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RECIPROCITY EQUATIONS FOR ISOTROPIC
OPALESCENT SCATTERING MEDIA

5. P. TEWARSON
DepARIMENT 0F Puvsics, KwinG CRRISTIAN (OLLLUE, ALANAARAD

(Reccived May 6, 1965. Resubnutted duqust 3, 1905 5 Sepicmbes 25, 1965)

ABSTRACT Krishnan's reciproctty theorem was found (o ho restrictod to tandom
o vertienl orentations of seadlerors, and therefore non-general m vahdity. Porrme extended
Lushoan’s woik to provide & number of reciproeity relutious, whicli ware wlso found 1o bo ros-
treted i vahdity. 8. Subramoanian formulated a reeiproeity 1elation concerned wath inten-
sity rolations and establishod it expermontally in oinueh more gonornl form  vahd for tho
two ensos of orontation 1y the horizontal plane of observation whersin Knshonn's theotem
Lind proviously faled  H. Muoller proposed unothor gonoral form of reaproeity relution

M—ME,
where M oand M7 aro the 4 44 matuieos of the natural and its corresponding reciprocal
opticel system  nvolved.

The prosent paper deals with the formulation of & genernlized roeiproeity 10lution, vahd
1o sevon bypes of polanzed beams and {for all possible orontations and typos of senttorors
Tho equation follows fiom the Viueller law of reciprocity  Six equintions {follow from the gono-
talized equation, throe of whieh bave heon eapernnentally eatublishied through ealculations
on data from various oxpenmonters aviluble in the published htorature  The oquations are
apectod to find usefidnoss me collowd-optics, gamiu-ruy polurization stwdics and alhed fields
wvolving olectromagnotic bonms

INTRODUCTION

3. § Krshnan (19356a), derived tho following Reaprocity theorem {for
Tyndall scattering

1-1 Ypy (1)

fe = T90p,

whero p,, p, and p, arc depolarization factors for unpolarized, horizontally and
vertically polarized incident hoams respoctively. This relation has heen sub-
jected to extensive experimental verifications by Krmslman (1935h), ax well as a
lirge number of other workers, mostly for random aggregations of collowdal particles
ol all shapes and sizes. For specifically oriented non-spherical particles it was
expernnentally shown by Krishnan (1938), Rao (1945), Subramanya and Rao
{1649, ote., that (1) is true for only vertically-oriontod particles and fails for parti-
¢los oriented m the horizontal plane of observation. Tt was therefore concluded
that the law of reerprocity is not a general law of optics, in the origmal form sug-

gested by Lord Rayleigh (1877)
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F. Perrin (1942) extended Krishnan‘s work to provide a number of additional

reciprocity relations which wore also found to have restrictod validity confined
io random orientations only.

Tn 1948, Mullor (1948) reported the formulation of a phenomenological foun-
dation of optics, having only oporational bases and founded upon empirical laws
of spoctral decomposition, polarization, superposition and reeiprocity. Mo
gave w now interprotation to the concept of rociprocity based upon the Muoller
Phonomenological Algebra (Parke 1949, Mullor).

Among the rocont workers, Subramanian’y (1963) contribution 1s notoworthy.
Under Krishnan’s gmdance, Subramanian formulated a general reciprocity rola-
tion of the form

T4, = I's; )

where J4p is the intensity of the component of the scattered light whose electric
voctor 18 inclined at an angle B to tho vertical, with the external orienting field
parallel to the meident beam. I8, is the corresponding intensity component,
when the external field 18 parallel to the scattered beam  The relation (2) was
also verified by him oxperimentally  The reasoning followed in the formulation
of (2), i based upon Subramanian’s observation that p, X p, is a constant for-tho
two cased.  Howover, Subramanian was concerned with intensity only and his
rosult docs not deal with the parameters ol the optical system constituting the
seatlormg moedmm.

