy=a+ (5= ) o2 +a0 Db =20 3 b (10)
Mﬁ M’ ’ . / .
ﬂﬁ =F- 2mamaﬂ qz-—-2mﬂm’aﬂ 7 * b =0 "—na; J
and
2
— by -7l i
N, A (1+QR)¥14-2QR),
(11)
14+QR
A= R

J

where @ is connected with two body energy and @ for the two particles in ath
channel is given by

e =2 ( ~5+1e 0y )] - (12)

where ¢’ is the total momentum of the two particles in ath channel in e.m.s. of
the three particles.

m, is the mass of the spectator particle in the ath two particle channel,
M is the total mass of all three particles, M, — M—m, and m,p; = M —mq—-my.
The Greek indices in this paper run from 1 to 3 for A-N singlet, N-N triplet and
A-N triplot interactions respectively.

In oq. (8) the matrix 7°8 iy given by

Ty 0 0
790 — 0 Ty 0 . «. (13)
0 0 Ty

where again subscripts 1, 2, 3 rofer to the respective two particle channels as
indicated above. 7’s are relatod to the respective two-body f-matrices eq. (6)
when it is truncated after first term. The t-matrix is written after dropping
the suffix » = 1 for the first term as

(b ks — ) = otk Qo @), v (1)
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where e _;lf ;’_:1}:] . (15)
and
g(k. Q) = N(@/(k24-?). .o (16)
The matrix [W,g] for Anp doublet spin state is
: V32 —+/3[2
| Wap] — V320 —1/4/2 o (17)

—V32 —1/y/2 —}

and that for quartet spin state is

0 0 0
[Wapl = 0 0 V2 .. (18)
0 V2 1

To find out the binding encrgy B, we ovaluate the Fredholm doterminant
of the s-wave sot of integral eq. (8) for a given value of K and ropeat tho
calculations till we got tho value of K say E, for which tho determinant becornos
zero.  Tor each set of low energy lambda-nucleon paramoters the same pro-
codure is followed and £, is found out. Then to got B, ., the deuteron binding
onergy is subtracted out of £,. The N-N triplet spin state Hulthen paramoeters,
wo have worked with are fitted to the deuteron binding energy, 2-225 MoV and
the two nucleon {riplet spin state scattering length, 5-378 F and the values of
those paramoters are » - 1-8509 F-2 and R .- 0-8708 F.

4. REsuULTS AND DIscussioN

Our results for the three body binding energy of the Anp system are recor-
ded in table 3. This table containg twelve sets of low energy lambda-nucleon
scattering parameters i.e., the scattering length and offoctive range. The
Hulthen potential parameters » and R obtained by us are also appearing thore.
While reporting the valuos of B, for ,JI3 (J = }) from the prosent calculations
with two-body local Hulthen potential in Table 3, we have also put the B, values
obtained when the two-body interaction is determined by the non-local separablo
potential of Yamaguchi form by Roy Choudhury et al (1973). As is evident
from table 3 the gemeral tendency of the local Hulthen potential calculations
i8 to suppress the values of B, as compared to their counterparts obtained from
NLS potential calculations by Roy Choudhury et al (1973). The possibility
of the Anp (J = }) bound state disappeared for the present caloulation for the
sets 7 to 12, Throe values of B, obtained in increasing order are -009, -096 and
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-163 MeV for the low-energy A-N parameters of de Swart and Dullemond (1962),
Herndon and Tang (1967), and Herndon, Tang and Schmid (1965) respectively.
The values of B corresponding to the sots 1 and 6 are within the limits of experi-
mental value (-06 1--06) MeV of Bhom el al (1968). '

For Anp systom in J = 3/2 state we scarched for the bound states corres-
ponding to all the twelve sets but no ovidonce is found in favour of it. The
bound state formation in J = 3/2 state is feasiblo when the threo-body calcula-
tions are done with two terms in cxpansion (6) of the two-body f-matrix.
Our results in case of J — 3/2 bound state match with the remarks of Herndon

& Tang (1:68) and Keyex ef a (1968).

Sets 9, 10, and 11 aro to be discarded because thoy favour the Anp ground
stato in J = 3/2 state in contradiction to the vxperimental findings which pro.
dict J — 4 as the spin of the JI3 ground state (Rayel el al 1966). For those
three sets, the attractive foree due to NLS potential was of sufficiont strongth to
form the bound state of the Anp system in J = 3/2 as well as in J = 1 state,
It is interesting to note that the force due to the Hulthen potential is woakor
to the extont that for these sets it is not sufficient to form a hound state even
in J = 3/2 spin state.
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APPENDIX

Similar to the soparable expansion of ¢ ( k, k':-?;)the Vilk, k') of eq.

