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ABSTRACT. The S-wave phase-shifts (7,) 1 tho elustio ¢-He seatbormg have
boon caloulated by Hulthen’s (1944) variational mothod taking into aceount. polarisation
offocts due to the virtual excitation o 218 stule, but noglecting oxchunge. Tho calenlated

phuse-shift values compare favourably with thoso of Westin aa quoted by Mott and Massey
(1965).

INTRODUCTION

In problems of elastic scattering of electrons by atoms, tho inclusion of tho
mfluence of exchange and polarisation effects brings in additional complications.
Both the effects, duc to exchange and polarisation, decrease, though difforently,
with increasing energy. The exchange issue arises out of the indistinguishability
of the incoming and bound electrons and the polarisation effect is due to the dis-
tortion of the atomic cloud by tho influence of the meoming electron.

The first theoretical attempt to investigate the &-Ho clastic scattering consi-
dering exchange effect has been made by Massey and Mohr (1931). They have
concluded that the inclusion of the exchange cffect modifies appreciably the phase-
shift below 15ev. McDougall (1932) has computed the S-wave phase—shifts
of elastic scattering of electron by helium atom neglecting cxchange and polari-
sation effects. Using the simple Hylleraas wavefunction for the ground stato of
the helium atom, Morse and Allis (1933) have taken into account tho exchange
offect in their calculation of the same problem and havo solved the resulling inte-
gro-differential equation numerically. Recently LaBahn and Callaway (1964, 1966)
have carried out phase-shift computation on elastic -He collision taking i1.1bo ac-
count both the exchange possibility and the polarisation effect. Williamson
and MoDowell (1965) also have solved the same problem but with an open-shell
wave function. The present authors (1966) have applied the variational utothod
{0 the same problem, In all these attempts, polarisation effect has b_een a.onsldamfi
by properly modifying the atomio static potential part. This xfnod.lﬁcatmn mani-
fests itself by the presence of extra polarisation terms in addition to the already
existing statio potential part. )

Here, however, instead of modifying the static potential to .irtolude the polari-
sation effect, we have taken into account the distortion of the original ground-state
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wave function of the atom in the presence of the incoming electron, in analogy with
our previous work (1965) on &-H scattering to explain the resonance phenomens
in the clastic electron scattering experiments of Schulz (1964). We assume that
the distortion of the initial 18 state is in the form of a superposition of higher
oxcited states induced temporarily when the incident electron is near the atom
but when the electron is far away, the atom comes back to its original 1S-statc,
For simplicity of caleulation we have considered the virtual excitation to the nexl
higher possible state only with tho same symmetry (i.c. 21S state), ag such the

exchange effect has not been considered in our formulation. 'f\

THEORY |

The wave-function 'F(rl, 7y, rg) of the system of threc clectrons moving in
the ficld of a proton satisfics the wave equation (II—E)y(ry, 7, r5) = 0

with H = — Vit _ve vt 2 2 2 + l-l_ 1 4+ 1 in atomic units (i.c.
2 2 2 i T3 T3 Ty Ty T

e=m =h = 1=a,); here r;, r,, vy are the co-ordinates of the three electrons
referred to the helium nucleus, 7y, 753, 773 are the distances between the two of
them, £ js tho total cnergy of the system (in a.u.)

The total wave-function y(r,, 7, r5) is approximated as
Yrlrys 19, 74) = X(ry, Ty, 75) Flrg) 0
with X(ry, 79, 75) = Yry(ry, ra)(1—ae—Aa)-yry(ry, ry)fe—1rs

and yx satisfies the normalisation condition [[y*xdr, dr, = 1; hence 2a = f*
and A = 2u (neglecting higher powors of f)

For convenience of calculation, we have taken A = Z (i.e. 27/16), the effective
charge.

The trial function F(rs) is chosen in the form
__ | sinkrg —_ary €08
Firy) ={ T8 @ bems)—emr) S}

e and b aro adjustable variational parameters and % is the Wave-number of the
incoming electron.