The present paper deals with certain gencralizations of reciprocity relations
in Light seattermyg media m terms of Muller’s law of reciprocity, valid for all
possibloe orientations of the scattering particles of all shapos and sizes, constituting

"an 1sotropic opalescent medivm.

Perrin (1942) has defined an isotropic opalescent medimn as one whose scat-
toring elements are not vory small compared to the wavolongth. of light, which
is more or loss turbid or opalescent, and which shows either absolute or statistical
isotropyas a whole Examples of such media are suspensions, colloidul solutions,
solutions of large molocules, smokos, fogs, fiberous matter, ete.

THE MUELLER LAW OF RECLPROCITY

In the phenomenological Mueller Algobra, an opticul system (or instrument),
is defined by a 4 X4 Matrix of the form

1 a ay ay

by gu Y12 Iua )
M=t e (3)

by Gar Yu2 Ym

by gn s Im
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where ¢t is the transmission coefficient, @ and b aro the analyzing and polarizing
yvectors (3-dimensional), and gy (4, & = 1.2, 3) aro tho matrix oloments of an
oy wicul Tensor G-

If L and L’ are the Stokes’ vectors of the incident and the corresponding
cmorgent beams rospoctively,

L'=MXxL; 4)

The reciprocal optical system
Tho rociprocal optical system. (or instrument), 7%, corresponding o o natural
wstem 7', is defined as one in which the exit aperature 18 made the entrance
aperture and the entrance aperture is mado the exit aperture, and wherem tho
madent and omeorgent beams are interchanged in thewr places snd roversed m

urections.  Tho parameters of the reciprocal system are indicated by superscripting
with the sign 7. The Madtrix or the reciprocal systom is given by

L b —be, b

ay® [ TR (o) 0™n
M — e (D)

—a*,  —gn T — 9
ay I — 0% [ia™

The Mucller law of reciprocity

Starling from the fundamental concepts of reciprocity propounded by Holm-
holtz and Rayleigh, that, if by any means one point can boe seen [rom the other,
the other should also be scen from the first, Mueller's theory states the law of
1¢eciprocity in the form

M = M¥*, . (6)

as tho mosti general form of tho law.

Reciprocity conditions

The following reciprocity conditions {ollow immediatoly from (3), (5) and (6)-

t=te (M

aF = (—)41. b ; (1=1,2,3); (8)

@ = (—)1 b (t=12,3); 9

and, e = (— )% - g% (G k=1,2,3); (10)

U, RECIPROCITY AND REVERSIBILITY
The horizontal (H) and Vertical (V) intensity components of the scattered
beam, corresponding to horizontally and vertically-polarized incident heams
fmdicated by subscripting H and V by & and ») are given by,
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H=(I'+-M")[2 .. (1)
V='—M)2 e (12)

where I' and M’ are stokes’ parameters of the scattered beam. Hence in terms
of matrix olemonts,

Hy = (14a,-+by+94,)/2
Vi = (l-ay—b—g,)/2
H, = (1—a,4-b—911)/2 e (13)
V, = (1—a;—b,+g1,)/2
Krishnan’s rociprocity relation H, = V,, yields the relation,

b, =a; e (14)

This is true only when.
a® =a,; and b = b,; o (15)

which implics that the systom (instrument) is reversible, wherein tho rociprocal
of the mstrument is also the instrument itself and has therefore s Hermitian
matrix  The complote requircments of roversibility are exprossed by (15) and the
additional condition,

g — (— V¥ - gu”, . (16)

Tt can now oasily bo seen that all reciprocity relations put [orth by Perrin ’(1942)
and Krishman (1935a), follow from the reversibility critoria expressed by (15)
and (16).  Thus in terms of the new theory, provious rociprocaty relations of Perrin
and Krishnan appear to be in lact reversibility relations.  Sinco all oplidal systemns
cannot be toversible, Krishnan and Perrm’s reaprocity relations lack general
valdity.