(8) for I = 0 can Lo oxpanded in the separablo form

8

Vik, k') — —

4

X "/n(Q)gn(k: gk, @), ... (Al

n=1

where g,(k, Q) and 7a(@) arce the eigenfunctions and eigenvalues as appearing
in the equation

1 . ) .
~ S { Vik, (@ +@07'900q, QaPdq - 9.(Q)galk, Q). o (A2)
The orthonormal property of the ligen functions is given by equation

1 ®
On? (-! In (Ic’ Q)gn(k’ Q)(kz‘qu)-lkzdk = 6»’71' eee (AB)
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The serios for t-matrix (6) and for kernel (Al) converges absolutely and
uniformly with respect to both tho variables & and ’, (Kharchenko et al 1969).

The explicit expressions for , and g, are as follows

Pa(Q) = X[n(n+2QR)] 1, X = »R* and » — g%t_}’_.,
g"(k! Q) - Cn(Q) é] Aﬂv(Q)v”v—l(Q)lkz +Q2+ 1”/1/—1(9)]—],

A Q) — (=1y o1 "=t 9.(Q) "

o=1 WfT—1 95,0 (@)’

2n—1 n-v
@ = I [r@ T o
n XR

O e

REFERENCES

Alexander G., Bonary 0., Karshon U., Shapira A.. Yekutieh (1., Engelmann B., Filthuth H.,
Fridman A. & Schiby B. 1966 Phys. Lett. 19, 715.

Alexander G., Kavshon U., Shapira A.. Yekutieh G.. Engelman R.. Filthuth H. & Lughofer W,
1968 Phys. Rer. 173, 1452,

Alexandor G. & Karshou U. 1967 Proceedings of Second Tnternational Conference on High

tnorgy Physics and Nuclear Structure at the Weizmann Institute of Seience, Rehovoth,
Kdited by Alexander G., North Holland Publishing Company, Amsterdam. p. 36.

Beek F. & Gutseh U. 1965 Phys. Lett. 14, 133.

Bohm G., Klabuhn J., Krecker U., Wysotski F., Coremans G., Gajewski W., Maycur C.,
Sacton J., Vilain P.. Wilquest G., O’S8ullivan F., Stanely D., Davis D. H., Fletcher E. R,
Lovell 8. P., Roy N. (., Wickens J. H., Filipkowski A.. Garbowska-Pnicwska i . Pniewski
T., Skrzypeazak E., Sobezek T., Allen J. E., Bull V. A,, (‘onway A. P., Fishwick A.
& March P. V. 1968 Nucl. Phys. B4, 511,

Courant R. & Hilbert D. 1931 Methoden der Mathematischen Physik Vol. 1, Berlin, Verlag
von J. Springer.

Dietrich K., Mang H. J. & Fold R. 1964 Nucl Phys. 50, 177.

do Swart .J. J. & Dullemond C. 1962 Ann. Phys. (N.Y.) 19, 458.

Ebel G., Pilkuhn H. & Steiner F. 1970 Nucl Phys. B17 1.

Kfimov V. N. 1964 Compt Rend du Congr Intern de Physique Nucleaire, Paris, Vol. 11, p. 258;
Preprint JINR, 1968 p. 2546, p. 2890; Thesis JINR. 1966.

Faddeev L. D. 1961a Sov. Phys. JETP 12, 1014; 1961b Dokl. 6, 384, (1963), 7, 600.

Fast G. Helder J. C. & de’Swart J. J. 1969 Phys. Rev. Leit. 22, 14563.

Gillespie J. 1987, Phys. Rev. 160, 1432.

Herndon R. C. & Tang Y. (. 1965 Phys. Rev. 137, B204.

Herndon R. C. & Tang Y. C. 1967 Phys. Rev. 159, 853,

Herndon R. C. & Tang Y. C. 1868 Phys. Rev. 165, 1093,



172 K. Bhadra, H Roy Choudhury and V. P. Gautam

Hetherington J. H. & Schick L. H. 1965 Phys. Rev. 339, B1164.

Keyos (., Derrick M., Fields T., Hyman L. (., Fotkovich J. B., Mekenizie J., Riley B. &
Wang L. T. 1968 Phys. Rev, Lett. 20, 819.

Kharchenko V. F. & Petrov N. M. 1969 Nucl. Phys. A137, 417.

Lovolaco C. 1964, Phys. Rer. 135. B1225,

Rayot M. & Dahitz R. H. 1966 Nuovo. Cimento 46A, 786,

Roy Choudhury H. & Gautam V. I, 1973 Phys. Rer. (. 7. 74.

Scadron M. & Woinberg S. 1964, Phys. Ree. 133, 1589,

Schick L. H. & Hetherington J. H. 1967 Piys. Rer. 156, 1602,

Socht Zorn B., Kahoo B.. Twitty ). & Burnstein R. A, 1968, Phys. Rev. 175, 1735.

Sitenko A. G.. Kharchenko V. F. & Petrov N, M. 1968, FPhus. Let'. 28B, 308.

Weinberg S. 1963 Phys. Rer. 131, 440,



