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Magnetohydrodynamic laminar flow along a vertical wall
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The problem of magnelohydrodynamic laminar flow of an electri-
cally conducting fluid along a vertical wall under the influence of
gravity and in presenco of transverse magnetic field is studied. The
offect of transverse magnetic ficld on the boundary layer thickness
and on the film thickness from a vertical wall is considered whon
surface {onsion is neglected

Symbols Used

x = coordinate axis along direction of motion
y = coordinate axis normal to wall
w = x-component of local velocity
v = y-component of local velocity .
P,p,p,0 = pressure, density, viscosity and clectrical conductivity of the fluid,
respectively
g = acceleration due to gravity

v = Kinematic viscosity of tho liquid
h(z) = film thickness
8(z) = boundary layer thicknoss

M = Hartmann number

B = external magnetio field

¢ = dimensionless va.ria,ble( ¢ = 3}}{:_:)
¢ = dimensionless variable (fz =1+ 2197—}%;5 )
0

K = oo
INTRODUCTION

The solution of the laminar accelerated flow of a thin film falling along a vertical
wall has been investigated by Haugen (1968). In his analysis the film is con-
sidered 10 havo initial thickness A, and uniform velocity U,, Due to gravitational
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acceleration, the velocity U, in the core fluid outside the boundary layer increases
slong the length.

The problem considered here is the laminar accelerating flow of an incom-
pressible conducting fluid along a vertical wall undor the influence of gravity and
in presence of transverse magnetic field when surface tension effects arc neglected.
The effects of magnetic field on the boundary layer thickness and on the film
thickness respectively have been investigated. Also, for fully developed flow
the uniform flow thickness is reached at infinile distance, When M =0, i,
when transverse magnetic field is not applied it reduces to the caso of Hangen.

EquaTtioNs oF MoTIiOoN

A coordinate system is chosen with the wall lying along the positive xz-axis
and the y-axis heing perpendicular to it Assuming the rate of change of film
thickness to be small, the velocity component normal to the surface of the wall
will be small compared to the velocity component in the main direction of flow
along the wall. Under these conditions, continuily and Navior-Stoke’s equations
may be writion as

Continuity :
§Z+§§=0 e ()

Momentum :
u g—:+vgf;=—; 4oty g;':—‘;ﬂ‘, @

Neglecting the prossure gradient, the integral form of the continuity equation
and momentum equation becomes :

5(x)
| uw(x)dy+ Us(@)[h(z)—d(x)] = constant .. (3

and

dq ® d o™ oB2 6™ _ ou
. j"'u(z)Edy+ Us(z) & |_!' u(z)dy+gd(x)+ » i‘rl (Us—u)dy =v (6—y)w:
4
METHOD OF SOLUTION

We solve (4) by assuming a polynomial of second degree for tho velocity
funetion

w = afx) +b(z)y? . ®
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The coefficients a(x) and b(x) are evaluated by using the following conditions :
u=0 aty =0,
u = U, and %:0 aty=20 e (8)

The first. condition of (6) is that of no-slip at the wall and the sccond is that at
the free surface of the boundary layer.

Hoenee Oqll&Lioll (5), becomes
_ 2 Y Y 7
Ua ( & ) (6 ) ’ " ( )

By using oquation (7), oquation (4) becomes

d | 88U 2 d (28U, G'B Usﬁ 20w
dz( 15 )‘l’Ur--( )+95( %)+ 3 et e (8)
or
dé_ 24U dU Uy oB%5?
2 s AU, N [} __0D%0" e (6
U & 5 a7 o= 30 (6 P )’ ®)

For tho case of zero prossuro gradients, Euler’s cquation may be written as

adUs) _
e =9 ... (10)
ie.,
Us = (Ul2+29x)t.
.
Substituting the values of U, in equation (9), we have
2 0, 5 390 _ wUg+2gm)t (g 0B
(U0 +2g2) P _36—_(6 ﬂ_) ... (12)
Changing equation (12) into non-dimensional form, we have
ds ’_’i‘— 5 ¢ (6—M28%) — 0, .. (13)
d¢ ]
e )
s _ 3Uw 2gh,T
A e (1)
a2 — °B%h .
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Determinalion of boundary layer thickness :
Case I: when K is small.