1V THLE RECIIPROCITY EQUATIONS
A. The scallering expervment

Consider a general seattoring experunent with dopolarization factors,

H, -1,
=Tk 7
=y, N an
3 = 1+b 18
hence, Py = =3, ... (18)
by +91 .

! ( 14-a, )

pr=ViulH;= e (19)
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l+( ,b";ﬂ}x,)
1—q,
and po=Hy/V,— - -- 20)
1— 7’{1*.'/11 )
1—ay

Let the scatiering experiment consist of soven types of polarizers and three
typos of analyzers as under .

Analyzer
Plane-Vertical (¢ — 1)
Plune at 45° to Vorlical (v = 2)

Sreular (v = 3)

Vo
Anavyzer
kY A
\\ l’l
. .
A B ¥
' \ S Olk

I Mk
\,'" Y
Polurizer ,

None (Unpolarized heam) (== 0);
Plane-Vertical (k= T1)
TPlane-Horzontal Lk =T)
Planc at -}-45° to vertical (k= 2)
Plane at —45° Lo vortical (b= 2)

(k= 3)

Right circular
Left circular

(& =13)

Lt 0 e the reading of tho analyzer for equal intonsities of the iwo halves

£ the fiold of view (H and V) which are orthogonally poiarized; with the
tleviee like a Wollaston prism, ote.  From the figure given above we get,

Ve cost 0, = Hy, sin? Oy, ; (21)
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Hence, P = Hy| Vi = cot? 0y = (1--cos 26,.)/(1—cos 20) ... (22)
Using now tho abbreviation € = cos 20y ; we havo from (22),
by = Cp; (£ ="1,2,3) .. (23)
Pu = (11+C4)/(1—Cy)
Ay = (1—Cy)[(14Cyy) t - (24)

Py = (1+011_)/(l —("11_)

Also, Cy = by -Hgu
1-tay
(25)
- bi—gu
Cu™ = 1—a,
For brevity we express the sum and difference of the above two C values as,
Sy = Ca+Cy
and, ... (26)
dy = Cyp—UOyp
Thus we have,
ay, = (2bi—8y)/dy .. (@7
and, 200 = dytay - Sy .. 28)

B. The reciprocity equations

Basing our arguments upon Mucller’s proposed form of reciprocity law, it
17 now possible to formulate a generalized reciprocity equation as follows :

Trom (28) we can writo,
20 = dytag - S
and, 207y = A%, +a - 8%,
hence, 2gx—9") = (dy—d5)-1-(ag - Spp—a®, + 8%) . (29
Substitution of reciprocity conditious (8), (9) and (10) in (29) gives,

2(— oy —m] = [dp— e ]HI(— )" - by - Sp—ay - 57

i.o., [dyt-a%, - S )(— ) = [dp+(— )b, - 8]
But = (=) b,
honce, b S (=) - (30)

Ay +H(—)H - b, - Sy

Tn terms of C,;, values from (26) we have,

(Op—C)+(— V4 Ot Cor) _ (_yar . (1)
(O —CPr5)+(—)155(C%,,+Cyy)
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which can finally be written in the form,

ll_(")‘C’AuJGJk_[J-‘I( )kC"h](;' = (=~ )“l -
1—(— )]0_10]0‘]7]‘“[1 - (— )]010]01, e (32)

(where = j,k=1,2,3)

Iquation (32) is the most genoral form ot reciprocity relation oxisting betwoon the
paranmeters of the natural and its corresponding reemprocal systew, measured in
terms of cos20; values.  Some special casos of (32) are of groat mtorost, m asmuch
ax their validity can be tested through available data m Uterature ospectally that
of Krishnan, Subramanys and Rao, Subramanan, A. Muoller cte
thein as {ollows :

We consder

Case I- (j=k==1,2,3)