The trial wave function has the asymptotic form m’:lrkr, +a uosk;lar, and

L]
is finite at the origin, The S-wave phase-shift is given by 7, = tan-1a.
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Caleulation of ‘L’

The variational integral L now stands as

= — " (ry, 7o ) (Va2 Val+VaE) Y(ry, 1o, ry)dry dr, dry

1 1 1
—2 I (wrl -+ T + —’_;)'/’*(7'1- T2 ) Ylry, 7y, 75)dry dry dry

1
t [ (Rt 2 =) 040y o) Yy iy iy

iz Tz Tma

the trial wave function ¥ is as given by the expression (1).
Using the eigen-value equations

4 4 2
(V1'+Vn’+ ;:1*+ PR ‘|‘251)1/’1(’1: 7g) =0
4 4 2
snd ( vii+ve+ " + T + 2%) Valry, 73) =0

where v, & and ¥, €, are the wavefunctions and eigen-energies of the atom in
the ground stato (18) and excited 2'S state (singlet) respectivly, we get

— B —urs 4 _ P g
~2r = (1_76 w )F(r,,)(v,’—i—r—a_—i—ZE 291) (1 et )F(r,)dr,,
+° [ e~ PnF() v+ 4 fom—2,) e Flr)iry
1 _our
+442 I W2 —¥a?) (r_e ¥Te F2(ry)dry dry drg
13
88 [y oW Fira)irydry dry
L£TY

—¢f 1 pagoydr, drydry
13

To evaluate the above explicitly, properly orthogonal analytic (approximate) .
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funetions for the ground state and excited state have been used (Marriott, 1957),
They are as follows :

Yrylry, 72) =2 & —Z(ritry)
P
Yalry, 79) = Ole™2r1(e~F ™ —groe—hra) 4 o— 2ra(e—f"1 —grie~1)]

f=1136, g= 317 and b = .464. i

where O = M ;
™

The variational method due to Hulthén starts from the |integral

L = [y*(H—E)jdr,drydry. The value of the phase- ter @ is obtained
from the following set of equations

L(gib,a) =0

oL

@ =0

oL

w =0

It is to be noted that cubes and higher powers of £ in L have been neglected.

The evaluation of L is now straight forward, though extremely tedious, the
numerous integrals ocourring therein can finally be reduced to the following three
types :

Ay = I'(r)v eMdr

By = | (r)® e cos 2kr dr
[]

On =o'f(r)* e\ sin 2kr dr

In the low energy region wo first find the solutions of the quadratic equation
L = 0 obtained by putting # = 0. One of the splutions agrees with the results
of McDougall (1932). Now to find the required solution of the fourth degree
equation at low energy we search for the root in the neighbourhood of the particular
solution mentioned above; a root is obtained differing only slightly from the parti-
oular solution chosen of the quadratic equation. Once the root has been fixed
for a partioular low energy, the phase-shifts for higher energies have been obtained
by solving the fourth degree equation and using the continuity property of the
phase-shift.
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RESBULTSE AND DISCUBSIONS

We have evaluated the S-wave phase-shift values for the case b — 0 in the
trial function F(r,) for energies ranging from 13.6 ev to 160.6 ev by using only
the coupling of 18 and the virtually excited 218 state.

We have given a plot of 7o 8gainst K in the figure. Wo find that present
values of 7, agree favourably with the experimental values. Recently Schulz
(1966) and Kuyatt ef al. (1965) have obgerved resonances in the clastic clectron
scattering by helium at energy 19.3+.1ev. Due to the close coupling of 2'S
and 2°8 states, it is quito likely that resonance effact cannot be reproduced in this
formalism, where we have neglected the contribution due to the exchange cffect
thus excluding the possibility of virtual excitation to the 258 state (cf Mott and
Massey, 1965).

PHASE SHIFT (RADIANS)
w3

The 8-wave phase-shift %, for elastic scattering of eleotron by helium atom plotted
against K.
derived from observed data by Westin as quoted by Mott and Massey (1965);
I—Present Caloulation.
IT—Qalculation from the Hartree field without all for h as quoted by
Mott and Massey (1965).

It may be of interest to compare the present values of %o with those of LejBn;hn
and Callaway (1964), who took into account the polarisation effect by modifying
the static atomic potential. At the energy 54.4 ev, 7, calculated by the present
authors is 1.16 radians, whereas the corresponding value of LaBahn and. Callaway
(1964) is 1.36 radians whereas the experimental value is about 1.24 radians.
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