The solution of equation (13) is

é‘% +ef-0(1+Re)L.

at £ = 1, § = 0; therofore c = —g¥(1+13 K)
Henoe,

F= it EHKE—Er g K e 5)

Cuse 1I. When K is large:

The solution of (13) is

= 10g [ L — R+ O o0 T e P800 e 2BTIB ey
9'.8"71'(‘3'5_;% 9.8.7;;;.4.3 £l 19 pa_ Ilgu - ‘,] ook

al £ =1, § = 0; thorefore,

— 1062 9 98 987 9876 })}76_.)

= 108 g~ it e T g +
9.8.765.4 9.8.7.6.5.4.3 9 9

+—K" K8 +Ln Ko ]ek

or

T VI0p[ p(l—-tet )= et g0t ) 15 (610t )—

08T (pagoret ) 1 0878 (gt vt BIRD s poret )

........ 6.5.4.3
4987654 oo so¢) 987

1 6543 (g gt )+

+8, o ety B er—get]' - (16)
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Determanation of film thickness
Using equation (3), the film thickness h(z) is given by

_ hUy_ o} u
h(z) = 3(@)-1———‘;-]:'9 Hn v, dy, - (17)
UT‘ =¢, ... (18)
Therefore,
i h e 3
b= =g e (19)

Thus cquations (15), (16) and (19) delermines the boundary layer thickness and
film thicknoss, respectivoly and is plotted in figures 1 and 2.

SorurioN 1IN FurLy DEVELOPED REGION

Since, in fully developed region the film thickness A(x) and boundary layor
thicknoss &(x) coincide, so in this region the continuity oquation (3) and momon-
{um oquation (4), boocomes

" sy — g1, — 20 ... (20)
and
_(f’m T u(@)idy + Ua(z) o _[ ‘ula)dy-+yd(e)+ "{"- I (Us—u)dy
(ZZ) .. (21)
Substituting (20) in (21), wo have
d§ — & (P — M) . (22)

Solving equation (22) numerically when M? = 1-0, we have

5324-64--6 48 58243
2 ... 8 Q00 e h Jinhu -1 —— .. (23
€=t log = g0 O Ve v (23)
where
55+ 05446 T
— —{¥2.4 0 tan —
o=~ log = iy 17V21 Va1

where & = £ , i.e.,, at on set of fully developed flow.
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CoNOLUSIONS

In the present work, MHD laminar flow of an eleotrically conduoting fluid
along a vertical wall in presence of transverse magnotic field is considered, and
o number of analytical solutions have been presented, which are given in equations
(7), (16), (16), (19) and (23). The analysis provides a better undorstanding of
the film flow of the type that generally occurs in cooling films and which is often
found in chemical process packing towers. In the present problem, only the
magnetic force, the viscous force and the gravitational force are the important
forces; hence Hartmann number M and ¢ are the importani parameters. In
equation (15) as K tends to zero, we have the boundary layer thickness in ordinary
hydrodynamics From figure 1, it is clear that (¢) for fixed value of ¢2 and for a

10 G 3 s
t —
1.1 BOUNDARY LAYER THICKNESS VERSUS DIMENSIONLESS
VARIABLE E,

purlioular value of Hartmann number the boundary layer thickness 8 increases
a5 ¢ jnoreases; (i3) for fixed valuo of ¢ the boundary layer thickness decreases as
Hartman number inereases; (iit) for fixed value of ¢ and Hartman number the
houndary layer thickness increases as ¢? increases. From figure 2, it is clear
that (i) for fixed value of ¢ the film thickness increases as ¢? inoreases and (is) for
fixed value of £ the film thickness decreases as Hartman number increases. When
wagnetio field is.very large, it is olear from equation (18) that the boundary layer
7 -
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FIo 2 FILM THICKNESS VERSUS DIMENSIONLESS VARIABLL %,

thickness becornes zero. From cquation (23) it is cloar that for & — 1, d.e, for
fully devoloped flow the uniform flow thicknoss is reached ut infinite distance.
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