Tt tollows immediately from the general rociprocily

cquation (32), that,
W) For j=k=1

I.J IC ()J(’u*“ (& wJ('u _ 0
T Ol C 11O, - O

I terms of depolarization factors, (33) can he oxpressed with thoe help of (24) and
25) as,

e Cug) +(55)

- V-1-pu .
i -— X =1, . (34
P ( l*p,,) + 1—p, ) ) Fou*
A\ T4, ( Lipy /- -
- 1—p ]
Writing, R, = Pu_
& " ]-+Fu
= l=ps e
By = ITPIL 9 . (3h)
1—
and, R — 1P
( v Itp J
L. (34) can be reduced to the simple form :
(14-B¥,)Ry-} (1 lI_E’L 1 .. (36)
(A+R)R=,f(1—R,)R%, ~
(h) For j=Fk=23:
We obtain similarly tho following two relations,
[1+C‘z&gf[l Oﬂnu]g.gz 1; 37

[1+020]0#22_[1 020)0"2'0'
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[1+4Cy]C33—[1 - C%51C5 5 1

[1 ’1‘("301(";;:1‘[1_03010‘33 : (38)

and,

Case 11
(@) 3=1, k=2
‘We have from (32),

| 1 ‘U#zoj("w‘ U +n#2nj("1'ﬁ

- = —1; (39
| UHChel Oy —| 1 - U ]0%, @)
)y 3=2,k=1
[1+(""mJ(:’21*Ll_0#101(}2T E— (4“)
[L—=CulO% 1~ 1+ CyJO™, ,
We can combme (39) und (40) mto o single package,
1L ("#soj("lz U"’("‘zoj(jﬂi e 11 ‘|’("‘10)("214“ ("#IU]GH =1; ... (4]

L1 Uyl 1 Ug 0% 5 7 (L U]y — [1—Cl 0% 7

Case I1TT. (9 — 1, £ —=3) and (j =3, bk=1) -

In the same manner as m (41) tho following rolation 1s obtamed for this casc,

1 ("’!:ml("l:! ‘U—("’ﬁ_mj("m x__l_lj’("#]u](j'_al 'l.]-—(”#lul(":):[ =1; ... (42)
1 ClOyy L= Cyl%yy 7 ITCiplUry—L 1= Cho)Cyr — 7 7

Case [V - (3 =2,k=3)and (j—3,k=2) -
ll"‘o'é:mlazﬂ_,“_(’"@]U-z 3% “_O‘:m]onz *[-l ‘I‘C#zn]c:l'ﬁ' =1 ... (43)

ll + 6’30]0‘2:;‘[ T— O:;OJ U‘u '17 Tl - Cﬂu](’&:m ';[]:" G;.n] U‘u T

Thus. six gpoeiic reciprocily relations follow from the gencral reciprocity
oquation (32). The experimental vorification of all of them roquires olaboraic
and extensive experimental work. Nevertheless, 1t 18 possible to verify (34) and
(37) with the holp ol available data in the existing Literature.

V. EXPERIMENTAL VALIDLTY

Thoe experimental validity ol some casos of the gonoral reciprocity equation
(32) is establishod thiough available data in thoe followmg Tables
a) Krishnan's (1938) data for Megnetically oriented partucles

Krishnan performed three experiments on graphito sols, using a magnetic
orientmg fiold and with meident and cmergent beams at right angles in the hon-

zont 1 plane of observation, as follows .

(i) Particles vertically oriented
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(i) Particles horizontally oriented and paralled to incident beam

(ni) Particles horizontully oricnted and perpendicular to mcident heam
and parallel to scattered heant.

1n terins of the previous discussion it 1s casy 1o see that the system in caso (1ii)
i~ the reciprocal of the gystent in case (ii) and vice-versa  The result of caleulations
for reaiprocity Kgq.(34) are tbulated below .

TABLE I
Test of reciprocity Eq. (34) through Krishunan's data

Cage (n1) Cane ()

a Natural Instiwment Recpocnd Tastrament  (34) (Loedn
(Gouss) - R -l sulc)
Pn Po en en [0 Pu

0 260 0t5 198 .260 045 198 I 00("
1120 410 .086 217 765 045 170 1.010
4060 472 .124 205 1 342 045 125 1.005
5730 .637 150 .228 2198 040 L0990 1 030
6860 537 .63 .238 3 00U 037 082 1.060
7620 537 163 254 3 oovo 037 082 1 035

b)  Subramanya and Rao (1949) datw for Electrically orieated peolicles
The authors repeated Krishnans experments with the only didferenco, that

they wred an electric field for oronting the particles, given helow 1s thow duta

TABLE IT
Subramanya and Rao’s data

Joncenlration of Sols = 0.0008%

Natural Instrumont Rociprocal Invtrumont.  Rec liq.
H Case (n) Cuse (m) (34) (Left
(Volts) hond sido)
Py 2 Pu Py (24 Pu
0 .068 .260 .3565 .008 260 365 1.000
(i1} .102 350 L2838 . 068 344 .262 0.940
120 .124 419 , 28D _068 176 255 0 930

180 -131 435 285 077 L6488 247 1 060
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Cone, = 0.0004%,

Ree Fg.
B (34)
(Volis) Py en Pu fv I Pu (J.eft hund
sido)
0 070 .236 .33l .070 -236 -331 1 000
GO 078 266 L3381 -074 .390 312 1.010
120 .092 .307 328 .079 -394 .305 1.010
180 .108 3560 315 083 448 295 0 991

Tho agreoment, with tho proposed reiprocaly equation 18 much more excellont
for the Jower concentration of 0.0004%, than for the lhigher oncentration ol
0 0008%, This 18 bocauso of much better ormentation cffect and much lower
amount of multiple-scatiering for lower concentrations

3. Subramanian’s date (1963)

Sulramanian repeated Krishnan’s experonents, using the magnotic fiolp also
for vorification of his reciproeity rolation in terms of Intensities. His datu

for depolarization factors for the last two cases has been wsed for verifying the equa-
tion (34)

TABLE III

S. Subramanian’s Data for orionted paricles

Ree. Iiqg.

I/ Tiold purallel to tho I'10ld porpendicular (34)
(Gauss) meudent boam to meident beam (Left hand
s1de)
Pu Py eh Pu Po PL
0 .20 .09 -G9 20 .09 .69 1.000
3600 17 10 00 20 09 70 0 984
3000 .16 .10 90 .202 .09 1 00 0 980
2000 — — 93 — 095 1.00 —

Looking at the last column it is apparent, the agreement in this case is also
of the order of 989,.

4. A. Mueller’s data on oriented Nylon fibers

Muss A. Mueler’s data is recorded in the present Author’s (1964) previous
work  She performed a seb of extensive experiments using extremely fino parallol
nylon fibers as scatterers. The detoction technique was developed by H. Mueller
utilizing a highly sensitive photoelectric method. Experiments wore conducted
in an air-conditioned chamber and the angle of scattering was kept at 41°. Tablo
IV gives the rosult ot calculations for the data.
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TABLE IV
A Mucller’s data on oriented Nylon fibors
{:f.;ﬁ:}ﬁ-:g:ns o C#y Oy oA, -, o, R‘(’E'a)Eq'
o .0324 0196 N T T
30 0256 0239 1286 1192 1205 1184 1.050
[q1] 0399 0544 1855 2043 1211 1234 0 916
90 L0674 0728 4490 4157 3638 3751 1 002
120 0554 01309 3517 2860 .2738 -2367 1 185
150 .0188 0123 1011 1048 0611 0780 1 060
180 .0300 Nukii 2000 1976 1466 1812 0 913
TABLE V
A Muoller’s datu lor verification of Rociprocity Kq.(37)
A Degiees Cag C#,, CZ50 Gy Ree Bq (37)
o “T0089 0838 — 0188 — ovos 17 — otk 1 om0
30 — . 00RS L2124 — 1826 — 0060 2155 — 1883 0 980
60 —.0144 3377 — 3287 — 0366 . 3046 — 3065 1077
90 -+ 0035 1741 — 1743 — 0049 1847 -— 1408 1 047
120 +.0274 -3067 —.2326 4 0171 L3075 — 2169 1.035
150 +.0022 2315 — 1753 + 0019 2331 —.1736 1 001
180 - 0076 0853 - 0585 — 0088 0826 — 0372 1199
TABLE VI
A. Mueller’s data for verification of Reciprocity Eqy. (41)
(all € values are to be multiphed by 10-%)
Cyr  OF,p Uy CFuy Cpy CFy Cup CFp Crn CFL O CAY Ree.
(Negreos) By (41)
0 o1l 066 015 009 032 020 -004 --001 076 052 -021 - 035 1 130
45 031 -028 -01Y 016 022 025 —011 -023 -019 023 0OGI 060 1.090
H0 016  0L0 009 009 067 073 004 -006 169 161 -012 -032 0.890
135 ~034 -008 078 041 027 027 010 013 000 -036 035 093 1.175

The agreement of the data with (41), In Table VI, is fanly good considering tho
humhber of small parameters involved in tho cquation and also the groatost
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Aficulty of maintaining the same experimental conditions over a length of timo

for the 12 sets of readings mvolved.

Error Analyuis of the Recuprocity Equations

Consider X and Y as the corroet values of the numerator and the denominator
for the general form of the reciprocity ognation
XY —1
Tt d, and ¢, are the not amounts of crror m the experimental values of X

and ¥ respectively, b follows that, |

Xpd,  X(L- d,/X)

Y-td, ~ Y(1+d,T)

_ XA 4Y) L x 1) !
v ;

= XY £ (dekdy)] Y
Sinee d, and d, are bound to be rather small quantities compared to X and
Y, the ervor term wonld be vory small  Any consistent and appreciable diver-
gonee {rom the value X/¥ — 1 would therefoe naturally be dup to real signi-
ficant dwparity with the Taw, and would sigmily the non-vahdity of the Mueller’s
form of the rociprocity law in that casc.

CONCLUSTON

The valibty of tho proposed reciprocily equation (34) has been conclusively
established through the data of Krishnan, Subramanya and Rao, 8 Subramanian
and A. Muller, as shown in the last columns of tables I to TV. The divergencos
from the predicted valuo unity are well within ubout 5%, exporimental error limits.

Yocrproaty Bquations (37) and (41) have also been established tlhrough the data
of A Mucller in Tables V and VT respectively, though the agreement for these
two is not so good as for the previous ones  This is partly because of rather small
parameters mvolved and being for all sorts of arrangements of the scatterers and
the apparatus, having heon taken over a length of time. It is very difficult
to mamntuwn oxaet experimental conditions over a long period ot time, nevertheless
the average agreement within about 10%, is fanly rcasonable. The verification
of the cquations mvolving circularly polarized beams is loft for further work.
The validity of (34), (37) and (41), scoms to provido a strong evidence in support
of the general reenprocity oq.(32), and as such of Mueller’s reciprocity law.

The utility of the proposoed form of rociprocity relations is in their efficiency and
clegance of providing reliable means of testing the Muoller theory in a straight-
forward and compact manner.  In goneral matrix clements in ordinary scattering
exporimonts are vory small, as such diroct comparisons of matrix elements entail
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numerous calculations on small quantities yiclding meonclusive results.  Tho
proposed equations may find usefulness in Collod-opties and alhed ficlds  Matrix
representation of polarized clectromagnetic beams 18 heing increasingly used m
case of gamma-ray polarization studies as shown by McMastor (1954, 1961) ete
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